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Abstract

This paper proposes a new method for representing integers. Based on this method, we
reveal the structure of multiplicative subgroups in the quotient ring of integers modulo πk

and their relationship with the set of primes, present a directed tree construction method
for primes, and give necessary and sufficient conditions for a number of the form n2 + 1 to
be prime. Meanwhile, the Goldbach’s conjecture has been proven.
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0

Many things have multiple facets. Some things cannot be seen clearly from the usual perspective.
However, looking at them from a different angle may reveal new aspects that were previously
unnoticed.

Integers are no exception. While the decimal representation is convenient for calculations, it
lacks clear patterns in divisibility.

This paper proposes a new representation of integers, revealing significant information regarding
their divisibility. Based on this novel integer representation, the following results are obtained:

1. Reveal the structure of the multiplicative subgroup in the quotient ring of the integer
ring modulo πk and its relationship with the set of prime numbers, thereby establishing a
directed tree structure for prime numbers.

2. Provide necessary and sufficient conditions for numbers of the form n2 + 1 to be prime.

3. Prove the Goldbach conjecture that every even integer greater than 2 can be expressed as
the sum of two prime numbers.

1

Let Z+ denote the set of positive integers. For k ∈ Z+, let pk denote the k-th prime number.
For definiteness, we set

p1 = 2, p2 = 3, p3 = 5, . . .

and so on. In addition, let πk = p1p2 · · · pk.

We consider an ancient problem in number theory: the Chinese Remainder Theorem. As a
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special case, consider the system of linear congruences:
x ≡ α1 (mod p1)

x ≡ α2 (mod p2)
...

x ≡ αk (mod pk)

(1.1)

with 0 ≤ αi < pi.
(In this paper, we use lowercase m (mod n) to indicate that the value on one side of the
congruence is taken from the congruence group {0, 1, 2, . . . , n− 1}.)
The solution to this system of congruences can be found in standard number theory textbooks.
Theorem A[1]. Let ei = MiM

−1
i , where Mi = πk/pi, and M−1

i satisfy MiM
−1
i ≡ 1 (mod pi).

Then the general solution to system (1.1) is

x ≡
k∑

i=1

αiei (mod πk). (1.2)

Moreover, the solution is unique modulo πk.

The following theorem restates the above result in another form.

Theorem 1.1. Let a ∈ {0, 1, . . . , πk − 1}, and let a ≡ αi (mod pi) with 0 ≤ αi < pi for
1 ≤ i ≤ k. Then the set of vectors

Pk = {(α1, α2, . . . , αk)}

is in one-to-one correspondence with the set of integers on the interval Ak = [0, πk − 1]. □

Denote this correspondence by ρk, so that for a ∈ [0, 1, . . . , πk − 1], a and the vector ρk(a) =
(α1, α2, . . . , αk) can be regarded as ”equal”.

For simplicity, we write
a = (α1 α2 . . . αk)ρ

where the αi are determined by (1.1). The subscript ρ after the parentheses indicates that each
component satisfies (1.1) and 0 ≤ αi < pi.
When there is no ambiguity, the subscript ρ may be omitted.

Definition 1.1. Let a ∈ Ak. The representation a = (α1 α2 . . . αi . . . αk)ρ is called the
k-digit prime base representation of a. The position of the i-th component is called the i-th
digit position or digit position i. The number αi is called the value on the i-th digit position, or
the i-th digit position value.

From Definition 1.1, it follows that there are exactly πk numbers representable in the k-digit
prime base, corresponding to the elements of Ak.

This representation is reasonable because the mapping ρk defined by (1.1) is compatible. When
extending from Pk to Pk+1, the first k digits keep unchanged,with only the (k+1)-th digit‌‌
appended.

A 1-digit prime base representation set P1 has only two numbers: 0 = (0), 1 = (1).
A 2-digit prime base representation set P2 is an extension of 1-digit prime-base representation,
containing six numbers:

0 = (0 0), 1 = (1 1), 2 = (0 2),
3 = (1 0), 4 = (0 1), 5 = (1 2).
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The left-hand sides are the usual decimal representations.

From (1.1), the number of digits in the prime base representation of a number a can be extended
to any finite length.

Proposition 1.1. If pm−1 ≤ a < pm, then αi = a for i = m,m+1, . . . , i.e., all position values
starting from digit position m are equal to a. □

Definition 1.2. We call the digit position m satisfying the above condition the static position
of a. The previous digit position m− 1 is called the last position. The number m is called the
total length of a.

The number a enters a static state starting from the m-th digit position. The position values
from the first digit position to the static position reflect the structural information of a.

Definition 1.3. If the prime base representation of a number is extended to the static position
or beyond, we call this representation the total prime base representation of the number.

0 and 1 are two particularly special numbers. In the total prime base representation, all digit
position values of 0 are 0, while all digit position values of 1 are 1. They are the only two
numbers whose static position is digit position 1.

