Perturbative String Theory and Its
Non-Perturbative Probes

Sutirtha Mukherjee

(S tifr

Tata Institute of Fundamental Research, Mumbai”

July 22, 2024

*Also at
ms21212@iisermohali.ac.in, 23f3005339@ds.study.iitm.ac.in


mailto:ms21212@iisermohali.ac.in
mailto:23f3005339@ds.study.iitm.ac.in

Abstract
Perturbative string theory treats a moving string as a two-dimensional surface and studies the
quantum field theory of the fields living on it. Removing the two gauge freedoms of that
surface, the freedom to relabel its points and the freedom to rescale its metric, by the
Faddeev—Popov method produces a nilpotent BRST charge (g, and its cohomology H(Qp) is
the physical spectrum of the string. The condition Q% = 0 fixes the number of spacetime
dimensions at twenty-six for the bosonic string and ten for the superstring. At one loop the
surface is a torus, and its modular invariance chooses the allowed spectrum, the GSO
projection of the superstring, and the charge lattices the theory can carry. The same
degeneration limit gives unitarity, since the amplitude factorizes on physical intermediate
states. When that intermediate state is a massless one emitted into the vacuum, its coefficient
is a tadpole, and requiring the tadpole to vanish is what picks out an allowed background. For
the unoriented open string this condition, equivalently the cancellation of gauge anomalies,
forces the gauge group SO(32). These results, and the tree and loop amplitudes built from
them, make up the perturbative theory.

Perturbation theory is limited to weak coupling, and reaching strong coupling relies on a set of
non-perturbative probes that supersymmetry protects. A single cylinder stretched between two
D-branes can be understood in two ways, as a loop of open string and as a closed string
exchanged across the gap, and equating the two fixes the tension of a D-brane and shows that
its Ramond-Ramond charge is quantized in the smallest unit Dirac allows. The masses of the
bound states the branes form, the (p, q) strings and the D0-brane threshold bound states, are
set exactly by the supersymmetry algebra. Because these tensions, charges and masses do not
move with the coupling they can be compared across two descriptions of the physics. The (p, q)
strings fill out the SL(2,Z) multiplet behind the S-duality of type I1IB, and the D0O-branes
become the momentum modes of an eleventh dimension that opens up in strongly coupled
type ITA. The same protected states count the microstates of a black hole and reproduce its
Bekenstein-Hawking entropy, and D-branes sourcing a warped throat give a four-dimensional
gauge theory that confines while keeping one massless particle.
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Introduction

The incompatibility of general relativity with quantum mechanics is the defining problem of
modern theoretical physics, and perturbative quantum gravity shows the obstruction already by
dimensional analysis. In D spacetime dimensions Newton’s constant has mass dimension 2 — D,
so graviton loops are controlled by the dimensionless combination Gy EP~2. This grows with
energy, so each order in perturbation theory requires a new counterterm and the expansion loses
predictive power in the ultraviolet. The difficulty comes from locality. A point particle interacts
at a single spacetime point, and it is exactly at short distances that the gravitational coupling
becomes strong [10,363].

String theory removes this short-distance problem by changing what the path integral sums
over. A point particle traces a one-dimensional worldline; a string traces a two-dimensional
worldsheet, and the splitting or joining of strings is a smooth change in the topology of that
surface. Because no single point carries the interaction, the ultraviolet region that spoils point-
particle gravity has no counterpart here, and high-energy amplitudes are correspondingly soft.
The dynamics of the embedding X*(o) follows from the Polyakov action,

Sp = / d*o Vh h®0, X 0, X, + -+ | (1)
b

Ao/
which describes D worldsheet scalars X* coupled to a two-dimensional metric h,,. After dividing
by worldsheet diffeomorphisms and Weyl rescalings, h,;, carries no local degrees of freedom, and
all that survives is the finite set of complex moduli of the surface. A scattering amplitude is
then an integral over the moduli space of Riemann surfaces, with a two-dimensional conformal
field theory and the be ghosts inserted on each surface [1,10,360].

The particle content of the theory can be read directly from this worldsheet spectrum, and
gravity appears already at the massless level. The closed string contains a massless spin-two
excitation, the graviton. At level N = N =1 the corresponding closed-string vertex operator is

Ver(2,2) = €, 0X"0X V™ X, (2)
Requiring V,; to have conformal weight (1,1) gives k* = 0. BRST invariance and null-state
equivalence impose
kte,, = k"€, =0, € ~ € + k& + €Ky (3)
The symmetric traceless part of ¢, is the polarization of a massless spin-two field, and its low-
energy couplings reproduce Einstein gravity in the o/-expansion. The antisymmetric part is the
Kalb—Ramond two-form, and the trace is the dilaton.

The conditions just imposed on V. are a special case of a general rule. Gauge fixing the
worldsheet metric produces a nilpotent BRST charge, Q% = 0, and the physical spectrum is its
cohomology H(Qp); the weight-(1,1) and transversality conditions above are the massless-level
cohomology conditions written out. At one loop the torus has large diffeomorphisms, so its
modulus is integrated over a fundamental domain, not over the full upper half-plane. When
the surface degenerates at the boundary of moduli space, factorization inserts a complete set
of physical intermediate states. In spacetime language these statements become the mass shell,
gauge invariance, unitarity, tadpole cancellation, and anomaly cancellation [359, 360].

The link between worldsheet consistency and spacetime dynamics becomes clearer in a curved
background. Coupling the worldsheet to slowly varying fields G, (X), B, (X), and ®(X) gives
a nonlinear sigma model, and quantum Weyl invariance requires its beta functions to vanish. To
first order in o/,

2

1
o = (Rw +2V,V, 0 — ZHHPUH”W) +0(a”), (4)

11



12 INTRODUCTION

SO /ny = ( is the Einstein equation, corrected by the two-form and the dilaton. The worldsheet
theory therefore both quantizes the string and selects the spacetime backgrounds in which it can
consistently propagate.

The five ten-dimensional superstring theories and eleven-dimensional supergravity are under-
stood as limitations of M-theory, reached from one another by varying couplings and radii. These
relations are non-perturbative, and establishing them requires protected quantities that survive
beyond the formal expansion around g5 = 0.

The perturbative expansion that these non-perturbative relations must eventually go beyond
is the genus expansion. For closed strings, a genus-h amplitude with n external insertions has

the form
Ap ~ g2 / dp <H w> , (5)
M}L,n i=1 =h

where My, ,, is the space of inequivalent punctured surfaces left after diffeomorphisms and Weyl
rescalings have been divided out. The power of g counts topology through the Euler character-
istic. The measure du is generated by gauge fixing. The operators V; must be physical vertex
operators, of conformal weight (1, 1) for closed strings and weight one on the boundary for open
strings. This weight condition is the spacetime mass-shell condition. A BRST-exact change of
V;, or a total derivative on the worldsheet, is a spacetime gauge transformation. When a surface
degenerates, the amplitude factorizes through physical intermediate states.

The same things recur throughout perturbation theory. Gauge fixing the sum over metrics
introduces the be ghosts and leads to BRST cohomology. Modular invariance of the torus selects
the allowed spin structures, GSO projections, and charge lattices. Degeneration of Riemann
surfaces gives unitarity and explains why interacting open strings also require closed strings,
since the cylinder can be read as either an open-string loop or a closed-string exchange. Tadpole
and anomaly cancellation decide whether the background solves the spacetime equations of
motion. In type I this fixes the gauge group to SO(32). In the heterotic string it leaves precisely
the SO(32) and Eg x Ejg choices.

Perturbation theory only works when the coupling gs is small, so reaching strong coupling
can be treated differently by a small set of quantities that supersymmetry protects: their values
are fixed once and do not change as the coupling is turned up, so they can be computed in
the easy weak-coupling regime and then trusted where no direct calculation is possible. A non-
perturbative probe, in what follows, means exactly such a protected quantity used to test a
strong-coupling claim. The objects that carry these quantities are the D-branes, the surfaces on
which open strings end. Each D-brane has a definite tension and a Ramond-Ramond charge
that satisfies Dirac quantization, both fixed at weak coupling, and the masses of its bound states
with strings and with other branes are set exactly by the supersymmetry algebra. Comparing
one of these protected values in two different descriptions of the same system is how a duality is
established. For instance, strongly coupled type ITA behaves as an eleven-dimensional theory in
which a new circular dimension of radius R;; = gs/s opens up, and the DO-branes are precisely
the states carrying momentum around that circle. The same counting reappears for black holes,
where the states of a bound system of branes can be enumerated one by one, and their number
matches the Bekenstein—-Hawking entropy.

Compactification is also a statement about the worldsheet CFT. For a string on a circle, the

spectrum is unchanged under
/

R<—>%, n<— w, (6)

so a small radius and a large radius can describe the same physics, with momentum and wind-
ing exchanged. Geometry is read from the worldsheet spectrum, and it need not be unique.
Orbifolds, rational conformal field theories, Gepner models, and Calabi-Yau sigma models give
further examples, where spacetime geometry is sometimes only a large-radius description and
the conformal field theory gives a more precise definition.

The same D-brane systems give a concrete way to study strongly coupled gauge theory. A
stack of N D3-branes is described at once by a four-dimensional gauge theory on its worldvolume
and by the curved throat geometry it sources, and the equivalence of the two descriptions is the
gauge/gravity correspondence. Deforming the throat realizes an AN/ = 1 gauge theory that flows
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to strong coupling and confines, with the infrared end of the geometry closing off smoothly at a
size set by dimensional transmutation. Confinement and a mass gap are not the same statement.
In the Klebanov—Strassler background a baryonic symmetry is spontaneously broken, and the
resulting Goldstone boson stays massless even though the theory confines, so the smooth cap of
the geometry does not by itself imply a gap in the spectrum.

The notes proceed as follows. Chapters 1-11 build the perturbative theory from the Polyakov
path integral, BRST cohomology, the no-ghost theorem, tree amplitudes, one-loop modular
invariance, compactification, superstrings, heterotic strings, and anomaly cancellation. Chap-
ters 12-13 then use D-branes and BPS charges to connect the weak-coupling constructions to T-
duality, S-duality, Matrix theory, and M-theory. The remaining chapters develop the conformal-
field-theory and geometric methods needed for compactification and four-dimensional effective
physics. The path-integral and Gaussian-determinant conventions applied to two-dimensional
fields are collected at the start of Chapter 1, and a single appendix gathers the dimension-by-
dimension spinor and supersymmetry facts that the superstring chapters use repeatedly.

Sources. The development follows the standard treatment of Polchinski, String Theory Vols. I-
IT [1, 2], whose organization it broadly shares, and uses the lecture notes of Tong [10] and
Minwalla [3], together with the primary literature cited at each result.



Chapter 1

The Polyakov path integral and
worldsheet gauge symmetry

The perturbative theory is founded on the Polyakov path integral. This is a weighted sum over
worldsheet geometries and over their embeddings in spacetime. Its definition requires care because
the worldsheet metric is a redundant variable. Two configurations related by a diffeomorphism or
a Weyl rescaling describe the same physics. The unrestricted integral therefore diverges by the
volume of this local symmetry group. The Faddeev—Popov procedure removes the redundancy by
replacing the gauge volume with a functional determinant. The anticommuting b, ¢ ghost system
represents this determinant. Its central charge, cp. = —26, enters the Weyl anomaly together with
the matter contribution and fixes the critical dimension. The topological term weights a surface
of Euler characteristic x by gs X, so the perturbation series is an expansion in worldsheet genus.
Physical external states are represented by integrated vertex operators of conformal weight (1, 1), and
the spacetime mass-shell conditions follow from that weight. Slowly varying massless polarizations
convert, the free worldsheet theory into a nonlinear sigma model. Weyl invariance then requires
the beta functions to vanish, giving the Einstein equations together with their o/ corrections. The
cylinder identity shows that an interacting open-string theory necessarily contains closed strings
[1,10].

Start with the worldsheet itself. For one free string the answer is precisely the two-dimensional
surface swept out by the string as it moves through spacetime. The embedding fields are maps

Xty — RYPTL
where Y is the abstract two-dimensional surface and X* tells us where each point of that surface
sits in target spacetime. Strictly speaking, one often allows immersions, not just embeddings,,
because a surface in the path integral need not be globally without self-intersections.
For an open string one may use coordinates

—00 < T < 00, 0<o <,

so 0 = 0 and o = 7 are the two endpoints. For a closed string the spatial coordinate is periodic,
—00 < T < 00, o~ o+ 2m,

and each constant-7 slice is a circle. Thus 7 labels how the string evolves along the surface, while

o labels position along the string at a fixed instant of worldsheet time. This is the elementary
o, T picture: a particle sweeps out a line, but a string sweeps out a surface [1,3,10].

1.1 Sums over worldsheets

The free-cylinder picture is only the starting point. Once interactions are allowed, strings split
and join, and the worldsheet is no longer just one cylinder or one strip. The joining region is
still smooth as a two-dimensional surface. There is no preferred point at which the interaction
“happens”. A different choice of worldsheet time can cut the same surface in a different way, as
Figure 1.1 illustrates. This is the geometric reason string perturbation theory replaces point-
particle vertices by smooth worldsheets.

The surfaces used in scattering amplitudes are therefore best thought of as Riemann surfaces

14
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Figure 1.1: The interaction region on a worldsheet has no invariant time. One slicing by 7 = 7
cuts the joining region in one way, while another allowed worldsheet coordinate system (o’ 7’)
places the same smooth process at a different slice 7. The splitting and joining of strings is
therefore part of the geometry of the surface, not a local vertex inserted at a distinguished time.
From Ref. [17].

with punctures or boundaries. The semi-infinite external cylinders represent incoming and out-
going strings. After Wick rotation, a cylinder can be described by a complex coordinate; for
example,
(0,7p) —> 2z = €™,

The far past and far future become punctures at z = 0 and z = oo, and the corresponding
external states are inserted there as vertex operators. Thus the perturbative sum is not over the
free worldsheets R x S or R x [0,7]. It is a sum over all allowed two-dimensional topologies
obtained by sewing such pieces together, with the external ends represented by marked points
or boundary insertions. This is the practical meaning of the “sum over worldsheets” in string
perturbation theory.

Open strings cannot be separated from closed strings once interactions are included. The
annulus can be read in two equivalent ways.

1. An open-string loop also has a closed-string description. The annulus amplitude may be
written either as a trace over open-string states or, after the modular change of variable
¢ = 1/t, as propagation of a closed string between two boundary states:

o dt o0 =
ACyl - / 2% TrHopen (6_27Tt(LO_a)) - / de <B’6_F£(LO+LO_2(Z) |B> . (11)
0 0

Poles in the second expression are closed-string poles. Thus the closed-string spectrum is
already present in the factorization of the one-loop open-string amplitude [10,40].

2. Forbidding this closed-string interpretation would not be a local rule on the worldsheet.
The annulus is a perfectly allowed open-string diagram, and the same Riemann surface
has the closed-string degeneration described in Eq. (1.1). Removing the closed-string poles
would spoil factorization of the amplitude on physical intermediate states. The consistent
perturbative expansion therefore contains both open and closed sectors whenever open
strings interact.

A closed string is a circle, so its free propagation sweeps out a cylinder, and the elementary
interaction of one string splitting into two is a pair of pants. The coordinate ¢ runs around the
string, while 7 runs along the propagation direction. Constant-time slices such as 7, and 75 cut
the surface into copies of the string at different instants of worldsheet time.

If the external legs are left open, these surfaces describe amplitudes with incoming and outgoing
closed strings. If each external leg is capped by a disc, the same pictures become compact
surfaces: the cylinder closes into a sphere, and the one-loop double pair of pants closes into a
torus (Figure 1.2). This is also the geometric origin of radial quantization. Under the radial
map, a constant-7 circle is sent to a circle in the complex plane, so a state living on a circle can
equivalently be represented by a local operator inserted at the corresponding puncture.
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(a) External legs left open. (b) External legs capped by discs.

Figure 1.2: Closed-string worldsheet cobordisms. A propagating closed string gives a cylinder,
and a splitting or joining gives a pair of pants. Leaving the external legs open represents
scattering states, while capping the legs produces compact surfaces: the sphere at genus zero
and the torus at genus one.

1.2 Path-integral conventions and Gaussian integrals

Before applying the path integral to the worldsheet it is worth recording the Gaussian integrals
it rests on. Their outputs, (det A)~'/2 for a bosonic field and det D for a fermionic one, enter
all determinant factors in string perturbation theory, and the sign difference between the two is
what lets worldsheet fermions cancel bosonic modes in a supersymmetric partition function. The
same functional integral reproduces the Hilbert-space evolution operator, the bridge between the
covariant and operator descriptions used later [8,10].

1.2.1 Bosonic Gaussian integrals

For a real bosonic field with quadratic operator A, the Gaussian path integral gives the deter-
minant rule

/D¢ exp {—%¢Aq§+ Jqﬁ] o (det A)_1/2 exp BJA_lj] ) (1.2)

This is the origin of the determinants that appear in gauge fixing, ghost path integrals, and
one-loop string amplitudes.’ [8].

1.2.2 Relation to the Hilbert-space formalism

The path integral computes the kernel of the time-evolution operator. For a particle coordinate
q,

) af )

—iH (ty—t;) z> _ Dq ezS[q]' (13)
qi

The derivation by time slicing is the finite-dimensional ancestor of the worldsheet path integral,

obtained by inserting complete sets of states, evaluating short-time kernels, and taking the

continuum limit.? [8,10].

(ar,trlai, ti) = (qrle

!Perturbation theory follows by expanding around the Gaussian integral. With A the quadratic operator and
V an interaction insertion, logdet(A + V) = logdet A + Tr(A™'V) — 1 Tr(A"'VA~'V) + - .-, where A™! is the
propagator and the traces are loop diagrams.

2A Wick rotation + = —i7 turns oscillatory amplitudes into statistical weights, e*™ — =52 and Z(B) =
Tre#H | which is why the Polyakov path integral is usually written with a Euclidean worldsheet metric, where
the measure is better behaved and the modular parameters become complex-structure moduli.
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1.2.3 Fermionic Gaussian integrals

Grassmann integration reverses the determinant power relative to bosons,

/dzz dip exp(—1 D) = det D, /d¢ exp (——¢A¢> = Pf(A). (1.4)

This sign and determinant structure is what makes worldsheet fermions cancel bosonic degrees
of freedom in supersymmetric partition functions. [121].

1.3 The Polyakov path integral

The Polyakov action is written with a Euclidean worldsheet metric.® Including the topological
term, it is

S dQU\/ﬁg“bﬁaX"@qu + Ax

4o

A A
dza\/ﬁgabaaXﬂabXM+4—/ dza\/_R—l—2—/ dsk (3.2.1)
T

" dral oM
where x is the Euler characteristic and k is the geodesic curvature. The expression for x for
genus (number of handles) g and b boundaries is as follows:

X=2—-29g—-0b
Using Eq. (3.2.1), the Polyakov path integral is as follows:

/ [dX dgle™® (3.2.2)

The worldsheet metric can be eliminated classically, before any gauge fixing, and doing so
recovers the Nambu—Goto action and shows that hg, is an auxiliary field. In Lorentzian signature
write

Vab = aaXMabX;u SP = dzO_ \% hab’yab
Y

Varying h® gives the metric equation

1
Tab - 07 Tab = Yab — §hab thfch-

This equation is traceless identically in two dimensions. It therefore fixes only the conformal
class of hgy,. Taking the determinant of the equation gives

1 2 1
dety = det A <§h0d%d) ; vV —dety = 5\/__hhc‘i%d,

with the sign chosen for the same Lorentzian orientation. Substituting this relation into Sp gives

Sp 27‘('04 d2 oy — det SNg.

Thus hg, is auxiliary, but it is not literally the induced metric; its equation gives hqy, = €274
In conformal gauge the remaining equations are

0,0_X"=0, T,y =(0,X)*=0, T _=(0_X)>=0.
The +— component is the trace equation and carries no new condition. This is the classical
origin of the Virasoro constraints imposed later in the operator and BRST treatments [3, 10].

3Conventions used from this point on are as follows. The target-space metric is mostly plus, 7,, =
diag(—,+,...,4), with spacetime indices u,v = 0,...,D — 1. Worldsheet indices are a,b € {1,2} in real
coordinates o', 02, and the Euclidean worldsheet is used in all path-integral and modular arguments. Complex
coordinates are z = o' + io? and Z = ¢! — i0?, with d’z = 2do'do?, so 0 = 0, and 0 = 0. Holomorphic
and antiholomorphic quantities are distinguished by a tilde, for example L,, versus L,, and o versus a. The
Regge slope o/ is kept explicit; ¢ = va/ and g, = e®0 for constant dilaton background ®,. The free-scalar
OPE and stress tensor are normalized by X*(z,z)X"(0,0) ~ —(a//2)n*" In|z|* and T'(z) = —(1//):0X"0X ,:.
A holomorphic weight-h primary obeys T'(z)O(0) ~ hz=20(0) + 2~ 100(0). A weight-\ first-order bc system has
ex = —3(2\ — 1)2 + 1; for the reparametrization ghosts A = 2, hence ¢, = —26.
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For perturbative amplitudes one usually works with the Euclidean worldsheet path integral
obtained by analytic continuation from Lorentzian signature. This Euclidean form is used be-
cause the genus expansion is then a sum over compact Riemann surfaces and their boundaries.
After the division by diffeomorphisms and Weyl transformations, Eq. (3.2.2) becomes

. dX dg] 1
Z =) e Mhb / [, exp | — / B0/ g0 X 0, X, | x(h,b) =2 —2h —b.
hzb Vol(Diff x Weyl) dra s, , .
(1.5)
If we define g, = ¢*, the topological factor is
e = gX, (1.6)
This convention gives the standard perturbative counting. Adding one boundary changes
X(hb+1) = x(h,b) =1, g XD = gxthg (1.7)
Adding one handle changes
X(h+1,0) = x(h,b) =2, g X = gxth g2, (1.8)

Thus an extra open-string loop carries one extra power of g,, while an extra closed-string loop
carries two powers of g,. With the usual normalization of external vertices this gives

e A (1.9)
External open strings should be treated as vertex insertions on a boundary, not by modifying
the Euler characteristic with a term proportional to the number of endpoints. The Euler charac-
teristic counts the topology of the worldsheet itself. Punctures and boundary insertions change
the amplitude through the vertex-operator normalization and through the moduli integration,
not through a correction such as —n./4 in .

1.4 Gauge fixing

Eq. (3.2.2) becomes the following if we divide by the volume of redundant transformations;

/Mes[xg] (3_3_1)
Vaift x Weyl

We want the metric to have some functional form (called the fiducial metric gup).

1.4.1 The Faddeev—Popov determinant

To make the metric path integral well defined, the redundant integration over gauge-equivalent
metrics must be factored out. This is achieved by inserting a resolution of the identity that fixes
the metric to a fiducial representative g,,(m) on each gauge orbit, where m labels the residual
moduli. simply, one writes

| = Applg] / DE D (45— dualm)) . (1.10)

where £ is the infinitesimal diffeomorphism parameter and w is the infinitesimal Weyl parameter.
The linearized metric variation is

0gab = Va&p + Vo + 20 Gap = (P1&)ap + 20 Gab, (1.11)
where (P€)y is the traceless part of V,& + Vi€,. The Jacobian for the change of variables
from (£, w) to metric deformations is the Faddeev—Popov determinant. For a finite-dimensional
matrix M,

det M = /dndn exp(—nMn), (1.12)

with anticommuting variables n, 7. Applying this identity to the operator P; gives the b, ¢ ghost
path integral,

App = /Dch exp {_%/d% (béc—i—l_)ac)] . (1.13)
s
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The quick check is the sign of the statistics: £ is a bosonic gauge parameter, so its determinant
is represented by anticommuting ghosts. This ghost system has central charge ¢, = —26, which
is the number used in the Weyl-anomaly calculation below [10].

The index structure of the ghosts follows from what P, relates. The gauge parameter £ is a
worldsheet vector, while its image (Pi€),, is a symmetric traceless tensor, so representing the
determinant of P; as a Grassmann integral introduces an anticommuting ghost ¢* carrying the
vector index of £* and an anticommuting antighost b,, carrying the symmetric traceless index
structure of the metric deformation it is contracted against. In conformal gauge g.,, = dup a
symmetric traceless tensor has only the components b.. and bsz, and a vector only ¢* and ¢;
writing b = b.., ¢ = ¢® together with their antiholomorphic partners b = bsz, ¢ = ¢, the operator
Py reduces to 0 acting on ¢ (and 0 acting on ¢), which is exactly the holomorphically factorized
action in Eq. (1.13).

The central charge of this system is fixed by the conformal weights of b and ¢. An anticom-
muting first-order system with b of weight A\ and ¢ of weight 1 — A\ has central charge

ey =322 —1)* + 1. (1.14)
The reparametrization antighost b, is a weight-2 field, so A = 2 and ¢ has weight —1, giving
o= —3(2-2—1)>+1=—26. (1.15)

Together with the contribution cx = D of the D free bosons X*, this is the number that enters
the Weyl-anomaly cancellation of the next section and fixes D = 26 [1,10].

1.5 The Weyl anomaly

Classically, the Polyakov action is invariant under a local Weyl rescaling gq, — €*ga. After
quantization the functional measure may acquire a Weyl dependence. In conformal gauge the

matter fields contribute cx = D, while the reparametrization ghosts contribute ¢;,. = —26. The
coefficient of the Weyl anomaly is therefore
Ctot = Cx + Coe = D — 26. (1.16)

The bosonic string requires ¢ = 0, hence D = 26.
We can see the same coefficient from the stress tensor. For a two-dimensional CFT, a conformal
map z — w(z) gives
dz\? c w” 3w’
T(w) = (dw) 7G) - {w s, Awah = = (w) . (1.17)
The Schwarzian term is absent in a purely classical tensor transformation. It is the local signal
of the anomaly. Equivalently, the effective action changes under g,, = €** g, as

Wle*g) — W[g] = —Z—"t/d%\/é (V) + B, (1.18)
s
up to convention-dependent signs in the definition of W = —log Z. The Weyl factor disappears
from physical amplitudes only when the coefficient in Eq. (1.18) vanishes.
For integrated vertex operators one must also impose the residual conformal-weight condition.
If a closed-string local operator has weights (h, k), then

, ) dw\"! [ di h—1 , )
d°zV (2, 2) — T = d*w Vy, j(w, ). (1.19)

The integrated insertion is invariant only for h = h = 1. This is why the same Weyl-anomaly
calculation must be used together with the vertex-operator mass-shell conditions [10].

1.5.1 Inclusion of boundaries

For an open string the worldsheet has a boundary, so the Polyakov action must be varied with
boundary terms included. The topological part uses the Gauss—Bonnet formula

1 1
x(2) = — / d*o\/g R+ 7 dsk. (1.20)
2

AT T Jox
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The kinetic term gives the boundary variation
1
05p| s = T /82 dr 6X,, 0, X". (1.21)

This vanishes either by imposing Neumann boundary conditions 9, X* = 0 or Dirichlet boundary
conditions 0 X* = 0 in a chosen target-space direction. The same boundary choice makes the
normal flow of worldsheet momentum vanish,

Trlos = 0. (1.22)

Thus the boundary discussion follows directly from the Polyakov action in Eq. (3.2.1): the
boundary term in topology counts open-string worldsheets, while the boundary variation fixes
the allowed endpoint conditions [10,107].

Scattering amplitudes.

String scattering amplitudes are obtained by inserting physical vertex operators and integrating
over the moduli of the punctured worldsheet. For n closed-string insertions at genus h one writes

schematically
Apn ~ g§h2+n/ du H Vi(k;) . (1.23)
Mhp,n i=1

Zh
The powers of g; come from Eq. (1.6) together with the normalization of the external closed-
string vertices. Degeneration limits of My, ,, give the expected poles from intermediate physical
string states, which is the worldsheet form of factorization [10,17].

1.6 Vertex operators

The vertex operator of a closed string tachyon must have a factor of g. because an extra string
is added. We adopt a normalization to define the closed string tachyon operator as follows:

Vo = ch/dQJ g e X (1.24)
On a flat Euclidean worldsheet we pass to the complex coordinates
z =0 +io? zZ=o0' —io? (1.25)

and adopt the standard area measure d*z = 2do'do?, so that [ d*z =2 [ d*c in the flat gauge
v/9 = 1 used here. With this measure the factor of two in Eq. (1.24) is absorbed exactly, with
no residual normalization ambiguity, and the same operator reads

Vo = ge / d*z XA (1.26)

After conformal gauge fixing, the residual transformations are holomorphic and antiholomor-
phic changes of coordinates. A local primary field with weights (h, h) transforms as

Viilz,2) = (d—w)h (d_ﬁ))hvhh(w W). (1.27)
A dz dz A
The measure transforms with weight (—1, —1), so the integrated closed-string vertex [ d*z Vih
is invariant only when h = h = 1, as in Eq. (1.19). For the free boson,

o'k?

ce®X . has h=h= 1 (1.28)
The tachyon vertex is therefore physical when
ok R J (1.29)
= mm = — = ——, .
4 ’ 1%

The first massless closed-string vertex has one left-moving and one right-moving oscillator:

2. _.
Ve = J /d2z € OXHOXVeHX (1.30)

a/
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Since OX* has weight (1,0) and 0X" has weight (0,1), the total weights are

/k2 _ //{:2
(0% hzl—i-a

h=1
VI 1

(1.31)

The condition h = h = 1 gives
=0, (1.32)
This is the massless shell condition for the graviton, Kalb-Ramond two-form, and dilaton po-
larizations contained in €,, [10].
Vertex operators in the Polyakov approach.

A vertex operator is the worldsheet operator corresponding to an external string state. The
state—operator map gives the local operator, and the integration over its insertion point gives
the amplitude. For a closed-string insertion,

V(k) = /dQ,z Vii(z,2), h=h=1. (1.33)

Equations (1.28)—(1.32) show explicitly how this condition gives the tachyon and massless mass-

shell equations. If k% is moved away from the on-shell value, the conformal weights change

and the integrated operator is no longer invariant under the residual conformal transformations.

Off-shell continuations therefore require extra input, such as a choice of local coordinates at the

punctures or a Liouville dressing, instead of just replacing k* by an arbitrary value [12,13].
Massless closed-string polarizations.

The polarization tensor in Eq. (1.30) has a unique decomposition into irreducible Lorentz
pieces:

1 1
Curv = <€(W) - Enuvepp> + € T Enwepp' (1.34)

The first term is symmetric and traceless and is identified with the graviton polarization. The

antisymmetric term is the Kalb-Ramond two-form polarization. The trace is the dilaton. The

physical-state conditions also impose transversality, schematically k*€,, = k"¢, = 0, and null

states shift the symmetric and antisymmetric polarizations by gauge transformations. These are

the linearized gauge symmetries that later appear in the spacetime action in Eq. (1.41) [10].
Open-string vertex operators.

Open-string insertions are placed on the boundary of the worldsheet. A boundary integral
[ drV(7) is invariant under boundary reparametrizations when ) has conformal weight 1. The
massless vector vertex is

Vy = e“/ dr Xt X kK’ =0, kE-e=0. (1.35)
%
The equivalence e, ~ e, + Ak, follows directly from the integrated vertex. If e, = k,,, then
. 1d .
k, XtehX = = kX, 1.36
et e i dTe ( )

For a boundary without endpoints, the integral of the total derivative vanishes. Hence a polar-
ization proportional to k, does not create a distinct physical state. In spacetime notation this is
the linearized gauge transformation A, — A, + d,A. On a D-brane the same open-string vector
becomes the gauge field living on the brane worldvolume [10, 352].

1.7 Strings in curved spacetime

The flat-space action is obtained by taking the target-space metric to be 7,,,. The massless closed-
string vertex in Eq. (1.30) shows how to deform this theory. If the polarization is promoted to
a slowly varying field, the linear coupling is
1 _
68 = —— [ d®zh,,(X)0X"0X". (1.37)

4o

Adding this to the flat action is equivalent, to first order, to replacing 7,, by G, (X) = 1., +
hu (X). The antisymmetric polarization and the trace polarization similarly introduce B, (X)
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and ®(X). The finite form is the nonlinear sigma model
1 1
S, =—— | dovVh (h"G . (X) + i€ B (X)) 0. X", X" + — / d?ovVho' RPd(X).
Ve ) 47 n
(1.38)
The background fields are coupling functions in a two-dimensional quantum field theory. Their
beta functions must vanish for the Weyl factor of the worldsheet metric to decouple. The leading
metric beta function is

1
G _ o (RW +2V,V,® — ZHWUH,/"’) +0(?), H=dB. (1.39)

2

A quick derivation of the first term comes from the background-field expansion in Riemann
normal coordinates. The one-loop logarithmic divergence of the sigma model contains

1
) = i / d*ovVh Ry, (X)h"0,X"9,X", (1.40)
e
so renormalizing G, gives ny = 'R, +---. The torsion term comes from the B-field coupling,

and the 2V, V,® term comes from the dilaton coupling to R [10].
Spacetime action.

