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Abstract 

We showed that the following inequality of Firoozbakht’s conjecture holds when 

log(pn+1) − log(pn) < log(pn)/pn holds. 

log(pn+1) − log(pn) < log(pn)/n 

Moreover, in the other case, the following inequality holds for n ≧ 1 because the 

derivative function of log(x) decreases monotonically for x > 0. 

log(n + 1) − log(n) > pn/(n + 1) × (log(pn+1) − log(pn))/(pn+1 − pn) 

We showed that the inequality of this conjecture is obtained by this inequality and 

another inequality when pn+1 − pn ≧ log(pn) holds. From the above, we proved that 

Firoozbakht’s conjecture is true. 

 

 

Contents 

Introduction        1 

Proof         1 

Acknowledgement       3 

References        4 

 

 

1. Introduction 

In number theory, Firoozbakht’s conjecture (or the Firoozbakht conjecture) is a 

conjecture about the distribution of prime numbers. It is named after the Iranian 

mathematician Farideh Firoozbakht from the University of Isfahan who stated it 

first in 1982. The conjecture states that √pn
n  (where pn is the nth prime) is a 

strictly decreasing function of n, i.e., 

√pn+1
n+1 < √pn

n  for all n ≧ 1 

Equivalently, 

pn+1 < pn
1+1/n for all n ≧ 1 

(Quoted from Wikipedia) 

 

 

2. Proof 

When we write log in this paper, log refers to natural logarithm. Let n be a 

positive integer. We will prove that the following inequality holds for any n. 

pn+1 < pn
1+1/n  … (1) 

Ⅰ When log(pn+1) − log(pn) < log(pn)/pn holds 
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log(pn+1)/log(pn) < 1 + 1/pn 

Since pn > n holds for n ≧ 1, 

log(pn+1)/log(pn) < 1 + 1/n 

holds. This inequality accords with the inequality (1). 

 

Ⅱ When log(pn+1) − log(pn) ≧ log(pn)/pn holds 

ⅰ When pn+1 − pn < log(pn) holds 

pn+1/pn < 1 + log(pn) /pn 

log(pn+1) − log(pn) < log(1 + log(pn) /pn) < log(pn) /pn 

The case of ⅰ does not exist since this inequality is contrary to the condition of 

Ⅱ. 

ⅱ When pn+1 − pn ≧ log(pn) holds 

Let x be a real number. Let f(x) = log(x). f′(x) = 1/x and f′′(x) = −1/x2 hold. The 

derivative function of f(x) is a monotonically decreasing function for x > 0 since 

f′′(x) < 0 holds for x > 0. The following inequalities hold for all n where n ≧ 1 

holds because f′(x) > 0 and f′′(x) < 0 hold for x > 0. 

log(n + 1) − log(n) > 1/(n + 1) 

1/pn > (log(pn+1) − log(pn))/(pn+1 − pn) 

Multiplying both sides of these inequalities, the following inequality holds for n ≧ 1. 

(log(n + 1) − log(n))/pn > (log(pn+1) − log(pn))/((n + 1)(pn+1 − pn)) 

log(n + 1) − log(n) > pn/(n + 1) × (log(pn+1) − log(pn))/(pn+1 − pn) … (2) 

Next, we prove that the following inequality holds for n ≧ 5. 

pn/(n + 1) > (pn+1 − pn)/log(pn) … (3) 

log(pn) − (n + 1)(pn+1/pn − 1) > 0 

Let g1(n) = log(pn) − (n + 1)(pn+1/pn − 1). According to Dusart’s inequality pn ≈

n(log(n) + log(log(n))) , where we define g2(n)  as g2(n) = log(n(log(n) +

log(log(n)))) − (n + 1)((n + 1)(log(n) + log(log(n)))/(n(log(n) + log(log(n)))) − 1) , 

g1(n) ≈ g2(n) holds. Since (log(n + 1) + log(log(n + 1)))/(log(n) + log(log(n))) < 1 +

1/n holds for n ≧ 4 by numerical calculation and this inequality can be proven 

through calculation, the following inequality holds for n ≧ 4. 

g2(n) > log(n(log(n) + log(log(n)))) − (n + 1)(2/n + 1/n2) 

g2(n) > log(n(log(n) + log(log(n)))) − (2 + 3/n + 1/n2) 

In addition, since log(n(log(n) + log(log(n)))) > 3  holds for n ≧ 8  by numerical 

computation, we find that g2(n) > 0 holds for n ≧ 8, g2(n) increases monotonically 

and g2(n) diverges to infinity as n increases. 

g2(2) = −13.85689866279424506265033131643148 … 
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g2(3) = −2.38506971920514273074846378034034 … 

g2(4) = −0.68426424093603237803931563526596 … 

g2(5) = 0.14433932093517295662750271412591 … 

g2(6) = 0.67620251609491546938589250117018 … 

g2(7) = 1.06321597995695895383581523041761 … 

It is confirmed that g2(n) > 0 holds for n ≧ 5. 

g1(1) = −0.30685281944005469058276787854182 … 

g1(2) = −0.90138771133189030860475476307747 … 

g1(3) = 0.00943791243410037460075933322618 … 

g1(4) = −0.91123270808754383775179011369967 … 

g1(5) = 1.30698618188927963497103448705603 … 

g1(6) = 0.41110320361538288989964128771916 … 

g1(7) = 1.89203687346798078613188755904959. .. 

It is confirmed that g1(n) > 0 holds for n ≧ 5 since g1(n) ≈ g2(n) holds, g2(n) is a 

monotonical increasing function and g2(n) diverges to infinity. Therefore, we can 

consider that the inequality (3) holds for n ≧ 5. The following inequality holds for 

n ≧ 5 by the inequalities (2) and (3). 

(log(pn+1) − log(pn))/ log(pn) < log(n + 1) − log(n) 

log(pn+1)/ log(pn) < 1 + log(1 + 1/n) < 1 + 1/n 

log(pn+1)/ log(pn) < 1 + 1/n 

This inequality coincides with the inequality (1). Let h(n) = 1 + 1/n − log(pn+1)/

log(pn). 

h(1) = 0.03502647928207283280295959232135 … 

h(2) = 0.12427137821116577657001698778597 … 

h(3) = 0.01772559413265623813924313234437 … 

h(4) = 0.13033303557573129086139822605204. .. 

It is confirmed that h(n) > 0 holds for 1 ≦ n ≦ 4. 

From the above, it is proved that Firoozbakht’s conjecture is true since the 

inequality (1) holds for all n where n ≧ 1 holds.  (Q.E.D.) 
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