From (1.1) we also have:

Proposition 1.2. If the value of digit position k in the number a is 0, then a contains the
factor pk. □

Proposition 1.3. If two numbers a and b are coprime, then their digit positions with a value
of 0 are different, and vise versa □

Proposition 1.4. In the prime base representation of a prime pm, the value at the m-th digit
position (i.e., the last digit position) is 0, and its static position is at the (m + 1)-th position.
Among the digit position values of the prime base representation of a prime, there is exactly
one 0. Within the set of numbers with a total length m+1, there exists exactly one such prime
number pm. □

Proposition 1.5. The set of numbers with total length m+1 has pm+1−pm consecutive integers,
with the smallest being the prime pm. □

In the prime base representation, another case where there is only a unique 0 occurs when the
number is a power of a prime pm, pkm with k ≥ 2. In this scenario, the value at digit position
m is 0, but its static position must be greater than m+ 1.

Additionally, in the prime base representations of all other composite numbers, there are at
least two digit positions with a value of 0.
From this we obtain:

Theorem 1.2. A number is prime if and only if, in its total prime base representation, there
is exactly one 0 at the last position, and the following position is the static position. □

Definition 1.4. The unique 0 of a prime pm at digit position m is called the marking zero of
pm.

Theorem 1.3. Let a, b ∈ Pk, a = (α1 α2 . . . αk), b = (β1 β2 . . . βk), c = (γ1 γ2 . . . γk). If
a+ b = c ∈ Pk, then

γi ≡ αi + βi (mod pi) i = 1, 2, . . . , k.

Or written as
c = (α1 + β1 α2 + β2 . . . αk + βk)ρ i = 1, 2, . . . , k.

Here the subscript ρ indicates that the values inside the parentheses satisfy γi ≡ ai+βi (mod pi)
and 0 ≤ γi < pi.
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This follows directly from (1.1). If c > πk, the addition of a and b can be performed in Pk+1. □

From Theorem 1.3, we note that a+ 1 = (α1 + 1 α2 + 1 . . . αk + 1)ρ. More generally, for small
integers j,

a+ j = (α1 + j α2 + j . . . αk + j)ρ (1.2)

where the subscript ρ remains in effect.

Similarly, we have:

Theorem 1.4. Let a, b ∈ Pk, a = (α1 α2 . . . αk), b = (β1 β2 . . . βk). If c = a− b > 0, then

c = (α1 − β1 α2 − β2 . . . αk − βk)ρ, i = 1, 2, . . . , k.

Here again, the subscript ρ indicates the requirement 0 ≤ γi < pi. □

The above two operations also hold when a and b are in total prime base representation, without
any additional restrictions.

Theorem 1.5. Let a = (α1 α2 . . . αk) ∈ Pk, and let j be a positive integer. If ja ∈ Pk, then

ja = (jα1 jα2 . . . jαk)ρ.

When ja > πk − 1, it is necessary to extend the digit position to k + 1 or higher. □

Definition 1.5. When πk−1 ≤ a < πk, we call the k-digit prime base representation of a the
minimal prime base representation of a.

The minimal prime base representation of a having k-digit means πk−1 ≤ a < πk. If the last
component αk is removed, the number corresponding to the resulting prime base representation
belongs to Pk−1 and is less than a.

We now consider the extension from k-digit prime base representation to (k + 1)-digit prime
base representation.
Extending from Pk to Pk+1 means adding a (k + 1)-th component β ∈ {0, 1, . . . , pk+1 − 1}
to each k-dimensional vector corresponding to a number in Pk. The number of elements in
the extended set becomes πk+1, with the general form (α1 α2 . . . αk β)ρ, where each vector
corresponds bijectively to the integers in the interval [0, πk+1 − 1].

Proposition 1.6. For a = (α1 α2 . . . αk) ∈ Pk, if

β = αk+1 ≡ a (mod pk+1), (1.3)

then the value of a remains unchanged after adding β to the (k + 1)th digit position of a, i.e.,
a = (α1 α2 . . . αk ak+1).

This follows from the one-to-one correspondence in Pk+1 when (1.3) is added to (1.1). □

Definition 1.6. Let a = (α1 α2 . . . αk) ∈ Pk, and let

αk+1 ≡ a (mod pk+1).

We call (α1 α2 . . . αk αk+1)ρ the natural extension of a = (α1 α2 . . . ak).

Similarly, the natural extension of a can be continued to the static position, and the number
represented remains a.

Definition 1.7. Let πk−1 ≤ a < πk. In the total prime base representation of a, the minimal
prime base representation is the first k digits. If the static position is at the m-th digit position,
then the positions from k + 1 to m are called the natural extension segment.
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Thus, for a number a with πk−1 ≤ a < πk, its prime base representation is divided into three
segments: the first k positions are the minimal prime base representation segment, the positions
from k + 1 to m are the natural extension segment, and the rest are the number a.

Returning to our previous discussion, consider adding the (k+1)-th component β when extend-
ing to Pk+1. When

β ̸= αk+1 ≡ a (mod pk+1),

there are pk+1 − 1 other choices.

Theorem 1.6. Let a = (α1 α2 . . . αk) ∈ Pk. If β ∈ {0, 1, . . . , pk+1 − 1}, then

(α1 α2 . . . αk β)ρ = a+ jπk. (1.4)

where the relationship between β and j will be given in the proof.