The beta-function equations are reproduced by varying the leading string-frame action

1 1
Sett = 55 / d’rv/—Ge™?® [R +4(V®)? - o HuweH" + O(a')| . (1.41)
K
Varying with respect to B, gives
v, (e**H?,,) = 0. (1.42)
Varying with respect to the metric and using the dilaton equation to simplify the trace gives
1
R,, +2V,V,o — ZH’“’"H”W =0, (1.43)
which is the vanishing of Eq. (1.39) at leading order. Varying with respect to ® gives
1
AV2® — 4(VO)* + R — Em =0 (1.44)

for the critical bosonic string at this order. Thus the graviton, two-form, and dilaton first
identified through the closed-string vertex operator obey the field equations obtained from S.g
[10].

Compactification as a worldsheet spectrum.

A string background is specified by a conformal field theory and by its operator spectrum. For
a closed string on a circle of radius R,

n wR n  wR ~
pL:E‘f‘?» pR:E_Fa N =N +nw = 0. (1.45)
The spectrum is invariant under
/
R +— 3, n <— w. (1.46)

R
The equality of the two spectra is the basic worldsheet statement of T-duality. A geometric radius

in spacetime is therefore read from the spectrum of the underlying conformal field theory [10,350].



Chapter 2

Physical states, BRST cohomology, and
the no-ghost theorem

Having gauge-fixed the path integral, we must now say which states of the oscillator Fock space are
physical, and the difficulty is immediate: the time-like oscillators create negative-norm states, so the
naive Hilbert space is not a Hilbert space at all. This chapter resolves the problem twice, by two
methods whose agreement is itself a consistency check. First, old covariant quantization imposes
the positive Virasoro constraints and the Ly mass-shell condition by hand, and we show explicitly
at the lowest levels how null states decouple and how the values D = 26, a = 1 are singled out.
Second, we derive the BRST charge from scratch, for a general gauge theory, then for the point
particle, then for the string, and prove that physical states are cohomology classes of a nilpotent
operator, Hpnys = ker @p/im @Qp. The no-ghost theorem then proves positivity: it shows that this
covariant construction has exactly the positive-norm transverse content of light-cone quantization,
so the gauge-fixed theory is unitary. The equivalence of the two constructions, proved at the end, is
what allows later chapters to switch freely between constraint and cohomology language [10,28].

First ask what BRST quantization does and how it is related to ordinary gauge fixing. Gauge
fixing is the practical normalization step in a gauge theory. The path integral has an infinite
overcounting because all points on the same gauge orbit describe the same physical configuration.
Choosing a gauge removes that overcounting, and the Faddeev—Popov determinant records the
Jacobian of this choice. In the string path integral this determinant is represented by the
anticommuting b, ¢ ghosts.

This, however, is not yet the whole story. After a gauge has been chosen, the original gauge
symmetry is no longer manifest. BRST symmetry is the cohomological way to keep its physical
content. The original fields and the ghosts are combined into a larger system with a fermionic

charge () satisfying
Q% =0.

Because this charge is nilpotent, its cohomology is well-defined. Physical states are the BRST-
closed states, and two states that differ by a BRST-exact state are the same physical state:

Qpl) =0, [¢) ~|¥) + Qs|A).
Gauge fixing is not a small special case of BRST. Rather, gauge fixing removes the redundant
gauge volume from the path integral, while BRST gives the gauge-fixed theory its invariant
meaning. It tells us which states, operators, and amplitudes survive as genuine observables. In
degree zero, the BRST cohomology reproduces gauge-invariant functions; in the string Hilbert
space, the relevant cohomology gives the physical string spectrum.

For strings this is economical. Old covariant quantization imposes the Virasoro constraints
and then removes null descendants. BRST quantization packages both operations into one
cohomological statement. The Virasoro constraints become the condition Qg|¢) = 0, and the
removal of spurious or pure-gauge states becomes the equivalence relation [1)) ~ |1) + Qp|A).
The rest of this chapter explains this statement first in the older language and then in the BRST
language, so that the equivalence between the two is completely explicit [1,3,10].

23
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2.1 Old covariant quantization

Old covariant quantization works entirely in the matter sector. States are built by acting with the
creation operators o, (n > 0) on the momentum vacuum |0; k); the reparametrization ghosts
b,, ¢, are not part of this construction and enter only in the BRST treatment of Section 2.2, where
they play an essential role. The immediate problem is that not all of these matter oscillators
create positive-norm states: the timelike modes a” | have negative norm,

2%, 0)]|* = (0]a%a?,J0) = (0 I[OémOé_nN(]) =nn?(0[0)=-n  (n>0). (2.1)
The physical Hilbert space must therefore be a constrained subspace of this naive oscillator Fock
space, chosen so that such negative-norm states do not appear in physical amplitudes. The
constraint can be read directly from gauge independence. After fixing the worldsheet metric to
gap(0), a physical amplitude must be unchanged under an infinitesimal change of gauge slice,
9av(0) = gap(0) + 0gap(0). The corresponding first variation of the amplitude is';

(i) = =4 [ Eov/a@Namlo) 1T @)l

Since this variation should vanish for arbitrary dg.(c)?, we have;

(fIT*(0)]i) = 0 = (|T*(0)|f) =0 Va,b
Not every pair of oscillator states satisfies this condition; it is precisely the condition that
selects the physical subspace. Therefore, for physical states |¢)) and [¢'), one has

(| Tw(o) ') = 0= (| Tw(o)|th) =0 Va,b (4.1.1)

The condition is equivalent to the following in terms of the stress tensor on the plane;
WIT(2) ) = (W|T..(2) [¢") = < Too(0) — 2iT10(0) — Tha (o) [¢) = 0
WIT(2) |¢') = (DI T==(2) [P') = Z<7/J|Too(<7) +2iTyo(0) — Tu(o) [¢') = 0

where we used the following relations between stress tensor components;

T(2) = Tou(z) = }1 (Too(0) — 2iTio(0") — Tia () (4.1.2)
T(2) = Toa(3) = }1 (Too(0) + 2iT1o(0) — Tis (o)) (4.1.3)
Using the mode expansion of T'(z) and T'(2) gives
(WIT(2) %zm 2(] (L + Adpmo) [1) =
(WIT(2) %zm 2(] (L + Abp) [1) =

where the normal-ordering constants A and A have been included. Since these equations hold
for all z, each Laurent coefficient must vanish:

W’ (Lm + A(Sm,()) W/> = 07

(| (L + Abpp) [¥') =0,  Vm € Z.
The discussion so far used the full stress tensor. It decomposes into the matter stress tensor

17, which contains the X* CFT or another matter CFT in an internal sector, and the ghost

'With the stress tensor normalized as T = —(4m/,/g) 6S/8gap, a first-order change of the metric shifts the
action by 65 = — - f d?0\/G 09T, and expanding e~ 5795 = e=5(1 — 65 + - - -) inside the path integral gives
exactly the displayed formula. No boundary terms arise on a closed worldsheet.

2Here §qp is a gauge choice, and physical amplitudes may not depend on the choice of gauge slice in any
direction. Variations along diff x Weyl directions carry no new information, they reproduce the Ward identities
and the anomaly condition of Chapter 1, but the variations transverse to the gauge orbit are equally allowed,
and it is those that force the matrix elements of every component of 7% to vanish between physical states.
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stress tensor 75

T =T + 179
Old covariant quantization imposes the matter-sector constraints
(@[T™(2) [¢') = (W(Ly + Abpo) [) =0 Vn€Z
WIT™(2) [¢") = (@] (L + Adno) [¢') =0 Vn e Z

If these conditions were imposed for all integer modes on ket states, one would obtain

(L3 + Adno) [¢') =0 Vn € Z,

(L 4 Abnp) ) =0 Vn € Z.
This condition is inconsistent. For n # 0,1, Eq. (4.1.4) would imply, for a physical state |),

(4.1.4)

(Lo L] W) = Lt L, ) — L7, Lyt |y) = 0

—_n—n

The same commutator is fixed by the Virasoro algebra:

(L7, £ ) 1) = 20 (L + A4) ) + 1om (2 = 1) [¥)

D

=" (n® = 1) [¥).

For n # 0,1 this cannot vanish unless the central term is absent. Hence Eq. (4.1.4) cannot be
imposed for every integer mode. The negative modes L_,, create Virasoro descendants; they are
not annihilation constraints on ket states. The old covariant physical-state conditions are the
positive-mode constraints together with the Ly condition:

(LT 4 Ab,o) [) =0 n > 0. (4.1.5)
The case n = —1 does not produce the central contradiction in the commutator, but it is
still not imposed on ket states. Instead, states generated by L_; and the other negative modes
appear as spurious descendants; if such a descendant is also physical, it is a null state and is set
to zero in the physical inner product.
Thus every physical state has conformal weight —A. The same condition also implies

0= (| L) = W' L) = (IL™ [¢)
= (WILT, [¢') = (VL7 [¢) =0 (n>0).

In the second step the matrix element is replaced by its complex conjugate because it vanishes,
and in the last step LI™ = L™ has been used. This adjoint relation follows from

= %Z @ 775 BN @7 BN

leZ
1 1
Lilm = 5 Z OOy = 5 Z OO = LTn (n 75 O)
lEZ leZ

Here a_j-a_p, 1y = a_pyy-vy for n # 0, and the final equality follows by the relabelling [ — —I.
Therefore every state of the form

ZL |Xn)

is orthogonal to all physical states, for arbltrary IXn):

o0

(W 1x)= ZW!L Xa) = D Ol L7 90) T =0

=1 n=1
Such a state is called spurious. A state that is both spurious and physical is a null state. Null
states do not change physical inner products:

@)+ @ 1) =01¥)
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where [¢) and |¢)') are physical states and |x) is null. The state |¢)) therefore has the same
physical matrix elements as [¢)) + |x), so the two states represent the same physical state®. The
old covariant Hilbert space is consequently the quotient

HOCQ - thysical /Hnull
The constraints in Eq. (4.1.5) may now be applied to the lowest open-string states. The
relevant oscillator forms are

1 L
=3 Z cab o]

=
= | (4.1.6)
) Z O T + ) Z af T, n = 0.
l=n+1 l=—00
1 14
= §Z cal o] i
lez
RS W v RS W v
= 5 Z Ozfnflozl nuy + 5 Z a—n+la—lnlu’ (417)
I=1 =1
1 [ee)
+3 Z Mol M+ ag ot n>0.
l=n+1
For n > 0, the lightest state |0; k) gives
L7103 k) Z ol 0: ) + Z ol m]0; )
l n l——oo
i (4.1.8)
1 <&
=3 Z ajal im0 k).
l=—c0
This expression vanishes unless n = 0. For n = 0,
LT0; k) Z o o 1|05 k)
2= (4.1.9)
1
Qa(”)agmwm; k) = o'k?|0; k).

where of) = v2a/k* has been used. Therefore the only non-trivial constraint on |0; k) is

(L§" + A)|0;k) = (o'k* + A) |0;k) = 0

A A
:>k:2=——/:>m2:—,.
o Q@
where m? = —k? is the mass of the state. There are no spurious states at this level. The next
set of states is as follows:
e.a_1]0; k) = ega’ |0; k) (4.1.10)

Equation (4.1.6) determines the action of the positive Virasoro modes on this state. For the
Lq constraint one obtains

3Every observable of the free theory is an inner product among physical states, and interactions preserve the
property, because null states also decouple from tree amplitudes, they are total derivatives on moduli space, as
shown in Chapter 4. The physical inner product is positive semi-definite on the constrained space, and passing
to the quotient by its null directions is the standard construction of a Hilbert space from a semi-definite form.
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m 1 12 1% 1%
Ly e/go/il|0; k) = 5 (a’ilalnwj + o’ o n, + ozoozgnw) 65a€1|0; k)

= o1 nues|0s k) + o'kPegal, |0 k)
= (e.a_1) |0; k) + o'k? (e.a—y) |0; k)

= (1+ a'k?) (e.a_1) |0; k).
In the second step the oscillator commutation relation and «f|0;k) = 0 have been used.
Therefore

(Ly + A)ega [0, k) = (1+ A+ a'k?) (e.aq) |0;k) =0

=m’=—
For the level-one state in Eq. (4.1.10), the positive-mode constraints with m > 0 can act
nontrivially only when an annihilation oscillator has mode one. The m = 0 case has already
produced the mass-shell condition, so the only remaining positive Virasoro constraint is L;.

Only the corresponding term in Eq. (4.1.6) contributes, giving

1
0= Liesa”,[0; k) = Safagnuesa’,[0; k)

1
= 5\/ 20/ kP P es|0; k) = e.k|0; k) = ek = 0.
At level one there is a single possible spurious state:
1
L™ [0; k) = V2a/k" o 11,,|0; k) + 3 > at ) im0 k) = V2a'k.a1|0; k)
1=2

where we used Eq. (4.1.7); for n = 1, the first and second terms do not contribute when acting
on the vacuum. This state is physical, and hence null, precisely when k% = 0. The intercept is
fixed by the following alternatives;

o If A4+ 1> 0, the state is massive. In the rest frame,

k* = (m,0,...,0)

d=D—1

The little group of this momentum is SO(D — 1), and there are no null states because k* # 0.

No interacting extension satisfying unitarity and Lorentz invariance is known for this case.* The

closed-string representation analysis below rules out this possibility independently by using the
SO(D — 1) content at higher levels.

o If A+ 1 =0, the state is massless and the spurious state is null. In a convenient frame,

k= (k,0,...,0,k)
The little group of this momentum is SO(D — 2).

e If A4+ 1 < 0, then m? < 0 and thus, we have a multiplet of tachyons. This case is
unacceptable.

4As a free theory the case A + 1 > 0 is unitary: the constraints leave D — 1 positive-norm polarizations of
a massive vector. The obstruction appears at the interacting level. For a = 1 the null states of the spectrum
decouple from amplitudes and act as gauge symmetries; for a < 1 this decoupling structure is absent, and no
interacting extension consistent with unitarity and Lorentz invariance has been constructed. The closed-string
argument mentioned below (counting states in SO(D — 1) representations at higher levels) excludes the case
independently.
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The light-cone calculation gives the same normal-ordering constant from the transverse phase
space. Impose
Xt =21 +2dptr.
Then X has no oscillators, and the Virasoro constraints solve X~ in terms of the transverse
coordinates. The oscillator algebra follows directly from the symplectic form

2 1 .
Q= / do 6P,(o) N6X (o), P,=—X,.
0

2mad
Terms mixing a zero mode with an oscillator vanish because

27
/ do e*M7 =0, n # 0.
0

Thus the oscillator part of €2 is obtained entirely from the transverse fields. With
) ) ) / 1 . ) ) )
Xt =gl + 2a/pz7_ 4 /% ; ﬁ (a’zne—zn(’r—ﬁ—o) + &ze—zn(’r—a)) :

the ar and aa terms survive with m = —n. The mixed aa terms cancel pairwise by antisym-
metry of the wedge product. Hence

oo D—-2 1

Qose =1 > Y - (6a, A Sal, + 0a A dal,) .

n=1 i=1

Inverting this two-form gives the Poisson brackets
{an, o, bp s, = —in6" 0y im0, {an, o, tps. = —in6" 0y pim -
Quantization gives
[ozfl, a{n] =n 5ij5n+m’0, [&fw a{n] =n 5ij6n+m,0-

For n > 0, define a!, = ! /\/n and (a})" = o', /y/n, with the same definition in the right-
moving sector. Each transverse oscillator of mode number n is therefore a harmonic oscillator
of frequency n. For one transverse boson the zero-point contribution is

] — 1 1
BV = = = —((-1)= ——.

Thus the transverse light-cone Hamiltonian contains
1 D—2
Ey= (D —-2)E" = 5

Equivalently, the open-string mass formula can be written as

1 D -2
2
- (N2
" 0/( 24)

Comparing this with the old-covariant formula m? = (N + A)/a’ gives
D -2
A= ——-—.
24
The level-one vector has N = 1. Lorentz invariance requires it to be massless, since a massless
vector has D — 2 transverse polarizations, while a massive vector would carry D — 1. Therefore
D -2
1+4A=0 = 1—7:0 = D =26.

For the closed string the same zero-point energy appears in both chiral sectors. Level matching
sets N = N, and the mass formula becomes

4 D -2
M =—(N-——=].
0/( 24>

The condition D = 26 is therefore the light-cone form of the anomaly and BRST conditions
derived below [3].

2.1.1 Critical dimension and the closed-string spectrum

The dimension is fixed before the closed-string spectrum is interpreted: the vanishing of the
total central charge ¢y = cx + e = D — 26, Eq. (1.16), requires D = 26 for the critical bosonic
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string. For the closed string the physical-state conditions are
(Lo = D[Y) = (Lo = D[Y) =0,  Lyfthp) = Ly|tp) =0 (n>0). (2.2)
The first excited closed-string state is
elwalil&zllo; k) (23)

Using the decomposition in Eq. (1.34), this state contains the graviton, the Kalb-Ramond two-
form, and the dilaton. The mass formula and level matching are

o M?

—N+N-2, N=N. (2.4)

For N = N = 1 one gets M? = 0, which is the massless closed-string multiplet. The no-
ghost theorem states that, after the Virasoro constraints or BRST cohomology are imposed,
the physical Hilbert space has the positive-norm transverse content expected from light-cone
quantization [10,28].

The same dimension follows from requiring the light-cone spectrum to assemble into Lorentz
representations, in the manner of Minwalla’s lectures [3]. Light-cone gauge breaks manifest
Lorentz invariance, so at each mass level the transverse states must recombine into a represen-
tation of the little group: SO(D — 1) for a massive level and SO(D — 2) for a massless one. At
the first excited level the closed string carries

aaol[0sk),  ij=1,...,D—2,
which is (D — 2)? states, the vector times vector of SO(D — 2). These cannot be assembled into

an SO(D — 1) representation, so the level must be massless, and Eq. (2.4) at N = N = 1 forces
D -2
0=1-""= — D=2.

Once D = 26 is imposed, every massive level must instead fill an SO(D — 1) representation. At
N = N = 2 the transverse states of one chiral sector are
O‘i—104]71|0§ k) & Oéi—2|0§ k),

with

%(D—2)(D—1)—|—(D—2):%D(D—l)—l
states, which is exactly the dimension of the symmetric traceless rank-two tensor of SO(D —1).
The level is therefore Lorentz invariant, and the same counting works at every higher level. This
is the light-cone counterpart of the no-ghost theorem and of the vanishing of the Weyl anomaly
at D = 26.

2.2 BRST quantization

In a gauge theory the Faddeev—Popov ghosts keep track of infinitesimal gauge motion. The
BRST charge @ is the quantum operator that generates this motion on the enlarged matter-
plus-ghost Hilbert space. Physical states must be annihilated by this charge,

Q5lY) = 0. (2.5)
A state of the form @ |A) has zero matrix elements with all BRST-closed physical states because
Q% = 0 and Q) can be moved by contour deformation in a BRST-invariant correlator. Therefore
such states are identified with zero. The physical state space is
Q=0 Hyue = OBy ) + QulA). (26)
imQp
The derivation below starts from a general gauge-fixing condition and then specializes this con-
struction to the string [10,28].

Gauge fixing may be described first in a general notation. For a point particle the fields are
X*(7) and the einbein e(7); more generally, the degrees of freedom are field values at each
spacetime point, together with their tensor or internal indices. All such labels are collected into
a single index 7, so the fields are denoted by ¢;.

Let 6,¢; be the variation of ¢; under the gauge transformation labelled by «. Since gauge
transformations are local, a includes the spacetime point as well as any field index carried by
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the gauge parameter. An infinitesimal transformation is written as €*d,, where €* is a real
infinitesimal parameter. Closure of the gauge transformations means that the commutator of
two such transformations is another gauge transformation:

[0a, ] = fagds
where the fgﬁ are structure constants. A gauge-fixing condition is a function of the fields that
is set to zero. Since there is one such condition for each local gauge redundancy, the condition
also carries a collective index, including spacetime coordinates and field indices:

FA(g) =0
where A denotes this collective index. Let the original gauge-invariant action be S;. Imposing
FA(¢) = 0 for every A requires a Lagrange multiplier —iBy4, so the gauge-fixing term gives

S; —iBsF4(¢) = S; + Sy where Sy = —iB,F4(¢)

The summation over A includes integration over spacetime, so the Lagrange-multiplier term is
itself an action term. In the string Faddeev—Popov procedure, the fields ¢; are X*(o) and gq(0),
while the multipliers B4 play the role of the auxiliary field (. The Faddeev-Popov construction
gives

do;
[ exp -0 = [asanadniacriens (-5, - 5, - )
where S3 is the Fadgéggeev Popov action;

Sy = bac"6a ()
This form matches the Faddeev—Popov ghost action obtained for the string:

Ao \/@bab (]510> “

Recall that P, comes from the variation of the metric. The remaining term in the metric
variation has zero contraction with b,, because b, is traceless, and hence it does not appear in
the ghost action. The total action is therefore

Sy 4 Sy + S5 = Sy — iBAFA (@) + bac™5o FA (o). (4.2.1)
Two facts will be used below. First, Eq. (4.2.1) is invariant under the BRST transformation

5B¢i - —ieca(saqﬁi, 5BBA - 07

i (4.2.2)
Opby = €By, Ogc® = 56 g‘vcﬁcv.

Because the variation of an anticommuting field can be commuting, as in dgby = €By4, the
parameter € is itself anticommuting with b4 and .

Ghost-number symmetry assigns conserved ghost numbers to the anticommuting variables b4,
¢, and ¢*, while the commuting fields have ghost number zero. The variation of ¢; in Eq. (4.2.2)
shows that ¢* and e carry opposite ghost numbers, whereas the variation of b4 shows that b
and € carry the same ghost number. Thus ¢* has ghost number +1, while b4 and e have ghost
number —1.

The invariance of Eq. (4.2.1) under Eq. (4.2.2) follows from the following variations:

because S; is gauge invariant and dg¢; is a gauge transformation with parameter —iec®. More-
over,
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Sy — Sy — iB46gF(9)
= Sy — iBabpdi 0;F ()
= Sy —iBy (—iec®5ag;) O;F ()
= Sy — €BA“6,0:0,F(¢) = Sy — eBac®5o F(9).

(4.2.4)

Finally,
S — (ba + €B,) <ca + %e g;cf?a) (6 F(9) + 650i 0:0aF(4))
= (act ) (4 el ) (uF0) — 030,00, 4(0)
= (ba + €Ba) <ca - %e gvcﬁco (6 F*(9) — iec’6500F ()

_ G, — %ebA F5 PI5GFA(B) + €Bac® S FA(¢) — iebac” P55, F*(g).

All terms proportional to €2 vanish because € is anticommuting. Using

—_

3500 = = (c*?650, — Pc56,)

2

1
3 (cacﬂéadg — 850,

1 (67 1 (87
=—5¢ & [6a, 0] = —5¢ ¢ f156,.

one obtains

Sy — Sy — %ebA 8 P, FA() + eBac 5, FA(0)
. (4.2.5)
1
+ §6bACaCB ;B(S,YFA(QZﬁ) = 53 + €BACa5aFA<¢).

Equations (4.2.4) and (4.2.5) show that Sy + S5 is invariant. Together with Eq. (4.2.3), this
proves that S; + S5 + S3 is BRST invariant.
The BRST variation of by F4(¢) is
baF(¢) — (ba + €Ba) (Fa(®) + 6p¢i 0;Fa(9))

= (ba + €Ba) (Fa(p) — iec®dop;0i Fa(0))

= (ba + €Ba) (Fa(¢) — tec®0aFa(9))

= baF" + i€ (bac®0aFa(¢) — iBaF"(9))

55 (baFA)
= by FA +ie(Sy + S3) .

—_———
5B(bAFA)

~— ~—

Hence

Op (baF™) =ie (S + S3). (4.2.6)

Change the gauge-fixing condition by an infinitesimal amount ¢ 6F4(¢). In the path-integral
formalism the transition amplitude is represented as

(f )= / [dgy] e~51 EE R, / [desi dba dB dc®) e~ (152458

where the integrations over by, B4, and ¢® arise from gauge fixing and from the Faddeev—Popov
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determinant. The variation of this amplitude is

(f]4) — / [dei dba dB 4 dc®] e H5255) (1 — ¢5 (S, + S3) + O (%))

= (f 1) — €(flo (S2+ S3) |i) + O (¢7) .
Here S; does not depend on the gauge-fixing condition, so 05; = 0 under the variation of
FA(¢). Using Eq. (4.2.6),

ed(f | i) = —e(f|6 (S2+ S3) i) = i(f|0B (bA(SFA) 7).

A symmetry variation generated by a conserved charge is represented by a commutator with
that charge when the symmetry parameter is commuting. For an anticommuting parameter the
corresponding expression is the graded commutator, which becomes an anticommutator on odd
operators.” For BRST symmetry this gives

ed(f | i) = (165 (ba0F) [i) o e(f| { @, b*3Fa } [i). (4.2.7)
where ()p is the BRST charge. Gauge independence of the amplitude requires

(fI{Qp,b"6F4} |i) = 0 for arbitrary §F(¢) (4.2.8)
Thus physical states must satisfy, for arbitrary § 4,

0= (| {Qp,b"6Fa} V)

= (V|Qb O Fa [U') — (Y|b 0 FAQp [V') .
This condition is satisfied if physical states are BRST closed, @gl) = 0. If QL = (@p, it also
follows that (1)|Qp = 0. The hermiticity of Qp follows from the reality of the gauge parameter.
Since the variation of F4 is arbitrary, choose

§FA = —iBgM*P
for some arbitrary constant matrix. We immediately see that d, variation for this variation of
F*4 is zero and thus, Sy is invariant. However, S, changes as follows:

Sy = —iBy (F* —iBpM*?) = Sy — BABgM"?
The original action S; is unchanged, so the net effect is the addition of one term:

Sy + Sy + 53— S5+ 9+ 855 — BABBMAB

and the B, integration becomes Gaussian instead of a delta-function constraint.

Because the gauge-fixed action in Eq. (4.2.1) is BRST invariant, changing the gauge choice
must preserve the conservation of the BRST charge. Equivalently, (Jp must commute with the
change in the Hamiltonian. The original Hamiltonian already commutes with ()g, so only the
variation of the Hamiltonian is relevant. For amplitudes between states at different times, the
time-evolution factor gives

(Fle i) — (Fle= Mty — (fle= U1 — its H) i) + O ((5H)?)

= (fle”"™|i) —it{fle""™"0H|i) + O ((6H)?)

SFor any charge @ and parameter ¢, the variation is d¢ = [eQ, ¢]. If € and @ are both Grassmann odd, then
moving € out of the commutator flips signs whenever it passes an odd object: [eQ, ¢] = €Qd — ¢ eQ = €(Qd + ¢Q)
for odd ¢, so the graded bracket {Q, ¢} appears; for even ¢ one finds €@, ¢]. Both cases are summarized by the
graded commutator [eQ, @] = €[Q, d}.

6The BRST transformation is generated by the Noether charge of a symmetry whose parameter is a single
anticommuting constant taken to be real. “Real Grassmann” means the parameter is Grassmann-odd, so it
anticommutes with the fermionic fields, and at the same time equal to its own complex conjugate. The trans-
formation preserves the reality of every field: ¢; and B4 are ordinary real fields, while the ghosts b4 and ¢* are
real and anticommuting. When a symmetry preserves these reality conditions, its Noether charge is hermitian in
the inner product in which the fields are self-adjoint. The ghost zero modes make that inner product degenerate
on part of the space, but the degeneracy does not affect the formal hermiticity used here.
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Comparison with Eq. (4.2.7), including the same time-evolution factor when the initial and
final states are separated in time, shows that § H is proportional to’

{Qp,b"6F}
Therefore the requirement [Qp, dH]| = 0 implies

(Q5,{Qp,ba0F*}] =0
This gives

QEbaSFY — b0 FAQE = [Q%,b40F*] =0 (4.2.9)

for arbitrary 6 F4. Equation (4.2.2) fixes the ghost-number assignment: b, has ghost number

—1, the variation of (f|i) has ghost number zero, and the BRST charge has ghost number +1.

Hence Q% has ghost number +2. It cannot be a nonzero constant, since constants carry ghost
number zero.® Thus Eq. (4.2.9) is satisfied by imposing

Q=0 (4.2.10)

2.2.1 Point particle example

For a point particle the coordinate is 7, and the fields are X*(7) and e(7). The gauge label « in
04 is therefore replaced by the continuous label 7. A convenient basis for gauge transformations
is chosen so that the transformation localized at 7 acts only at that point:

0T =0(T—11)
A general transformation of 7 is then

r=€o,T=€(m)o(t—m)=¢€(r)=17—=>7+n(7)
The point-particle action gives the following field variations under this transformation:

5XP(r) = —n(7)0 X" () = —€"6,0, XM(r)
= —"O(1 — )0, XM (1) = 6, XM = —6(1 — 7)0n, XH (1),
de(1) = —0-(e(1)e(1)) = —€™ 0, (6,,e(T))
=—€"0, (0(r —m)e(n)) = dne(r) = =0, (6(1 —11)e(m)) .

The structure constants of the BRST algebra are obtained from the commutator [d,,,dy,].
Acting on X#(7), the commutator is

[57'1’ 572] XM(T) - 57’1572XM(T) - (1 And 2)
Explicitly,

"The argument is correct and can be stated without comparing time evolutions: the entire dependence of the
gauge-fixed action on F4 resides in Sy +S5 = d5(baF4)/(i€), so changing the gauge condition changes the action,
and hence the Hamiltonian, by a BRST-exact term. This is the general statement that gauge-fixed Hamiltonians
for different gauge choices differ by {@p, -}, which is also why physical (BRST-closed) matrix elements are gauge
independent.

8Q% = %{QB,QB} carries ghost number +2, while a c-number is neutral, so Q% can only be a ghost-
number-two operator commuting with all b46F“. In an irreducible realization no such nontrivial operator exists,
hence Q% = 0. The hidden assumption is that the gauge algebra closes off shell with field-independent structure
constants; when it does not, nilpotency requires the Batalin—Vilkovisky extension mentioned in the next footnote.

9For gauge algebras that close only on shell, or whose structure functions depend on the fields, the transfor-
mation law above is not nilpotent off shell; the systematic repair is the Batalin—Vilkovisky formalism, in which
every field acquires an antifield and Q% = 0 is replaced by the master equation (S,S) = 0. The bosonic string
in conformal gauge has a closing algebra, so the direct construction used here is sufficient, and the physical-state
cohomology defined below is unambiguous.
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0r 0y XH(T) =61 (0 (T — T2) 0; XH(T)) =0 (T — T2) Or (01 XH(7)) =6 (T — 1) 0- (0 (T — 1) 0. XH(7T))
=0 (T —T) (T — 1) 2XH(T)+ 6 (T — 72) 0.0 (T — 71) 0-X*(7)
The first term cancels against the term with 1 <> 2. Therefore

(07, 00| XH(T) = [0 (T —12) 0:0 (T —71) — 0 (T — 72) 0:0 (T — 11)] O, XH(T)
To express this commutator in the form f72 0., X*, with summation over 73 understood as
integration over 73, rewrite it as

(07, 0| XH(T) = [0 (T —72) 070 (T — 1) — 0 (T — T2) 0:6 (T — 7)) 0. X*(7)
= /dTg [0 (T —73) (13 —T2) 00 (T3 — 1) — O (T — 73) 0 (T3 — 1) Opy0 (73 — T2)] O XH(7)

= —/dT3 [5 (7'3 — Tg) 87—35 (’7'3 — 7'1) — (5 (Tg — T1) 87—35 (7'3 — 7'2)] (57—3X’u(7'> = /dTg 7_17_2(57—3)(’u( )
Thus

IEE— (5(7’3 — 71)873(5(7'3 - TQ) - (5(7’3 — T2> 87—35(7'3 - 7'1)

T1T2

The BRST transformations are then

opXH(T) = —/dTliecndTlX“(T) = ie/dﬁcﬁé (1 — 1) 0, XM (1) = tec(1)0, X (1) = iec(T)X“(T)

(4.2.11)

dpe(T) = —ie/dﬁcﬁéﬁe(ﬂ = ie/dﬁcﬁ& (6 (1t —m)e(r))
= i€0; / dric(m) (1 — 1) e(r) =ied (c(T)e(T)) = ie(ce) (4.2.12)
SpB(T) =0 (4.2.13)
dpb(T) = eB(T) (4.2.14)

dpc™ =dpc(n) = *Ef;lﬁ(‘TZCTB’ = G/dTQdTg [0 (11— 79) 0r0 (11 —T3) — 0 (11 — 73) 070 (11 — T2)] ¢ (T2) ¢ (73)

1€

=5 [/ dr30-,6 (11 — 73) € (11) € (73) — /daaﬂd(n — ) c(TQ)c(ﬁ)} = —ie/dTgaﬁé(ﬁ —73)¢(73) ¢ (71)

= —i€dy, {/ dr36 (1p — 73) C(Tg):| c(m) =iec(m) O () = dpe(T) = iec(T)0rc(T) = iec(T)é(T)

(4.2.15)

The anticommutativity of the ¢ ghosts has been used repeatedly, and in the second line the
integration variable 75 has been renamed as 73. For the point particle the gauge-fixing condition
ise(r) =1,s0 F7” =1 —e(7). The three action terms are

Sy = %/dT (e—lXﬂXﬂ v em2> (4.2.16)
Sy = /dTB FT = /dTB( (1 —e(7)) = /dTB(T)(e(T) - 1) (4.2.17)

S5 = /dT/dle 6, P = /dT/dﬁ (1—e(r)) = /dT/dﬁb(T)c(ﬁ)aT (6 (7 =) e(r)

— /dTb(T)aT (/ dnc(rl)cS(T—Tl)) e(r) = /dTb(T)C(T)e(T) (4.2.18)

The total action is thus,
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1 S 1 . .
S = /dT (56—1X“Xu + ng —iB(e —1) + bc'e) = /dT (56—1X“XM + gm2 —iB(e—1) — ebc)
10 The equations of motion for B and e are

BEOM :e=1
1_2' : 1 2 . ;
e EOM : —56 X“Xﬂ+§m —1B—bc=0,
1 e 1,
B=—i §e X”Xu—?n +bc

o1 . 1,
:2{—§X“Xu—l—§m —bC:| .
In the last step e = 1 has been imposed using the B equation of motion. The reduced action

is therefore

1. . 1 :
S = /dT (QX“XN + 5m2 — bc) (4.2.19)
The BRST transformation in Eq. (4.2.14) becomes

1. . 1 .
Spb = ie [—EX“XM + 5m2 - bc} (4.2.20)

with Egs. (4.2.11) and (4.2.15) unchanged. The variation of the X* kinetic term is

1. . 1 . ) 1 /. . . : ) .
XXy = 5 (00 (30" +iecXr) 0, (X, + ieeX, ) ) = 5 (X7 4 deckr +ecXr) (X, +iecX, + ieck, )
= §X“Xﬂ +iec X" X, 4+ iec X' X,

The mass term is invariant. The —be term changes as follows:

_ 1. . 1 .
—bc— —0; {b — i€ (§X“Xﬂ - §m2 + bc)} (¢ + decc)

- (—6 +ieXP X, +ichc + ieb c‘) (¢ + dece)

= —be+ iecX”XH.
The point-particle and ghost systems obey!!

