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Abstract

A multicomponent, multiphase fluid can be modelled as either homogeneous
mixture flow field or separated flow fields. The key concept is that fluid flows
will be considered as continuum fields through suitable volumetric “average”
procedures, so that the differential calculus tools can be used. For
homogeneous mixture flow field, the mixture is treated as a single system
(single-phase flow). Starting from the mixture momentum density 1-form per
unit volume, taking the exterior derivative of this 1-form yields a field strength
tensor in a differential 2-form. The interior product (contraction) of this 2-form
with the tangent velocity yields the dynamic equation of the homogeneous

mixture flow, E + Q x V = 0, (or expressed as a differential 1-form of eq. (20)).
It is equivalent to the Euler-Lagrange equation, but the gradient of kinetic
energy doesn’t equal zero for continuum fields, in contrast to the classical
Euler-Lagrange equation for a discrete isolated particle. For separated flow
fields, different components travel at their own velocities; there exists a
velocity difference between components, and each component is treated as
an individual system to consider the interactions between different
components. The homogeneous mixture dynamic equation turns into two
equations for separated flow fields. The two equations become tightly
entangled. It shows there are very complicated interaction forces between
the two flows.



1. Introduction

Multicomponent, multiphase fluid flows occur commonly in both nature and
technology. In everyday life, we commonly perceive matter as particles filling
in space. For example, clouds are droplets of liquid moving in a gas; particles
are moved by interacting with air [1]. Through proper “average” procedures,
the multicomponent, multiphase fluid flows can be treated as interacting
continua or homogeneous mixture. Over the past few decades, there have
been many extensive, rigorous mathematical “average” operations appearing
in many excellent literatures, such as [2,3,4]. Here we take the concept that
multiphase fluid flows will be considered as continuum interacting materials.
Continuum fields are “idealizations” to be treated using the differential
calculus tools. More precisely, in this paper, we will adopt the exterior
differential 1-form and 2-form to describe the dynamics of the continuum
fields and the interactions between different continua. We will see that the
exterior differential forms (and the wedge products) are an elegant and
powerful mathematical tool to describe the continuum field dynamics.

For simplification, in this paper, we assume the space is filled by two
components, two-phase flow fields, but the idea can be simply extended to
multicomponent (many particles), multiphase fluid flow fields.

Section 2 introduces the mixture property formulations. It defines the
homogeneous mixture properties per unit volume and gives the definition of
the center-of-mass velocity of the mixture.

Section 3 treats the homogeneous mixture as a single continuum field;
thereby, the interactions between two components are regarded as interior
forces inside the system and are not taken into consideration automatically.
A Euler-Lagrange equation can be recovered from these exterior differential
forms for the continuum fields. But the fundamental difference is that the
gradient of kinetic energy cannot be zero in continuum field dynamic
equations.



Section 4 deals with the separated flow, supposing two components have
differential flow velocities; each component is treated as an individual system.
The homogeneous mixture equation turns into two equations, which become
entangled with each other, revealing complicated interactions between the
two phases.

2. Mixture Property Formulations

Fig. 1. Two-component (or two-particle) flow modelled as a homogeneous
continuum field; the mixture volumetric momentum density is the sum of
individual components weighted by the smear densities.



Giving a two-component two-phase flow field in the space (designated as
particle 1 and particle 2), as shown in Fig. 1. The tangent velocities are

denoted as v! and 72, respectively.

The smear mass densities per unit volume (written with the bar over the

symbol) are defined by

p; =dipi, (=12) (1)
where p; are the thermodynamic densities and ¢; are the volume fractions,
and are defined by the requirement that

b1 +d,=1 (2)

The total volumetric mass density of the mixture, thus, is

p=p,+p,=P1p1 + d2p; (3)

The mixture volumetric momentum density is the sum of individual
components weighted by the smear densities (hereafter, the mixture

properties are denoted with capital letters)

(4)

P=pV =P +P,=p,"+p,i

By definition, the mixture velocity (center-of-mass velocity) equals

$1p1V1 + Pop2 U, (5)
h1p1 + D202
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Similarly, the mixture volumetric potential energy density is then defined by

U=¢.U + ¢,U, =ﬁ1 +ﬁ2 (6)

3. Homogeneous Mixture Flow Field

In this section, we shall be concerned with the dynamics of the homogeneous
mixture flow in which mixture volumetric momentum density, the mixture
velocity (center-of-mass), the mixture volumetric potential energy density,
etc., are relevant variables, see Fig.1.

For a general curvilinear coordinate system or a general manifold (or curved
manifold), the differential 1-form A is defined as:

A= Pdq' — (U/C)(Cdt) = P;dq' — Udt (7)

Here, A is the action density 1-form per unit volume. C represents the wave
propagation speed in the field. P; is the canonical momentum density
conjugated to the general coordinate q', is defined as

P; = pgi;q’ (8)

where, g;; is Riemannian metric tensor, it assigns to each point of the

manifold and is a smooth, symmetric, positive-definite (0,2)-tensor field on a
manifold M.