Proposition 1.6 states that when β = αk+1, j = 0 in (1.4).
Proof. We provide the relation between β and j. Let

πk ≡ rk+1 (mod pk+1), a ≡ αk+1 (mod pk+1),

and

β ≡ αk+1 + jrk+1 (mod pk+1) (1.5)

Note that here rk+1 ̸≡ 0 (mod pk+1).
By the addition rule of Theorem 1.3, in Pk+1, we have

(α1 α2 . . . αk β)ρ = (α1 α2 . . . αk αk+1 + jrk+1)ρ

= (α1 α2 . . . αk αk+1)ρ + (0 0 . . . 0 jrk+1)ρ

= a+ jπk.

Thus, when β ≡ αk+1 + jrk+1 (mod pk+1), the equation (1.4) holds. □

The prime base representation of integers can be displayed using a table of prime base repre-
sentations. Similar to a function table, it is used to look up the prime base representation of
small integers: take a plane coordinate system with the horizontal axis (rightward) representing
primes pk in increasing order (k = 1, . . . ,m) and the vertical axis (downward) representing
consecutive integers in [1, n]. Fill in the corresponding remainder at each intersection to form
an integer prime base table.

Returning to equation (1.2) of Theorem A at the beginning of the paper:

x ≡
k∑

i=1

αiei (mod πk)

This is equivalent to finding the decimal representation of x given its prime base representation
x = (α1, α2, . . . , αk). Theorem A already gives the decimal value of x in terms of MiM

−1
i .

However, this representation is not yet the clearest answer. The proof is also relatively complex,
and the issue has not been fully resolved.

Let ei be the number whose prime base representation has 1 at the i-th digit position and 0
elsewhere:

ei = (0 . . . 0 1 0 . . . 0) i = 1, 2, . . . , k (1.6)

The quantity MiM
−1
i in Theorem A is exactly ei. However, ei can be represented in other ways

besides MiM
−1
i ; using (1.6) is simpler and more precise.
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Based on the previous discussion of basic properties of prime base representation, Theorem A
can be rewritten as follows:
Theorem A′. Let ei (i = 1, 2, . . . , k) be as in (1.6). If the prime base representation of x is
(α1, α2, . . . , αk), then

x = (α1 α2 . . . αk) ≡
k∑

i=1

αiei (mod πk). (1.7)

This congruence follows directly from Theorems 1.3 and 1.5. □

Equation (1.7) is the final form of Theorem A. The difference from (1.2) is that it does not
require numbers like MiM

−1
i to express ei, nor does it require a roundabout proof. It truly

returns to the basis representation in linear algebra.
As an equality, (1.7) holds both in prime base representation and in decimal representation.
Taking the decimal representation of each ei gives the decimal representation of x. There are
multiple ways to compute the decimal representation of ei based on the previous propositions
and theorems.

We illustrate with examples. Let a = (α1 α2 . . . αk). From (1.7):

When k = 2 : e1 = (1 0) = 3, e2 = (0 1) = 4

a ≡ 3α1 + 4α2 (mod 6).

When k = 3 : e1 = (1 0 0) = 15, e2 = (0 1 0) = 10, e3 = (0 0 1) = 6

a ≡ 15α1 + 10α2 + 6α3 (mod 30).

When k = 4 : e1 = (1 0 0 0) = 105, e2 = (0 1 0 0) = 70, e3 = (0 0 1 0) = 126, e4 = (0 0 0 1) = 120

a ≡ 105α1 + 70α2 + 126α3 + 120α4 (mod 210).

When k = 5 : e1 = (1 0 0 0 0) = 1155, e2 = (0 1 0 0 0) = 1540, e3 = (0 0 1 0 0) = 1386,

e4 = (0 0 0 1 0) = 330, e5 = (0 0 0 0 1) = 210,

a ≡ 1155α1 + 1540α2 + 1386α3 + 330α4 + 210α5 (mod 2310).

These are all conversion formulas from prime base representation to decimal representation.

2

Let Z denote the set of integers and Z+ the set of positive integers. Here are some results in
algebra concerning the ring of integers and its quotient rings.

The set Z of integers forms a ring under addition and multiplication. For k ∈ Z+, the set
Iπk

= πkZ is an ideal in Z.

Let Zπk
= Z/πkZ denote the quotient ring of integers consisting of congruence classes modulo πk.

This integer quotient ring has πk cosets as elements of Zπk
. Let the number set {0, 1, . . . , πk−1}

as the set of representatives of the cosets of Zπk
, denoted Qk.

Let Eπk
be the set of cosets formed by all elements in Zπk

that are multiplicatively invertible.
Then Eπk

constitutes a subgroup under the coset multiplication in the ring of integers. Let
Eπk

⊂ Qk be the set of representatives of the cosets in Eπk
. Then elements in Eπk

form a
multiplicative group under multiplication modulo πk.

Theorem 2.1. Eπk
consists of all integers in the interval [1, πk] that are coprime with πk, i.e.,

Eπk
= {a | a ∈ [1, πk], gcd(a, πk) = 1}. (2.1)
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Proof. Since it contains no prime factors p1, p2, . . . , pk,all elements in Eπk
are invertible, and

these are the only invertible elements in the interval [1, πk]. □

Theorem 2.2. The elements of Eπk
consist of 1, all primes in the integer interval [pk+1, πk],

and all possible products of these primes lying within the aforementioned interval.