1
[XP, pY] = i, {bc} =1, H= 5 (p? +m?)
where because of the Euclidean signature, X" is replaced by —i X* and thus

oL oL oL . OL 5
pu = , = - 0 = - 0 =1 0 = ZXN
oxl  —ioXl —ioX®  OX*
where X/" and X/ are derivatives with respect to Lorentzian and Euclidean time, respectively,
with 7, =47, and 7. = 7. Noether’s theorem then gives the BRST charge, with L denoting the

0The last step is integration by parts in 7: [drbée = — [drbce— [drbcé, and on the gauge slice enforced
by the B equation of motion, e = 1, the é term vanishes; boundary terms are dropped as usual.

"' The mismatch found above comes from eliminating B and setting e = 1 before checking the symmetry, while
still using a transformation law inherited from the unreduced action. Off shell the BRST transformations close
with the auxiliary field B; once B is eliminated the transformation of b is only on-shell nilpotent, and invariance
of the reduced action holds up to equations of motion and total derivatives. The safer route constructs the BRST
charge before eliminating B, giving Qp = ¢ H with H = %(p2 +m?) and Q% = 0 because ¢? = 0 and H commutes
with ¢ — the point-particle analogue of keeping the Nakanishi—Lautrup field until the BRST algebra has been
checked. [10].
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Lagrangian:
oL oL 0L . . 1., 1 .
_ " _axn (i axn N T 12
QB —i@X“AX + —i@bAb+ —z’@c'Ac iX <ch ) +ic {z ( 2X X, + 5™ bc)]
= g (—X“Xﬂ +m2) = g (p2 + m2) =cH

The derivative with respect to b anticommutes with b. The ghost Hilbert space is the two-state
system

k1), ks )

where the following is true;

pilk;t) = pllks L) = k¥
blk; 1) = [k; ), blk;d) =0
clk; 1) =0, clk;d) = |k; 1) (4.2.21)
This implies

c 1
Qplk;d) =5 (0 +m%) ks d) = 5 (B +m%) [k 1), Qplkit) =0 as clks 1) =0
The BRST-closed states are all |k; 1) states, together with the |k; |) states satisfying k% +m? =
0. Thus the mass-shell condition is imposed on the |k;|) branch. For k? + m? # 0, the state
|k; 1) is proportional to @ g|k; ) and is therefore exact. The closed states that are not exact are
consequently

ki 4), k1) for k2 +m? =0
The |k; 1) branch is then removed by the usual relative-cohomology condition. Since exact
states have vanishing amplitudes, any amplitude with an external |k; 1) state vanishes away from
k? + m? = 0; allowing such a state only on the mass shell would require a term proportional
to 6(k* +m?), which is not the form of an ordinary local S-matrix contribution in dimensions
greater than two. Thus the physical point-particle spectrum is represented by the |k; ]) branch.'?
This projection can also be obtained by imposing the constraint

bl¢) =0

under which only |k; ) remains.

2.3 BRST quantization of the string

For the bosonic string the BRST charge combines the matter Virasoro generators with the ghost
oscillators. For the open string it can be written schematically as

1
Qp = ; Con (Lf + EL%}‘ — a(sn()) : (2.7)
with the standard additional normal-ordering terms included in L&". Nilpotency gives
Q=0 <= D=26 a=1 (2.8)

for the open bosonic string. Thus the BRST calculation reproduces the same critical dimension
and intercept that appeared in old covariant quantization [10].
BRST cohomology of the string.

In the open string, an unintegrated physical vertex has the form cV,,, where V,, is a matter
primary. The ¢ ghost has ghost number one, so the physical open-string cohomology is taken at

12An S-matrix element in D > 2 is a distribution with poles at particle masses, produced by long-distance
propagation in the LSZ limit. A contribution proportional to §(k? + m?) has support on a measure-zero set
of external momenta and corresponds to no local coupling; amplitudes at generic momenta are blind to such
states. Consistency of factorization then forces them out of the spectrum altogether, which is what the bg|y) = 0
condition implements.
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ghost number one:

HP = HY(Qp) =

phys

ker Qp N Hgne1
Qs N Ha I+ Qs (2.9)

The physical meaning is the same as in the open-vector example in Eq. (1.36). A BRST-exact
state changes the representative of the vertex operator but not the amplitude. For example, a
longitudinal photon polarization gives a total derivative on the boundary, so it is removed from
the physical spectrum.

The vertex condition can be checked directly from the BRST current. Up to total derivatives
in the current, take

1 3
jB = CTm + EICTgZ -+ 5 82(3.
Let O be a matter primary of holomorphic weight h. Only ¢T,, contributes to the singular part
of jp(2)O(w). Expanding ¢(z) around w gives
, h cO(w h (0c)O(w) + cdO(w
i(0(w) . 1O | RGO + cd0w)

(z — w)? z—w '

Hence
(@, O] = h(0c)O + c00.
For h =1, this is a total derivative:
(@B, 0] = 0(cO).
Therefore an integrated boundary insertion [ dz O is BRST closed up to endpoint terms precisely

when the matter operator has weight one. The unintegrated insertion gives the complementary
calculation,

JB(2)cO(w) ~ (1= h)cac(’)(w)’ {Qp,cO} = (1—h)cocO.

Z—w
Thus cO is BRST closed exactly at h = 1. For the closed string the same argument is applied
in both chiral sectors, so [ d?zV and ¢¢V are physical when V has weight (1, 1) [3].

Siegel gauge gives a useful check. If

bolv)) =0, {@B,bo} = Lo, (2.10)
then a BRST-closed state satisfies
0 =boQplY) = {bo, Qp}[Y) — Qpbo|¢¥)) = Lol|t)). (2.11)

Thus the mass-shell condition is the zero-mode part of BRST invariance in this gauge. This is
the BRST version of the null-state identification used in old covariant quantization [10].

2.4 The no-ghost theorem

The no-ghost theorem states that covariant quantization gives the same positive-norm physical
spectrum as light-cone quantization in the critical bosonic string. In BRST language,

Wle H@Qp), [WI#0 = ([][]) =0, (2.12)

with zero norm only for null representatives that are set to zero in cohomology. The theorem
is essential because the covariant Fock space contains time-like oscillators with negative norm
before the constraints are imposed [10, 28].

Proof idea and physical content.

The proof tracks where the negative-norm oscillators go. One separates the oscillators into
transverse modes and pairs involving longitudinal /time-like oscillators together with the b, ¢
ghosts. These non-transverse variables form BRST quartets. A quartet has the schematic form

u), Qplu)=|v), |0), Qsl0)=Ia). (2.13)
States paired in this way are either BRST-exact or have zero inner product with all physical
states, so they do not survive in the cohomology. Technically one filters the BRST charge as

Qp=Qo+Q1+Q2+-, Q5 =0, (2.14)
and first computes the )y cohomology. The result contains only the transverse oscillators.
The remaining terms in Qg do not reintroduce negative-norm states when D = 26 and a =
1. Furuuchi and Ohta implement this argument by a similarity transformation, which gives a



38 2. PHYSICAL STATES, BRST COHOMOLOGY, AND THE NO-GHOST THEOREM

compact check on the longer no-ghost proof [28].

The quartet argument can be written as a short cohomology calculation. Choose a frame with
kT # 0, and grade the nonzero modes by the light-cone number N,., which counts + oscillators
against — oscillators. The BRST charge decomposes as

QB:Q1+QO+Q—17 [NlmQj] :JQ]

The highest-grade term is
Q1= —V2' k" Z CmQ_,,.

m7#0
Nilpotency of Qg implies Q? = 0. Define

1 +
R = WmeO&_m, S: {Ql,R}

m##0
Using {bym, ¢n} = Omino and [oh, ;)] = —mdyin0, One obtains

S=Y"m (Nym+ Newn + Nb + N) .
m=1

Thus S is a non-negative number operator for all non-transverse matter oscillators and all
nonzero ghost oscillators. Since [Q1, S] = 0, the Q1-cohomology can be computed at fixed S. If
Q1)) = 0 and S|Y) = s|y) with s > 0, then

V) = —Sl) =~ QuRl).
Hence every closed state with s > 0 is exact. Only the kernel of S survives:
Ny = New =N, =N =0 (m>1).
The surviving representatives contain only transverse oscillators,

(Haai_‘lna>\0;k), i=1,...D—2 (2.15)
Their norms are positive because
10 B)||* = (0; Klaga’,[0; &) = .6 > 0.
The remaining pieces @Yy + ()_1 do not change this conclusion on a fixed L, eigenspace; they
move representatives inside the same filtered cohomology class. Thus the BRST cohomology

has the transverse light-cone spectrum, provided D = 26 and a = 1 so that Q% = 0 and the
mass-shell condition is compatible with the transverse representatives [3,28].

2.4.1 BRST-0OCQ equivalence

The equivalence with old covariant quantization can be summarized as the statement that the
Virasoro constraints plus the identification by spurious states are the same physical equivalence
relation as BRST cohomology:

{I9) : (Lo —a)|) =0, Lu|¢p) =0 (n > 0)}
{L_y|xn): n>0}

After the earlier OCQ calculation: OCQ imposes constraints by hand and removes null descen-
dants, while BRST makes the same removal into a cohomological gauge equivalence. [10].

~ H(Qp). (2.16)



Chapter 3

The string S-matrix and moduli space

This chapter converts the gauge-fixed path integral into a prescription for scattering amplitudes.
Gauge fixing does not remove every freedom in the worldsheet metric. On a given topology a finite
number of metric deformations, the moduli, cannot be reached by any diffeomorphism or Weyl
rescaling, and a finite number of gauge transformations, the conformal Killing vectors, survive the
fixing and must not be counted twice. The construction proceeds by decomposing an arbitrary metric
variation into gauge directions and moduli directions, counting each by the Riemann—Roch theorem,
and observing that the Faddeev—Popov procedure supplies one b-ghost insertion for every modulus
and one c-ghost insertion for every conformal Killing vector. This gives the amplitude formula of
string perturbation theory, an integral over the moduli space of punctured Riemann surfaces with
BRST-invariant vertex operators for the external states. Gauge independence is then established:
BRST-exact insertions decouple up to boundary terms on moduli space, and those boundary terms
are identified with the factorization poles required by unitarity. Thus a condition imposed on the
worldsheet becomes a statement about the spacetime S-matrix [10,17].

What does “moduli space” mean physically? In this chapter the immediate moduli are world-
sheet moduli: they describe inequivalent complex structures and puncture positions of the Rie-
mann surface on which the path integral is evaluated. But the same word appears in compacti-
fication with a closely related meaning. There a modulus is a scalar parameter whose constant
value changes the background without costing potential energy. It may set the radius of a circle,
the shape of a torus, a Wilson line, or a Kéhler or complex-structure parameter of a compact
space.

The moduli space is the geometric space whose points label all such valid and distinct choices.
It is therefore a map of the theory’s physical possibilities: each point represents a background
or configuration, and moving in moduli space changes quantities such as sizes, shapes, and radii
of the extra dimensions. These points are not gauge copies of one another; they correspond to
different values of physical scalar fields.

The simplest example is compactification on a circle. If one internal direction obeys

X~ X4 27R
and the metric contains
d82 = ... 4 62’8¢(dXd>2,
then the physical circumference is proportional to 27 Re??. The scalar ¢ therefore measures the
size of the compact dimension. If no potential is generated for ¢, every constant value is an
allowed vacuum, so these values form a one-dimensional moduli space. More generally, when

the lower-dimensional action contains a kinetic term
1 . .

—3Giy(0) 0,0'0"¢.
the coefficient G; is interpreted as the metric on moduli space. For one radius modulus this
metric has one component; for many shape and size moduli it gives the line element on the full

space of compactification backgrounds.

39
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3.1 The circle and the torus

The torus has one complex metric modulus 7, appearing in the metric as

ds* = ’da1 + rdo?|?
This modulus remains after choosing reparametrizations that preserve the periodicities of o2,
The large reparametrizations are the SL(2,7Z)/Zy transformations

v 1
(02,>:(Z Z)(UQ), ad—bc=1 a,b,c,d€Z
o o

The metric and periodicities are also invariant under rigid translations,

o — o4&
The residual symmetry group left after choosing the metric is the conformal Killing group
(CKG). One vertex-operator position must be fixed for each independent generator of this group.

3.2 Moduli and Riemann surfaces

Metric deformations not generated by diffeomorphisms and Weyl transformations are represented
by variations dg4, orthogonal to the diff x Weyl variations

—2(P100),, + (20w —V - §0) g (5.2.1)
where the operator P; acts on do® as

1
(Pyoo),, = 5 (Vaoo, + Vido, — g Vedo©)
Orthogonality of 0g., to Eq. (5.2.1) gives

/dQU\/gfsgab (-2 (Pléa)ab + (20w — V - 50)gab> —0

= / &P0\/g (—25gab (P160)™ + g6 gup(20w — V - 50)) —0
Integrating by parts gives

dGab (Pléa)ab = 5gabV“5ab - Vo =V* (5gab5ab) — (V% gap) dob

ab
g ggab \v& 50'

o gabégab
2

— (PTsg) 60° 909w ivati
= (P} g)aég - V - 6o + total derivative

Therefore!

/dza\/ﬁ ((PlT(Sg)a 0o — g“bégabéw) =0

Since o and dw are arbitrary, the coefficients must vanish:

(Pldg), =0, ¢”6ga =0
Thus &g,y is traceless, and the number of independent solutions of the first equation gives the
number of moduli.
Conformal Killing vectors occur when a diffeomorphism plus Weyl transformation produces
no metric variation, i.e. when Eq. (5.2.1) vanishes. Contracting with g% gives

1
5w:§V-5a

If the trace part and the dw variation are eliminated first, only (P dg), = 0 survives; if instead dw is kept
as an independent variation, its coefficient ¢g®?dg,; appears alongside. Setting the coefficients of the independent
variations do® and dw separately to zero reproduces the two conditions below in either scheme.
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The remaining condition is (Pdg), = 0, the conformal Killing equation. Around conformal

gauge,
> 1 w(z,z 0 1

the conformal Killing equation becomes?

e}

8gzz = 0., = 00z = D6z = 0
Thus, the number of moduli (denoted as ) is dim (ker P[") and the number of CKVs (denoted
as k) is dim (ker P;). The Riemann-Roch theorem (which can be seen as an index theorem)
states that;

dim (ker P") — dim (ker ;) = —3x = p— £ = —3x (5.2.2)
For x < 0 there are no CKVs. A Weyl transformation can bring the Ricci curvature to a
constant. The old and new curvatures obey

VIR =g (R—2V%) = 2V2%w =R — *R
which can be solved for constant R’.> Moreover, due to Gauss-Bonnet theorem (for no bound-
aries);

d*o\/gR = 2mx (M)
M
the sign of a constant R is the sign of y. The identity needed below is

(P Pu), = —% (VPVaup + VOV, — VP (g Veu)) = —%v%a — % (VPVau, — VP (g Veu))

N 1 e 1o 1
= 2V ua—I—Q(VQVC V. V) u® = 2V Ug 4Rua (5.2.3)

Using the facts that (Piéo),, is traceless and symmetric, we can derive the following identity
as well;

(Pioo),, (P100)™ = V,00,V%00% = total derivative —00,V,V’d0® = total derivative —doy, (PlTPl(Sa)b

where the last step uses the fact that (PlT U)Gb is traceless and symmetric. Using Eq. (5.2.3),
one obtains

a 1 1
/dQJ\/E(Pl(SU)ab (P1(50)ab = \/g/dzaéaa (P1TP150) = /dza\/ﬁ (—5UG§V25UG — ZR&T“&T@)

1 1
= /d20\/§ <§Vb5aavb60a — ZR6U“5Ja)

where surface terms are dropped in the last line. If y < 0, then R < 0 and the integral in the
last line is positive definite. Hence (Pd0),, cannot vanish, and there are no CKVs for negative
Euler characteristic.

Riemann surfaces in the S-matrix.

A string Feynman diagram is a two-dimensional worldsheet with prescribed external insertions.
In an ordinary point-particle diagram each internal line carries a Schwinger proper time; in
string theory the corresponding parameters are the moduli of the Riemann surface. After fixing

°In conformal gauge the only nonvanishing metric components are gz, so a traceless symmetric deformation
has pure components dg,, dgzz. The gauge variation gives (P100),, = V.00, = ¢,70,007, and similarly for the
conjugate. A conformal Killing vector is one producing no traceless deformation, 0; 0z = 9, §z = 0: holomorphic
vector fields. Likewise ker P{ consists of g,, with 9;8g,. = 0: holomorphic quadratic differentials.

3The argument is correct; the displayed equation with constant R’ is the Liouville equation, and the existence
of a solution on any compact surface, with the sign of R’ dictated by x through Gauss-Bonnet, is the content
of the uniformization theorem: positive constant curvature on the sphere, flat metrics on the torus, negative
constant curvature for genus two and higher.
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diffeomorphisms and Weyl rescalings, a general metric variation decomposes as

I
0Gay = Z om” 1/1((;,;) + (P100) ap + 20W Gap, ™ € ker PlT. (3.1)
=il
The last two terms are changes produced by a diffeomorphism and a Weyl rescaling. The first
term cannot be removed by these gauge transformations and therefore labels a true deformation
of the complex structure. The operator P; already appeared in the Faddeev—Popov determinant:
its kernel counts conformal Killing vectors, while ker P! counts moduli. For a closed orientable

surface of genus h, the complex dimension of moduli space is 0 for the sphere, 1 for the torus,
and 3h — 3 for h > 2 [10,17].

3.3 The measure for moduli

The expression for the S matrix with n momenta kq, ..., k, and internal states ji, ..., J, is given
by as follows:

Sjla---jn (kla R kn) = Z / / d¢dbdc —Sm—5g—Ax

comp. top.

X H /da H (b, Oxg) H ¢ (6; H\/ (0:)V;, (ki, 04) (5.3.1)

(@) (a)ef
where I is the moduli space, ng is the order of discrete symmetrles f contains fixed coordinates

and the inner product is defined as follows:

(b,0k4) = / 0 /Gbas D™

4

Determinant form of the measure.

The determinant form follows by performing the Gaussian decomposition of metric fluctua-
tions. The component of dg,;, along P;do is a gauge direction and contributes a Faddeev—Popov
determinant, while the components along @ZJC(LZ) remain as integrations over the moduli m”. Omit-
ting zero modes, the schematic result is

/ /2 u
[dg] . (det’PPy) A
S L N AN A -4). 2
Diff x Weyl " " Vol(CKG) 116.93) (3:2)

r=1
The prime means that conformal Killing zero modes are omitted. The insertions (b, 0,,,-g) are
the ghost representation of the Jacobian for moving along moduli space. If vertex positions are
fixed using conformal Killing transformations, the missing ghost zero modes are supplied by the
corresponding c¢ insertions at the fixed vertices [10].
Counting moduli and conformal Killing vectors.

The Riemann-Roch theorem supplies the index count used in Eq. (3.1). For the operator P,
acting on vector fields one has

ind P, = dimker P, — dim ker P = 3. (3.3)

With the notation x = dimker P, and p = dimker P, this gives 4 — x = —3x. On the sphere,
X = 2 and there are six real conformal Killing parameters; this is why three complex insertion
points may be fixed. On the torus, y = 0 and one complex modulus remains. For genus h > 2
there are no conformal Killing vectors and 3h — 3 complex moduli must be integrated. This
counting is needed before the amplitude measure can be written correctly [10,17].

4The determinant form of this measure, and the path-integral proof of the Riemann-Roch count used above,
are assembled in the two boxed paragraphs that follow; the index computation itself is the standard heat-kernel
evaluation of dimker P; — dimker P{ and we do not repeat it beyond the statement in Eq. (3.3).
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3.4 Moduli-space measure and gauge independence

The moduli-space measure is the part of the amplitude that remains after the gauge directions
have been removed. If p, is the Beltrami differential representing a change of complex structure,
the corresponding ghost insertion is

(bo11y) = / Pz (b s+ bas ). (3.4)
>

The same insertion can be obtained from transition functions. Cover the surface by coordinate
patches U,,, with holomorphic overlap maps z,, = fin(2,;t). A small change of the modulus ¢"
can be represented inside each patch by a vector field,

Zm = 2Zm + 0"V (2 Zm), Zm — Zm + 007 (2, Zm).-
The induced Beltrami differential is locally
frz = Oz, 0% s fir. = azmvf,m‘

Using 0b.. = 0 away from operator insertions, the holomorphic part of the pairing becomes a

boundary term:
2 (m) z dZm (m), 2z
d Zm bzz 85mvr m = o bzz Urm-
- ’ ou,, 2T ’

On an overlap U,, NU,, the two boundary contours have opposite orientations. Their difference
is the change of the holomorphic transition map,

z - afmn z

z
57“fmn - U'r,m aZ vr,n'
n

Thus d
(b, ) = Z % % b™ 5, fZ + antiholomorphic part.
i

m<n
This formula is useful because a puncture can be treated as another modulus. If a new local

coordinate y; is centered at the ¢-th puncture,
9y -1
8zi

The boundary of the excised puncture disc has the opposite orientation, so the modulus z;

supplies
dz
(b, pe,) Zj{ >— b(2).

2
The OPE b(2)c(z;) ~ (2 — z;)~" then gives
d
jf = b(2)elz) = 1.

dQZ,L' (b, /JJZZ)(B, ﬁgl) C(ZJE(ZL) Vi(Zi, Z@) = dzzi Vi(zi, Zl)
This is the local calculation behind the usual exchange between an integrated vertex and a fixed
unintegrated vertex. The positions of punctures and the ordinary complex-structure moduli are
therefore treated by the same b-ghost measure [3,17].

Y = 2 — 24,

Consequently

This is the CFT form of differentiating the fiducial metric with respect to a modulus. Near a
degeneration, for example when a tube of modulus ¢ becomes long, the measure contains d?q/|q|?
together with the insertion of a complete set of intermediate states. The boundary of moduli
space therefore gives the physical pole structure of the amplitude.

Gauge invariance appears as the decoupling of null or BRST-exact insertions. If an external
vertex is shifted by

V — V +{Qgs, A}, (3.5)
then the variation of an amplitude of BRST-closed external states is

0A = /M dp <{@B,A}Hw>. (3.6)

Moving ()5 through the correlator gives zero in the interior of moduli space because the other
vertices are BRST closed. Boundary terms arise only from degeneration regions, where they are
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interpreted as factorization contributions. Thus Ward identities and unitarity are controlled by
the same BRST condition.

For a genus-h closed orientable surface with n punctures, the corresponding measure has the
form

3h—3+n n
App = g2t /M < H (b, pir) H V;> . (3.7)
h,n r=1 =1

For the sphere one must additionally divide by PSL(2,C); equivalently, three positions are fixed
and three c¢ insertions absorb the ghost zero modes. The tree-level formulas below are special
cases of this expression [10,17].



Chapter 4

Tree-level amplitudes

This chapter applies the formalism of the previous one to explicit amplitudes. We evaluate the
genus-zero amplitudes on the three tree-level surfaces, the sphere for closed strings, the disk for open
strings, the projective plane for unoriented strings, and the method is the same in each case: solve
for the scalar Green function on the surface, saturate the ghost zero modes by fixing the positions
allowed by the conformal Killing group, and reduce the correlator to elementary integrals. The four-
tachyon disk amplitude is the Veneziano formula, whose infinite sequence of poles displays the entire
string spectrum inside a single integral, and whose three degeneration regions give the s-, ¢t-, and
u-channels of a single amplitude, the content of worldsheet duality. Factorizing on the tachyon pole
fixes the disk normalization in terms of the couplings; this is the first place where unitarity is used to
compute . Chan—Paton factors then show how nonabelian gauge interactions enter through the open
string, and the closed-string analogue, the Virasoro—Shapiro amplitude, closes the chapter [10,17].

4.1 Riemann surfaces

At genus zero the general formula in Eq. (3.7) simplifies because there are no genuine complex-
structure moduli on the sphere. What remains is the treatment of punctures and conformal
Killing transformations. The sphere has PSL(2,C) symmetry, so three closed-string insertion
points can be fixed. The disk has PSL(2,R) symmetry, so three real boundary positions can
be fixed. The projective plane implements the unoriented closed-string projection through a
crosscap identification. These three surfaces are the elementary tree-level backgrounds used in
the rest of the chapter.

4.1.1 The sphere

The sphere is the basic closed-string tree diagram. Its conformal Killing group is PSL(2,C), so
three complex insertion points may be fixed, for example

z1 =0, 29 =1, 23 = 00. (4.1)
The ghost correlator then supplies the Faddeev-Popov Jacobian,
(c(z1)e(z2)c(z3)) = 212213293, (4.2)

with an identical antiholomorphic factor for closed strings. Therefore three unintegrated closed-
string vertices appear at tree level; the configuration and its cross-ratio are shown in Figure 4.1.

17).

4.1.2 The disc

The disc is the tree surface for open strings and for closed-string insertions in the presence of a
boundary. Its conformal Killing group is PSL(2,R), so three real boundary positions may be
fixed. The doubling trick turns the upper half plane into a holomorphic calculation with image

points:
/

<X%¢W@»D:—%Mﬂmp_wﬁ+mp—wm, (4.3)
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Figure 4.1: On the sphere, the projective symmetry SL(2,C) fixes three punctures. In a four-
point amplitude the only remaining invariant is the cross-ratio, which is usually denoted by the
single complex coordinate z.

for Neumann boundary conditions. The image-charge term in the disc Green function follows
from this relation. [17].

4.1.3 The projective plane

The projective plane RP? is the tree-level unoriented closed-string surface. It can be represented
as a sphere identified by the antipodal antiholomorphic involution
1

Z o~ ——.

z
Consequently, correlation functions may be computed by adding an image insertion at the in-
voluted point. The closed-string analogue of the disc doubling trick, but with a crosscap in
place of a boundary. The same surface appears again in the unoriented-string and orientifold
discussions. [10].

(4.4)

4.2 Scalar expectation values

To derive the differential equation for the Green functions, start from the generating functional

Z[J] = <eXp (z / dzaJu(U)X’“‘(a))>

Consider the Helmholtz eigenvalue problem

(6.2.1)

(82 - w%) Xi(o)=0
whose solutions form a complete set. The field X* may therefore be expanded as

Xt =>"uhX;
I
Because the Helmholtz equation is linear, the eigenfunctions can be rescaled. Choose the
normalization

d2\/§d20'X[Xp = 6[[/

Orthogonality follows because the Helmholtz problem is a Sturm—Liouville problem. Equa-
tion (6.2.1) then gives
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1
= H/dm? exp (im?/d2aJu(a)Xf(a)) exp <_47Ta’ /dQJﬁZw%x’;xM/XIXI)
w, g

where the sums over I and p have been written as a product over modes. Orthogonality of
the X7 gives

21
wixhx,r .
= | | /das’;exp <—% —l—zx’;J,ﬂ)
T
wI
where

Jur = / 20, ()X (o)

The zero mode is constant, and orthonormality gives

e (fon)

The Helmholtz equation gives wi = 0, so all dx¥ integrals in Z[J] are Gaussian except the
zero-mode integrals dzf. The zero-mode integrations give factors of 27d(.Jp,,), and the product
over i gives (2m)%0®(.Jy). For the nonzero modes, use

2
/dme“”ubx = \/Fexp (b )
a 4a

2 /
wizhx Aoy Jr,d
/d:r;‘; exp ( —[47; uloy m‘fJHz) = 2 exp (—WO/—IM qu)

Taking the product over u gives

ZL‘ Tyr 47'(0/ d/2 J[.J]
H/dmlexp( [41 P ix “JHI) = ( o2 > exp | —ma 2

The =0 contrlbutlon has the opposite sign in the quadratic term. Rotating 29 — 29 gives
the convergent Gaussian and contributes an additional factor of i to Z[J]. The result is

. dra/\ Y? - J;
Z[J] = i(2m)% D (Jy) H ( 2 ) exp (—’NO( 2 )

1 1

which gives

140
Use the identity
. 1 2
—7ro/JIw2JI = -3 / Lodo’ [J(J)J(a’) T (o)X (a')}
I

The eigenvalues of —V? are w?, so the product over nonzero w 2 gives the determinant of —V?

with the zero mode omitted. Therefore
—v2\ 2 1
/) exp <—§ /dada/J(a)J (o) G (o, a'))

Aoy

Z[J) = i(2m)s () [ | (det
. I£0

2ol
G N = X X; (o
(0,07 ; 7 (o)X (o)
This Green’s function satisfies the following differential equation;

V3G (0,0") = —2md ZXI

1#0
To put this equation in a more useful form, expand the ¢ dependence of §(c — ¢') in the
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complete basis X, with the ¢’ dependence carried by the coefficients:
(5(0’—0/):Z$1(0/)XI<0'):>/\/g(O')XI/<O')(5(U—O' U—ZJU[ /dZU\/g )X (o)X (o)
I

=xp(0)=1/g XI Y= 21 (0) = Vg (o)X (o
=d(0c—0o') Z\/ XI :>(g(0’))_1/2(5(0—0’): X%) +ZXI(UI X(o

10
=Y X)X (o) = (9(0)) 6 (0 — o) - (X)°
1#0
Here the delta function is even and X, is constant. Hence
~5- VG (0.0') = (9(0))725 (0 — o) — (X°)* (6.2.2)
T
On the sphere the metric is known explicitly, and Eq. (6.2.2) is solved by!
OC,

G (2’1, 21, 29, 22) = —5 In |212|2 +f (21, 21) +f (2’2, 22) (623)

with

/X2
f(z,2)= 2> In |z — ) + k

where k is a constant determined by zero-mode orthogonality. Consider the expectation value

(ko) = (exp (ik1 X (01)) : ... exp (ikn X (04)) 2)

= (texp (ik1 X (o1) + ... + ik, X (0,,)) 1) = <exp [z (Z/d%é (0 —0y) k])] - X (aj)>

This corresponds to the source

THo) =Y k6P (0 —0;) = Tt = /d%z k6P (0 —05) Xi(o) =Y KX (o))

J J

= Jh=Xo Y k=09 (J) = X516 (Z k“)
J
The exponent then becomes

=— / d*od’c’ J(o) - J (0/) G (0,0") = — / d*od*o’ Z kj- kG (0,0")6 (0 —0j)0 (0 —01) G (0,0")

gl

g<l
The required amplitude is therefore

Ay (k,0) = iC% (2m)46 @ (Z kj> exp (— ij.kl (0j,00) ZkQ (0j,0/) :)
J J<i
where

Here V2 = 4¢=2¥90 in conformal gauge, and 90 In |212|? = 2702 (21 — 29) reproduces the delta function, while
90 acting on the f terms produces the constant —X2 piece, since f is built from the area form. The additive
constant k is fixed by demanding orthogonality to the zero mode, [ d20\/§ G(o,0’) = 0, which is the condition
under which G inverts —V? on the space orthogonal to constants.
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2\ —d/2
Co% = (det -V )
Ve g2

We next define the normal ordered : G (a, o') : operator. It can be shown that?;

/

:G(o,0") =G (0,0") + % Ind?* (0,0")
and by using 6.2.3, we get?;

:G(o,0) :=2f(0) +dw(o) = G(z=2,2=7):=2f(2,2) + dw(z, 2)

Using momentum conservation, the exponent simplifies as follows:

—ij.kl (0j,00) ——Zk’2 (0j,0;)

Jj<li

:—Zk Klnlo; — o — Zk kif(oj) Zk? K f (o)

g<l g<li I<j

- Z ki f(oj) — % Z kiw(o;)
== kiklnlo;— o — =Y kw(o;
> j Z )

j<l

- (z+z+z) ks £(0)

I<j >3 =

=Y Info; —oHt — % > kw(oy)
j

j<l
ok @ 2
= gln | 20| " — 5 Z kiw(oy).
J J
In the second line the indices j and [ have been interchanged in one of the k- k f(o) terms.
The amplitude becomes

. O/ o'k
52 (k. 0) = iC(2m) '8 (Z kj) o <‘52k?w <ffj>> TT =l (6.2.4)
j J

j<l
The result can be generalized to the following;

<ﬁ : etkiX(25:25) ﬁ@X“’“ (23.) ﬁ@X“l (zl”)>
j=1 k=1 =1 g2
P q
y <H o () [ () >
j=1 k=1
= ZC 27T d(S (Zk‘ ) H |Z] ‘a 'k kl <1£[ U“J _|_ q#ﬂ ﬁ UNJ > _|_ qﬂa (/)}>
k=1

(6.2.5)

= iC 27T dd <Z k; ) H ’Zjl‘a,kjkl

j<l

2This is the same renormalization introduced for vertex operators in Chapter 1: normal ordering subtracts
the coincident-point logarithm, and using the geodesic distance d(c,¢’) in the subtraction makes it covariant, at
the cost of the Weyl factor appearing explicitly in : G : below.