For simplicity, in this paper we apply the standard Cartesian coordinate
system, where the components g;; of the Riemannian metric tensor are

given by the Kronecker delta:

9ij = 0ij 9)

Thus, the action 1-form density per unit volume can be expressed explicitly
in the Cartesian coordinate system as

A = Pdx + P,dy + P,dz — Udt. (10)

Accordingly, the tangent velocity along the physical trajectory is

, d ) 9
V=V*—4+VY—4+VZi_—+

0x dy dz = ot (11)

The exterior derivative of the differential 1-form density yields a differential 2-
form density. Taking the exterior derivative of eq. (10) yields:

F=dA=dP,ANdx+dP,Ndy +dP, Adz — dU A dt. (12)

The differentials of P; and U are expressed as

oP;
dPi = axﬂ dx”
aU , for u=(t,x,y,2) (13)
—dU = ———dx*
OxH

If each term is written out explicitly, e.qg.:



(dP _ap dt+aP d +ap d +aP d
ST ox X gy VT ¢ ”
o U U ouou (14)
B ax " "oy "9z
Using the antisymmetric property of the wedge product of
dx* ANdxY = —dxY A dxH, dx* Adx* =0, (15)

and by collecting the same basis terms of dx* A dxV, with some algebra
manipulation, finally, we get the differential 2-form density:

F—(an+aU)dt/\d 0y L U i nd (aPZ+aU)dt/\d
~\or ' ox * 3 T oy Y+ \%r T3z z

+ of _ 9k dx Ady + oF, _ 9% dy Ad +(an 6Pz)d Ad
axayxy ayazyz 9z ox)ENx

(16)

The differential 2-form density can be rewritten more compactly:

F = EOldt N dx + Eozdt N dy + E03dt N dZ

+Qdx Ady + Qydy Adz + Q,dz Adx (17)

Here

g <6P +6U)d gy

= — 4+ —)dtAdx

00 =\ 3¢ " ox x
oP; aP

QO = (— — —l) dx' A dx
dxt  o0x

, for i,j,k =(x,y,2) (18)

The differential 2-form represents the field strength tensor, which is an
antisymmetric (0,2)-tensor field.



The interior product (contraction) of a differential 2-form with the tangent
velocity vector (eq. (11)) yields a differential 1-form, defined by inserting the

tangent velocity vector V into the first slot of the 2-form of F. It is expressed
as:

(F)=F(V,-)=0 (19)

It can be expressed in index notation as:

(EOi + Sijk.Qij)dXi =0

e V¥ = (A xV), )

Here we employ the Einstein summation convention, where repeated indices
j and k are implicity summed over. ¢;j is the Levi-Civita Symbol in 3D.

It can also be expressed more compactly in vector form in 3D space (actually
it lives in cotangent space, thus they are covectors):

E+QxV =0 (21)
where

-

Q=VxP (22)

The mathematical full derivations of the eq. (20) are extensive, for detailed
algebra calculations please refer to reference [5].



We will see that eq. (21) is equivalent to the Euler-Lagrange equations. If
we write eq. (21) explicitly, it reads

—

oP I
-+ VU+(VXP)xV =0. (23)

The mixture kinetic energy is defined as

1 .1 .
T=-PV'= EpV2 (24)

We have the following vector calculus identity
(VxP)xV = (V-V)(P)-VT (25)

Substituting eq (25) into the eq. (23) yields:

aa—f +(V-V)P=V(T -U) (26)

The LHS of eq. (26) is the total derivative of the mixture momentum, and
the RHS is the gradient of the Lagrangian density per unit volume:

dP
—_=VL (27)

dt
Accordingly, the momentum density per unit volume conjugated to the
tangent velocity V is defined as



- dT 0L
P - == (28)
av oV

kil (Z—f) —VL= (29)

It must be noted that in continuum fields, the gradient of the kinetic energy
doesn’t equal zero,

VT #0 (30)

Since the partial derivatives of the kinetic energy with respect to the
coordinates should be included to consider the momentum exchanges
between neighboring particles in continuum fields, in contrast to isolated
discrete particle motions, where the gradient of kinetic energy is assumed to
be zero.

If we assume the gradient of kinetic energy is zero, eq. (26) becomes the
unsteady Euler equation for fluid flow:

P . .
E+(V-V)P:—VU (31)

This is just the classical Euler-Lagrange equation for a discrete isolated
particle without considering the interactions between neighboring particles.

If the gradient of kinetic energy is modelled as a symmetric viscous stress
tensor using the Stokes hypothesis and ignoring the rotational effect (actually,
the gradient of kinetic energy, namely the velocity gradient tensor, contains
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stretch/dilatation and shear deformations — captured by the symmetric part,
and vorticity/spinning tensor — captured by the antisymmetric part, which
represents a rigid-body rotation, causing turbulent flow), eq. (26) becomes
the Navier-Stokes equations:

P . ..
(;—t+(v-v)P=—VU+v-r (32)

For details, please refer to reference [5].