Proof. First, 1 ∈ Eπk
. Suppose a ∈ Eπk

and a < pk+1. Then gcd(a, πk) > 1, so a ∈ [pk+1, πk].
Factorizing a: if a is a prime, then a is a prime in [pk+1, πk]. If a is composite, since gcd(a, πk) =
1, it must be a product of prime factors in [pk+1, πk] with product not exceeding πk. □

Theorem 2.3. Except for the number 1, the smallest element of Eπk
is pk+1. Moreover, if

a ∈ Eπk
, a ̸= 1 and a < p2k+1, then a is prime. □

According to (2.1) and the definition of the Euler’s function, it can be obtained:

Theorem 2.4. [1] The number of elements in Eπk
or Eπk

is φ(πk) =
∏k

i=1(pi− 1), where φ(n)
is Euler’s function. □

For the sake of certainty, in the subsequent discussion of this paper, we will take the number
set described in Theorem 2.1 as Eπk

.

Definition 2.1. The coset of Eπk
represented by e ∈ Eπk

is denoted as Γk,e.

Theorem 2.5. Γk,e = {e+ jπk | j ∈ Z}.

This follows because the ideal of Zπk
= Z/πkZ is Iπk

= πkZ. □

Definition 2.2. The set P+
k represents the set of all integers whose prime factors are greater

than pk (including primes greater than pk).

Theorem 2.6. Let a ∈ P+
k , then there exists a unique q ∈ Eπk

such that the coset Γk,q of Eπk

satisfies a ∈ Γk,q.

Proof. Let a ≡ q (mod πk) with 0 ≤ q < πk. Then there exists j ∈ Z such that a = q + jπk.
Since a ∈ P+

k , a has no factors less than pk+1, so neither does q, i.e., gcd(q, πk) = 1. Since
0 ≤ q < πk, we have q ∈ Eπk

, that is a ∈ Γk,q, and q is unique. □

From Theorem 2.6 we immediately obtain:

Theorem 2.7. P+
k =

⋃
e∈Eπk

Γk,e. □

Since the Γk,e are pairwise disjoint, the union in the above Theorem2.7 is actually a direct sum.

The multiplicative subgroup formed by the elements in Eπk
described in this section with respect

to multiplication modulo πk,

When k = 2 : π2 = 6, Eπ2 = {1, 5}
When k = 3 : π3 = 30, Eπ3 = {1, 7, 11, 13, 17, 19, 23, 29}

These are simple multiplicative groups modulo πk.

3

It is straightforward to determine whether a number is prime based on its prime base represen-
tation. Theorem 1.2 states that a necessary and sufficient condition for a number to be prime is
that its total prime base representation contains exactly one zero, located at the last position.

As previously stated, for a number a with πk−1 ≤ a < πk, its prime base representation is
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divided into three segments: the first k digits constitute the minimal prime base representation
segment, the position from k + 1 to m form the natural extension segment, followed by the
number a.

Related to determine whether a number is prime, we also need to define an important digit
position.

Definition 3.1. If for a number a, ps ≤
√
a < ps+1, then the s-th digit position is called the

prime localization position of a.

For a > 121, the prime localization position lies in the natural extension segment.

Theorem 3.1. In the total prime base representation of a number a, the set of primes cor-
responding to the digit positions with values 0 is exactly the set of all factors of a, without
multiplicity. □

‌‌Theorem 3.2. A number a is prime if and only if all position values in its prime base repre-
sentation before (and including) the prime localization position are non-zero. □

Theorem 3.3. Let a, b ∈ Pk, a = (α1 α2 . . . αk), b = (β1 β2 . . . βk), then

ab ≡ (α1β1 α2β2 . . . αkβk)ρ (mod πk) (3.1)

The multiplication in parentheses is the usual multiplication, and then the prime modulus is
taken.

Proof. This follows from ab ≡ αiβi (mod pi) and the definition of prime base representation.
□

It has been determined in Section 2 that the number set {0, 1, . . . , πk − 1} serves as the set of
cosets representatives Qk for Zπk

.

Theorem 3.4. Let Pk = {(α1 α2 . . . αk)} be the set of all numbers with k-digit prime base
representation. Then

Pk = {(α1 α2 . . . αk)} = Qk. (3.2)

Moreover, addition and digit multiplication in Qk are addition and multiplication modulo πk.

Proof. By Theorem 1.1, the set {(α1 α2 . . . αk)} is exactly the set {0, 1, . . . , πk − 1}, i.e., it
is the set of coset representatives in Zπk

. By Theorems 1.3 and 3.3, the consistency of addition
and multiplication follows. □

Proposition 3.1. Let a = (α1 α2 . . . αk) ∈ Qk. Then a necessary condition for a > pk to be
prime is that all αi ̸= 0. □

Definition 3.2. If all position values of a = (α1 α2 . . . αk) are non-zero, then a is called
k-position non-zero (or non-zero).

In Section 2, we defined the set Eπk
, which consists of all intergers in [1, πk] coprime to πk, and

which forms a multiplicative group under multiplication modulo πk.