3Near coincidence G — —%In|212% + 2f(2,2), while the geodesic distance in conformal gauge is d? =
e20()| 2152, Adding € Ind? = % In|215|? + o/w cancels the logarithm and leaves the displayed finite result.
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where v#i (zé) and v (23) are as follows:

Qe kY A
I R e i SB(F) — i i
v (2) ZQZ.ZIZ—Z/ *(2) 22;2_Zi

and ¢"(2) = 0X*(2) — v¥(2),§(2) = OXH(z) — o#(%). *

4.2.1 The disc
The Green function for the disc is obtained by the method of images:

= - o 2 o Z 2
G (Zl, 2’1722,22) = —Eln ’Zl — ZQ| — 5111 ’21 — ZQ‘ (626)

The second term is the image charge term.® The resulting Gaussian expectation value is

A2, (k,0) = iC% (2m) 6@ (Z k:j> 112 — 2% |2 = al™ " ] ] | — 2572, (6.2.7)
i A

j<l

4.3 The projective plane

The projective plane RP? is relevant because it is the tree-level surface for an unoriented closed-
string process with one crosscap. It is obtained by the antiholomorphic involution

1
~ 4.5
z B ( )

The Green function is obtained by the method of images. Schematically,
/ /

Ggrp2(z,w) = —% In|z —w|? — % In |1 + zw|* + zero-mode and normal-ordering terms. (4.6)

The second logarithm is the image contribution produced by the crosscap. The amplitude
therefore probes how closed-string states couple to an orientifold plane. This is the tree-level
version of the crosscap contribution that later appears in the Klein-bottle and Mobius-strip
one-loop amplitudes [10, 352].

4.4 The bc CFT on genus-zero surfaces

The ghost correlators computed in this section are controlled entirely by zero modes. The A = 2
ghost system has action S = % f d?zbOc, so on a curved surface the saddle-point equations are
dc = 0b = 0: zero modes of ¢ are globally holomorphic vector fields (conformal Killing vectors),
while zero modes of b are holomorphic quadratic differentials (moduli directions). The Riemann—
Roch count of Chapter 1 therefore fixes the correlators before any computation: the sphere
has three ¢ zero modes (1,2, 2?) and no b zero modes, so the first nonvanishing holomorphic
correlator is (c(z1)c(22)c(z3)), and every Grassmann integral with fewer ¢ insertions vanishes
identically. The disc and projective plane inherit these statements through the doubling trick
and the involution z ~ —1/Z respectively, with the real form PSL(2,R) leaving three real fixable
positions. This zero-mode is exactly what converts the formal division by the conformal Killing
group into the ghost factors that appear in the Veneziano computation below [10,17].

The same selection rule follows from the ghost current. For a first-order bc system with b of

4The holomorphicity method used here is the same one used for ghost correlators: once the singular parts of
the OPE are fixed, the remaining correlator is a globally defined holomorphic function of the insertion points,
with prescribed behavior at coincident points and at infinity. On the sphere this fixes the answer up to the overall
normalization already absorbed into the surface constant.

50n the upper half-plane, Neumann boundary conditions require the normal derivative of the Green function
to vanish on the real axis. Placing an image source at the reflected point Z» with the same sign gives 9, In |z —
2312 4+ 0, In|z — %3]? = 0 at 2z = z, so the boundary term in the variation of X# vanishes. A Dirichlet boundary
condition would instead use the opposite sign for the image charge.



4.4. THE bc CFT ON GENUS-ZERO SURFACES 51

weight A and ¢ of weight 1 — A, define
Jen(2) =t ¢b: (2).
Its OPEs with the elementary fields are
. c(w) : b(w)
Jen(2)e(w) ~  — w0 Jen(2)b(w) ~ T —w
Thus ¢ has ghost number +1, while b has ghost number —1. The stress tensor
Tpe = (L= X): (Ob)c: —A:boc:

gives

Thel(2) jan () ~ (i = 333 (igi(z)f + 8§gf($)'

The third-order pole shows that the ghost current is not a primary current when \ # % On a
genus-g surface this becomes a background ghost charge,

/ o \/gVajg = 2m(1 —2X)(1 — g).
)
Therefore a holomorphic correlator can be nonzero only if the inserted ghost numbers satisfy

S = 2A-1)(1-g).

For reparametrization ghosts, A = 2, so
Z ¢ =3(1—g).

This gives three c-ghost insertions on the sphere, zero net ghost number on the torus, and 3g — 3
b-ghost insertions for a closed surface of genus g > 2 [3].

4.4.1 The sphere

On the sphere there are no moduli, so no b-ghost insertion is required. The six real confor-
mal Killing vectors require three holomorphic and three antiholomorphic ¢ insertions, and the
minimal nonzero ghost correlator is

Justification: on the sphere the holomorphic be system has three c-zero modes, corresponding
to the three holomorphic conformal Killing vectors 1, z, 22. A path integral over Grassmann zero
modes vanishes unless every zero mode is soaked up. Therefore

(c(z1)c(z2)c(z3))s2 # 0, {c(z1)c(22))s2 = 0, (4.7)
and similarly for the antiholomorphic sector. Thus the minimal nonzero closed-string ghost
correlator has three ¢’s and three ¢’s. This is the ghost path-integral version of fixing three
complex positions by PSL(2,C). [10,17].

The same result follows in the operator formalism and fixes the polynomial dependence without
a separate ansatz. For the A = 2 system,

c(z) = Z Cpz M b(z) = Z bz "2, {Cnybm} = Ontmo-
nez nez
The state created by the identity obeys
1) =0 (n>2), bu|l) =0 (n>-—1).
Since ¢(z)|1) = ¢1]1) + O(z), the state ¢(0)|1) is annihilated by b,, for n > 0 and by ¢, for n > 1.
It is the lower ghost vacuum, | |) = ¢;1]1). Acting once with the zero mode gives
| 1) = col 1) = cocn|), bol 1) =11, col 1) = 0.
The sphere bra is normalized by
<].|C_1COCl|1> =1.

Keeping only the three zero-mode terms in ¢(z) = ¢; + z¢y + 2%c_; + - - -, one obtains
1 oz 22
<C(21)C(ZQ)C(23)>52 = det 1 Z9 Z% — Z12%923%31-
1 23 23

Thus the three fixed insertion points are not a convention-dependent decoration of the amplitude;
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they are the three ghost zero modes required by the bc Fock space. The radial-quantization
conventions behind this residue calculation are developed in Notes I [3,4].

{c(z1) c(22) ¢ (23) € (2a) €(25) € (26))
This correlator is the determinant det Cg; from the c-zero-mode part of the Faddeev—Popov
ghost action. The Cf; are conformal Killing vectors; on the sphere,
Co =1, 02 = %, G = 2", 01 = Cgs = Cg =0,
51: 52: 53:0’ 54:1’ 55:5: 56:_2'
Since this basis is not orthonormal, its Gram determinant contributes a Jacobian. This gives
an overall constant C'%, multiplying the (Cgi, Cgi) matrix.® The determinant is

z1 22 z3 Z4 25 Z6

o0 “o1 LYor Cor Lo Lo 1 1 1 0 0 0
21 22 Z3 Z4 z5 Z6
02 02 02 02 02 02 Z% Zg 23 0 0 O
z1 22 23 Z4 Z5 Z6
9. det 03 03 03 03 03 03 — 9. det zi 0z 2z 0 0 0
sV ooz oon oo oon oo [T 0 000 111
04 04 04 L4 04 04
21 22 Z3 24 Z5 Z6 —
05 05 05 05 05 05 0 0 0 2z 2z z
21 22 23 24 Z5 Z26 O O 0 52 52 =2
06 06 06 06 06 06 4 5 %6
g = = =
= ('42212223231245 %256 %64 (6.4.1)

We can deduce a result with b insertions as well. We should have additional insertions for ¢
ghosts if we have b insertions because we want them to contract with one another. The result is
as follows’;

p+3 p
H c(z) H b(z). anti ) =C% Zp+1’p+2fp+1’p+3zp+2’€+3. anti £ (permutations)  (6.4.2)
paley ey (z1—21) .. (2 —2)

The overall sign will not be needed below.®

4.4.2 The disc
The doubling trick gives us the following for the disc;

{e(z1) ¢ (22) ¢ (28)) p2 = Cp212203731

(c(21)c(22) €(23)) po = (c(21) c(22) € (25)) po = Cp212 (22 — 23) (73 — 21)

4.4.3 The projective plane
Similarly, for the projective plane, we can deduce the following;

(c(z1) ¢ (22) ¢ (23)) gp, = Chp, 212223231

(c(21)c(22) €(23)) gp, = (c(21) ¢ (22) ¢ (23)) pp, = Chp, 212 (1 + 2123) (1 4 2223)

6The Jacobian is (det(C},Cx))~'/2, the Gram determinant of the six conformal Killing vectors in the inner
product defined by the round metric. Its numerical value is never needed separately: it enters only through
the combination Cg2 = 6_2’\05)52 C%., which is fixed once and for all by unitarity of the four-point amplitude,
Eq. (6.5.4).

"Saturate the three zero modes with any three ¢’s and contract every b against one of the remaining ¢’s using
(b(2)c(w)) ~ (2 — w)~1; summing over the ways of pairing gives the permutations indicated. The same answer
follows in one line from bosonization of the ghost system.

8The holomorphicity argument fixing these correlators runs as follows: a bc correlator is a meromorphic
function of each insertion point, with poles only at b—c coincidences dictated by the OPE and zeros forced by
the ¢ zero-mode structure; a meromorphic function on the sphere with prescribed poles and zeros is fixed up to
a constant, which is C'¢,. This is the standard shortcut to Eq. (6.4.1)-(6.4.2).
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4.5 The Veneziano amplitude

The four-tachyon amplitude is the prototype for crossing symmetry, a single worldsheet repro-
ducing the s-, t-, and u-channel exchanges at once (Figure 4.2).

Tachyonsy

Tachyon, k1 ko Kk ko

\ k4 ks

ks ks Ky ks

Tachyony,  Tachyons (s-channel) (t-channel) (u-channel)

Figure 4.2: The four-tachyon amplitude on the Riemann sphere. The single worldsheet, with
four legs running to infinity, reproduces the s-, t-, and u-channel exchanges at once, because
topologically equivalent worldsheets are not distinguished in the path integral. This worldsheet
duality is why the Veneziano amplitude carries poles in every channel. From Ref. [17].

We calculate the tachyon three function now. The vertex operator for the tachyon is as follows:

90 / ds : eFX0)
R

where g is the string coupling. We use the upper half plane, with y as the boundary coordinate.
Three boundary points can be fixed by the three real conformal Killing vectors of the disc. The
group PSL(2,R) preserves the cyclic ordering of boundary insertions, so the amplitude includes
the two inequivalent cyclic orderings. Since all three insertion points are fixed by conformal
Killing symmetry, no modulus remains and no b-ghost insertion is required. The three-point S
matrix is therefore

Sp> (ky, ka, ks) = e gg <*Cl€ik1'X (yn)i cte™ X (yo) L e (ys):> + (k2 > k)
* D

where the normal ordering is the boundary normal ordering. Using the b(Q)undary expectation

value for the disc and (6.4.1), we get;

Spa (ki ko, k3) = iCp, (2m)?06% <Z k‘j) 98 |y12|1+2&/kl'k2 |?J23|1+20/ka3 |y31|1+2a/kl"€3

J

+iCp, (27)%06% (Z kj> g |yl2|1+2a/k1-k3 ’y23’1+2a/k2-k3 ’y31’1+2a/k1-k2
J

where Cp, = ¢ Cb,Cb, Using the on-shell tachyon condition,
1
2 2 2
ki =ky =k = g

because we have tachyons here. Moreover, due to the momentum conservation is as follows:

k?l + kz + /{33 =0
Using these two conditions, we derive the following result;

1 2
(k:1+k2)2:k§:aand (k:1+k:2)2:kf+k§+2k1-k2:J+2k1-k2:>2a’k1-k:2+120

and similar results follow for 2a’ks.k3 + 1 and 2a’ky.k3 + 1. Therefore, the S matrix becomes;
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Spe (i, ks, ks) = 2iCp, g8 (27)%6%0 (Z kj> (6.5.1)
J
We calculate the four point tachyon function now. Three points can be fixed and hence, we

will have to integrate over the fourth coordinate. We have to sum over all the orderings but we
can do that by just interchanging k; and ks. We get the following;

Spe (ki ka, ks, ka) = igéCDz(27r)265(26) (Z kj) |Y12Y23Y31] /dy4 H |yjl’2a/kj'kl + (k2 > k3)

J j<i

= 2'Q(A)‘Cm(27T)265(26) (Z k’j) [Yy12Y23Y31] /dy4 H \yjz|2&/kj'kl + (k2 > k3)
J J<i
where we have the following;
20’k - ko = —2 — 2d/5,20'ky - k3 = —2 — 20/u, 20’k - ks = —2 — 2at
20ky - ky = —2 — 2d't, 20 ks - ky = —2 — 2d/5,20'k; - by = —2 — 2d'u

where
S = (kl + k’2)2 = (kg + k4>2, t = (kl + k3)2 — <k2 + k4)27
4 2
U:(k1+k4)2:(k’2+k’3)2, 3—|—t+u:_57 S:—&.

and thus, the factors dependent on y s that appear in the amplitude are as follows:

—1—a't —2—a’u —1—a'u 2—a’s
3 4 |23

—1—a's —2—a't —
|912| |y1 ‘yl Y23 \924\ ]y34]

—1-a't, —2—a'u —1—-ad'u —2—a't —2—a's
=Y Ya (1 —ys) (1 —ya4) (Y3 — ya)
where we set y; = 0 and yo = 1. If we then send y3 — oo, the exponent of y3 is —4—a/(s+t+u),
which vanishes by the on-shell relation. This choice removes all remaining y3-dependent factors,
and the amplitude becomes

i99Cp2 (27)265(26) (Z kj) |Y12Y23Y31 | /dy4 [|3/4’_2_O/u (1- y4)_2_a/t +(t—s)
J

where the indicated replacement implements the interchange of ks and k3. We split the integral
as follows:

0 1 [’
/ dya ya| 7 (L —yg) +/ dyays 7" (1 —ya) 27" +/ dysyy > (1 —yg) 2"
1

o 0

0 1 [e%)
+/ dyy [ya| 27 (1 —yy) 20 +/ dyayy 2" (1 —ya) 270" + / dyayy > (1 —yg) 27"
0 1

We can show using Mobius transformations’ that the first and fifth integrals give I(u,s), the
third and sixth integrals give I(s,t) and the second and fourth integrals give I(¢,u) where I(s,t)
is given as follows:

1
I(S,t) — / dyy72fa 8(1 o y)foat

So, the four-point tachyon function becomes;

9The transformations y — 1 — vy, y — 1/y, and y — y/(y — 1) generate the permutations of the three fixed
points {0,1,00}. Applying y4 — 1/y4 maps (1,00) to (0,1), and y4 — y4/(y4—1) maps (—o0,0) to (0, 1); tracking
the exponents through the Jacobians permutes the Mandelstam labels exactly as stated.
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Sp, (k1. .. ks) = 2ighCp2 (2m)?0529 (Z kj> [I(s,t) 4+ I(t,u) + I(u,s)] (6.5.2)
J
This integral will converge only if —2 —a/s > —1 = o/s < —1. At ¢/s + 1 =0, we can probe
the behavior of this integral by looking at the behavior of the leading term as follows:

I(s,t) = /01 dy [yf%a’s o) <y7170/5>:| _ O/Sl_|_ : + 01/ (os))

so there is a simple pole at s = —1/¢’, the tachyon pole. With the standard small imaginary
part, the principal-value formula for a simple pole is

1 1 1 1
— =P timd (v —z9) = ———— =P +imd (o's + 1)
T — o F i€ T — To a's+1F e a's+1
Using unitarity, we can relate the four-point function to three-point functions (as required by

factorization)) as follows:

&k Sp, (k1, ks, k) Sp, (—k, ks, ka)
Sp, (k1,.. . ke) =1 e NSrEr— 6.5.3
P (b1, ) Z/(27?)26 —k2+1/a+ie ( )
Using Egs. (6.5.1) and (6.5.2), and collecting the terms singular in o’s 4+ 1 from I(s,t) and
I(u, s), one obtains

1
r 2 _
Cp,aigy =1= Cp, = g
The expressions of determinants on different topologies (using renormalization) agree with
the results from unitarity (with the determinant normalization fixed by factorization). Using

unitarity and the definition of the beta function, we write the four-point function as follows:

(6.5.4)

_ % 26 £(26) .
Sp, (ks ka) = ==2(2m) >k
J

X [B (=ao(s), —ao(t)) + B (=ao(s), —ao(u)) B (=ao(t), —ao(u))] (6.5

t
t
~—

where
o e T@r()
ao(x)—1+ax,B(a,b)—/O dyy* " (1—y)"" = I'(a+b)

The Mandelstam variables in terms of center of mass energy E and mass m are easily given
as follows (we take k3, kY negative'?);

0 0
s=E%t= (4m2 — EQ) sin? éu = (4m2 — EQ) cos® 3
where 6 is the angle between particle 1 and particle 3. It means that the Regge limit;

Regge limit: s — oo, t is fixed
just sends the energy to infinity and the hard scattering limit

t 7
Hard scattering limit: s — 0o,t/s is fixed = — — —sin? 3
s

sends energy to infinity at a fixed angle. Using Stirling approximation, (just using the z*
factor from the approximation of I'(z + 1)), we see that in the large s limit, we have;

['(—a/s = 1)T (—ap(t))

B (—ao(s), —ao(t) = ['(—a/s — o/t —2)

S—a%—l

~ —aaizl (—(t))

Sfa%fa%fZ

is is the all-incoming convention: momenta are directed into the diagram, so physical outgoing particles
19This is the all-i i ti t directed into the di hysical outgoi ticl
carry negative energy components, and s = (k1 + k2)%, t = (k1 + k3)?, u = (k1 + k4)? obey s+t +u =), m?
without extra signs.
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= 5T (—ap(t)) = sV (—ap(t)) . (6.5.6)
The Regge behavior follows from Eq. (6.5.6). In the hard-scattering limit, Stirling’s approxi-
mation applied symmetrically to the three beta-function channels gives

0 0. 0

, 6
Spe (ki, ... ky) ~ e @O f() = —sin? §1nsin2 5 cos? élncos 7

11

4.6 Chan—Paton factors and gauge interactions

In 26 dimensions, closed string theory is the unique closed theory.'? Additional endpoint degrees
of freedom for open strings are called Chan—Paton degrees of freedom. A state then becomes

|N, k;ig),i,7=1,..., N
Then, we can define a basis as follows:

N,k a) = [N k,if) Ay
]
where A{; s are hermitian matrices with the following normalization;

Tr (A*A%) = §°°
These Chan—Paton indices are inert under Poincare transformations and do not modify the
worldsheet stress tensor. They are also conserved along a boundary segment between adjacent
vertex insertions, so amplitudes acquire traces of Chan—Paton factors. The construction is
compatible with unitarity because the completeness of the matrices A\* implies'?

Tr (AN*) Tr (BA?) = Tr(AB)
Using the completeness relation for the Chan—Paton generators, normalized so that Tr(\\?) =
5% this identity gives the factorization condition in Eq. (6.5.3). The same trace algebra is the
standard Chan—Paton derivation of nonabelian open-string gauge factors [10,352].

4.6.1 Gauge interactions

Chan-Paton factors turn the massless open-string vector into a nonabelian gauge boson. A
color-ordered tree amplitude has the schematic form

Acpen — gn=2 ZTI()\%(U e A A(p(1), ..., p(n)). (4.8)
P

The trace is forced by endpoint index conservation along the boundary, while the low-energy
limit of the vector amplitude gives Yang-Mills interactions. The first massive corrections are
stringy, but the leading gauge transformation is fixed by Eq. (1.35). [17].

4.6.2 The unoriented string

The unoriented string requires §2 which does the following

" The derivation keeps t/s fixed and uses t ~ —ssin?(0/2), u ~ —s cos?(#/2), with s+t +u fixed by the external
masses. The logarithms from I'(—a’s), T'(—a/t), and I'(—a’u) combine so that the powers of s cancel except for
the exponential shown. This is the Gross-Mende saddle behavior: fixed-angle string scattering is exponentially
softer than field-theory hard scattering.

12 Any closed-string sector contains a massless symmetric tensor state, and consistency of its interactions forces
it to couple universally to energy-momentum, i.e. to be a graviton. Two independent closed-string sectors
would give two massless spin-two states, and no consistent theory of two interacting gravitons with independent
couplings exists. So the closed bosonic string cannot be doubled or replaced, and the freedom found in this
section resides entirely in the open-string (Chan—Paton) sector.

13Completeness of the U(n) generators normalized by Tr(A*A?) = §%° reads >, A§jAR = 6udjk; contracting
with Aj; By, gives Tr(AA*)Tr(BA*) = Tr(AB), which is exactly the factorization of a one-loop trace into two tree
traces required by unitarity.
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Qat ! = (—=1)"a* (Open strings)

Qa0 =a QarQ ! = ot (Closed strings)
) does the following to the states;

QIN, k) = (=1)N|N, k) = (=1)"F"°|N, k) = wy|N, k)
If we include the Chan Paton indices, we get the following;

QIN, k;ij) = wn|N, k; ji)

The interchange of Chan—Paton indices occurs because worldsheet parity interchanges the
string endpoints. Since orientation reversal is a projection on the Hilbert space and must be
compatible with sewing of open-string worldsheets, it must act involutively on physical states:
()2 = 1. This gives the following possibilities:

a/m?>] N A Gauge
Even | Odd | antisymmetric SO(N)
Odd | Even symmetric Traceless sym.+singleton

4 The more general worldsheet parity is given as follows:
Special Case : Q|N, k;ij) = wn|N, k; ji) = wyliy [N, k; 5'i') L

General case : Q,|N, k;ij) = wyviy [N, k; /i) v, v € U(N)
For the generalized parity action, the same projection condition requires ng = 1. Acting twice
on a Chan—Paton state gives

. . . Y -1 Y -1 \!
2N k) = vzl INsk 5" = (7)) INsks 5" (67) )

s

3"
Imposing Q% =1 gives two possibilities, distinguished below by the symmetry of ~:

(7v7) Ty = £l = 4T = £y

Now, to interpret these two possibilities, we get do a U(N) rotation of the Chan Paton factors
as follows:

[N ksif) = Ug' N3 ;') Uy U € U(N)
For the transformed states, we have the following worldhseet parity transformation;

QN k) =y IN: B 59 )

— (V/U—l)jj/ ‘N/k,jlzl> (U’}/_l)

= QUL N ks 1) (UT),) = (YU, Nk ') (U')

= QINkij) = (") 7’U‘1>jjl IN'k; 1) (U107,

= (@) yv) Ik ()0

So, we see that v matrices can be written as follows:

y = (UT)_lfy’U’I = = UTfyU

This transformation can be used to set 7/ = 1, equivalently to bring ~ to the identity by a
unitary congruence when the symmetric projection is chosen. For ' = 1, the equation above

14The wording in the table means the following: when A\ is antisymmetric, the massless vectors form the
adjoint of SO(n); when symmetric, the states at that level fill the symmetric tensor of SO(n), which decomposes
into the traceless symmetric part plus a singlet. For the symplectic projection introduced below, the roles are
exchanged, the adjoint of Sp(n/2) is the symmetric representation, which is why both projections define consistent
unoriented theories.
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constrains only the symmetric part of y. Writing the symmetric and antisymmetric parts as 7,
and 7,, one has

Ul U+ U U =1=U"U-U"U=1=U"U=1, U'U=0
So, if v is symmetric, then we can always solve for 7 and thus, set v/ = 1. It gives the trivial
worldsheet parity. For + being anti symmetric, we can set 7' equal to the following'®;

fy_M_2|:_]k 0:|, n =2k

16

4.7 Closed string tree amplitudes

The closed-string four-tachyon amplitude is obtained from the sphere correlator after fixing three
insertion points by PSL(2,C). Taking the insertions at 0, 1, oo, and z, the remaining integral
has the schematic form

Agesed = Cigag? / [ e (4.9)
C

where Cs2 depends on the normalization of the sphere path integral and of the external tachyon
vertices. Performing the complex beta-function integral gives the Virasoro-Shapiro amplitude

closed 2 F(_ _ aéis> F(_ B af) F(_ B a:lu) 16
= (o2 +tt+u=——. 4.1
Aj Cs29- F(Q O‘f) F(Q Oit) F(2 aéu) , s+t4u ~ (4.10)

The constant Cl2 is not fixed by conformal invariance alone; it is fixed by the chosen normaliza-
tion of the path integral or by matching factorization residues. The amplitude is symmetric in
s,t,u and has an infinite sequence of poles corresponding to on-shell closed-string intermediate
states, one channel of which is drawn in Figure 4.3 [10,17].

e
SL(2,C)
212234
X = —  Z
213224

Figure 4.3: The same four-punctured sphere contains the three degeneration limits of the closed-
string four-point function: z — 0, 2 — 1, and z — co. These limits give the s-, -, and u-channel
poles of one crossing-symmetric integral.

Factorization of tree amplitudes.

The tree-level consistency check is factorization at each physical pole. Near a pole in a chan-
nel with mass My, the amplitude must separate into two lower-point amplitudes joined by a

15 Any nondegenerate antisymmetric matrix can be brought to this canonical block form by a congruence
v — UT~U, this is the antisymmetric analogue of diagonalizing a quadratic form, sometimes called the symplectic
Gram—Schmidt or Darboux construction, and nondegeneracy forces the dimension n = 2k to be even. The factor
of 7 is a phase convention making v unitary.

16The remaining material of the source section, the action of {2, on the Chan-Paton wavefunctions and the
resulting SO(n) and Sp(k) spectra at each mass level, is used and completed in the unoriented one-loop compu-
tation of Chapter 5 and in the type-I construction of Chapter 8, so it is not duplicated here.
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propagator:
1
Z Ar(-- >\IJN)W~AR(\DN,'“)- (4.11)

9N Ethys

2
s—My,

A, ——

The sum is over the physical Hilbert space, not over the full oscillator Fock space. The no-ghost
theorem is used here in a precise way: negative-norm states cannot appear as independent states
in the pole residues [17,28].

Closed strings on D, and RP?.

The disk and the projective plane show how closed strings couple to boundaries and crosscaps.
In the closed-string channel their amplitudes are written as overlaps with a boundary state or a
crosscap state,

Ap, ~ (B|Vy---V,|0), Arpz ~ (C|Vy---V,|0). (4.12)
The boundary state imposes Neumann or Dirichlet gluing conditions on left- and right-moving
oscillators. The crosscap state imposes the analogous gluing condition after worldsheet orienta-
tion reversal. Tadpoles are read from the one-point functions of massless closed-string states on
these surfaces. Their cancellation is the tree-channel form of the one-loop cancellation among
cylinder, Mobius-strip, and Klein-bottle diagrams [10, 352].
General tree-level formula.

For n closed-string tachyons on the sphere, the Koba—Nielsen form is

n $29c Vol PSL(2,C) 14+ 7 ' '
Fixing three insertion points is the practical implementation of the division by the conformal
Killing group. For higher external states, derivative insertions such as 0X* and polarization

tensors are inserted in the same correlator and evaluated by Wick contractions [10,17].

4.7.1 Mobius invariance

Mobius invariance is the explicit form of conformal gauge independence on the sphere. Under
az+b
cz+d

Z ad — be =1, (4.14)

a primary operator transforms as

V(z,Z) — <g—j)h <g—§)hwz’,z’). (4.15)

Integrated closed-string vertices are invariant only for A = h = 1, which is why the mass-shell
and transversality conditions are already encoded in conformal invariance. [17].

4.7.2 Path integrals and matrix elements

The path-integral amplitude and the operator matrix element are two languages for the same
punctured surface. Cutting the sphere around an insertion produces a state, and sewing two
cuts inserts a complete set:

e = > 1W)(0]. (4.16)
WEH phys
Factorization follows from the degeneration of moduli space. A long cylinder carries a physical
intermediate state, so the path-integral derivation and the operator proof of unitarity give the
same pole structure. [17].

4.7.3 Operator calculations

Operator calculations reproduce the same amplitudes by radial ordering and OPEs. The basic

contraction
!

XH*(z,2) X" (w,w) ~ —%n‘“’ln\z—wF (4.17)
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immediately gives the Koba-Nielsen factor in Eq. (4.13). Derivative insertions, such as 0.X*,
are then handled by Wick contraction with the exponentials. Therefore the long path-integral
expression collapses into a practical vertex-operator calculus. [17].

BPZ inner product in operator calculations.

The inner product used in the operator derivation is the BPZ pairing of radial quantization.
If O4 creates |A) at the origin, the dual state is obtained by the conformal inversion I(z) = 1/z:

(A|B) = ((1 2 04) (0) Op(0)). (4.18)
This formula is used when a degenerating surface is cut into two pieces and a complete set

of states is inserted along the cut. The ghost number of the BPZ pairing determines which
combinations of matter and ghost operators give nonzero amplitudes [10,17].

4.8 Feynman diagrams, worldsheets, and the tree-level
picture

The tree amplitudes computed in this chapter have a simple geometric lesson behind them.
In ordinary quantum field theory a Feynman diagram is a graph: it has one-dimensional lines
and special points where the lines meet. In string theory the graph is replaced by a smooth
two-dimensional surface. This replacement is not only a change of drawing. It changes how
interactions, ultraviolet limits, and intermediate states are encoded.

Let us first recall the field-theory side. A scalar propagator can be written with a Schwinger
proper time,

1 o0

For a fixed Feynman graph, one assigns such a parameter ¢; to every internal line. The graph
may then be viewed as a singular one-dimensional geometry: the internal edges have lengths
t;, and the interaction vertices are the singular points at which the edges are glued. Up to
reparametrizations along each edge, the lengths ¢; are the invariant metric of the graph.

Momentum conservation at a vertex can also be written geometrically. For example,

/dda: exp (Z Zpi : a:) = (2m)%6@ (Z pz-) : (4.20)

so a vertex position z enforces the statement that the momenta flowing into that point add to
zero. In this language a Feynman graph carries two kinds of input, a one-dimensional metric on
the graph, reduced to the proper times ¢;, and a map X from the graph into spacetime.

The position-space propagator makes this picture even clearer:

G(z,y) = /000 dt/% explip- (z —y) — t(p* + m?)] . (4.21)

At fixed ¢, this is the kernel for a particle to travel from y to x in proper time t. Equivalently,

Glay:t) = / M DX () exp {_ /0 v <X2+m2)]. (4.22)

X(0)=y
Thus ordinary perturbation theory already has a worldline interpretation: it integrates over
maps from a one-dimensional object into spacetime, together with the metric lengths of that
object.
The two ends of the Schwinger integral have different meanings. The large-t region gives the
physical pole of the propagator,
/ T U (4.23)
A p* +m?
This region must remain, because it is the long-distance propagation of an intermediate particle.
The small-t region is different. It is the short-distance region of the graph and is the source of
ultraviolet singularities in local quantum field theory. A hard lower cutoff on ¢ would remove
that region, but it would also interfere with the locality structure of the theory.
String theory keeps the long-distance factorization region but changes the short-distance one.
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Instead of integrating over singular one-dimensional graphs, it integrates over smooth two-
dimensional worldsheets. The analog of the field-theory input is now

metric on ¥ and X : ¥ — M, (4.24)

where 3 is the worldsheet and M is target spacetime. The one-dimensional original of this object
is the einbein form of the point-particle action,

1 oo
Spp = §/d7' (e’lX“Xu - emz) , (4.25)

in which the worldline metric e(7) trades the awkward square root of [ drm+/ — X2 for a poly-
nomial action that, unlike the square-root form, still makes sense for m = 0. Varying e gives
e? = —X?/m?, and substituting it back recovers the square-root action, so the two forms agree
on shell; in this language a point particle is a worldline coupled to one-dimensional gravity, with
e the analogue of vh. The Polyakov action is the two-dimensional version of this worldline
action:

Lalh, X] = L[ e hP0, X105 X7 G15(X). (4.26)
)

4o

The important new point is Weyl invariance. A two-dimensional metric has three local compo-
nents, while diffeomorphisms remove only two local functions. The Weyl equivalence

haﬁ ~ QQW(U)haﬁ (4.27)
removes the remaining local scale. After quotienting by diffeomorphisms and Weyl transforma-
tions, the metric integral is reduced to a finite-dimensional integral over moduli. These moduli
play the role that Schwinger parameters play in field theory, but now they are moduli of Riemann
surfaces.

