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1 Abstract

Reference 1 shows that when multipath interference is treated correctly, the
imaginary term, i sin S, is unnecessary; the real term cos S suffices, therefore
Euler’s exp(iS) = i sin S 4 cos S reduces to exp(iS) — cos S. Can this same
principle be applied to complex phase amplitudes in gauge theory phase trans-
formations? Gauge invariance only requires a continuous group action in real
space, not the complex phase structure suggested by textbooks. The complex
exponential hides the physics. The conversion of gauge theory to real space
phase changes makes explicit the physical mechanism of gauge theory.

2 U(1): Full Derivation

We show explicitly, by step—by—step calculus, how replacing the usual unitary
gauge transformation by its real projection preserves gauge invariance of the
Dirac equation and covariant derivative.

Start from the free Dirac equation

(IO, — m)y(x) = 0. (1)
Standard local U(1) transformation:
D(x) = ¢ (@) = X (). (2)
We replace the complex phase by its real part:
U(x) = ¢ (2) = cos x(z) ¥(x). (3)

Compute the transformed derivative:
o' =0, ( Cos Y 1/))

= (Oy cosx) ¥ + cos x 0,0
= —sinx (9ux) ¥ + cos x O,.
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Insert into the Dirac operator:

(i’y“@u - m)ﬂ}/ = i’)/“a“@/}' - mi//

= i’y“[f sin x (Oux) ¥ + Cosxaui/J] — mcos x .

Use the original equation (iv*0,, —m)y =0, i.e.
i'yua;ﬂ/} = my,

to rewrite the cos x term:

(i7"0y — m)yp" = in# | = sin x (8 x) ¥] + cos x (in" 1) — map)

= —iy* sin x (OpuXx) V.

Thus the transformed Dirac equation is

(i7" 0 — m)y' = —iy sin x (0px) Y-

(12)

The extra term proportional to d,,x must be cancelled by the gauge field via

the covariant derivative.
Define the covariant derivative

D, =0, +1igA,,
and require homogeneous transformation:
Dy = cos x Dy,
Compute D))" explicitly:

D" = dyu(cos x 1) +igAj, cosx 1)

= —sinx (9ux) ¥ + cos x 0u1b +igAj, cos x .

Right-hand side:

cos x Dy1p = cos x (Ou) +igAu)
= cos x O + g A, cosx .

Equate both:

—sinx (9ux) ¥ 4 cos x Ot +ig A}, cos x 1 = cos x D + igA, cos X .

Cancel cosx 0,9:
—sinx (9ux) ¥ + igA}, cosx ¥ = igA, cos x .
Divide by v:

—sinx d,x + igA;, cosx = igA, cosx.



Solve for A;L:

igA;, cosx = igA, cosX + sinx dyux, (22)
;o sin x _ 1
AN —AM—I—maﬂx—Au—i—EtanXauX (23)

Thus the Dirac equation with D, is invariant under the real transformation
1 — cos x ¢ provided the gauge field transforms as

Ay — A=A, + %tanx@ux. (24)

3 SU(2): Matrix Calculus Derivation
Standard SU(2) transformation:
oY =U@)y,  U(z)=exp (ix"(z)r"), (25)

with Pauli matrices 7.
We replace U(z) by its real projection:

W' =R(x)p,  R(z)=RU(z), (26)

where R is a real 2 x 2 matrix.
Compute the derivative:

O’ = Ou(Rep) (27)
= (0uR)Y + RO (28)

Define the covariant derivative
D,=0,+ ing‘fT“, (29)

and demand homogeneous transformation:

Dyt = RDyb. (30)
Compute D) 3'":
D, )" = 0, (Ry) +igW,, "% R (31)
= (OuR)Y + RO + igW ) * T Ry (32)
Right-hand side:
RD,p = R(0u +igWyT) (33)
= ROy + igRW iT). (34)



Equate:

(0, R) + RO, + igW,, o Ry = RO, + igRW 7.

Cancel RO, :
(OuR)Y +igW,, *T Rep = igRW ;7).
Factor out :
OuR +igW,*7°R = igRW 1.
Solve for W},:
igW,*7*R = igRW;T" — O,R,

W, t" = RWiT°R™" — —(9,R)R™".
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(39)

This is the usual SU(2) gauge transformation law, with U replaced by its

real projection R.

4 SU(4): Matrix Calculus Derivation

Standard SU(4) transformation:

b= =Ula)y,  Ux) = exp (ix*()T4),

with generators 7.
Replace U(x) by its real projection:

' =R(x)y,  R(x)=RU(),

where R is a real 4 x 4 matrix.
Compute the derivative:

Ou’ = Ou(Re))
= (0,R)Y + ROy,

Define the covariant derivative
Dy =0y +igsAJTH,

and demand
DL@Z/ =RD,y.

Compute D) 1"

D = 0,(R) + iga A, AT Ry

= (0uR) + RO + iga A, AT Rip.

(40)



Right—hand side:

R Dyt = R(u1 + iga AL TH)
= RO + igs RAGT 4p.

Equate:

(0,R)Y + RO +igs Al TR = RO + igs RAGTA4p.

Cancel RO, v:
(0, R)Y + igaA) A T Rep = igs RAT ).
Factor out :
OuR +igs Al " TR = igyRAITH.
Solve for A;L:
igsA)ATAR = igyRANT* — O, R,

AATA = RAGTAR™ — —(0,R)R™.
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(52)

(53)
(54)

Thus the SU(4) gauge field transforms exactly as in the standard non—

Abelian case, with the real projection R replacing the unitary matrix U.

5 Summary

In U(1), SU(2), and SU(4), the detailed calculus shows that replacing the unitary
gauge transformation by its real projection preserves gauge invariance of the
Dirac equation and covariant derivative, provided the gauge field transforms
with the usual compensating derivative term, with U replaced by R = R U.
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