Theorem 3.5. For Qk = {(α1 α2 . . . αk)}, the set of all numbers with non-zero k-digit prime
position representations forms the multiplicative group Eπk

modulo πk in Zπk
, i.e.,

Eπk
= {(α1 α2 . . . αk) | αi ̸= 0}. (3.3)
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Proof. First, the set {(α1 α2 . . . αk) | αi ̸= 0} ⊂ Qk. Second, since αi ̸= 0, we have

gcd((α1 α2 . . . αk), pi) = 1, 1 ≤ i ≤ k.

This holds only for the set {(α1 α2 . . . αk) | αi ̸= 0}. □

Theorem 3.5 shows that the multiplicative subgroup Eπk
of the integer quotient ring Zπk

=
Z/πkZ has an explicit representation in prime base representation, given by (3.3).

Theorem 3.6. Let Hi denote the cyclic group of order pi formed by {1, 2, . . . , pi}. Then Eπk

is the direct product of its k cyclic groups:

Eπk
= H1 ⊗H2 ⊗ · · · ⊗Hk.

This follows directly from (3.3). □

Definition 3.3. Let (α1 α2 . . . αk−1 αk αk+1 . . . αn) be the prime base representation of a
number. For the segment (α1 α2 . . . αk−1 αk), the segment (αk+1 . . . αn) is called its successor,
and (α1 α2 . . . αk−1 αk) is called the prefix of the segment (αk+1 . . . αn). The only requirement
for a segment is that it is non-empty, i.e., 1 < k < n.

Proposition 3.2. If two numbers have the same prime base representation for the first k digits,
then their difference is jπk, j ∈ Z.

Proof. The first k digits of the difference of the two numbers are all zero, and thus divisible
by πk | (0 . . . 0 αk+1 . . . αn). □

In Definition 2.1, that the coset of Eπk
represented by e ∈ Eπk

is denoted Γk,e. From Theorem
2.5 we obtain:

Theorem 3.7. If e ∈ Eπk
, then all successors of e form the set of positive integers in the coset

Γk,e.

Proof. This is because if e1 ∈ Γk,e, then e1 − e = jπk for some j ∈ Z. □

By Theorem 2.7, P+
k =

⋃
e∈Eπk

Γk,e, we immediately obtain:

Theorem 3.8. All primes greater than pk are contained in the set
⋃

e∈Eπk
Γk,e, i.e., in the

successors of the set Eπk
shown in equation (3.3). □

Theorem 3.9. For any e = (a1 a2 . . . ak) ∈ Eπk
(ai ̸= 0), the corresponding coset Γk,e

contains infinitely many primes.

Proof. This is because Γk,e = {e+ jπk | j ∈ Z}, and since e ∈ Eπk
, i.e., gcd(e, πk) = 1, by the

following Theorem B, the arithmetic progression e+ jπk contains infinitely many primes. □

Theorem B[2] (Dirichlet). If k > 0, l > 0, and gcd(k, l) = 1, then there are infinitely many
primes of the form kn+ l.

We now study the relationship between Eπk
and Eπk+1

.

Following the method of Theorem 1.6, we extend Eπk
to E1

πk+1
: for any a = (α1 α2 . . . αk) ∈

Eπk
, add β ∈ {0, 1, . . . , pk+1−1} to the (k+1)-th digit position to obtain aβ = (α1, α2, . . . , αk, β)ρ.

Extending all elements of Eπk
in this way yields E1

πk+1
. Since Eπk

contains all possible non-zero

elements, E1
πk+1

contains the prime pk+1 with marking zero. Remove other elements with 0 at

the (k + 1)-th digit position from E1
πk+1

, and the remaining is Eπk+1
.

Thus we clearly have:
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Theorem 3.10. E1
πk+1

⊃ Eπk+1
. □

For the multiplicative subgroup Eπk
modulo πk, we now construct a non-zero tree, or prime tree.

Primes are ”hanging” on the non-zero tree, and can be classified according to their position on
the tree.

As the root of the non-zero tree, (1) ∈ Eπ1 extends to Eπ2 with three branches, i.e., after adding
the second digit position values {0, 1, 2}:

(1 1) = 1, (1 0) = 3, (1 2) = 5.

Here, (1 0) = 3 is a prime, and the value 0 at the second digit position is the marking zero of
prime 3, which does not extend further. The remaining two branches, 1 = (1 1) and 5 = (1 2),
form Eπ2 . The corresponding cosets are Γ2,1 and Γ2,5, or more explicitly Γ(1 1) and Γ(1 2).
The advantage of this notation is that all positive elements of the coset Γ are successors of its
subscript.

The two branches can be extended to Eπ3 . Since p3 = 5, the successors of (1 1) = 1 are five
numbers:

(1 1 1) = 1, (1 1 2) = 7, (1 1 3) = 13, (1 1 4) = 19, (1 1 0) = 25.

The successors of (1 2) = 5 are also five numbers:

(1 2 0) = 5, (1 2 1) = 11, (1 2 2) = 17, (1 2 3) = 23, (1 2 4) = 29.

The above ten numbers are exactly E1
π3
.

To convert E1
π3

to Eπ3 , simply remove the numbers with 0 in the third digit position. Retain
the non-extending prime 5 branch (1 2 0) and remove the composite 25 branch (1 1 0). Thus, all
primes in Eπ3 appear, belonging to two branches: (1 1) and (1 2), with 8 sub-branches. They
form the set Eπ3 = {1, 7, 11, 13, 17, 19, 23, 29}. From the successor connections, a three-level
directed tree is formed.