This is why the tree-level amplitudes above have no separate choice of interaction vertex. A
field-theory graph has special vertices where particles meet. A string worldsheet is smooth there.
One may draw a pair of pants and call it a splitting interaction, but a different worldsheet time
slicing changes where that splitting appears to happen. The interaction is not an extra local
rule inserted at a point. It is part of the topology of the surface.

At one loop this same geometry explains the ultraviolet improvement most sharply. The field-
theory loop integrates over the whole proper-time range 0 < ¢t < co. The endpoint ¢ — 0 is the
ultraviolet region. For the closed string, the analogous surface is a torus. A rectangular torus
with sides s and s’ may be interpreted either as a string of circumference s propagating for time
s', or as a string of circumference s’ propagating for time s. Modular invariance identifies these

two descriptions. In the simplified rectangular picture, the ratio

s
need not be integrated over both t < 1 and ¢ > 1, because the two regions are equivalent.
The fundamental region keeps the long-tube limits, which are infrared and give factorization on
physical states, but removes an independent short-proper-time ultraviolet boundary.

The same idea is already visible in the tree amplitudes of this chapter. The Veneziano ampli-
tude is a single worldsheet integral, yet its degeneration limits reproduce the different field-theory
channels. What field theory draws as several diagrams is encoded in string theory by different
boundary regions of one moduli space. The poles are still present because long tubes represent
physical intermediate strings. What is absent is a separate local short-distance vertex where
arbitrary ultraviolet behavior can be inserted.

Finally, this geometric reformulation also explains why gravity is unavoidable. Varying the
target-space metric changes the worldsheet action by

6 = / d*o Vh hP9, X195 X76G 1 ;(X). (4.29)
b

Ao
The integrand is a worldsheet vertex operator. By the state—operator correspondence, such an
insertion corresponds to an external string state. Therefore a fluctuation of the spacetime metric
is one of the string states: the graviton is not added by hand, but appears in the spectrum of the
closed string. This completes the geometric message of the tree-level calculation: smooth world-
sheets replace singular Feynman graphs, moduli replace Schwinger parameters, degeneration
replaces factorization channels, and the spacetime metric itself becomes a string field.



Chapter 5

One-loop amplitudes, modular
invariance, and tadpoles

One-loop amplitudes provide the first quantum consistency tests of string theory, and this chapter
carries them out. The surfaces of Euler number zero, torus, cylinder, Mobius strip, Klein bottle, each
contribute a vacuum amplitude, and each answers a different question. On the torus, the modular
group SL(2,7) is a residual gauge symmetry, so the modulus must be integrated over a fundamental
domain; the region responsible for ultraviolet divergences in field theory is absent, and finiteness
follows from gauge invariance. We develop the theta-function technology needed to make this explicit
and verify modular invariance of the full partition function. The open and unoriented surfaces can
be described two ways, as an open-string loop or a closed-string exchange between boundary and
crosscap states, and their residual divergence is infrared: a massless tadpole, or equivalently a one-
point function of the massless closed-string fields, showing that flat space with the wrong gauge
group does not solve the equations of motion. Summing cylinder, Mobius strip, and Klein bottle,
the tadpole cancels precisely for the Chan—Paton group SO(8192); this is the first example in which
a worldsheet consistency condition selects a gauge group, and it prepares the SO(32) computation
for the superstring [10,352].

5.1 Riemann surfaces

The Euler number for genus g surfaces with b boundaries and ¢ crosscaps is as follows:

X=2—29g—b—c
If we want y = 0, then the following possibilities occur;

Surface CKVs
Torus 2
Cylinder 1
Mobius Strip 1
Klein bottle 1

O O O e
O =N OIS
N = OO0

where we also mentioned the number of CKVs.!

5.1.1 The torus

The torus is the oriented closed-string one-loop surface, shown together with the other one-
loop surfaces in Figure 5.1. Its modulus is 7 in the upper half-plane, with the modular group

1For a genus-g closed oriented surface the conformal Killing vectors are holomorphic vector fields: there are
three complex generators on the sphere, one complex translation on the torus, and none for g > 2. Boundaries
and crosscaps impose reality or involution conditions on the doubled surface; the disk retains the three real
generators of PSL(2,R), while the cylinder, Mdbius strip, and Klein bottle retain one real translation. These
are precisely the zero modes that must be divided out or fixed in the one-loop measures.

62
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Fig. 3
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Figure 5.1: The open and unoriented one-loop surfaces, from edge identifications and from cut-
and-glue pictures. (a) The annulus has two boundaries, the Mébius strip has one boundary and
one crosscap, and the Klein bottle has two crosscaps. (b) Disks cap boundaries and Mobius
strips generate crosscaps, so different decompositions can describe the same closed unoriented
surface.

identifying equivalent descriptions:

at + b a b
cr+d’ d

The vacuum amplitude is therefore an integral over the fundamental domain, instead of whole
upper half-plane. Modular invariance is the invariance of the gauge-fixed one-loop path integral
under large diffeomorphisms of the torus, and the resulting fundamental domain is shown in
Figure 5.2. [10].

~Y

) € SL(2,7). (5.1)

Figure 5.2: The moduli space of the torus is the fundamental domain of SL(2,7Z) (shaded,
[Ret| < %, |7] > 1), whose images tessellate the upper-half 7-plane. The one-loop vacuum
amplitude is integrated over this single domain, and the images accumulate on the real axis,
which is the region kept out of the string integral that would otherwise produce the field-theory
ultraviolet divergence.
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5.1.2 The cylinder

The cylinder can be described in two equivalent ways, as an open-string one-loop trace or a
closed-string tree exchange. The modular parameter transformation ¢ — 1/t gives the equality
already emphasized in Eq. (1.1). Physically, this means that a UV region in the open-string
channel is an IR exchange of closed-string states:

1

Tr’HOpen 6—27rt(L0—a) <B|e—7r£(Lo+Zo—2a) |B>, ¢ = (5.2>

It provides a direct diagnostic for tadpoles and D-brane tensions. [10,40].

5.1.3 The Klein bottle

The Klein bottle is the unoriented closed-string one-loop surface. In the operator trace it inserts
worldsheet parity:
1

< dt 7
IC - _/ - TrHclosed (Q 6_27rt(L0+L0_2a)> : (53)
2 )y t

After a channel transformation it becomes closed-string exchange between crosscaps. Therefore
the Klein bottle must be discussed together with RP?: both encode the same orientifold and
crosscap structure at different orders in perturbation theory. [10].

5.2 CFT on the torus

Putting a CEF'T on the torus converts its entire spectrum into a single function. With modulus
T = T1+i72, propagation around the time cycle inserts e2™ P22 H ‘where P = Ly— L, generates
the spatial translation and H = Lo + Ly — (¢ + ¢)/24 contains the Casimir shift from mapping
the cylinder to the plane. The trace over the Hilbert space is therefore

Z(r,7) =Tr qLO—c/24 qio—a/24’ q= 627‘(7;’7" (5.4)

and every statement of this section is a statement about this trace: the scalar contributes
(/72|n*)~"! per dimension, the ghosts contribute through their zero-mode-saturated trace, and
modular invariance of the combination is the nontrivial requirement. Two consequences derived
below deserve emphasis, because they constrain all CFTs and not just the string: invariance
under 7 — 7+ 1 forces h — h € Z sector by sector and c+¢ € 247 for the vacuum, and invariance
under 7 — —1/7 ties the high-temperature density of states to the central charge, the germ of
Cardy’s formula used for black-hole entropy in Chapter 13 [10,359].

5.2.1 Scalar correlators

The differential equation in (6.2.2) can be written as follows:

l/VQG (0,0") = =27(g(c0))"Y26@ (0 — &) + 27 (X,)?

!
Now, we know that;
X = d? =
0 ( / U\/‘(—J) Area
2T

1

—V2G (0,0") = =2 1253 (g — o

—V2G (0,0') = ~2m(g(0)) 6?0 — o) +
We now write this equation in terms of w,w coordinates. We see that;

So, we get the following

w=o0'+ioc’w=0"—ioc’ =0, =0+0,0,=i(0—0) = V? = 0] + 03 = 400
Moreover, we see that;
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/d%— 5o — o) = % /d% 5o — o) = /d2w 5w — w'),

S S(w—u) = %5(0 —o), 8o —0') = 26(w — u).

Lastly, the metric on the torus covering space ( w,w) is flat. Using these results, we get;

2
—00G 0w, @) = —2m6@ (w — w’
o (w,w,w, W) 70 (w—w') + Aron
In the covering space the torus has length 27 and height 277, and hence area 4727,. Therefore

1

477

2 _
~00G (w, , w',@w') = =210 (w — w') +

The corresponding scalar Green function is

w—w
)
1( 2 4Ty

After the self-contractions are removed by normal ordering, the torus expectation value is

- e X (2 5 , ; Im w;;)*
<£Il - ki X (z0,7) :>T2 = @C )(2m d5d (Zk‘ ) XH 5 191 O ’ - (wj> exp [——( IZ;;;) ]

/

/
G (w,w',w,w") = —% In

(Im (w — w'))* + k (1, 7)

7- ‘

O/k’i.kj

5.2.2 The scalar partition function

We now compute the partition function as follows:

1
Z(1) = Tr [exp (2min P — 2noH)] where P = Lo — Lo, H = Lo+ Lo — ﬁ(c +¢)
= Tr (627ri(7'1+i7'2)Loe*2ﬂ'i(7-171'-,-2)&)> 627”-2%

(c40) 2miT = —27iT

=Tr (qLoq%) (qq)” 38 where g =™, g =¢

Now, for bosonic string, the ¢ and ¢ can be the number of dimensions d and thus, we get;

Z(r) =T (g"g™ ) (qq)
To calculate this trace, we need arbitrary states in the theory. They are labelled by the

occupation numbers of the modes o, and &, which we will call N, and N,un- The levels of
the state thus then become;

N = Zn ;m,N Zn

For these plane modes, the zero- mode constant is absent from L, and one has

O/k2 /k2 mita'k? n
Ly = 1 + N E nN 0 — ¢ k/2lquM
N, un
- dk o dk? - I —— ;
o o ~ _ —miTd'k® )2 —nNun
Lo = 1 + N = 1 2 Npm=q°=ce !mlq '

Lo=Lo _ mi&' k2 (1—7)/2 nNun =nNun _  —mwa' k2 NN =nNn
:> q q = e )/ q F q K = e q I q I

pun pun
The expressions of ¢ and g° above in terms of the occupation numbers are meant between
states with definite occupation numbers, i.e. eigenstates of the occupation-number operators.
This is exactly the situation in the trace, so these expressions may be used there. To take
the trace, we sum over all possible occupancy numbers and integrate over the center-of-mass
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momentum. To keep the integration measure dimensionless, we multiply the d%k measure with
the spacetime volume V. So, we get;

LLap— R
20 = Vatag) " [ e [T S e

(27 T Ny Ny =0

Now, we derive the following results;

= 1
DN =l = :
N=0 q

- nNn—nNn_ = 1 1
SIS e ()

M Ny Ny =0
d
(H [1—q" |2) '

1
= (40" =7
|n(7)[>¢
Moreover,
d d—1 ) ;
/ d’k e*ﬂ'alszQ _ H / ﬂe—(wa’m)kf
(2 LI\ on
7=0

In the above integrals, j = 0 integral is a problem because k32 is negative. For this, we do the
Wick rotation k% — ik? and thus, &% integral will give a factor of i. So, we get;

/ ck e ﬁ 1 , ( 1 )d
(& =1 —_— =] [—
(2m)d ey VATa! T VAT Ty

So, the partition function becomes;

20) = Wa(Zx(@)' . Zx() = S

For one free scalar on the torus, the oscillator determinant and zero mode give

1 C n TLT
NG ) =g¢[Ja-¢"), g=e"". (5.5)
-1/2

The factor |n|~2 counts left- and right-moving oscillators, while 7, '~ comes from integrating the
non-compact zero mode. This form also explains why modular transformations work, since the
eta-function has a modular weight and the zero-mode factor supplies the compensating power.
In compactification this zero-mode piece is replaced by a momentum-winding lattice sum, so the
scalar partition function is the prototype for the Narain partition function. [10].

Zx(T,T’)

The single factor 7, Y ?|n)~% is the Euclidean harmonic-oscillator determinant repeated mode
by mode. For one oscillator the kernel over Euclidean time S requires

det (—07 +w*) = [ [ (47;2”2 +w2) (5.6)
n=1

over periodic fluctuations. The product diverges, and the standard treatment splits it as
[1,(47*n?/52) - T1,, (1 + f*w?/47*n?), whose second factor converges to sinh(Sw/2)/(Bw/2) by
Euler’s product for sinh, while the first is regularized with ((0) = —% and (’(0) = —% log 27, leav-

ing Z(B) = [2sinh(Bw/2)] = =Y oo e P2 Dgo the regularization keeps the full oscillator
spectrum, zero-point energy 1ncluded Each worldsheet oscillator contributes such a factor, the
q~“/** prefactor of the n-function is the zeta-regularized zero-point sum Y. n — ((—1) = —%,
and modular invariance is the statement that the regularization was done the same way in every

sector [8,10].
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5.2.3 The bc CFT

For the be ghost system with b having the weight of 2, the Ly mode (as derived in chapter 2),
is given as follows:

—in:bncn:— ch,b —|—an nCn—l_Zn —nCn = Cnbp) — 1

n=—oo

Moreover, recall that we have the followmg antl—commutatlon relatlon,

{bn7 Cm} = Om+n,0
We can see that Ly + 1 is nothing but the number operator (or the level N operator). We
verify it as follows:

Z n(b_ncn — c_pbp) b_n]0) = Z nb_,cnb_,|0) = mb_,,|0)

n=1

Zn (b_pen — c_nby) c_n]0) = ch_ bnC_m|0) = mc_,,|0)

n=1
Each term in Lo+ 1 gives the level generated by a different ghost field. Denote the occupancy
numbers of b_,, and c_,, by B,, and C,,, respectively; each can only be 0 or 1 because of
anticommutativity.

¢ [{Bn} AC}) = ¢"P g™ [{ B} {Cn})
So, we see that sandwiching between states of definite B,,, and C,, quantum numbers will give
us factors like

qum—i-nCn—l and q

Now, summing over all states, we get;

~ o0 1 ~ oo 1 ~
Tr ( g qLO) = (¢§)"} H Z ¢ B B H Z §"Cm gnCm

m=1pB,_ B, =0 m=0 ¢, =0

=@ ' [Ja+ama+a) [Ja+amQ+a" —4H!1+qm!

—mBy,+nCn—1

m=1 m=0

For ¢, the product starts at m = 0 because ¢ is a creation operator Whereas by is not. For
the bc ghost system, ¢ = ¢ = —26, and hence the partition function becomes
_ _\— md m4
Z(r) =4(q0)"*" (g [T 11+ ¢ = 4q@)""* T 11+ g™
m=1 m=1

We see that if we had calculated

(qq)~ /4 Ty [(‘UFQLOC] }

then due to the ¢y zero modes, we will get a factor of

(1-4) (1- ) 0

and thus, this quantity vanishes. The zero-mode and Grassmann-trace reason is given im-
mediately below. Since the torus has one metric modulus and one complex CKV, the torus
expectation value contains one b insertion and one c insertion. The simplest ghost correlation
function is therefore

Reason: the physical ghost functional integral is a Grassmann trace, so it contains the statistics
sign (—1)F. Without insertions, the cg, ¢ zero modes are unsaturated and the trace vanishes,
exactly as the factor (1 — ¢°)(1 — @°) indicates. In an amplitude the zero modes are not left

unsaturated: the torus has one complex conformal Killing vector and one complex modulus, so
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the required insertions are one ¢¢ and one bb. Equivalently,
Tr[(—l)Fbogocoéo qLOQEO] # 0, TY[(‘UFQLOCYEO} = 0. (5.7)

The anticommutativity is essential: a Grassmann zero-mode integral is nonzero only for the
coefficient of the product of all zero modes. [10].

(e (wn)b(ws)é (ws)b (wy))
Only the zero-mode part contributes. It projects onto states with occupancy numbers Cy =
Co = 1, equivalently the state [11). Hence

[e.9]

Tr ((~1)" cobocoboa™ ™ ) = (aa)"™* [T (1 = 4™) (1 = ¢") ﬁ (1—¢™) (1 —q") = ()" ﬁ - g

m=1 m=1

5.2.4 General CFTs

For a general CF'T, the eigenvalue of L is the conformal weight. The general partition function
is therefore

Z(T) _ thi_c/24qﬁi_5/24<_1)Fi

Now, let 7 = il and then, we have;

) = 30 - rlbiteroryye
Now, we have; Z

ToT+1l=d—-id+1=>1—-1—1
and thus, this transformation gives the following phase in the partition function;

exp [2mi (h; + h; — (c+¢)/24) ]
It shows that to retain modular invariance, we should have;
hi + hi — % e Zvi
However, for the unity operator, we have h; = h; = 0 and thus, ¢ + ¢ should be a multiple of

24 .

For the argument that follows, we assume that all the conformal weights are non-negative (i.e.
the CFT is unitary). Now, if [ — 0, then the exponential in the partition function becomes
unity and the partition function is determined by the density of states. Now, usually density of
states increases with increasing weight (this is an underlying assumption for this argument) and
thus, the partition function is dominated by the density of states for high h;. Now, we also have
the following constraint;

Thus, we have;

Z(il) = Z (%) = ;eXp [—277 (hi + hi — (c+é)/24)] (—1)F

Now, if I — 0, then the exponential in Z(i/l) is dominated by lowest h; + h; which is 0 for the

unity operator. So, we have;
. i m(c+¢)
limZ (-]~ —_—
=0 (z) P { 121 }

So, we can say that;
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S

lim Z(il) ~ exp 131

1—0

5.2.5 Theta Functions

The definition of theta function is as follows:

Iy, 1) = Z exp (min’t + 2miny)
We can readily derive the following;
drv+1,7)= Z exp (min’t + 2winy + 2min)
= Z exp (min’t + 2winv) = ¥(v, 7).
Moreover, we can derive the followiflé;
Y v+71,7)= Z exp (min’t + 2winy + 2mwinT)
= Z exp (mi(n® + 2n)T + 2minv)
= g T 2wy Z exp (m’mQT + 2m’mu)
m=—00
= e T (y, 1), m=n+ 1.

The transformation under modular transformations is as follows:

v, 7+ 1) = Z exp (min®t + min® + 2miny)

(the proof follows from the two modular generators). The other modular transformation is as

follows:
1 in? 271 2
I <z) __> — E exp (_mn -+ 7TZ7’LV) =\ —IiT exp |:i7TT (k + K) :|
T T - T T T

. ) . 2
=V —iT exp (MV ) Zexp [iﬂ'Tk‘Q + 27ri1/k:} =/ —iT exp (&) v, T)
T
k

-
where we used the Poisson resummation formula. The zero of 9 is as follows:

0 <1/ = T;Ll,T> = Zexp (7Ti7' (n2 +n) —l—m’n) = Z exp (m'T (n2 +n)) - Z exp (m'T (n2 —i—n))

n even n odd

o0 [e.9]

= Z exp (it (4n* 4 2n)) — Z exp (mit ((2n —1)> +2n — 1))
= Z exp (27TZ'T (2n2 + n)) — Z exp (27riT (2n2 — n)) =2i Z exp (47ri7n2) sin(2mitn) =0

The infinite product representation is easily derived using Jacobi triple product identity;



70 5. ONE-LOOP AMPLITUDES, MODULAR INVARIANCE, AND TADPOLES

[Ta=am (@+gm22) L+ qm 2 =) g2 (7.2.1)
m=1 nez
Setting ¢ = €™ and z = €™ the right hand side of 7.2.1 becomes (v, 7). Using the
characteristics definition of theta functions;
v [ Z } (v,7) = Z exp (mi(n + a)*t + 2mi(n + a)(v + b))

This gives the following theta functions in the notation used below:

9 [ 8 } (v,7) = Voo(v, 7) = (v | 7) = S

9 [ 1(/’2 } (1,7) = Vo1 (1, 7) = Dav | 7) = ; exp (m% + 2min (: 4 %)) — ;(—1)%"2/22"
9 [ 12 1 (1,7) = Dro(, 7) = Da(v | 7) %exp (m (n+ ;) -+ 2mi <n+ %) V>

= 3 ga(mra) s = 37 () o
nez
where in the last step, we shifted the index from n to n — 1. Lastly, we have

(1] ):Mm:_Wm:%exp<m(n+;)2+2m(n+3)(Hg))

_ Zq2 )yt er(nts) = iy (-1 g2 (n+3) nts — _@'Z(_l)nq%("*%)zn—l

neL neL

where we again shifted the index. Now, we derive the modular transformations of these theta
functions as follows:

V ’ r+1 an /2 min? S — an /2 i, Z(_l)n n?/2_n

g Ut =0 (v | T)
nez nez nez

where we used the fact that n? is odd iff n is odd and n? is even iff n is even and thus, we
have e™n® = emin, Continuing, we have;

04(V’T+1):Z< 1)nn/27rznz_z nn/?wmn an/2n

vs(v | 1)
nez nel nel
I/ ‘ T4 1 ZqQ % em n—f P 1/2 Zq2 % em n —n)+7rz/4 n—1/2
nel neZ
. 2 3
_ ewz/4zq%(nf%) Zn—1/2 _ 6m/4192(]/ | 7_)

neL

R s D e e e D ) e e S e
nez

_ ieﬂl/4 Z(_l)nq%<n—%) anl/Q _ 67”/4191(1/ ’ 7_)
nez
The S transformations are done as follows:

v 1 L, A
9 _) I e~ TN JT2minv /T
(3-7) -2
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N 2
= —iT Zexp [—z’m- <k + —) }
nez T
_ \/__Z'7_e’i7l‘1/2/7' Z qk2/2zk
keZ
= V=ire™ I TY4(v | T)
where we used the Poisson resummation formula. The other theta functions transform by the

same calculation, with the characteristics shifted by the S and T actions on the two torus cycles.
The Jacobi identity of the theta functions is as follows:

930 | 7) =930 | 7) + 050 | 7) (7.2.2)

This identity follows from the product representations below: the ratio 93/(J5 + 93) is an

elliptic function without poles and with value 1 at the cusp. From the product representation,
it can also be seen that 91(0 | 7) = 0 as follows:

V(v | 1) xsin(mr) = 010 |7) =0 (7.2.3)
We again used the fact that n? — n is always even (i.e. for all n € Z). The modular transfor-
mation of the eta function is calculated now. We have the following;

[e.9] o0

T](T) — q1/24 H (1 ) = 7](7—+ 1) _ q1/24 /12 H (1 . qn€27rin) _ 671'2'/1277(7_)

n=1 n=1
To derive the S transformation, we first do another calculation. We will need the product

representations of the theta functions; these follow from the Jacobi triple product applied to the
series definitions in (7.2.1). We proceed as follows:

9500 | 70400 | )00 | 1) _ 27 IEL (= () (L= g ) (1 d)

7 (7) N AT (1= )’
U3(0 | 7)04(0 | 7)92(0 | 7 ~
j\/3<|>;<7(|) 201D 1+ qm) (1= )
n=1

Now, we derive an identity to proceed;

(1 o q2m—1) (1 o q2m) -1 q2m o q2m—1 + q4m—1 -1 (eQWi(Qm))T o (62(2m—1)7ri)T + (62(4m—1)7ri)7—

o 1 — g™
=1-(1) = (-1)"+(-1)"=1-(1)" =1~ (62”“") =l—-q¢"=>1-—¢"1= - ;2m
So, we get the following;
I3(0 | 7040 | T)92(0 | 7) 1o — g™ 1— g
2i°(7) THI —¢2m nHl 1—gm
Thus, we readily have the following;
sV v 9
77(7)—\/ 3(0]7) 4(02|T) 2(0 ] 7)
L (=ir)3/2 N
. (_1) _ \/( iT)20,(0 | T>2194(o [1)92(0]7) _ \/_—Z,T\/ﬁs(o | 7)194(02| D017 _
-

This implies the following;

1(-3) = Vi = ok = o (1)

7| T

2

We also note that;
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1 1
U V2 = VA

Z . S = o = - Y=
T1 _I_ 179 T - - + /iTQ |T|2 _|_ ’ ‘2 T2 ’7_‘ T2 | ’
(7.2.4)

where 7} is the transformed 7. It means that /75|n(7)|? is a modular invariant quantity (note
that in T transformation, 7, is invariant).

5.3 The torus amplitude

Since the torus metric is invariant under the transformation

0" — —0"=>w— —w,w— —w
The torus has a symmetry group of Zs and thus, we will have a factor of 2 in the denominator
of the moduli integration. Only one CKV is there for the torus and therefore, we insert one
c¢ insertion. Because of one complex modulus, we have one BB insertion where B is given as
follows:

1 1
B=—(b0,9) = — / A2 Wby Or Gy = 2Ty (0)
47 41

The last equality follows by evaluating the Beltrami differential for the torus modulus in the
flat coordinate and using translation invariance to place the resulting b,,,, insertion at the origin.
The torus amplitude becomes

S(1,...,n)rz = %/deT’ <BBC€V (wy, 1) H / dw;dw; V; (w;, wz)>
i=2
= 27T2/drd7_' <b( 0)b(0)ceV (wy, Wy H/dwldwv (wz,wz)>
T2

The position w; can be averaged over the torus because translation invariance leaves the
correlator independent of the chosen origin; the corresponding ghost zero mode is still saturated
by the c¢ insertion. Thus

/ drido: c(wy) ¢ (wy) YV (wy,wy) = / e c(wy) ¢ (wy) V (wy, 1)

T2

Area of torus 2 Area of torus

= ¢(0)¢(0) / %V (wy, 1)

So, torus amplitude becomes;

Sr2(1,...,n) :/d;-:l;— <b( H/dwzdwl wl,wz)>
T2

We first calculate the amplitude without any vertex operators and include the matter partition
function for 26 dimensions, we get;

Zro = / T (0)b(0)e(0)2(0)) Vs (Zx)7° = iVag / dld%

—13 4—-2x26
o In()

4 /
- (4ma' 1)

) drdr ;o B
= iVan [ T (gl ()|
T2

For a general CFT, we can write down the partition function similarly by integrating over the
COM momentum (with d non-compact dimensions and where d > 2 so that ghosts can remove
the oscillators corresponding to these directions) as follows:
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drdr ddk: 2 drdr _
7 — V —nmro’k —hi— — V/ 4 / d/2 h;i—1-h;—1
T2 d/FO ir / Zq tVa o AT (4ma'T) Zq q

1€H |
(7.3.1)
This is the same structure as the torus partition function. The momenta appear in the inte-
grand because H; does not include non-compact momenta, ghosts, or the two directions p = 0, 1
removed by the constraints. The corresponding field-theory result for particle paths with circle
topology is

dk dl _(p2ime dk dl 2 2
7 2\ _ o~ (K2m2)i/2 _ / / —k21/2 1/2
s (m7) = Va / (2m)¢ /0 20" il emd ), at o

. *dl dkj —k21/2 I -m2l/2 _ / dl d/2 ,—m?1/2
- _ —LeF m 2 "
sz/O 5] (/ 5 € e iVy 2l( ml)~ e

where the factor of i comes from Wick rotating k° — ik° so that the &° integral converges.
The variables k; are Euclidean integration variables, while £# denote the non-compact spacetime
momenta.” Summing this partition function over the string mass spectrum gives

2 - 2 [ _
m? = S(h+h=2)= T = —(h+h—2)
« Q
Notice that the formula this time has h instead of the oscillator level N.* However, we also
have the level matching condition i.e. h = h. We can impose this condition as follows:

| et =~ By =
.27 ’

The last step makes sense only if h — h is an integer but we saw before that due to modular
invariance, this is the case and thus, there is no problem in the last step. So, we get;

<dl [T do 3 ' (b
2 s —d/2 -1 hl+hl—2 /O{ —+17 hz—hz 0
E Zg (m}) = Wd/o 2 /7r —27T(27rl) g e ) (hi=hi)

1€EH | i€H |
Now we change the variables. The new variables are as follows:

0 il 0 il . ,
—_ — T = — — — T = — — T . 2
T o 27ro/’T 5 " e =0=n(t+7), I i(T — T)ma (7.3.2)

The real and imaginary parts of 7 lie in the ranges

1 1
R:— <<=, 0<m<x

We have called this region R. The Jacobian is calculated as follows:
00/0r 00/0T
ol/or 9ol)oT

Moreover, we can also see that [ = 2wa/7,. Lastly, we see that;

dodl = ’ ' drd7 = 272/ drd7

i(h + h; —2) +i(hi — ;)0

Q

i(t — T)ma! - -

(hi + h; —2) +im(T + 7)(h; — hy)

Oé,

= 2mi(h; — 1)1 — 2mi(h; — 1)7,

2The formula is the Schwinger proper-time representation of a one-loop vacuum graph. The factor di/(2l) is
the residual translation volume of the circular worldline, and the Gaussian momentum integral gives (27rl)’d/ 2,
The string torus formula replaces the single particle mass m? by the complete tower of worldsheet states and
then imposes level matching.

3For a general CFT, h is the eigenvalue of Ly after all oscillator, momentum, winding, and internal contri-
butions have been included. In a free oscillator theory h reduces to the level plus the appropriate zero-mode
contribution and intercept. Therefore replacing N by h is not a change of principle; it is the CFT-invariant way
to write the same mass formula.
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and hence _ _
—l(h +hi—2)/a'+i(h;—h;)0 _ 627m(h-—1)7'—27ri(h1-—1)7" _ qhi—lth—l
In these new variables, one obtains
§ Zgi (m) =iV / drdr (47r20/72)‘d/ ? § g gt (7.3.3)
R 4’7’2 o

i€H | 1€EH |
The only difference between this partition function and the actual string partition function is
the domain of 7 integration. To study divergences, first note that
1

< dl 2
Z&(”"Q)N/O [ = g ||,
The divergence comes from the endpoint [ = 0. Summing over the string spectrum gives a
sum of divergent terms, since all terms in Eq. (7.3.3) have the same sign. From Eq. (7.3.2),1 =0
means 7 = T, so T lies on the real axis. This axis is absent from Fj, and therefore the ultraviolet
divergent region is absent.
It remains to examine the 7 — oo region of Eq. (7.3.1). Use the variables

o0

=00 (d>2)

T=T +1iTy, T=T7 —iTy = d7dT = 2d7mdm
We also do the following manipulation;
qhiflqﬁifl — 627ri(hi_ili>7'1e_QW(hi'f‘ﬁi_Q)TQ
Now, using these variables, we can write 7.3.1 for d = 26 as follows:

_ drdr _ pilh iV —2m btV > dn —an(
ZV%/ 21 2 (47ro/72) 13 Z o2 (hi—hi) 12 (hithi—2)Ts :ZV%/ o 47ra72 Z o4

T T
2 ’L’EHL T2lower 2 'LEHL

where the 7 integration just ensures that h; = h;. Now, we can sum over different h; (which
is just level i.e. N). For h; = 0, we have only one state i.e. the tachyon. For h; = 1, we have
242 states because the h; state contains the following creation operators on the vacuum;

ol @y, i je{l,...,24}
So, the expansion of 7.3.1 is as follows:

< d
iV / 2:2 (4ma’m) ™" (€7 + (24)2 + )
T2lower 2

The first tachyon term diverges. Using the fact that;

2 _ 4
= = (bt b= 2) = (b= 1) = 4 = 1) = a'ni

(2

(where the level matching condition is used i.e. h; = h;) we can write down the partition
function in the form above for d # 26 as well. It is as follows:

< d _
iVy /72 2—72 (4mal'ry) Z exp (—ma'm;m)

T
2 1€EH |

lower

5.3.1 Physics of the vacuum amplitude

Since Zg, (m?) is the vacuum partition function for a path of circle topology, the total vac-
uum amplitude sums over any number of disconnected such paths, with identical configurations
counted once. Thus

Zuse (m2) =14 Zss (m) + 1 (Zon ()" + ... = exp [ Zon (m?)]

where 1/n! avoids overcounting identical components. The vacuum amplitude also has the
representation

Zne (M%) = (0] H7T10) = (0]~ #0VT|0) = (0fe~"0Ve|0) = ¢~*PoVa
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where pg is the vacuum energy density, which must be constant in a Lorentz-invariant vac-
uum, V' is the spatial volume, 7" is time, and V; is the spacetime volume. Comparing the two
expressions for the vacuum amplitude gives
i
—Zs, (m?)
Vi

The lower limit 7ower is a proper-time infrared cutoff in the particle representation and a
modulus-space cutoff in the string representation. In field theory one would also have to impose
an ultraviolet cutoff at small proper time, but for the torus amplitude the modular fundamental
domain removes the region 7, — 0 as a separate integration region. The remaining large-7,
divergence is therefore an infrared divergence from tachyonic or massless physical states, not a
short-distance ultraviolet divergence. The generalization to particles with different spins is as
follows:

Zs (mz) = —ipoVa = po =

po = %Z(-UFJ'ZSI (m?) (7.3.4)

5.4 Open and unoriented one loop graphs

The annulus, Mobius strip, and Klein bottle must be discussed together because each has both
a loop-channel and a transverse-channel interpretation. The annulus already shows the essential
relation,

> dt > : 1
/ A Ch ) / de(Ble~m koot B), = - (5.8)
0 0

The Mo6bius amplitude inserts the orientation reversal €2 in the open-string trace, and the Klein
bottle is the corresponding closed-string unoriented surface. The transverse massless pole is the
diagnostic, since uncancelled NS-NS or R-R tadpoles mean that the assumed background is not
a valid solution. [10,352].