If the compressibility of the fluids caused by the fluid flow cannot be neglected,

P=(yp)V; U= ap,C? (33)

where, p, is the mixture density per unit volume when the fluid is at rest

relative to an inertial observer (17 = 0), and y is the volume compression
factor caused by the relative velocity to the observer (or called the length
contraction effect, namely the Lorentz factor, in the theory of relativity),

1
y = —;
1- j2

« is the reciprocal of the volume compression factor, « = 1/y. For detailed
derivations please refer to [6].

g =

o <!

(34)
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4. Separated Fluid Flow Fields

Itis clear, in general, that two different particles (components) travel in space
at different velocities with v and ¥2, and indeed such relative motion will
produce an interaction between two different components (particles). In this
case, we shall be concerned with the separated flow model, in contrast to the
homogeneous model; see Fig. (2).

e o o o separated
° S Ve systems

Fig. 2. Separated flow model, each component has its own flow velocity
and momentum density.

In a separated multicomponent multiphase flow model, each component is
physically distinct from every other component, at every spatial point, each
component has its own flow velocity.

Define the velocity difference (slip velocity):
12



rel (35)

With the slip velocity definition, the mixture momentum density, eq. (4) can
be expressed as

pV = pit —p, v (36a)
pV = p? +p v (36b)
The center-of-mass velocity can be rewritten as
{17 =yt — A, p7e (37a)
V=524 (37b)
where
AM=p
{ 1 fl/p (38)
AZ = ,02/,0
By definition:

In mathematics, differential forms of the same degree constitute a vector
space. Consequently, two 1-forms (or two 2-forms) can be added together
pointwise, and the resulting sum is likewise a 1-form (or 2-form). Accordingly,

the eq. (20) can be split into 2 parts:
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[(E&l + Eijk.Q}Vk) + (Egl + el-jk.Q]?Vk)]dxi =0 (40)
The superscripts 1 and 2 represent the components 1 and 2.

It can be written more compactly in vector form in 3D space, but it should be
noted that it represents the coefficients of the 1-form; mathematically, it lives
in the cotangent space, and thus is a covector:

According to the equations (18) and (20), we have the definition

p (42)

!
Q

N
I

\ Ezﬁl‘FEZ

and the following equations:

51:VXP)1
0=0,+9,

Substituting eq. (37a) and (37b) into eq. (41), with some algebraic
manipulation, we get
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{E)l + 61 X 1_7)1 == _EZ + 1})1 X .(—iz - Azﬁrel x .(—i (44a)
EZ + 62 X 1_7)2 == _E1 + 1})2 X ‘(—il + Alﬁrel X .(—i (44b)

For each component, we have the following vector calculus identity

{ﬁl X ﬁl - (51 - V)ﬁl - VTI (45a)
.(_1)2 X ,172 == (7})2 * V)ﬁz - VTZ (45b)

Substituting eq. (45) into eq. (44) yields

{E)l + (1_7)1 " V)ﬁl - VTl = _EZ + 1_7)1 X .(_iz - /121_7)7'81 X .(_i (46a)
E)Z + (1_7)2 ' V)ﬁz - VTZ = _El + 1_7)2 X 61 + Alﬁrel X .(_i (46b)

Here T represents the smear kinetic energy per unit volume, e.g. for
component 1:

1. 1_
T, = EPlv1 = Epl(vl)2 (47)

the smear Lagrangian density per unit volume for component 1, thus, is
defined as:

Ly = 71 - 51 (48)

and the smear momentum density for component 1 is:
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. 0T, oL

h =55 " g )

If the equations are written as the Euler-Lagrange equation formation, for
component 1, it reads

d (9L,
dt \ ovt

) - Vzl = _E)Z + 1_7)1 X .(_iz - /121_7)1'81 X ﬁ) (50)

Similarly, we can get the equation for component 2 in the Euler-Lagrange
formation:

d <aZZ

- 652) —VL,=—E +82xQ, + 1,37 x Q (51)

The RHS of eq. (50) and (51) represent the interaction forces between
components 1 and 2.

Conclusions

The multicomponent multiphase flow can be treated as homogeneous flow
field or separated flow fields. In the homogeneous flow model, the mixture
will be regarded as a single flow system, neglecting the interactions between
components (particles). Starting from the differential 1-form of the mixture
momentum density per unit volume (mathematically, it lives in cotangent
vector space), taking the exterior derivative of this 1-form gives the field
strength differential 2-form. The interior product (contraction) of a differential
2-form with the tangent velocity vector yields a differential 1-form, which is

16



the dynamic equation for the homogeneous flow. It is equivalent to the Euler-
Lagrange equations for continuum fields, but the gradient of kinetic energy
should not be equal to zero.

Considering the slip velocities between two components (two particles), the
mixture velocity (center-of-mass velocity) can be expressed by this velocity
difference and individual phase velocities. The homogeneous dynamic
equation splits into two equations. The two equations are tightly coupled to
each other, showing very complicated interactions between the two phases.
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