Similarly, E1
π4

can be constructed as follows:

1 (1 1 1 1) 7 (1 1 2 0) 13 (1 1 3 6) 19 (1 1 4 5)
31 (1 1 1 3) 37 (1 1 2 2) 43 (1 1 3 1) ∗49 (1 1 4 0)
61 (1 1 1 5) 67 (1 1 2 4) 73 (1 1 3 3) 79 (1 1 4 2)
∗91 (1 1 1 0) 97 (1 1 2 6) 103 (1 1 3 5) 109 (1 1 4 4)

∗121 (1 1 1 2) 127 (1 1 2 1) ∗133 (1 1 3 0) 139 (1 1 4 6)
151 (1 1 1 4) 157 (1 1 2 3) 163 (1 1 3 2) ∗169 (1 1 4 1)
181 (1 1 1 6) ∗187 (1 1 2 5) 193 (1 1 3 4) 199 (1 1 4 3)

11 (1 2 1 4) 17 (1 2 2 3) 23 (1 2 3 2) 29 (1 2 4 1)
41 (1 2 1 6) 47 (1 2 2 5) 53 (1 2 3 4) 59 (1 2 4 3)
71 (1 2 1 1) ∗77 (1 2 2 0) 83 (1 2 3 6) 89 (1 2 4 5)
101 (1 2 1 3) 107 (1 2 2 2) 113 (1 2 3 1) ∗119 (1 2 4 0)
131 (1 2 1 5) 137 (1 2 2 4) ∗143 (1 2 3 3) 149 (1 2 4 2)

∗161 (1 2 1 0) 167 (1 2 2 6) 173 (1 2 3 5) 179 (1 2 4 4)
191 (1 2 1 2) 197 (1 2 2 1) ∗203 (1 2 3 0) ∗209 (1 2 4 6)

Here, after removing the branches with 0 in the fourth digit position, each branch of the original
Eπ3 extends to 6 branches of Eπ4 . There are 48 branches in Eπ4 (composite numbers are marked
with asterisks). In addition, non-extending prime branches such as 7 = (1 1 2 0) are retained.

Continuing this process, all successors of each element (α1 α2 . . . αk) in Eπk
form its pos-

itive coset Γ(α1 α2 ... αk). They are all located in the directed tree rooted at the tree node
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(α1 α2 . . . αk).

From the above, we can observe the tree structure of the entire non-zero set Eπk
, with primes

attached to this tree structure. That is, for every positive integer k > 1, among the tree nodes
of length k, except for elements of Eπk

, there is a unique non-extending node pk.

From the extending branches of the prime tree, we can intuitively identify which primes are
unrelated and which share a ”bloodline”. The length of the common prefix between two primes
correlates with their degree of similarity.

4

In this section, we discuss the primality of the sequence n2+1 (n ∈ Z+) and give necessary and
sufficient conditions for n2 + 1 to be prime.

From Theorem 3.2 in Section 3, we have:

Proposition 4.1. Let n ∈ Z+, and let the prime base representation of n2 + 1 up to its prime
localization position s be

n2 + 1 = (β1 β2 . . . βi . . . βs). (4.1)

Then n2 + 1 is prime if and only if all digit values βi in (4.1) are non-zero. □

Clearly, for n2 + 1 to be prime, n must be even, except n = 1.

From the definition of the prime localization position (Definition 3.1), we immediately obtain:

Proposition 4.2. Let pr be the largest prime satisfying pr < n, i.e., r is the last position of n,
then r is the prime localization position s of n2+1, i.e., r = s and pr = ps. In other words, the
prime localization position s of n2 + 1 is the last position of n, that is, the digit position before
the static position.

This is because for even n, pr is the largest prime less than
√
n2 + 1. □

Proposition 4.3. Let the prime base representation of n be

n = (α1 α2 . . . αi . . . αr n n). (4.2)

Then for βi in (4.1), we have

βi ≡ α2
i + 1 (mod pi) i = 1, 2, . . . , r. (4.3)

This follows directly from Theorem 3.3 and Theorem 1.3. □

In summary, we have obtained:

Theorem 4.1. Let

n = (α1 α2 . . . αi . . . αr n n)

and

n2 + 1 = (β1 β2 . . . βi . . . βs) = (β1 β2 . . . βi . . . βr)

Then n2 + 1 is prime if and only if all βi are non-zero, where βi ≡ α2
i + 1 (mod pi) i =

1, 2, . . . , r. □
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Thus, whether n2 + 1 is prime is closely related to whether the quadratic congruence equation

x2 + 1 ≡ 0 (mod pi) (4.4)

has solutions. The question of whether equation (4.4) has a solution has long been resolved.

Theorem C (Euler’s Criterion)[2]. Let p be an odd prime. Then the quadratic congruence
equation

x2 ≡ a (mod p)

has a solution if and only if

a(p−1)/2 ≡ 1 (mod p).