5.4.1 The cylinder

The cylinder partition function is relevant for the open strings. The cylinder has one modulus
that we call ¢. The height of the cylinder is 27t and the circumference is 7. So, we have to
calculate;
11 < dt < dt
Zo, = 3 5(2#)2/0 521 Ty [e 720 = /0 o5 Trfy [e>m0]

where the first half comes due to the Jacobian of do'do? — dwdw transformation, the second
one due to the Z, symmetry of the cylinder, (27)? from the B insertions (although they aren’t
here, they were used in torus case to have b(0) in the expectation value instead of B) and the
272t comes from the area of the cylinder. Lg is the open string Hamiltonian and it is given as
follows:

Lo=dp*+ N
Now, we sum over all possible states and integrate over the momentum to get;

d?k ne [0 dt
o 2 —2mta’k —27tnNun
Zey, = Van /—(27‘_)036 /0 Q—tHZe

wn Nun

_ inn2 (87r20/t) —d/2/0 %H Z e~ 2mtnNun in2/0 %Vd (87T2a't) —d/2 [H ﬁ]

Bt Ny H- n=1

. > dt —d2 | 1 . < dt A2 N (d
— 2 2 _ 2 2 d—2

n=1
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where in the second line H* denotes the trace over transverse excitations. The factor n?
comes from the Chan—Paton degrees of freedom, and d — 2 appears because the ghosts remove
two non-compact oscillator directions. Setting d = 26 gives

< dt -
Ze, = iVagn® / 5 (87%a't) i)
The limiting regions of the cylinder modulus have the usual open- and closed-string interpre-

tations. The limit ¢ — oo is the open-string infrared region, analogous to the 7 — oo limit on
the torus. The limit ¢ — 0 is studied by a modular transformation to the closed-string channel.

Defining s = 7/t gives
1 , 18 T [im
77 (;) = Vn(it) = 1 (—) =/ = (—)
s 5 s
Then, the partition function becomes;

o [ () st = [T () ) i

iVagn? /°° .
= dsn(is/m
2 (8m2a/)*? Jo n(is/m)

Using the expansion of n(7) i.e.;

n(T):q1/24(1—q—q2+...)

we have;

Ny H =gt 1 —q+..) P =14 24¢+...),

= qlis/m) M =¥ (1+24e 4+ ..) = +244+0 (). (7.4.2)
So, we have divergence from the massless states as well. The massless divergent part is as
follows:

: 2 00
g Vs / ds (7.4.3)
A (8m2a!) ™ Jo

The divergence in Eq. (7.4.3) is a closed-string infrared divergence in the transverse exchange.
In spacetime language it is sourced by the disk one-point function of massless NS-NS fields,
mainly the dilaton and graviton, and if the total tadpole from all one-loop surfaces does not
cancel, the assumed flat background is not a solution of the effective field equations. Boundary
states make this precise,

Ay = (Bl A|B), (5.9)
so the large-cylinder limit isolates the overlap of | B) with massless closed-string states. Tadpole

cancellation then means the net massless source from boundary and crosscap states vanishes.
[10,352].

5.4.2 The Klein bottle
The Klein bottle partition becomes;

/00 % Tr/, [Q exp (—27rt <L0 + E0)>]
0

where one factor of 1/2 comes from the residual automorphism of K,, and another factor of
1/2 comes from the orientifold projection operator, as explained below. Using the expression for
Ly and Ly and noticing that the momentum integration is going to be like the torus case, we
get;

The two factors of 1/2 have different origins and should not be merged. One factor comes from
the orientifold projection operator Po = (1 + 2)/2 in the closed-string trace. The Klein-bottle
term is the piece with the 2 insertion. The other factor is the residual automorphism of the
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Klein bottle, equivalently the overcounting of the fundamental region of the modular parameter.
Thus the schematic vacuum contribution is

=S} —

TV / d Try [Q e~ 2rtlotLlo=2)| (5.10)
2pr0j 2aut 0 t closed

The prime on the trace indicates the usual omission/saturation of zero modes. This is why

the coefficient is not an arbitrary normalization: it encodes both Hilbert-space projection and

worldsheet automorphism. [10,352].

in/ % (47ml't)7d/2 Z Q; exp [—27?75 (hZ +h; — 2)}
0 i€H |

We see that we have to sum over the states with a definite value of ; i.e. the diagonal states of
Q2. Since 2 exchanges left and right movers, only left-right paired states contribute to the trace
with an 2 insertion: schematically (L, R|Q2|L, R) = (L, R|R, L), which vanishes unless the two
oscillator configurations match. Thus, we do not sum over two independent occupation-number
sets as in the torus case, but over one paired set. The oscillator argument is doubled, giving
n(2it) instead of n(it). So, we would have;

Diagonal-state trace: the (2-inserted trace is a trace over the closed-string Hilbert space with
an operator that interchanges the two chiral sectors. A basis state contributes only if it has
nonzero overlap with its exchanged state. This is the closed-string analogue of why an insertion
of a permutation operator traces only states invariant under that permutation. [10,352].

4t
Include the rise of cross-cap here. For the modular transformations, we do the variable change

to s = /2t and then =, we get;

iVog [ ds n-13 13 (W) - —13 1Vas /OO . —24
Ly, = —— — (27 S — T = dsn(is/m

< dt -
Zi, = iVag / — (4ma't)" P p(2it)~H

,l"/26226 /oo . o
= 3 dsn(is/m
47 (8w’ Jo (is/)

where we used the fact;

. s .
atinfs) = |/ Satis/)
We can extract the massless divergent part from this partition function just like the cylinder

case by expanding 7(is/m) and we saw from the cylinder case that the relevant term from this
expansion is 24 and thus, the massless divergent part of Z, is;

247 V56220 Oo
Bk / ds (7.4.4)
4 (8ma’) ™ Jo

5.4.3 The Mobius strip

The Mobius strip partition function has the same open-string trace structure as the cylinder,
with an additional factor of 1/2 from the orientifold projection. The required partition function
is

. < dt ~13 —omt(hi— . > dt 13 o —ontN
ZMQ — Z‘/26/0 E (871'20/'[;) Z Qie 2nt(h;—1) — Z‘/26/0' E (87720/t) 62 t Z Qie 27t N;
i€EHE i€EHE
where N; is the level of the i-th state and H_ is the transverse Hilbert space for open strings.
Recall that

QakQ ! = (—1)"a"
and thus, we can find the trace as follows:
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o2t H Z nN;m —2minNun _ 27t H — (_1:l)n€_27rtn — 2t ﬁ [1 _ (_1)n€—27rtn] —24

N Npyn=0 w,N n=1
where N, is the occupation number. This product can be written in terms of Jgo(0, 2it) as

o2t H [1 _ (_1>n672ﬂ'tn] —24 _ D00 (0, 22%)4277712(22%)
n=1
A digression here. All the states are constrained to have Q2 = 1 but as we saw in Chapter 4,
the total eigenvalue of Q|N,ij) (where i,j are SO(n) indices) which we call w, is made up of
two parts;

W= WNSe, WN= (—1)N

where s, is +1 when A{; is symmetric and -1 when A is anti-symmetric. So, at even mass
levels, we should have A{; anti-symmetric and vice versa. However, in the calculation of the
partition function above, we included wy part of w only. We can now include s, part as well.
The symmetric matrices contribute with s, = 1 and vice versa. For the Sp(k) = Sp(n/2) case
(where n = 2k and where Sp(k) contains 2k x 2k matrices), this flips and we have the symmetric
matrices contributing with s, = —1 and vice versa. All of this is discussed in Chapter 4.
For n x n matrices, we have n(n+1)/2 symmetric matrices and n(n—1)/2 anti-symmetric states.
So, the Chan Paton part of the partition function gives us the following factors;

SO() n(n;— 1) n(nQ— 1) .

Sp(k) - _n(n2—|— 1) N n(nQ— 1) _

So, the total partition function becomes;

> dt
Za, = FinVag / n (872a’t) ™ W0 (0, 2it) "2 (2it) "2
0

where the upper sign is for SO(n) and lower sign is for Sp(k). We now do the modular
transformation of this partition function. We set s = 7 /4t and then, we get;

7 N nVag / Jss129 i\ i\
=4+ ss! —
M T 2mda) o w09 ) "z

Using the modular properties of Yoo (v, 7) and n(7) by setting v = 0 and 7 = 2is/m, we get the

following;
s 25 2is s 2s 2is
Yoo (0, 2—> =1/ =Yoo (0, —) | ( ) —7 <—)
s s s 2s s s
and thus, the partition function becomes;

Znry = i4<§Z¥ i Jy dstoo (0.22) 7 (%) = 2R [ s (0.22) 7 (22)

We now calculate the massless divergent part of this partition function. Using the expansion for
71, we have;

77(7') _ q1/24(1 —q—.. ) _ eTriT/lQ (1 _e2mit ) - 77(2@'8/7r) _ 6—5/6 (1 e )

= n(2is/m) P = (1—e*— .. .)_12 =¥ 4 127
Moreover, from the expansion of Jg0(0,7), we have;

1900 0 7_ Zq Z min2r 1+2Z min2T 1+2€7ri7_|_2€8i7r7_'_

nez nel

= 00(0, 2is/m) = 142672 + ... = 9990, 2is/m) = (1+2e7> +..) " =1—24e > 4 ...
Therefore, we have;
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Do0(0, 2is/m) " Pn(2is/m) " = (e* + 127 — ) (1 =24 > +...) =¥ =24+ ...
So, the massless divergent part from 7y, is as follows:

; 13 o0
22 [ s
A (8m2a’) ™ Jo

Now, we can add all the massless divergent terms (which are also known as tadpole divergences)
from Cy, K3 and My (recall that there is no massless divergent term from 7T 2). For the cylinder
case, there will be an additional factor of 1/2 in (7.4.3) because of the projection operator.
Adding (7.4.4), (7.4.5) and half of (7.4.3), we get;

24 Vg

4Ar (872a/)"?

24 Vg

2 13 26 - 13 2 [%
n F2.2°n + 2 / ds=—= (27 Fn / ds
( ~ = ~— ) 0 Ar (872a/)"? ( ) 0

cylinder Mobius strip ~ Klein bottle

This term does not vanish for the plus sign, which is the lower sign associated with Sp(k) =
Sp(n/2). The symplectic choice therefore has an uncanceled tadpole. For the minus sign, the
divergence cancels for n = 2 = 8192. The upper sign is the SO(n) choice, so the divergence
vanishes only for SO(8192).



Chapter 6

Higher-order amplitudes and all-order
consistency

This chapter establishes that string perturbation theory is well defined beyond the orders that can
be computed explicitly. The method controls amplitudes through the geometry of moduli space. A
genus-g surface with n punctures has complex dimension 3g—3+n, and the physically important limits
occur at its boundary. We introduce the plumbing-fixture construction, where a degenerating surface
is formed by joining two smaller surfaces with zw = ¢. The integral over g becomes a Schwinger-
parameter representation of a spacetime propagator with a complete set of physical states flowing
through it. Unitarity is therefore recovered, order by order, from worldsheet geometry. The same
analysis classifies the possible divergences of string theory: tachyon instabilities, infrared massless
exchange, and tadpoles. Each has a distinct physical meaning and remedy. We then describe the
structures needed beyond this controlled boundary analysis. These include Schottky and Fuchsian
presentations of higher-genus surfaces, string field theory as the off-shell completion of sewing, the
divergent large-order behaviour of the genus expansion that foreshadows D-instantons, and the high-
energy and Hagedorn regimes where the spectrum as a whole controls the physics [10,17].

All-order amplitude formula. A direct way to read this chapter is to start from one gauge-
fixed formula and then study its boundary limits. For a closed oriented genus-g surface with n
punctures,

39—3+n n
Ay = ggg—2+n/ < H (b, 1) (b, 1) HV;> . (6.1)
Mgn \ r=1 i=1 =,
Here p, are Beltrami differentials, tangent to moduli space, and
1
bu,)=— [ d*zb., u?.. 6.2
(b, 1) 27r/zg 2b.. 1, (6.2)

The power of g, follows from the Euler characteristic weight g;X = ¢2972, together with one
coupling factor per external closed-string vertex. The formula is complete only after the con-
formal Killing vectors are treated separately: on the sphere three points are fixed and three c¢
insertions appear; on the torus one translation zero mode must be fixed or averaged; for g > 2
there are no conformal Killing vectors. This is the same Faddeev-Popov logic used in Chapters
5—7, now written in a way that makes the moduli explicit [10,17,121].

From a plumbing fixture to a propagator. Cut two small discs with local coordinates z
and w, then sew the annuli by

zw =g, q=e " lq| < 1. (6.3)
Large t is a long thin cylinder. Evolution along this cylinder is
[e'e) _ 21 do . B
/ dt e—t(Lo-i—Lo—z) / - el()(Lo—Lo). (64)
0 o 2m

The #-integral imposes level matching Ly — Lo = 0, while the ¢-integral is the Schwinger param-
eter of the spacetime propagator. This proves the factorization claim directly. A degeneration
boundary of moduli space becomes propagation of a complete set of CFT states. After BRST

80
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reduction that complete set is the physical string Hilbert space, so the no-ghost theorem is what
makes the pole residue a positive-norm unitarity sum.

Four-point pole and factorization. In the z — 0 degeneration of a four-point sphere
correlator,

V2, 2)Va(0) ~ D Cuapeli=haghi=hu=hey; (), (6.5)
I

For physical closed-string external vertices h; = h; = 1, the local integral contains
/ d?z 2z (6.6)
|z|<e

With z = pe?, the angular integral gives On,—h,» and the radial integral becomes the first factor
in Eq. (6.4). Therefore near an s-channel pole one obtains

i
As(1,2,3,4) ~ A3(1,2, 1) ———— A3(1,3,4). 6.7
( ).HM;@ > Al )S_M?VHE 3(1,3,4) (6.7)

T€H pny<(N)
This is the precise statement behind “worldsheet duality”: the same punctured sphere has z — 0,
z — 1, and z — oo boundary regions, giving the s-, -, and u-channel expansions of one integral.

Classification of degeneration divergences. A degeneration integral

d?q ,_, 7_
/ 29 jhrghet (6.8)
lgl<e |(1|

must be interpreted case by case. A tachyon gives a power divergence and means the pertur-
bative vacuum is unstable. A massless on-shell state gives an infrared effect from long-range
propagation. A massless tadpole is stronger: it is a one-point source, so the assumed background
is not a solution of the spacetime equations. This is why type-I tadpole cancellation is not just
a partition-function trick; it is the worldsheet version of setting the massless source term in the
effective field equations to zero [10,352].

High-energy and thermal regimes. For fixed-angle hard scattering, Stirling’s approxima-
tion to the Veneziano beta function gives

0 6 7 6
A(s, t) ~ exp[—a's f(0)], f(6) = —sin? 5 log sin” S cos? 5 log cos® 5 (6.9)
For Regge scattering, s — oo at fixed ¢, the ratio of gamma functions gives A ~ s*®) with
linear trajectory a(t) = «(0) + o’t. At finite temperature, Euclidean time is compact with
Ry = B/(2m), so closed strings also have thermal winding:

o . n  why
pL,R = R_O o . (610)
For the closed bosonic string the n = 0,w = 1, N = N = 0 thermal winding mode has
4 52
2 _ _
Mth<5) == —J—FW, ﬂH—47T\/E. (6.11)
This is the thermal-scalar derivation of the Hagedorn bound: above Ty = 1/5y, the naive

canonical ensemble around the zero-temperature vacuum is no longer stable [14,45,48].

Noncritical strings and the Liouville mode. If the matter CFT does not cancel the
bc-ghost anomaly, the Weyl factor cannot simply be discarded. It becomes the Liouville field ¢,
with

Cmatter T CL + Cphe = 07 L, = 1+ 6@2, Cpe — —20. (612)
A matter primary Ox is dressed to a physical integrated vertex by
V= /dzz 29O, a(Q —a)+A=1. (6.13)

The last equation is just the (1, 1) condition for the dressed operator. Thus “away from D = 26”
is not an uncontrolled off-shell deformation; conformal invariance is restored by adding the
Liouville degree of freedom [10,42].
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6.0.1 General tree level amplitudes

The same formula applies to tree and loop amplitudes once the genus is specified. For a genus-g
closed surface with n punctures,

39—3+n n
Ag,n:/Mg,n< 11 <b7ur><b7ﬂr>HVi>g' (6.14)

r=1 =1

The Beltrami differential p, is a tangent vector to moduli space. The insertion (b, u,.) is the
ghost factor associated with that tangent direction. For g = 0, the formula is supplemented by
fixing the conformal Killing group; for g > 2, the dimension 39 — 3 + n gives the number of
complex moduli directly.

6.0.2 Three point amplitudes

On the sphere the conformal Killing group PSL(2,C) has enough freedom to fix three insertion
points. A closed-string three-point amplitude can therefore be written as

As = (ccVi(z1) ccVa(za) céVs(23)) g2 - (6.15)
The three cc¢ factors absorb the ghost zero modes associated with the fixed conformal Killing
transformations. For tachyon vertices this reduces to the momentum-conserving delta function

times the chosen normalization constant. For massless vertices, Wick contractions of X and
0X with the exponentials give the polarization-dependent cubic couplings.

6.0.3 Four point amplitudes and world-sheet duality

The four-point sphere amplitude has one complex modulus after three insertion points are fixed.
For closed-string tachyons,

Ay = Cgg? / A2z | 2|7V L — T2 (6.16)
¢

The regions z — 0, z — 1, and z — oo are the s-, t-, and u-channel degeneration limits of the
same integral. A single worldsheet integral therefore contains the three channel expansions that
would be drawn as separate diagrams in point-particle perturbation theory.

6.0.4 Unitarity of the four point amplitude

The pole expansion of the four-point amplitude gives the unitarity test. Near an s-channel pole,

[
./44(]_,273,4) . ’7\42 Z A3(1,2,[>m./43([,3,4) (617)
S— N Ierhys(N) e N

The residue is a sum over physical string states at level N. The no-ghost theorem is therefore
used in loop and tree amplitudes in the same way: it guarantees that the intermediate states
appearing in residues have a positive-norm physical interpretation [17,28].

6.1 Higher genus Riemann surfaces

For a closed orientable surface of genus g > 2 with n punctures, the complex dimension of moduli
space is

dim¢ My, =39 — 3 +n. (6.18)
The amplitude takes the same form as Eq. (6.14),

Agn = /M< 11 (b,ur)(b,m)Hvz>g. (6.19)

r=1 =1

The b-ghost insertions are the Faddeev-Popov measure for the moduli directions. When a
higher-genus surface approaches a degeneration boundary, the sewing parameter of the long tube
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becomes the Schwinger parameter of an intermediate string propagator. This is the geometric
origin of loop factorization [10,17].

6.1.1 Schottky groups

A Schottky description presents a genus-g Riemann surface as a space obtained from a domain
in the Riemann sphere by a freely generated subgroup of PSL(2,C). Each generator is a Mobius
map
a;z + bz
Lz(’z) - CiZ—f—di’
The multipliers and fixed points of the L; give coordinates on a patch of moduli space. This
parametrization is useful for amplitudes because degeneration limits become transparent: a mul-
tiplier going to zero is a long thin tube, so the Schottky parameter is a direct sewing parameter
for the factorization channel. The same sewing parameter appears in the pole formula Eq. (6.17):
near the boundary of moduli space, the surface develops a long tube and the amplitude factorizes
through physical string states. [16].

6.1.2 Fuchsian groups

A Fuchsian description realizes a Riemann surface as a space obtained from the upper half-plane
by a discrete subgroup of PSL(2,R). Locally the action is

az +b
cz+d’
The example is useful because it replaces a drawn surface by a precise uniformization. In the
amplitude chapters the same idea appears physically: changing the description of the surface

must not change the factorization channels or the BRST-invariant content of the amplitude.
[10,17].

z— y(z) = ad —bc = 1. (6.21)

6.1.3 The period matrix

A genus-g Riemann surface is controlled by its periods. Choosing canonical cycles A;, B; and
holomorphic one-forms w; normalized by f . Wi = 045, the period matrix is

Qi :7{ wi;, Q'=Q,  ImQ>0. (6.22)
B;

Theta functions and lattice sums are functions of €2. At higher genus, modular covariance means
invariance under the mapping-class group acting on the period matrix. It is a condition on the
amplitude itself, because theta functions and lattice sums depend directly on €. [10,17,58,359].

6.2 Sewing and cutting worldsheets

Sewing is the constructive converse of degeneration, and it explains why the master formula
39—34+n

Ag’”:/Mg,n< II (b,urr)(l_),ur)gvi>g (6.23)

r=1

holds at every genus once it holds for the three-punctured sphere. Any surface in M, can
be assembled by gluing pairs of punctures on lower surfaces with the plumbing map zw = ¢ of
Eq. (6.3); the gluing supplies exactly one complex modulus ¢ per seam and one (b, ut)(b, ji) pair
for it, so the counting 3¢ — 3 4+ n is reproduced seam by seam, a pair-of-pants decomposition
has 2g — 2 + n vertices and 3g — 3 + n seams, matching the ghost insertions one to one. The
nontrivial content is that the sewn measure agrees with the intrinsic Weil-Petersson-type measure
on M, , near the boundary and continues it to the interior; BRST invariance guarantees that
different decompositions of the same surface give the same amplitude, which is the worldsheet
version of the field-theory statement that different Feynman-diagram channels come from one
action [10,17].
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6.2.1 A graphical decomposition

No picture is needed here: the decomposition is a pair-of-pants statement. A genus-g surface
with n punctures can be cut along

3g—3+n (6.24)
nonintersecting closed curves into 2g — 2 + n three-holed spheres. Each cut curve carries a
length /twist or, in the conformal sewing language, a complex parameter q. The string interpre-
tation is that each internal curve is an intermediate closed-string propagator, so the decompo-
sition is a geometric version of inserting a complete set of states. The diagram is replaced by

combinatorial input, the topology is encoded by the number of cuts and by the sewing parame-
ters. [10].

6.3 Sewing and cutting CFTs

Cutting a CFT correlator along a circle turns it into a state in the Hilbert space; sewing two
circles inserts the inverse BPZ metric and integrates over the gluing parameter. In formulas the
local operation is

2

b= 6t sl [ S (6.25)
o8 lgl<1 ‘CI|

The second factor is the closed-string propagator written in worldsheet language. Therefore

factorization, modular integration, and BRST cohomology have to be discussed together: a

BRST-exact state inserted across the cut must decouple, while a physical state gives a genuine

pole or threshold. [10,40].

6.3.1 General amplitudes

At the level of the full CFT, cutting and sewing upgrade Eq. (6.23) into a set of consistency con-
ditions on the theory itself, and it is worth recording what they demand. Writing the amplitude
once more,

39—3+n ~ n
Ag,n = /M < H (b7 :U’T)(bv /:Lr) H V;> ) (626)
g,n r=1 =1 g

the requirement that every way of cutting the surface gives the same answer reduces, after un-
winding the sewing definitions, to exactly three local conditions on the matter CF'T: associativity
of the operator product expansion (equality of s- and ¢-channel cuttings of the four-punctured
sphere), modular covariance of one-point functions on the torus, and the existence of a single
nondegenerate BPZ pairing used at every seam. These are Sonoda’s sewing constraints, and a
CF'T satisfying them defines consistent string amplitudes to all orders, there is no separate con-
sistency condition at genus fifty. This is the precise sense in which perturbative string theory is
determined by tree-level and one-loop information, and it is why the modular-invariance checks
of Chapters 7 and 10 carry so much weight [10,17].

6.3.2 String divergences

String divergences come from boundaries of moduli space, not from arbitrary short-distance
regions of a fixed Feynman graph. Near a separating degeneration the local integral has the

fOI'm
d —1-h—
/ q h—1=h 17 (627)

ql<e |q|2

where (h,h) are the weights of the state propagating through the tube. Tachyons make this
integral power divergent, massless states give infrared logarithms or tadpoles, and massive states
are harmless. The same diagnostic used earlier for the cylinder, Klein bottle, and Mébius strip
applies here: a one-loop divergence in one channel becomes tree-level exchange of a physical
closed-string state in the dual channel [40].
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Equation (6.8) separates tachyon divergences, massless infrared exchange, and massless tad-
poles as different physical statements. The last case is the one that becomes a background
equation of motion and explains why type-I tadpole cancellation is a consistency condition, not
a decorative partition-function identity.

The same consistency conditions can be imposed in singular limits of the sewing problem.
They are the ones used above,

Q% =0, Z(t+1) = Z(1), Z(—=1/1) = Z(1),

dqdq :

; ¢ hg =hey A®

‘Agv" 4—0 g1,m1+1 qq q ¢q ¢‘Agz,n2+1‘

d’Ethys

Supercosets, AdSs integrability, the RNS and Berkovits—Vafa—Witten formalisms, and nonrela-
tivistic string limits are settings where they continue to hold [225]. Under a critical electric or

R-R scaling the finite energy is a brane tension minus a divergent rest energy,
Eﬁnite = li_I}%(Tbrane(e) —q C(E)),

and the surviving light sector is tensionless, Carrollian, ambitwistor, Matrix-theoretic, or spin-
matrix-like, according to the scaling [222, 224,226,230, 241].

Ambitwistor strings give a chiral degeneration of the sewing formula. In the tensile theory a
separating tube contributes

so all physical levels with h = h can propagate. In the ambitwistor limit the worldsheet constraint
is instead P%(z) = 0. The degeneration localizes on the scattering equations,

Res, o %‘1 5(P) = k=0

for the internal momentum k;. Ohmori’s analysis of bosonic and RNS ambitwistor worldsheet
moduli spaces verifies factorization on this massless pole [221]. A recent BRST-cohomology
computation reaches the same conclusion algebraically: the spectrum is massless, but it contains
an additional vector and does not give the Hilbert space of an ordinary unitary Maxwell theory
[242]. Factorization therefore survives the chiral limit, while the physical state space changes.

6.4 String Field Theory

String field theory is the off-shell completion of the sewing construction. In Witten’s cubic open
string field theory the string field ¥ is a ghost-number-one state and the action is

1 /1 1
Sopen = _g_g (§<\Il7 QB\I/> + §<\Ija U W)) ) (628)
with gauge transformation
W =QpAN+V¥xA—-AxVU. (6.29)

The plus sign between the kinetic and cubic terms is essential; without it this is not the standard
cubic open-string field theory action. It makes precise what was only implicit in the Polyakov
amplitude: off shell one must choose local coordinates around punctures and an allowed sewing
prescription. The BRST charge, BPZ inner product, and star product are therefore the algebraic
version of cutting and gluing worldsheets. [22,215].

In string field theory an off-shell deformation is measured by the failure of BRST invariance.
If the worldsheet CFT is perturbed by a state ®, the conformal condition reads
1
QB(I)+§[<I>,(I>]+--- =0.
Away from the conformal locus the left-hand side is not set to zero by changing k% alone; the BV
vertices and the decomposition of moduli space must also change [240]. Pure-spinor calculations
give the corresponding on-shell test. Tree-level massive three-point vertices are fixed by

QBV; - 07 5M0bius<‘/1‘/2‘/3> - Oa
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and closed-string two-point prescriptions require nonstandard ghost-number assignments because
the closed-string cohomology is more constrained than the tensor product of two open-string
cohomologies [232,235]. The same operator g therefore controls physical states, vertices, and
off-shell deformations.

On the moduli space of classical open-SF'T solutions, Choi constructs a two-form connection
whose curvature is built from the star product and the open-string integration map [268]|. In
schematic form,

F=dA+AN A, A~ U1 % 40,

open
and in suitable boundary-condition moduli spaces this curvature is identified with the closed-

string B-field. The star product in Eq. (6.28) therefore transports background fields as well as
defining the cubic vertex. For AdS amplitudes, the flat-space monodromy relation

> T () = 0
is replaced by a relation among curved-space worldsheet integrals dressed by multiple poly-
logarithms; the corresponding closed-string integrals obey a KLT-type factorization with single-
valued analogues [288]. Open/closed factorization persists, now with the AdS worldsheet integral
as the kernel in place of the flat Veneziano one.

Hull’s 2025 superstring-field-theory action reduces to Sen’s superstring field theory in an ap-
propriate limit and reproduces the same physical superstring amplitudes, but introduces a shift
symmetry that compensates background changes by shifting the string fields [301]. This gives a
version of background independence inside the doubled-field structure of superstring field theory:
the physical interacting sector remains coupled as before, while the additional sector acquires
self-interactions yet stays decoupled from physical amplitudes. It sharpens the distinction made
here between a worldsheet on-shell prescription and an off-shell field theory over the space of
backgrounds.

Maccaferri, Ruffino, and Vosmera construct gauge-invariant free open and closed SFT kinetic
terms on target spaces with boundary by promoting boundary gauge parameters to dynamical
boundary modes and writing the corresponding BV master action [318]. Kaja, Maccaferri, Por-
tugal, and Vosmera then use this boundary formulation to define gauge-invariant observables
analogous to Brown—York charges; the observables arise from boundary tadpoles and are associ-
ated with isometries of the SF'T gauge group around a chosen background [348]. In an off-shell
SFT with boundary, the same boundary term that gives a tadpole, an equation of motion, can
instead become a gauge-invariant observable measuring how the background is sourced.

6.5 Large order behaviour

Large-order behavior is compared with the genus expansion introduced in the Polyakov path
integral. The perturbative free energy has the formal structure

F(gs) =Y _ g2 *Fn. (6.30)
h=0

The sum over genera is not expected to be an ordinary convergent expansion. Its asymptotic
nature is physically meaningful because nonperturbative objects, especially D-branes, appear as
effects invisible at any fixed genus. [10,38,351,352].

Large-order behavior is not only a genus-expansion issue. Kervyn and Stieberger analyze tree-
level n-point amplitudes in the o’ — oo regime using saddle points, finite-difference equations,
Mellin—Barnes representations, twisted intersection theory, and Lefschetz thimbles [333]. The
resulting asymptotic 1/a/ series is organized by Bernoulli numbers, not the multiple zeta values
of the low-energy o/ — 0 expansion, and resurgence packages the analytic continuation between
kinematic regions. Thus the high-energy softness in Eq. (6.32) has a nonperturbative transseries
refinement, not just a leading saddle exponent.
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6.6 High energy and high temperature

Thermal string theory is obtained by compactifying Euclidean time on a circle of radius Ry =
B/(2m). The thermal zero modes have

n whRy
Ry o
This differs from ordinary finite-temperature field theory because strings can wind around the

Euclidean-time circle. The Hagedorn behavior is then visible in the same momentum-winding
spectrum that appears for spatial circle compactification. [10,10, 350].

PLr = - (6.31)

6.6.1 Hard scattering

Fixed-angle hard scattering sends s,t — oo with /s held fixed. Unlike field-theory power
counting; string amplitudes are exponentially soft in this regime,

A(s, t) ~ exp[—a's f(0)], (6.32)
for a positive angular function f. This behavior is a direct signal of finite string length and is

contrasted with the Regge limit, where the exchanged trajectory is the main organizing idea.
[10,17].

6.6.2 Regge scattering

The Regge limit keeps t fixed while s — oco. String amplitudes then organize themselves by
trajectories,

a(s) = a(0) + os. (6.33)
The physical conclusion is that high-energy exchange is not dominated by a single particle. It
is dominated by an entire tower of string states lying on the same trajectory. Worldsheet gauge
invariance and conformal invariance thereby package infinitely many spacetime particles into
one analytic object. [10,17].

The same tower can be generated algorithmically. Basile and Markou construct closed-string
trajectories from an open-string seed, dressing the left- and right-moving sectors by a symplectic-
algebra “tiling” procedure; Howe duality produces the candidates before the physical constraints
are imposed [341]. The closed-string spectrum is therefore not the unrestricted product Hopen @
Hopen- It is the constrained subspace

Hclosed - { W) € HL & HR : (LO - EO)’¢> = 07 QB|¢> =0 }/QBH

Level matching and BRST cohomology remain the decisive steps after the trajectory candidates
have been generated.