From this we immediately obtain:

Theorem 4.2. The congruence equation (4.4)

x2 ≡ −1 (mod p)

has a solution if and only if p = 4k + 1. □

In other words, equation (4.4) has solutions only when the prime pi is of the form pi = 4k + 1.
Clearly, its two solutions x1, x2 within the residue class {0, 1, 2, . . . , pi − 1} satisfy x1 + x2 = pi.

Definition 4.1. Primes of the form p = 4k + 1 are called 4+ primes. The solutions x1, x2 to
the quadratic congruence equation (4.4) are called the forbidden number of the 4+ prime pi,
denoted zi1 and zi2.

Table 4.1. Forbidden numbers of 4+ primes less than 100: (mod p)

pi 5 13 17 29 37 41 53 61 73 89 97

zi1 2 8 4 12 6 32 30 50 46 34 22

zi2 3 5 13 17 31 9 23 11 27 55 75

Theorem 4.1 can now be rewritten as:

Theorem 4.3. Let n > 2 have prime base representation

n = (α1 α2 . . . αi . . . αr n n),

where αr is the position value at the last position. Then n2 + 1 is prime if and only if, for all
4+ primes pi in (α1 α2 . . . αi . . . αr), the corresponding position values αi are not forbidden
numbers, i.e.,

αi ̸≡ zi1 or αi ̸≡ zi2 (mod pi). (4.5)

□

From the above, since n is even, for prime 5, its forbidden numbers can be changed to 2 and 8
modulo 10. That is, if n2+1 is prime, the units digit of n in decimal must be 0, 4, or 6 (except
for the first prime 2).
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5

Now we study the problem of representing even numbers as the sum of two prime numbers.

Definition 5.1. If an even number b can be expressed as the sum of two primes, then b is said
to satisfy the G-condition, and the pair of primes is called a G-representation of b.

Although Theorems 5.1 and 5.2 below are not closely related to the proof of the Goldbach’s
conjecture, they demonstrate that the method of prime basis representation for integers is a
powerful tool for addressing G-representation problems. Their proofs are almost self-evident.

First, we study the representation of even numbers using primes from Γ(1 1) and Γ(1 2).

For any even number a ≥ 2, there are only three possible prefixes for its first two digit positions:
(0 0), (0 1), and (0 2). For primes representing them, except for the prefix (1 0) (prime 3), the
other prime prefixes are only (1 1) and (1 2). Here we only discuss the latter two cases.

Theorem 5.1.
If the prefix of an even number is (0 1), then the only possible prefix combination for the two

primes in its
G-representation is (1 2) + (1 2);

if the prefix of an even number is (0 2), then the only possible prefix combination for the two
primes in its

G-representation is (1 1) + (1 1);
if the prefix of an even number is (0 0), then the only possible prefix combination for the two

primes in its
G-representation is (1 1) + (1 2). □

In other words, except for prime 3, even numbers with prefix (0 1) can only be represented as the
sum of primes from the coset Γ(1 2); even numbers with prefix (0 2) can only be represented as
the sum of primes from the coset Γ(1 1); even numbers with prefix (0 0) can only be represented
as the sum of primes from Γ(1 2) and Γ(1 1).

From this, roughly speaking, the number of prime pairs representing (0 1)-type even numbers
is about the same as for (0 2)-type, while for (0 0)-type it is about twice as many.

Theorem 5.2. Let 2a be an even number, a ∈ Z+, and let pk be the smallest prime satisfying
pk ≥ a. If in the prime base representation of 2a, the position value at the i-th digit position
(i ≥ k) is a prime qi, then the even number 2a satisfies the G-condition. Moreover, all such
prime pairs (pi, qi) form all G-representations of 2a.

This is because for j ≥ k, the position value at the j-th digit position before the last position
is 2a− pj . □

We now study the problem of representing even numbers as the sum of two prime numbers,
namely the Goldbach’s conjecture.

Definition 5.2. Let Z−
2 denote the set of even integers greater than 24.

Definition 5.3. Let a = (α1 . . . αi . . . αk) and b = (β1 . . . βi . . . βk). If for some i,
αi = βi, then a and b are said to intersect at the i-th digit position; if for all digit positions
i ∈ {1, 2, . . . , k}, αi ̸= βi, then the two numbers are said to be completely non-intersecting in
all k digit positions, or simply a and b are non-intersecting.

Let the prime base representation of an even number a be a = (0 α2 . . . αs), where s is the
prime localization position of a. Let the prime base representation of a prime q < a up to digit
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position s be q = (1 q2 . . . qs).

By Definition 5.3, the even number a and prime q are completely non-intersecting up to s if the
corresponding values from digit position 1 to s are all different: αi ̸̸= qi, i = 1, 2, . . . , s.

Theorem 5.3. Let a − q ̸= 1, here a is even number and q(q < a) is a prime, then a − q is
prime if and only if prime q is completely non-intersecting with a up to s, unless the intersecting
digit position is the marking zero position of the prime a− q.

Proof. If for some i,
αi ≡ qi (mod pi), i = 1, 2, . . . , s,

then the i-th digit position value of a− q is 0, and unless this intersecting digit position is the
marking zero position for prime a− q, otherwise, a− q is not prime. Conversely, if prime q and
a is completely non-intersecting in all digit positions s, then all position values of a− q from 1
to s are non-zero, and a− q is prime. □

Note that when a − q ≤ ps, if a − q is prime, then the marking zero position of prime a − q
lies within the prime localization position of a, where a and q have equal values. At this digit
position, we can determine whether a− q is prime based on Theorem 1.2 by checking if this 0
is the marking zero of a− q.

For this case, we can also proceed as follows: since a > 4, s < a/2, so if q1 + q2 = a, then one
prime must be less than a/2. Therefore, for q in Theorem 5.3, we only need to consider primes
less than a/2. Thus, using all primes less than a/2 to test the G-condition of even number a
will not miss any cases. (However, in the proof of the following theorem, this situation does not
arise.)

Goldbach’s conjecture is the following theorem.

Theorem 5.4. Every even number in the set Z−
2 has a G-representation.

Proof. We will use the following lemmas to gradually provide the proof, with the argumentation
basis being Theorem 5.3.

First, consider the prime base representation of prime 3: p2 = 3 = (1 0 3 3 3 . . . ). For even
numbers a > p2+1, there are only two cases: either intersecting with prime 3 or not intersecting.
If an even number a intersects with prime 3, then its second digit position value is 0, or some
digit position value from the third digit position to the prime localization position of a is 3. We
denote the set of such numbers as X[p2].

Definition 5.4. Let the even numbers a such that a > pi + 1, and denote the set of numbers
where Z−

2 intersects with pi as X[pi].

Definition 5.5. Let α2 ∈ [0, 1, 2]. The notation (0 α2)X denotes the set of even numbers in
prime base representation with prefix (0 α2). Also, (0 x α3)X denotes the set of even numbers
in prime base representation where the third digit position value is α3 and the second digit
position is arbitrary. Additionally, if a certain digit position value in the prefix is p+ (where
p is prime), it indicates that p appears at some position from this digit position to the even
number’s prime localization position. Other cases are analogous. All the above operations are
performed up to the even number’s prime localization position.

From the above definitions, we have:

Lemma 5.1. X[p2] = {(0 0)X , (0 x 3+)X}. If a ∈ Z−
2 −X[p2], then a does not intersect with

p2, i.e., a− 3 is prime. Thus, all even numbers in Z−
2 −X[p2] have a G-representation. □

Definition 5.6. The subsets in X[pi] are called the intersecting subsets of prime pi.
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Similarly, since p3 = 5 = (1 2 0 5 5 5 . . . ), we have:

Lemma 5.2. X[p3] = {(0 2)X , (0 x 0)X , (0 x x 5+)X}. □

Consider the set X[p2] ∩ X[p3]. Even numbers in this set intersect with both primes p2 and
p3, meaning they cannot form a G-representation with p2 and p3. This also means that even
numbers in Z−

2 − (X[p2] ∩X[p3]) have a G-representation with p2 or p3.

From Lemmas 5.1 and 5.2, we immediately obtain:

Lemma 5.3. X[p2] ∩X[p3] = {(0 0 0)X , (0 2 3+)X , (0 0 x 5+)X , (0 x 0 3+)X , (0 x 3+ 5+)X}.

The intersecting subsets in X[p2]∩X[p3] are obtained by performing intersection operations on
the intersecting subsets from X[p2] and X[p3], respectively. □
It is easy to see that the smallest number in X[p2] ∩ X[p3] is 30 = (0 0 0 2). That is, when
a ∈ Z−

2 and a < 30, a /∈ (X[p2] ∩X[p3]), so a has a G-representation.

Lemma 5.4. Let the even number a = (0 α2 . . . αi . . . αk) ∈ Qk. Then there are infinitely
many primes completely non-intersecting with a.

Proof. First, from the construction of the multiplicative group Eπk
, there are at least

∏k
i=2(pi−

2) elements in Eπk
that do not intersect with a. Second, by Theorems 3.8 and 3.9, there are

infinitely many primes completely non-intersecting with a. □

Lemma 5.5. Let hk = min{h | h ∈
⋂k

i=2X[pi]}. Then as k increases, hk is an increasing
sequence tending to infinity.

Proof. Clearly, hk ≥ hk−1. We now prove that it tends to infinity.

Let hk = (0 α2 α3 . . . αj) ∈
⋂k

i=2X[pi] be the smallest number in
⋂k

i=2X[pi], where j = shk
is

the prime localization position of hk.
If hk and pk+1 are non-intersecting, then hk /∈ X[pk+1], therefore

hk+1 = min{h | h ∈
k+1⋂
i=2

X[pi]} > hk

If hk and pk+1 are intersecting, since hk is a number with fixed digit position values, by
Lemma5.4, it can only be contained in a finite number of intersecting subsets of l consecu-
tive primes at most, i.e., there exists l ≥ 1, such that

hk ∈ X[pk+i] (i = 1, 2, . . . , l)

and for the number n = k + l + 1, it has

hk /∈ X[pn]

It also has

hn = min{h | h ∈
n⋂

i=2

X[pi]} > hk

Thus, as k tends to infinity, hk is an increasing sequence tending to infinity. □

Lemma 5.5 shows that even numbers in Z−
2 ∩ {0, hk} all have a G-representation with some

prime from the set {p2, p3, . . . , pk}. Since hk tends to infinity, every even number in Z−
2 has a

G-representation.

Theorem 5.4 is thus proved. □
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