6.6.3 High temperature and the Hagedorn point

The thermal spectrum of Eq. (6.31) contains one state that field theory has no analogue of:
the mode winding once around Euclidean time with no momentum and no oscillators. Its mass

follows from the closed-string formula with n =0, w =1, N = N = 0,

ME,(B) = Ly ( v )2, (6.34)

o 2o

so this “thermal scalar” is heavy at low temperature and becomes massless at Sy = 4mvVa/,
tachyonic beyond. Since a winding tachyon signals an instability of the assumed background,
the canonical ensemble around the flat vacuum ceases to exist above Ty = 1/6y. The same
conclusion follows from state counting: the single-string density of states grows as p(M) ~
M—ePaM g0 the thermal sum [ dM p(M)e M diverges for 8 < By, the exponential growth
of the spectrum, visible already in the 772* expansion of Chapter 5, and the winding-mode
instability are two descriptions of one phenomenon. Whether Ty marks a limiting temperature
or a phase transition to different degrees of freedom is a question perturbation theory cannot
settle [14,48].
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In the Rindler construction the tensionless limit is obtained from increasingly accelerated
worldsheets: as the worldsheet horizon is approached, the effective tension goes to zero and a
null string appears [222]. The Virasoro-sandwich formulation imposes physicality as a matrix
element condition, -

GILaY) =0, (B|Lal) =0,
between physical states, and it also produces parity and time-reversal sectors relevant for accel-
erated worldsheets [226]. Edge-mode calculations near the Minkowski-Rindler horizon sum over
the string tower and keep the one-loop expression modular invariant [233]. Hagedorn growth,
Virasoro constraints, and horizon thermality are therefore linked by the same worldsheet state
sum.

The open-string Hagedorn phase enters brane-antibrane cosmology through the same diver-
gence as in Eq. (6.34). For open strings on an unstable brane system,

Zopen(ﬁ) ~ / dE pOPQH(E)€_6E7 popen(E) ~ E_aeﬂHE.
0

The integral ceases to converge for § < fy. In perturbatively stabilized brane-antibrane infla-
tion, tachyon condensation releases energy into open-string degrees of freedom before a conven-
tional radiation fluid is guaranteed to exist [343]. The instability is therefore a change in the
relevant degrees of freedom: the thermal scalar or open-string tachyon signals that the expansion
around the original brane background has ended.

A recent review identifies the tensionless limit with a Carrollian limit on the worldsheet, in
which the two Virasoro algebras are replaced by the two-dimensional conformal Carroll (equiv-
alently BMS3) algebra [267]. High-energy scattering can then be formulated intrinsically in the
induced-vacuum null-string theory: the ultra-high-energy tensile string approaches a null world-
sheet, and amplitudes are organized by the Carrollian symmetry instead of the fixed-tension
oscillator expansion [277]. Carrollian worldsheets admit two Weyl-type scalings, so a consis-
tent null-string action should gauge the extra Carroll-Weyl symmetry; a Hamiltonian analysis
then enlarges the BMS3 constraint algebra by a weight-one operator [283,284]. Finite-lifetime
worldsheets provide another route, where shrinking a causal diamond to the birth of the string
produces a global ultra-local Carrollian phase [279]. Thus the 7" — 0 limit is not just the formal
removal of o/~!': it changes the gauge symmetry, the constraint algebra, and the admissible
worldsheet phase space.

6.7 Low temperature and noncritical strings

At low temperature, 8 > [y, the thermal winding state in Eq. (6.11) is massive and the
canonical expansion is controlled by the ordinary low-lying string spectrum. Noncritical strings
answer a different question: what should be done when the matter CF'T does not cancel the
Weyl anomaly? The correct treatment keeps the Weyl factor as the Liouville mode instead of
treating the gauge-fixed path integral as if it were still conformal [10,42].

6.7.1 Non critical strings

Noncritical strings are what happens when the Weyl anomaly is not cancelled by the matter
CFT alone. Instead of discarding the Weyl factor, one keeps the Liouville mode ¢ and demands
total central charge balance:

Cmatter T €1+ Coe = 0, e =1+6Q* . = —26. (6.35)
A matter primary O, is then dressed to a physical integrated vertex by
V= /d2Z e?? 04, a(Q —a)+A=1. (6.36)

It gives a controlled meaning to the phrase “off shell” or “away from D = 26”: the extra Liouville
field restores conformal invariance instead of leaving the Weyl factor as an unaccounted gauge
mode. The construction is governed by the anomaly coefficient in Eq. (1.16). [10].

Complex Liouville strings use the same central-charge cancellation as Eq. (6.35). The matter
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sector consists of two conjugate Liouville CFTs,
c1 = 13+ i), co = 13 — 1A, Cmatter = C1 + Co = 26.

Including the bc ghosts gives chatter + Coe = 26 — 26 = 0, so the Weyl anomaly cancels although
the individual CFTs are complex [227]. The same central-charge underlies recent ¢ = 1 matrix-
integral descriptions, where amplitudes are computed through intersection numbers on moduli
space, and super-Virasoro minimal strings, where spacelike and timelike super-Liouville sectors
distinguish the 0A and 0B choices [237,239]. Liouville dressing therefore remains the explicit
mechanism that restores conformal invariance when the matter central charge is not critical by
itself.

The ¢ = 1 matrix model gives a quantitative form of the Liouville discussion. In the double-
scaled description, eigenvalue fermions occupy a phase-space droplet, and the closed-string col-
lective field is the fluctuation of its density. Time-dependent Liouville walls correspond to
time-dependent deformations of this droplet. Finite-/N corrections and the infrared wall smooth
singular behavior that appears in the strict double-scaling limit [263]. In the adjoint sector, the

matrix quantum mechanics produces a Regge-like scaling

AT

o’

which is interpreted on the string side as an excitation of a folded open string [254]. Liouville line
defects add a localized cosmological constant; weak coupling shifts open-channel spectra, while
strong coupling glues hyperbolic surfaces across the defect [253]. Crosscap amplitudes in complex
Liouville strings also match an SL(2,Z) family of semiclassical dS3 observer saddles [260]. In
each case matrix eigenvalues, defects, and crosscaps give computable deformations of the same

Liouville path integral.

Minimal superstrings give an explicit test of the open/closed degeneration rules. Barman,
Kaushik, Mahajan, Murdia, and Sen compute disk and annulus contributions induced by ZZ
instanton boundary conditions in type-0 minimal superstrings, where open-string-channel de-
generations must be regulated using open-closed string field theory and picture-changing choices
have to be specified [342]. This is a compact noncritical-string example of the general sewing
principle used above: boundary instantons generate closed-string effects, but the divergent cor-
ners of moduli space still have to be assigned by a consistent SF'T prescription.



Chapter 7

Toroidal compactification and T-duality

This chapter asks what a compact dimension means to a string, and finds that the answer differs from
the point-particle case. A field on a circle has quantized momenta n/R and nothing more; a closed
string in addition winds, X (¢ 4 27) = X (o) + 2rwR, and the two quantum numbers enter the mass
formula symmetrically. The spectrum, and, we argue, the full conformal field theory, is invariant
under R > o//R with n <> w. We develop this in stages: the circle, several dimensions with the
Narain lattice (where modular invariance forces the momentum lattice to be even and self-dual, the
arithmetic later responsible for the heterotic gauge groups), orbifolds with their obligatory twisted
sectors, and open strings, where T-duality converts a Wilson line into the position of a hypersurface
on which string endpoints live. That hypersurface is a dynamical object: the D-brane. We derive its
Dirac—Born—Infeld action from gauge invariance of the worldsheet couplings and compute its tension
from the cylinder amplitude, completing the identification [10, 350].

7.1 Toroidal compactification in field theory

We consider a D = d + 1 dimensional theory with one dimension compactified x4 ~ x4 + 27 R.
The five-dimensional metric is G%;5 and we adopt a particular convention for the metric as
follows:

ds® = GAD“,ddexN = Gpdztdx" + Gaq (dxd + A#dx“)2 (8.1.1)
Comparing the two-line elements, we have the following correspondences;
G2
Gdd == Gcll)d, Gud = A—M, le = GZ/ — Gc?dAMAV

m

All the fields depend on non-compact coordinates only and thus, the metric 8.1.1 is invariant in
x? translations and it is also manifestly invariant in 2’# (z¥) reparametrizations. The expanded
form of the metric is as follows:

G + GuaALA)) detde” + Gagdatde® + 2G g4 A, dxda?
H / f

This metric is invariant under the reparametrizations of the form

d d

% =z + X (2H)
if A, ’s transform as follows.'

A, = A, — 9\

If we include z¢ dependence, then the fourier series for a scalar field ¢ (ZBM ) is written as
follows:

o (M) =D ¢ () /T

neL

1Substitute dz? — daz? + OuAdzt into dx? + Apdx*. The metric keeps the same Kaluza—Klein form provided
the one-form A = A, dx* transforms as A — A—dX, or A, — A, —0,\ in components. Thus a higher-dimensional
coordinate transformation becomes an abelian gauge transformation in the lower-dimensional theory.

90
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and then, the D dimensional wave equation becomes;

000M e (aM) =0 = ¢ (M) =Y 9,0"6, (2#) — b () e R =

neL

2 Gdd

2
= 0,0" ¢, — qs:o;sau&wn—%(pn:o
where in the last step G4g = 1 has been set for simplicity. Comparing this equation with the
Klein—-Gordon equation shows that ¢,, has mass squared n?/R?. This is the Kaluza-Klein tower.
The massless sector contains the lower-dimensional metric, the Kaluza—Klein gauge field, and
the radius modulus; their couplings are obtained by reducing the higher-dimensional Einstein—
Hilbert action and integrating over the circle.

7.2 'Toroidal compactification in CFT

In CFT language a compact spatial direction is described by a compact boson,

X ~ X +21R. (7.1)
The closed-string boundary condition allows winding,
X(o+2nm,7)=X(0,7) + 21wR, w € Z, (7.2)

and single-valuedness of the wavefunction on the circle gives quantized center-of-mass momentum
p = n/R. Splitting the solution into left- and right-moving pieces gives

n wR n  wR

_ - _ . 7.3
prL R + ar PR R af ( )
A compact-boson vertex operator therefore has the form
Vorwr(2,2) = exp(ipr X1 (2) + iprXr(2)) -, (7.4)
with conformal weights
pL 7 O/P%
h = N, h = 7.5
_ o ! (7.5)
The spin h — h must be an integer. This gives the level-matching condition
N—N+nw=0, (7.6)

The one-loop partition function sums over the full momentum Windmg lattice,

Zr(7) Z q* (7.7)

n2weZ

Under R — o'/R together with n <> w, the pair (pr,pr) is mapped to (pr,—pr) and the
partition function is unchanged. Locality of the compact-boson vertex operators also imposes
integrality of the lattice pairing: the phase obtained by taking one vertex around another is
trivial only when

lol' €7, lol € 2Z. (7.8)
This is the CFT origin of the even self-dual Narain lattice in toroidal compactification [10,350].

7.3 Closed strings and T-duality

For closed strings on a circle, the mass formula is

2 2R2 2 . .
M= b+ S(N+N=2),  N-N+4nw=0. (7.9)
It is invariant under
O/
R +— 7 n <— w, P, — PrL, PR — —PR. (7.10)

The physical meaning is simple: the energy of momentum modes grows as the circle becomes
small, while the energy of winding modes decreases. The full string spectrum contains both, so
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the two descriptions are equivalent.

At the self-dual radius R = v/¢/, additional states become massless. For example, the states
with n = w = %1 and one side at the appropriate oscillator level can satisfy M? = 0. These
states supply extra gauge bosons, enhancing the abelian currents of the circle compactification to
a nonabelian current algebra. Moving away from the self-dual radius gives these states a mass
proportional to the displacement of the radius modulus; in the lower-dimensional spacetime
description this is the Higgsing of the enhanced gauge symmetry.

For a d-torus the pair (n,,, w™) forms a lattice vector, and T-duality becomes the arithmetic
group preserving the Narain inner product,

<n> e (Z) c Q=n, QeO0(dd;Z). (7.11)

w

The circle duality is the simplest element of this group. Other elements include large diffeomor-
phisms of the torus and integer shifts of the B-field [10,350].

Maharana’s worldsheet review extends Eq. (7.11): when the background is independent of
the compact coordinates, the compact-coordinate equations of motion and the NSR superfield
equations can be written in O(d, d)-covariant form, and massive vertex operators in simple
compactifications organize into T-duality multiplets [349]. For a circle, the basic relation is

8a)?:ea586X = X, +Xgp+ X — Xi.
Hence py, is fixed and pr changes sign. Decoupling-limit work applies the same identity in
singular regimes, relating critical IIA DO-brane limits to BFSS/DLCQ Matrix theory, tensionless

and ambitwistor strings, Carrollian strings, and spin-matrix limits of AdS/CFT [224]. The
elementary R <> /R transformation is the local form of this broader duality relation.

Non-supersymmetric duality-web constructions test how far this seed extends. In wedge-
singularity backgrounds the internal sector is a wedge sum, for example S' Vv S, and worldsheet
effects of the wedge combine with DO-brane emergence arguments to reproduce the expected
type-0 tachyon mass in a scaling limit [259]. The related type-0A tachyon-condensation analysis
tracks doubled R-R fields and D-brane charges as one branch of the wedge shrinks; a Gauss-law
estimate makes unscreened collapsing-branch R-R charge infinitely costly as the circle size goes
to zero, while an effective higher-form Stueckelberg screening channel distinguishes flux screening
from localized charge discharge [261]. These results are not part of the standard supersymmetric
T-duality derivation, but they show how the same momentum/winding, DO-brane, and R-R
charge can constrain singular non-supersymmetric limits.

7.4 Compactification of several dimensions

If we compactify k dimensions, we have;

X"~ X"+ 2rR, 26 — kK <m <25

7.4.1 The string spectrum

Then the internal metric is Gy, and we have a B field as B,,,,. We also have A,,, bosons (from
Guw) and By, bosons (from Bjx). We do the analysis for zero modes. We take the zero modes
as follows:

xXm (0_170_2) — ™ <0_2) +wmo_1
The worldsheet lagrangian is as follows:

1
L=o- (9% Gy + 1€ Bpy) 0, X" 0, X"

1
= o (972G X "X + g G X" X" + i€ X" 0, X" + i€ G0 X" X")

, |
= 535G (7" + w0 B?) = = Bou"i" R
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The conjugate momentum p,, is given as;

. OL 1 1 m n "
o zaxfm = —Um — = Bpnw™ R = vy, = O/Em — B,,,w"R
where v,, = i1,,. Define p,,;, and p,,r as follows:
T w"R vpm, T w'R  Upm,

PmL = E + <5mn - an) -

o o ;, PmR = E - (5mn + an) 7 -

where

v =v" +w" R, v = 0" —w™R
It gives the following zero Virasoro operators;
o2 . o2 ~
Lo="PL N L[,=2LR N
The zero-mode Hamiltonian follows by substituting the zero-mode expansion into the world-
sheet action and performing the Legendre transform:

1 1
H= ﬁGmn (V™" + wmw"R?) = HGmn (VPV} 4+ v UR)

Indeed, v* = v + Rw™ and v} = v™ — Rw™, so the cross terms cancel in G, (v]'0} + vFV})
and the remaining terms give 2G,,, (v™v" + R*w™w"). Therefore, the mass in uncompactified
dimensions is

2 1 m, n m, n 2 \
= WGWZ (v} + vRUR) + E(N + N —2)
Moreover, from the Lo, Ly modes above, we can compute the difference constraint as follows:

Lo — Lo = 0= G (0707 — 020%) 4+ 40/ (N = N) =0 = n™w,, + N =N =0
The same quantities must also define a modular-invariant torus partition function. This is
the Narain-lattice viewpoint: the left- and right-moving zero modes form a vector (kp, kg) in
an even self-dual lattice of signature (k, k), and the oscillator factors multiply the lattice theta

function in the one-loop trace. Define the alternative momenta k,.; and k,r and coordinates
X7, X} as follows:

UmlL UmR
ror T T m m MM mom
Gun = €,,6,, X =e¢€ X" k=e 7,]@3 =6

then the mass expression and the difference constraint become;

1 2 - 5
m2 = 5 (erer + krRk:rR) + J(N + N — 2)) o (k:rLer - kT’RkTR> + 4<N - N) =0 (841)

7.4.2 Narain compactification

For Narain compactifications, define dimensionless momenta as follows:

a/
lLr = EkL,R

:eikLXL(Z)-‘rik‘RXR(,?) - eik/l/XL(O)+ik33XR(0)

For single valuedness of the OPE;

o'k k), /2 50 bkl /2 . i(ktk!) [ X1 (0)+ilk+K) g X R (0)

~Z

— il SRl o pi(k+k) XL (2)+i(k+k) g XR(2)

we need the following phase to be unity;
exp [2mi (Il — Iplp)] =1 =1l — gl € Z =10l €Z

where a new dot product has been defined with signature ( k, k). So, the lattice of [ s i.e. T
is in its self dual lattice I'* i.e.
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rcr-
The partition function for a CFT (with ¢ = ¢) on the torus is given as follows:

S (gt fighodify) = Y (plermirlioi) 2 (b ) |y
l) %)
and it acquires the following phase under 7 — 7 + 1;

271 (Lo - f/g)
and thus, for single valuedness, we need Ly — Loy € Z. Using the expressions above, we get;

| 3
Ly— Lo = 5 (lLrlLr — erer> +N—-—NeZ= Il —lplr €22 = 1ol € 2Z

From this condition, the single-valuedness of the OPE can be derived;

(I+0)o(l+1l)—lol=1Uol'€2Z=10l'"€Z
The partition function for the mth direction, with possible vacua |0;1,1,l.r), is as follows:

g AN

which means that the partltlon function for all m directions is as follows:

Zp = W Z exp m7‘l — il )

ler
The S transformation is as follows:

Zp = T Z/d%w "Yexp (mitl] — mil3)

el

=Vt |77( PO Z /kol exp (27mil" o l + mitl} — miTl},) .
I"er

where we used the Poisson summation identity on the lattice;

Zé (1=1)=V" Z exp (2mil" o)
rer 1ers
This identity is the Fourier series of the periodic delta-comb on the vector space I' @ R. The
dual lattice I'* consists of those vectors whose O(k, k) inner product with every vector of I is
integral; the normalization V! is fixed by integrating both sides over one fundamental cell.
Using Poisson resummation formula and the modular transformation of n function, we get;

Zp(r) = Vi ' Zr+ (=1/7)

Then, I' = I'* is sufficient to ensure modular invariance. It is also necessary for a purely lattice
CFT with the same oscillator factor: the S transformation maps the theta function of I" to the
theta function of I'*, and equality for all 7 requires the two spectra, with their multiplicities, to
coincide. Thus I' has to be an even, self-dual lattice. If A € O(k, k,R), then I' is still an even,
self-dual lattice because the modular invariance conditions depend on the O(k, k) product only.
But O(k, k,R) is not a symmetry because the expression for mass and the difference constraint
aren’t invariant under it. They are invariant only in O(k,R) x O(k,R). Thus, the group that
generates inequivalent theories (e.g. theories on lattices of different radii) is as follows:

O(k, k,R)
O(k,R) x O(k,R)

and the dimension of this group is;

2k(2k—1) _, kk—1)

— =k(2k—1) = k(k—1) = k?
5 x = (2k —1) — (k1)
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which is the same as the DOF from G,,,, and B,,,. We can start from a lattice (known as I'y)
with all compact dimensions compact and all radii being self dual radii. If we denote the group
that maps Iy to itself as O(k, k,Z), then the following lattices are the same;

NAA'T,=AT, A€ Ok kR),A €Ok, k Z),N € Ok,R) x O(k,R)

Recalling the expressions for {7 and [%;

) I " I
2:%+(5rs_Brs)w ZE:%_(5TS+BTS)W,
o)
we see that Zr is invariant if we do the following T-duality transformation together with the
exchange of momentum and winding numbers, n” < w,:

;)

O[/

R+— —

We see that if ™ is periodic with period 2w R then so is the combination;

" =Lya", L € Z
but if det L # 1, then the volume of the k£ torus changes and hence, we should have det L = 1.
Thus, L € SL(2,7Z). Another component in the T duality transformations is the following;

/
Nmn

Ta Nmn GZ

This transformation does the following;

Uﬁb = n?m + <5mn - an) w'R — _(nm—];mnwn) + <5mn - an) w"R = % + <5mn - an) wnR7 n;n =
Ny, — NppnW" € Z

and similarly, for v2. So, we see that the partition function doesn’t change because we are still
summing over integer n” and w™.

A explicit example is a two-torus with a B-field shift. The integer shift

B — B + N, Ny € Z, (7.12)
is compensated by the momentum relabeling
Ny, — Ny, — Ny (7.13)

Since the partition function sums over all integer n,, and w™, this is a true duality of the
spectrum. The example is useful because it shows how O(d, d; Z) contains more than R <> o'/R:
it also contains large gauge transformations of the B-field. [79].

7.5 Orbifolds

Orbifolds are introduced here because toroidal compactification gives smooth compact directions,
while many string compactifications require controlled fixed points. In field theory a quotient by
a reflection would usually produce a singular space. In string theory the worldsheet prescription
also adds twisted sectors, and these sectors contain states localized near the fixed points. The
orbifold construction is therefore a direct test of whether a singular-looking target space can
still define a consistent conformal field theory. This material is used below in the discussion
of twisted sectors, modular-invariant partition functions, and the relation between orbifold and
torus CFTs [10, 58, 86].
Consider a Zs orbifold with action

X% 5 X% (8.5.1)
which sends all the operators appearing in X?° to their negatives. A compact space is made
by an additional identification;

X% 5 X XB~ XP 4+ 2rRm,meZ (8.5.2)
This produces a new sector, the twisted sector, defined by

X®(o+271) ~ —X*(0) (8.5.3)
Since X?° is antiperiodic, it has the expansion
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0 1 a% a?
X (Z’ 2) =1t ? Z m + 1/2 (zm+1/2 + 2m+1/2 (854)
meZ

For a compact orbifold, there is another twisted sector:

X®(o+271) ~27R — X*(0) (8.5.5)
For this sector, we have the following expansion;

o5 B . o 1 a25 d25
X*(z,z2) =mR+1 Ezm—i—l/Q <zm+1/2+2m+1/2) (8.5.6)
meZ

The allowed massless states are obtained by imposing the orbifold projection. For generic
massless states, n = w = 0, and invariance under the orbifold action requires an even number of
creation operators in the 25 direction. This condition removes the Kaluza-Klein gauge bosons
and the gauge bosons descending from the antisymmetric tensor. The zero-point energy in the
twisted sector, with 23 periodic bosons and one antiperiodic boson, is

23 1 15
wisted — T 5, - = T T 8.5.7
Gwisied = 91 T8 T 16 (8.5.7)
Then, the mass-shell condition becomes as follows:
a'p? a/p? 15 4 15
N wisted — N——=0= N — — 8.5.8
g T T isied = T A T G "= 16 (8.58)

Thus, the lowest mass state is tachyonic ( N = 0). The level matching condition requires
N = N and due to the anti periodicity, X?® oscillators make half integral contributions to the
number operator. Thus, the next excited state involves o, /2&2_51 Jo and hence, the this state is

also tachyonic. There is no way to set N = 15/16 and hence, there is no massless state.
Twisted-state vertex operators are constrained by the orbifold projection and are localized at
the fixed points. Tree-level amplitudes with only untwisted external states receive contributions
only from untwisted intermediate states; this is the inheritance principle. The untwisted-sector
partition function is fixed by the projected trace:

1 1
—;TQLO 24 qLO 24 = §Ztor (R, T) —+ ‘

where r in the orbifold action and 1, is given as follows:

Tr

(8.5.9)

1 )? 1/2
9o(r) = 2p()q = [+ q)? = g2 (n3)" = { / } (0,7) = o (8.5.10)
r>1 nez
where ;o denotes the theta function with characteristic (3,0). The last expression follows
from the Jacobi triple product identity:

2

o ] (1 + q’“+%w> (1 + q”%w’l) _ S g (8.5.11)
r>1 77(7) nez

The partition function in 8.5.9 is not modular invariant because it is not invariant in S trans-

formations. We will have to add the twisted sector. The partition function for the twisted sector

is as follows:

Tr (ﬂqLo-;-%qLo-s-sz) _ n(r) n(7)

2 ’193(7') 194(7')

The factor of 1/48 comes from the twisted-sector ground-state energy. For one real boson

reflected by X — — X, the oscillators are half-integer moded, and zeta-function regularization

gives a twist-field weight h = h = 1/16. Since the trace is written with ¢*0=¢/?* and ¢ = 1, the

exponent becomes h —¢/24 = 1/16 — 1/24 = 1/48. Moreover, the functions used are defined as
follows:

(8.5.12)
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Js(r) = g in(7) ﬁ (1 + q”%)Q =) ¢z =9 { 8 ] (0,7) = oo (8.5.13)

2

9a(1) = ¢~ 2in(r) ﬁ (1 — qr+;>2 =Y (-1)"gT =9 { 192 ] (0,7) = D1 (8.5.14)

These functions are related to each other by modular transformations as follows:

() | o | nm) | s | n@) |z |n@) ] s | n)
& & 8.5.15
o] A a1 Il oo Rl v | Rl e B9
The general formula for ¥ functions is as follows:
19 |: Z :| (Z, ,7_) _ Z q%(n-i-a,)zeQﬂ'i(n-i-a)(z-‘rb) (8516)

nez
for which a product representation follows from the Jacobi triple product identity;

. a? e . .
9 |: Z :| (Z,T) — 7](7_)627rm(z+b)q7*i H (1 + qn+a7%e2m(z+b)) <1 + qnfaf%€f2m(z+b)) (8517)

n=1

7.5.1 Twisting

A closed string on an orbifold need not return to the same point in the covering space after one
trip around the string. It only needs to return to a point identified by the orbifold group. Thus
a sector labelled by g € G obeys

X(o+2m)=g-X(0). (7.14)
For the reflection X — —X, a twisted string satisfies X (0 +27) = —X(¢) in the covering theory,
so its center is pinned to a fixed point of the reflection. Quantization in this sector gives oscillators

with fractional moding and a shifted ground-state conformal weight. The orbifold Hilbert space
is the sum of the untwisted and twisted sectors followed by projection onto invariant states,

Horb - @ch(g) (715)
9]
The twisted states are the degrees of freedom that make the orbifold CFT well defined at fixed
points where the geometric quotient is singular [10,58].

7.5.2 c¢=1 CFTs and the orbifold branch

The moduli space of compact ¢ = 1 CFTs contains the torus theories and the orbifold theories.
These meet at a point because their partition functions agree there:

Zorb(\/aa 7-) = Ztor(Q\/au 7-)

i.e. the partition function of the torus theory at twice the self-dual radius is the same as the
partition function of the orbifold theory at the self-dual radius. The same organizing principle
applies to the finite subgroups used in higher-dimensional orbifolds. Cyclic groups Z; and
dihedral groups Dj. give the elementary rotation and reflection orbifolds, while the tetrahedral,
octahedral, and icosahedral groups 7', O, I are the finite rotation groups of the sphere. In every
case modular invariance requires the torus sum over commuting twists,

1 g
Zorb = A Z|: :| )
a2, L
so the invariant projection and the twisted Hilbert spaces are not independent choices.
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7.6 Open strings

Start with the pure gauge configuration Ass (xM ) = (, which is gauge equivalent to the following
constant connection. The gauge coupling is kept outside the connection and appears in the

Wilson line through the charge g:

102 5 —ifx? 0

ex -
2rR ) % P 2R 2R
where 6 is constant. Now, the Wilson line for this potential is as follows:

W = exp (iqj[dx%A%) = exp (—% fd:v%) = exp (—%(QWR)) = exp(—iqf) (8.6.1)
m m

where ¢ is the coupling constant. Now, suppose that we have a point particle coupled to an
electromagnetic field. The Euclidean worldline action is obtained from the Lorentzian action by

Aos ([L’M) = —iexp

t = —i7, so the minimal coupling term acquires the factor —igA X™:
1. M m? ] oy
S = dr §X XM—FT—ZQAMX
The conjugate momentum pos is as follows:
oL oL . . q0
25 _ _ _ X25—'A25):'X25—|— A2 — 25
b 8 (aX25/aTMinkowski ) la <8X25/87Euclidean ) ' ( 1 ! ¢ ! 2R

where 1% = iX?. Now, due to the periodicity, p*> = I/R,l € Z. and thus, we have;

l qt
25 _ b
" TR 2R

The Hamiltonian is derived by solving the momentum relation for v?

the mass-shell constraint:

° and substituting into

1
H = 3 (P"py + vis + m?)
Since this hamiltonian annihilates the physical states, the mass-shell condition for the mass
that is visible in non-compact dimensions becomes;

I ¢\’
—pk'p, = m? + va = m? =+ -
PPy s + R 27R
we see that if R — oo, the mass receives no correction. For the nonabelian gauge theory, an
open string carries U(n) Chan-Paton indices at its endpoints. If A3, T* is constant, with 7 gen-

erators of U(n), then hermiticity allows a constant unitary gauge transformation to diagonalize
AT

a ma 1 .
AT = 5 R diag (6y,...,0,)

For a general Chan paton state;
IN;ksa) = T IN; ksif) A,
4]
the gauge field Ags couples as follows:
IN;ksa) =Y [N ksig) [Ass, A,

]
The required commutator is as follows:

B 1
- 27TR &
j

Thus the state |N;k;ij) has charge +1 under U(1); and charge —1 under U(1);. The corre-
sponding expression for vy is

[Ags, A, (0:0iAjk — 05 Nij0j) = (05 — Ok) Air. = [Azs, A

ij

= (0: = 0;) Ny
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A —

R 2R
Thus, mass of the string state |N; k;ij) is as follows:

V25 = —

1 (27l + 6; — 6;)?
2 7
m?=—(N—1)+ 422]

The lowest non-tachyonic states have the following mass;

2
o _ (0i—0)) _ _
These states are massive if all the 6 ’s are different. If # ’s are equal in s sets of size r;, then

the massless states form the following representation;

Un)—=U(ry) x...xUlry)

7.6.1 T-duality

For open strings, T-duality maps Wilson lines into D-brane positions. If a constant gauge field
around the original circle has eigenvalues 6;, an open string with Chan—Paton labels ¢, j sees the
difference 0; — 0; in its momentum quantization. On the dual circle of radius R’ = o//R, the
same quantity is interpreted as the separation of two branes,

yA:ﬁR’ > _ iyl N1
Coom Y (2na)? o
The mass of the stretched string is therefore the energy of a string segment of length |y; — ;|

plus its oscillator contribution. Coincident eigenvalues give coincident branes and restore the
corresponding nonabelian gauge symmetry [10,350].

(7.16)

In decoupling limits this same open-string mass estimate diagnoses which degrees of free-
dom survive. If a background R-R field cancels a DO-brane rest energy, the surviving light
objects are DO-branes and the off-diagonal open strings that become the BFSS matrix de-
grees of freedom; matching the fundamental-string worldsheet through T-duality then explains
why nodal/tensionless worldsheets appear in the dual description [224]. The equation m;; ~
|y — y;]/(2ma’) is therefore more than a D-brane kinematics formula: after a critical scaling it
becomes the rule for which matrix entries remain dynamical and which strings decouple.

7.7 D-branes

The gauge field in the compact direction determines the position of the D-brane in the dual
compact direction, and hence the shape of the D-brane. T-dualizing a tangent direction reduces
the dimension of the D-brane, while T-dualizing a transverse direction increases it. Coincident
r branes give the following massless states:

o’y ks )i, j € ){17 1}

2 massless vectors and a U(r) symmetry. We also have r

2

and thus, we have r massless scalars

as follows:

o |kigyi, g e {1,...,r}

7.7.1 The D-brane action

We now construct the low-energy D-brane action. This action is called the DBI action. For a
p-brane, we introduce the coordinates £°, ... &P on the brane worldvolume. The fields to consider
on the brane are the embedding fields X*#(¢) and the gauge fields A,(§) (recall that gauge fields
live on the endpoints of the strings). Now, we define the induced metric Gy,(€) and induced
Bay(€) field as follows:
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oXHox” oX"ox”
Gap(§) = WWGMV(X<§))7BGJJ(§) = WWB;LV(X(Q) | |

Now, if we look at the Nambu—Goto action, the corresponding generalization of the inte-
grand is \/ —det(Gap + Bay) with an overall factor of —7),, the brane tension. In the Euclidean
Polyakov form the antisymmetric B-coupling carries the factor of ¢ already displayed below; in
the Lorentzian DBI action the determinant is real and the same information is carried by the
pullback of B. However, this is not the whole story. The open-string tree-level action must carry
the normalization g, 2, and g;2 ~ e~ % in the Lagrangian. Now, we prove that B,;, should appear
only with Fj,. In string worldsheet action, we have the following combination;

: / A0\ /€0, X 0y X" B,y + i / dXVA,
Ao [ oM
where 04, = 0, is a gauge symmetry of this action. The gauge transformation of B, is as

follows:

By = 0uG — 00y

Under this transformation, the action changes as follows:

?

2 ab XHH, XY o — i / 2 ab aX,u XV .
47ro//Md /g€ 0, X" 0, X" (0,¢, — 0,Cy) oo Md 0/ge0, X 0, X" 0,(
)
2ma’

l

:27]'0/ / d20'\/§ (81X“82X” - GQX“&X”) @A’V =
M

We now use the following identities;

/ dza\/galxuazxv (auCV - avCu)
M

alCu = &JCualXV? 82C,u = VCMaQXV
which imply;

OX"0X" (0,6, — 0,6,) = DX"01C, — X" DoG,
and thus, the variation of the action becomes;
1
2ma!

/ dQO'\/g (alXMaQCM — 82X“81CM) (871)
M

The first term becomes;

?

/d2a\/§81 (X*05C,) + : ,/ d*o\/gX"0,05C,
M 2ral [

1

+27T01//A4d20\/§XH8182CM (872)

2ma’
1

_ / 4o/ (X"0uC,)
oM

2!
The second term in 8.7.1 becomes;

boundary

7

l
/Md20\/§(92X“31C# :ﬁ/MdQU\/E@ (X*0nC,) — 27m,/Md20\/§X“3281§M

?

i

2o/

_271'0/ /]V[d20'\/§Xu8281<“ (873)

where we used the fact that A, variation vanishes at starting and ending times. We also see
that (8.7.3) cancels the second term in 8.7.2). So, the variation in the B term becomes;
?

— do? X*0O = — do® /g X"O.
- /6 LAV = | artvaxvag,

where we have excluded the boundary label now because it is understood. This term can be
canceled if A, also transforms as 04, = —(,/2ma’. This will give the following variation;

?




7.7. D-BRANES 101

i / dXPSA, =i / / Ao\ /g0, XS A, = i / do®\/gdy (X"5A,) — / do*\/gX"Ds5A,,
oM oM oM

1
= do®\ /g X0
2ma! /a M V9 2
where we used the fact that 64, vanishes at the initial and final times (i.e. ¢%). This exactly
cancels the variation of the B action. Now, the variation of F),, = 0,4, — 9, A, is as follows:

p 1 1 ,
5F/u/ = aﬂ (_ C )—81/ ( CM ) S (@LQ, - &,Cu) = —%éBw, = 5<B,Lw + 21« ij)

2mal Co2mal 2mal
Thus, the only gauge invariant quantity is B, + 27/ F),, and the induced field on the D-brane
is By, + 27’ F,,. So, this combination should appear in the action. The DBI action is thus as
follows:

Sper = -7, / AP ge? [— det (Gup + Bap + 2mal Foy)]M? (8.7.4)

For n separated branes, we have n copies of the action. For n coincident branes, open strings
can begin and end on any pair of branes, so their Chan—Paton labels make the low-energy fields
matrix-valued. The gauge field becomes a U(n) gauge field and the transverse positions become
adjoint scalars X*. The leading nonabelian potential has the schematic form

1 ) )
V(X) ~ =) Tr [X, X,
gYM i<j
Its flat directions are the commuting matrices, which can be diagonalized simultaneously; their
eigenvalues are the positions of the separated branes. Noncommuting matrices describe genuinely
coincident-brane degrees of freedom instead of ordinary positions in a classical transverse space.

The DBI determinant in Eq. (8.7.4) can be checked against open string field theory and the
open-string symplectic form. For a constant electric field £ = 27w/ Fy;, the DBI Lagrangian
density is

OLppI T,F
Lppr = —T,V1— E? D= = d
b = / 0E VI B
so the Hamiltonian density is

Hppt = DE — Lppr = \/Tﬁ + D2

The open-SFT symplectic computation of the same electric-flux energy agrees with this expres-
sion after the Ellwood invariant is extended to nonpolynomial open SFT [332]. For a constant
B-field the endpoint brackets follow from the boundary part of the covariant symplectic current,

{(X(r,0), X7 (r,0)} = 0¥, 67 = —(27a/)? [(g + 27a/ B) "' B(g — 27/ B)']"
which is the Seiberg-Witten noncommutativity parameter. In the tensionless limit the bulk
term degenerates and the remaining phase space can be supported entirely at the boundary [334].

The three standard descriptions of branes—open-string endpoints, BPS supergravity sources, and
gauge-invariant worldvolume actions—are reviewed together in [335].

7.7.2 D-brane tension

We first derive the D-brane tension recursion relation. Since 7}, does not depend on fields, we
can derive the relation for static D-branes and then use it for the full DBI action. Consider
a static D-brane with By, = 0, F,;, = 0, constant dilaton, and flat induced metric. Then, the
action becomes;

S=-T, [ &t =—-Te* / drie

Now, the action for a static brane has no kinetic energy, and the only potential energy is the
mass of the brane. So, action is negative of the mass of the brane. Therefore, the mass per unit
volume of the Dp-brane is Tpe . Now, consider the case when Dp-brane is wrapped around a
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p-torus. The volume of that torus is;

ﬁ 21 R;)
=1

and thus, the mass of the Dp-brane is;

p
T,e *]] (2rR:)

i=1
Now, let T duality act on p-th direction of the torus. We saw in Section 7.3 that ¢ changes as
follows under T-duality;

Under T-duality, mass is invariant and thus, the mass of the brane is still given as;

Vo o' - ¢’
T?pe Z1_[1(27TR) T,V ale™ H 21 R;)
But, this mass can also be written down as follows (because after T -duality, we have a D(p—1)
brane),

and thus, we get;

T,
oV a'T, =T, , = T, = —L— (8.7.5)

To obtain the expression for the D-brane tension, calculate the cylinder partition function of
an open string stretched between two D-branes. It is like the partition function calculated in
Chapter 5, but now the string’s endpoints can move only on the D-branes, so the momentum
integration is over p+1 directions and gives V. instead of Vas. Moreover, there is an additional
contribution to the conformal weight h; for the i-th state because the string is stretched between
two D-branes. Assume that the two D-branes are at X™ = 0 and X = y™ for m = p+1,...,25.
Now, we know that the expansion for Xj* and X} is as follows:

Xl =2l +dplot +.. ., XF =af +dpho” +.

= X"(r,0) = 2f + 27 + ' (pf' + pr) T+ o' (pf —pR)0+---
Imposing X™(0,7) = 0 and X" (m,7) = y™ gives us the following;

pL +pg =0, o (pf —pg)=y" =p[ =—p§ =
Now, we can deduce that;

Lo = o N=N
0 apL+ +47ra

and thus, the additional contribution from stretching between the branes is y*/4m%a. Now,
looking at 7.4.1, we see that we have an additional factor;

/ & — T [ _%tLO} :/ @T’ [ —2mt(Lg ”2/4”20‘/)] :/ dt o—vt/2mal Tt [ —27rtL81d]
0 2t 0 2t 0 2t

So, the cylinder partition function is as follows:

> dt
A =iV, / — (8m%a't) ()2 exp (—ty®/2ma’) n(it) =
0
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_ Z.V;DJrl > dt 2 / 1\ —24

~ (8r2a) I /0 o P (—ty"/2ma’) n(it)
Now, we need to extract the large-separation force, so we expand the integrand in the closed-
string channel. The modular property of the eta function gives;

1
n(it) = \ﬁn(i/t) = n(it) " =t (i/t) " =12 (¥ + 244 ..)
using this expansion, the amplitude becomes;

iVpi1 o 21-p)/2 2 N (2m )t
A:W/o dtt' =P exp(—ty/27ra)(e +24~|—...)

We now need to evaluate the second term in this partition function. It is done as follows:

) . . (23—-p)/2  roo
2V [ 0in e (<t j2mal) = — e Sl dup*t=P2er
(87r20/)(1"+1)/2 0 (87r2a’)("”+1)/2 y? 0

24iV. ora/\ B P/2 o3 N\ 24 o 23 —p B
B (8 20/)](0;:1)/2 ( y? ) F( 9 ) = @V}a+1—(4770/)11 P BT (T) 7
Y5

where we did the variable change p = ty*/27a’. Now, we use the result that Green’s function
for the Laplacian —V? in d transverse Euclidean dimensions is

1 d—2
Gill) = st (5 ) 8.76)
This follows by Fourier transforming 1/k?:

dlk ek dk 7sk2+ik- 1 e —d/2 —r?/4s
) = [ e =, e = g e

and the change of variable u = r?/(4s) gives Eq (8.7.6).
and then, setting d = 25 — p, we get;

1 23— p ) 23-p\,
Coo-pll4l) = s ( > ) = A7Gas_(Jy|) = 7®=2/21 (T) 23

Therefore, we have;
247 _
A= iV ()7 Gy )

We can convert this Green’s function to the momentum-space picture for massless exchange.
Since Gos_,(y) is the Fourier transform of 1/k%, the pole part of the amplitude is

1 4 247 _
Gas—p(lyl) = 7z = A= vaﬂm (47TCY/)H : (8.7.7)

Now, we do the analogous ﬁeld—theorchalculation because it gives the same amplitude in terms
of T,. We write the spacetime action for the strings with D = 26 in the Einstein frame. The
antisymmetric tensor is omitted in this one-particle exchange because the static parallel brane
with By, = Fo, = 0 has no linear source for B,,: the trace of an antisymmetric fluctuation in
the DBI determinant vanishes at first order. The relevant terms are as follows:

S=35 / X — (R — —augba“gb)

where recall that ¢ has a zero vev because ¢ = ¢ + ¢y where ¢y = (¢). With the background
By, = F,, = 0, the relevant terms from the D-brane action are

S =-T, / dPHee\/— det Gy = —Tpe % / e/ det Gy = —T, / P ee /= det G,

where 7, = Tpe_¢° Now, we recall that the Einstein frame metric GW and G, are related as
follows:
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G = 674‘2’/(]3’2)6*“,, = e"ﬁ/GGW =G, = €<f~>/6(;wj = G = e‘g/ﬁGab — det G = ®+D?/6 dot G

—det G = P12/ qet G

Therefore, the D-brane action becomes;

g — _Tp/dpﬂge(pll)iﬁ/l?\/_@

In the linear approximation;

é,uu = Nuv + h,uz/
while raising the indices by the flat metric and using de Donder gauge for the graviton, the
quadratic spacetime action becomes

1 . 1 2 - .
S=-33 / d* X (6Mhl,,\8“h A — Ouh0"h + gauqsa%) (8.7.8)
where = h/;. The D-brane field action becomes;

S = e (4529) - det (] =y [P (1+ 2529) (1 )
== [ AP — 7, [ @[30 - | 4 O(hd) — —7, [ e [5G — Be] + O(h)
(8.7.9)
where we dropped the constant term, which is the brane vacuum energy and does not enter the
one-particle exchange amplitude. The term displayed in square brackets is precisely the linear
source for hy, and ¢; the omitted O(h¢) and higher terms contain at least two fluctuating fields
and do not contribute to the tree-level exchange considered here. We keep h,, as the trace along
the brane worldvolume, while & = h*, denotes the full spacetime trace. From (8.7.8), we can
read off the propagators. Look at the kinetic terms for ¢. We can define a new dilaton as;
i -~
[
¢ . \/écb

and then, the kinetic term for ¢’ becomes;

ST |
_ﬁaquauqs — 5 qu/auqs/
i.e the canonical kinetic term. The propagator for ¢ is well known from QFT and thus, we
have;

6m
(06) = 15 = = 5(00) = 15 = (90) =
We see that for an arbitrary number of dlmensmns we can define a dllaton as follows:
21 ~
/ J—
V= D=2

and ¢’ will still have the canonical kinetic term. So, for arbitrary number of dimensions, we
have the following result.

66) = 15 =~ g @) = = 00 = L s

The de Donder-gauge graviton propagator following from the quadratic Einstein-frame action

is

2iK* 2
<hMVh045> = —? (T],uoznyﬁ + NupMva — mnuynaﬁ’) (8711)

Contracting the dilaton source 7,(p — 11)¢/12 and the graviton source —7,hq,/2 with the
propagators gives the field-theory exchange graph
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kT2 p—11\° 1 1
A=—2V, |6 “(2(p+1) = =(p+1)
iK?T? 1 ) 1 ) iK*T] L, 1,
= W%H P11 +p+l—(p+1) } = W%H [24 (p* — 22p + 121) —&-p—&-l—ﬂ(p +2p+1)
Gir2T2
1L
Now, comparing 8.7.7 and 8.7.12, we get;
6i%27’5 _ 247 Ar2e/ )P 2 _ m Ar2e/) P _ T Arle) (11-p)/2
?%H_ﬂ@ﬂm(wa) #Tp—256/{2<ﬂ'0¢) :Tp—ﬁ(wa)
_ ™ (11-p)/2 T (11-p)/2
= Tpe Po — m (47T20/) P = Tp = 6¢0m (47T20/) b (8713)
Now, we can see that 8.7.13 satisfies 8.7.5 as follows:
(p— _ T,
T, = edo T (47r20/)(11 P12 _ g0 T (47?20/)(11 P/ (471'20/)1/2 = T2nVa! = T, = 2 s
16k 16k 27y !

The coupling relation used here is the same Fuler-characteristic counting derived at the start
of the volume. A disk has x = 1, so an open-string tree amplitude carries one power of g;!
before external-vertex normalizations; a sphere has y = 2, so a closed-string tree amplitude
carries ¢g; 2. With canonical external states this gives g2 o g, and g. o< g5, hence g* o g..
The proportionality constants are convention-dependent and are fixed by the same factorization
comparison that fixes 7}, above.

7.8 'T-duality of the unoriented string

T-duality changes the action of worldsheet parity on the dual coordinate. If X¥ = X7 + X},
and T-duality sends X3, — — X}, then the dual coordinate is X" = X7 — X3. Conjugating the
orientation reversal (2 by T-duality gives

ToQTy ' = QRy, Ro: X7 — — X", (7.17)
The dual projection contains a spacetime reflection. Its fixed loci are orientifold planes. For
type I on a circle this gives the type-I’ interval with fixed planes at X" = 0 and X” = 7R’
Wilson lines in Eq. (7.16) become D-brane positions on this interval, and tadpole cancellation
becomes the cancellation of D-brane charge against orientifold-plane charge [10,167,352].

7.8.1 Open strings

For open strings, the boundary condition is part of the worldsheet definition of the theory.
Varying the Polyakov action gives a boundary term

60X, 0, X" 55 = 0. (7.18)
Thus Neumann directions obey 9,X* = 0, while Dirichlet directions obey dX* = 0 at the
boundary. This local equation is the worldsheet origin of the D-brane interpretation: an open-
string endpoint is a boundary condition of the worldsheet CF'T. Under T-duality, Neumann and

Dirichlet conditions are exchanged, so brane positions and Wilson lines become dual descriptions
of the same worldsheet input. [10,38,350-352].



Chapter 8

Type 11 and type I superstrings

The bosonic string has a tachyon and no spacetime fermions, so it is not a phenomenologically viable
final theory; this chapter constructs the string that removes both problems. We add worldsheet
fermions ¢*, which enlarges the constraint algebra to the (1,1) superconformal algebra and lowers
the critical dimension to ten. The fermions admit two periodicities, Neveu—Schwarz and Ramond, and
the entire structure of the ten-dimensional theories follows from asking which combinations of sectors
can coexist. We impose only the worldsheet consistency conditions of the Introduction: mutual
locality of vertex operators, closure of their operator products, and modular invariance of the one-
loop trace. The complete list of solutions is highly restricted, type IIA, type IIB, and the tachyonic
0A and OB theories, and the GSO projection is the name of the selection these conditions enforce.
We verify modular invariance explicitly through the theta-function identity that makes the partition
function vanish, the worldsheet signature of spacetime supersymmetry, and close with the unoriented
projection to type I, whose Ramond-Ramond tadpole fixes the gauge group to SO(32) [10,367].

8.1 The superconformal algebra

To include spacetime fermions through worldsheet fields, we introduce a two-dimensional ana-
logue of the Dirac equation:

POt =10 (10.1.1)
where o € {7,0} and p® are two dimensional Dirac matrices. Now, the Dirac matrices are
supposed to satisfy;

{007} =29 (10.1.2)

= —1,(p°)° =1 and {p° p'} = 0. This is satisfied if we take;

which means that (p°)

P’ = —io? pt = ot (10.1.3)

Following the construction of the chirality matrix in ten dimensions [2], the chiral matrix p
takes the form

0 0 _ 0 1 _ 1 -1 0
0+ _ 0— _ _ _ 0+ 0 A
p —<10),p —(OO>:>p—250—2<pp 2]1)—<0 1)

Since the matrices in 10.1.3 are real, it is a Majorana representation and we can take the
spinors to be real. We define ¢ (for Majorana spinor) as follows:

=T =Ty (10.1.4)
The first equality is true for any spinor.
We can now start with the following action;

S = Sbosonic + Sfermionic -

_ 1 _ .
/ P20XOX + - / e (wa% + wa%)

2ma!

106
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1 2 - _ -
= d*z (—/8X8X + Yoy, + w“az/}u> (10.1.5)
™ a
The OPE’s are as follows:
XH(2) X" (0) ~ —%nw In |22 (10.1.6)
v - Ty "
P19 (0) ~ T () (0) ~ (10.1.7)
which implies that;
ful vty = o4t =n (10.1.8)
Now, we calculate the energy momentum tensor for 10.1.5. We do remind ourselves that;
1
G2z = Jzz = Oagzi =gz = E = |g| = % (10'1'9>
which implies that;
O = g70; = 2220,0° = g0, = 2220 (10.1.10)
The mixed components of the stress tensor are
1, oL oL oL oL oL ~
517 = 5 O X + 0N = gL = =< OXV + =00 + —~3W
on * T 0(0-X") 0(0-0m) 2" T I T g axn) a (00m) o (6
_ 1 1
=17 = —QGX“GXM — 51#‘81% (10.1.11)
1 oL oL oL - oL ~-
-1 = ——0: X'+ ——~ D" — gl = ———— X" + ———— "
2w 0 (0. XH) P (@W) 20 (0X*+) 20 (awu>
1 -2 1~ .~
= ng - ——/aX'uﬁX“ - 51#“81/1# (10112)

_ o
It can be shown that 7%, = T%; = 0. We define the stress tensor as follows:

Tp(z) = —é@X“&XM - %wa%, Tp(z) = —éaXﬁ‘@Xu — %@Z“a@zu (10.1.13)

We denote the holomorphic and antiholomorphic stress-tensor components by T and T(2),
following the standard convention [2], and use these names throughout. The (1, 1) superconfor-

mal transformations are
6" = @ () + € (20 (2))

Pt = —\/ge(z)ﬁX“(z)
oYM = —\/ge*(z)ﬁX“(z) (10.1.14)

It can be checked that the action 10.1.5 is invariant under these transformations. We can
calculate the quantity that is conserved in these symmetries by using the Noetherian method.

55 — = / d*z lae* (ﬁijﬂéxﬂ) + Oe (ﬁwax&
2 o o/

and we define the conserved quantities known as the worldsheet supercurrents [2]:

Tp(z) = i\/g@/)"@Xu(z), Tp(z) = i\/gzﬁ“éXu(z) (10.1.15)

Using 10.1.7, we can check that Tz and T close an operator algebra (same is the case for
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anti-holomorphic counterparts). We get;

T (2)T5(0) ~ (3D/2) 4 2T(0) n dT5(0)

224 22 z
3 0T5(0
Ts(2)TF(0) ~ Q—ZQTF(O) + %
D 2T3(0)

which gives us a central charge of ¢ = 3D/2 for the theory. It also shows that T is a primary
field of conformal weight (%, 0). Written in terms of the central charge, we have;

c 2T5(0)  9Tg(0)
Tg(2)Tg(0) ~ —
5(2)T5(0) 274 * 22 * z
3 0T5(0)
Ts(2)Tr(0) ~ =—Tr(0
B(2)Tr(0) 5,2 r(0) + .
2c QTB(O)
323 + z
This operator algebra is called the (1, 1) superconformal algebra. Two standard examples of
superconformal field theories illustrate it. The first is the superconformal generalization of the

bc ghost system,

Ty ()T (0) ~ (10.1.17)

1 _
She = 2—/d22b80, hy =X, h.=1-—)\ (10.1.18)

T
with the generalization including the fermionic, commuting ghosts named g and . The SCFT

action is then given as follows:

1 - = 1 3
Sbesy = g/d%(b@w BOV)hs =X =5 hy =5 =X (10.1.19)

8.2 NS and R sectors

If we start with the theory on the cylinder for the closed string (with coordinates w = o +i7,w =
o—iT=z=e" z=¢" with 0 <o <27, —00 <7 < ), then we have the following cases;

o 2m) = { V0 o e (102.1)

0 (Ramond),
1 (Neveu Schwarz).

= P'(w+ 2m) = 2T PH (w), { Z

Similarly,

PH(w + 2m) = { @ﬁ;;;(fjé)w) (liaNfsgj)Schwarz) (1022)

7 =0 (Ramond),

v =3 (Neveu Schwarz).

= QZM(UJ +27) = eQWi’;zﬁ’L(w), {

We will take X*(w) to be periodic. Note that in this choice, Ts(w) is periodic in any of the
choices in 10.2.1 but Tr(w) has the same periodicity as *(w) (the same thing goes for the
anti-holomorphic sector). For the open string, we take 0 < ¢ < 7. The holomorphic fermion

field on the cylinder can be expanded as follows:

Prw) =i gl e (10.2.3)

rel+v
where the (c) subscript indicates that these are cylinder modes. Now, since the free fermion is
a primary field with conformal weight 1/2, we can find the fermion field on the plane as follows:
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92\ /2 _\—1/2 —1/2
v = () vt =) = S S e = X vt

reZ+v reZ+v
(10.2.4)
where we defined w?p)r = (—i)_l/Qwéz)r as the modes on the plane. We will drop the ( p)
subscript from now on. Please note that on the plane, Ramond fermions are anti-periodic and
vice versa (which is the opposite of the cylinder story). Similar expression is obtained for the
anti-holomorphic fermionic field;

= > PP (10.2.5)

rel+v
The modes expansions of the bosonic currents are already known to us i.e.

OXH (= \/72 mH,aX“ [szﬂ (10.2.6)

mEZ

Using the following identities;

jf d= (DX (=), 0X* (w)] = ]{ =R (DX (2)0X" (w)]

C(w)

74 0z (0 (), 4 (w) } = i R ) (102.7)

where R means radial ordering (which gives the OPE of the operators of the in this opera-
tor), and the OPE of 0X* with itself and OPE of " with itself gives us the following (anti)
commutators;

s ] = [, ) = Sy, {0t 0} = {0, 00} = (10.2.8)
Using the mode expansions of Tg and T
L, G,
Tp(z) = ZW’TF(Z) =Y g (10.2.9)
meZ reZ+v

we can derive the following algebra;

(L, Ln] = (m = 1) Lynsn + ~—m (m2 = 1) G

12
(GG} = 2L, + 1—‘; (42 = 1) 6,
(L, Gy = (% _ r) G (10.2.10)

called the RNS algebra or the Ramond algebra for r, s integers and Neveu-Schwarz algebra for
r, s half integers.

8.2.1 NS and R spectrum

The NS spectrum is easy to construct. |0)ns is the ground state (and it is unique) such that;

1/1¢L|0>NS =0ifr>0 (10.2.11)

The R sector has more than one ground state. If |0)g is a ground state, then so is ¢§|0)g and

due to (10.1.8), these states form a representation of the Clifford algebra. Seeing the similarity
in 21.1.1 and 10.2.8, we identity the following;

" ~ V244
Therefore e~ 29" will take Ramond ground states to Ramond ground states and hence, |0)z
can be thought of having a spinor index and as living in a representation of Clifford algebra.
Since a basis for spinors is given in 21.1.6 and a member of this basis is represented by the
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k-tuple s, we can choose this basis for the Ramond ground states. So, the basis for R-ground
states is as follows:
1
150, .-+, S4) = [8)  Sq = i§ (10.2.12)
Because of 21.1.9, we see that half integral values of s, mean that R -ground states are spinors.
We now construct an operator called the fermion number operator denoted as F. Since I'* is
identified as the zero mode of ", and since I' anti commutes with T, we can work out a
quantity that anticommutes with the full ¥*. This quantity is ™ where F is the fermion
number operator (which is defined only mod2) with the following desired property;

Fly) = flo) = F (02 £ ) [v) = (f £1) (02" i) [0) = (2" £ ) Flo) £ (20 £ ) [¢)

= [F, (02 £ 2] = & (2 £ i) (10.2.13)
where [¢) is an arbitrary state and f is just a number. So, ¥* increases F' by one. Using
(10.2.13), we get;

Iy = ) = e Pg) = TGy = e g) = —gremF ) = (e g} =0
So, if we can construct an F that satisfies (10.2.13), then e™! satisfies our requirements.

Before constructing F, we extend X%’ and S, as well (like we extended I'* and I'). Here are the
extensions;

200 = L [0 0] =~ [ug o] = 5 3 [urut ] =i 3w,

4
rel+v reZ+v
So = 0008220 = Gy = N gyl S, = =i Y Rt (0 #£0) (10.2.14)
rel+v rel+v
Now, the claim is that F'is given as follows:
F=5)+5+ 54 85+ 54 (10.2.15)

We now derive some anti-commutation relations. For a = 1,2, 3,4, we have the following two
anti-commutation relations;

2 . 2 2a+1,/2 - 2a+1 .2 2 2a+1
Sath2 = —i Y Rty = w2t — g2t Y gt

reZ4v reZ+v

= i+ "8 = [Sa, ¥0"] = [FLo] = it
Sa¢§a+1 — — Z wzaqbzc::‘rlwza-i-l _ _iwza _ iw?a-&-l Z wsawfa-&-l

rel+v reZ+v

= i)l + ISy = [So, U] = [Pyl = iyl
The above two relations give the following;

[F, w?a + iw?tﬂrl} — iwzaﬂrl +4 (_nga) -+ (w?a + iw?tiﬂ»l) (10216)
which is consistent with (10.2.13). Moreover, for the remaining spinors, we have the following;

S = Y bl == > wtedel = = Y (=6 — lu) L,

rel+v rel+v reZ+v
=g+ 9 > Yyl =l + 908 = [So, ¢Y] = ¥}
reZ+v
Sot = Y WPl = > ) (S — 30L,)
reZ+v reZ+v
=g+ > Yl =y + LS = [So, ¢i] = ¥?

reZ+v
Therefore, we get;
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[F, g0 it] = 00 = 44 (42 F i)
This commutator differs from Eq. (10.2.13) because the fermion-number convention used here
includes a Lorentz-generator normalization. A convention often used for the NS sector is

8
F=>"% ¢ —1 (10.2.17)

r>0 a=2

This implies the following (for b > 2);

8

8 8
[Fel] =305 e wl] = 305 (0 umul — ety 0) =30 0 (6,000, — 8500

r>0 a=2 r>0 a=2 r>0 a=2

- Z (5r+swlir - 55—#/1?)
r>0
Now, we have the following two cases;

[Fa ¢S] = Z (5r+swir - 53774/1?) = _¢2 (s >0)

r>0

[F o] = (rrstt?, = 0sthl) =4} (s <0)

r>0
which implies the following;

[Fut) =Feh, (s>0)
and this in turn implies the following;

Fly) = flo) = F (Y5, |0) = (W9 F F95,) ) = (f F 1)eb,]v)

So, ¥ decreases F' by one and ¢° _ increases F' by one.

8.2.2 Closed string spectra

In the closed string case, the NS-NS vacuum is |0)ns ® |0)ns and thus, the vacuum has integer
spin. In the R-R sector, the vacuum is |s,s’) = [s) ® |s'). This vacuum lies in 32pjac X 32pirac
representation and using 21.1.35, we can break it down as follows:

32pirac X 32pirac = (0] + [1]° + [2]* + [3]" + [4]* + [5]
If the left and right vacua have a definite chirality, equivalently a definite value of €™, then
the left and right Ramond ground states have definite fermion numbers F' and F'. For different
choices of F, F , the breakdown of R-R vacua is as follows, using Eq. (21.1.37):

F | F|emF | emF | SO(1,9) rep
0]0] 1 1| [+ [3]+ [5]+
011 1 -1 | 0]+ [2] + [4]
10| -1 1 [0] + [2] + [4]
1|1 -1 | -1 |[A]+[3]+[5]-

The NS-R and R-NS vacua are spacetime fermions because they contain one spacetime spinor
index.

8.3 Vertex operators and bosonization

Using (10.2.4), we see that in the NS sector (with v = 1/2), the fermion is single-valued.
Moreover, 10.1.7, we see that 1) OPE is single value. Hence, the products and derivatives of
¥ in the NS sector must be in the NS sector. We now calculate the state corresponding to the
k-th derivative of 1 in the NS sector.
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1
P = Y o T

NG

So, the state corresponding to 9*w)* is as follows:

1
[0y = lim 04 (2)[0) = lim Mz*kféwm

a0~ (—r—k — 1)
T€Z+§
Now, 1#|0) have to be zero for r + k > 1/2 for all k. The tightest bound comes from k& = 0

and thus;

1
MOy =0, r=-
¢T’|> ’ r 2’

[\CRGV]

PICEEE

So, we get;

@ ) = ki, |0)
So, we see that for every derivative, we have one state in the NS sector.

For the Ramond vertex operators, we need bosonization. Let H(z) be a holomorphic field (with
o/ =2). The OPE’s can be calculated using the following;

Vi kg (21, 21) Vi, wr, (22, 22) ~ Z(;QkLkL/QE?QkRkR/QVkL—&-k’L,kR—i-kR (22, 22)
where Vi, 1, (2, 2) = e Xe(@)ThrXr(z) (10.3.1)
The OPE’s are as follows:
) ) 1 . ) . .
6zH(z)e—zl‘I(z) ~ =, ezH(z)ezH(z) ~ O(Z)B—ZH(Z)Q—ZH(Z) ~ O(Z) (1032)
Now, consider two Majorana-Weyl fermions;
1 1 2 7 1 1 -2
z) = — z)+ (7)), Z) = —= z) — (2 10.3.3
0() = 5 W) +id(2), de) = 5 (¥1(2) —iv(2)) (10.3.3)
and the OPE’s for fermions is calculated using 10.1.7 as follows:
- 1 1 -
V(E)P(2) ~ 5 (P (E) +9*(2)0%(2) = -, Y()$(2) ~ (0)(2), D(2)P(2) ~ (0)(2)

_ (10.3.4)
We identify 1 ~ e and (z) ~ e7# (2) This identification extends to all operators built
from these elementary fields. Expanding the exponential OPEs around the midpoint gives
iH(2) ,—iH(2)

1
eFe Ng—kiaH(O)—l—QzTg(O)%—O(zQ)

1 _
G(2)h(=2) ~ o+ 0(0) + 2:TH(0) + O (%)
So, the stress tensors match and we have ¢1) ~ i0H. The fermionic sign is reproduced by the
monodromy of the exponential operators together with the usual cocycle factors: exchanging
two unit-charge exponentials gives the phase e’ = —1, and the cocycles ensure the same anti-

commutation for different complex fermions. Now, consider the general periodicity condition for
10.3.3) (as compared to (10.2.1);

Y(w +27) = ¥ Y(w), v ER (10.3.5)
and define the ground state in the sector with twist v by the annihilation conditions

¢n+ulo>v - @n—l/+1’0>1/ =0 (10-3-6>

It gives the Laurent series of ¢(z) and ¢(z) as follows:



8.4. THE SUPERCONFORMAL GHOSTS 113

Z Zfbiﬁ/z O (217) = ¥(2) A, (0) ~ O (=177)

Z;%agﬂ~ (7172) = B2 A(0) ~ O (72)

where A, is the correspondmg operator for |0),. Using the identifications for ¥(2) and 1(z)
from before, we deduce the following;

w(Z)Ay(()) ~ O (21/271/) = ezH(z)AV<O> ~O (Zl/271/> ~ eiH( z) i(1/2—v)H(z :> A ( ) ‘(1/271/)H(z)
@(Z)AV(O) ~ O (zu71/2) = efiH(z)AU«)) ~ O (ZV71/2> ~ efiH(z)ei(1/27V)H(z = A,,(Z) ~ ei(l/2fz/)H(z)

So, we get a consistent expression for A,. The weight of A, is easily seen to be as follows:

1 1\?

h (Ay) = 5 (V - 5

The same weight can be derived directly from fermionic modes. We see that 10.3.5 is unchanged
if v — v 4 1, but the state satisfying the annihilation conditions changes. It is enough to
take 0 < v < 1, because v is defined modulo one by the boundary condition, and different
representatives are related by spectral flow. Now, we show that |0),+1 = 1_,|0), by checking

that this state satisfies 10.3.6 with v — v + 1.

wn+y+1‘0>u+1 — wn+l/+11/_}—l/|0>l/ - _Q/_}—ulpn+u+1|0>u -

o e e
o =0 = 5l = {177 0 condtion)

This phenomenon is called spectral flow. For the Ramond case, we have v = 0 but the state
|0)o will flow into |0);. The corresponding operators for these states are as follows:

|O>U ~ ez’H(z)/2
We relabel these states as follows:

’0>1 ~ efiH(z)/Q

Y

: 1
‘S>N615H(z)’ s ==

This resembles the ground state of the Ramond sector. However, for Ramond sector, we need
five different s values and thus, five different H ’s. These are dual to five different complex
fermions. They are constructed as follows:

1 10
— (£Y%(2) + ¥'(2)) ~ FH
NG (£¢°(2) +¢'(2))

E <i¢2a<z) + I/)QOH—I(Z)) ~ eiiHa7 a = 17 27 3a 4
Thus finally, we can come up with the vertex operator for the Ramond ground state (denoted
as Og) as follows:

|s) ~ Og = exp [iZsaHa]

Oy is also called a spin field. (Bosonization of the be ghost system and equivalence to linear
dilaton)

8.4 The superconformal ghosts

The action of the superconfromal ghost action is as follows:
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S = L /d22(680+ B07)
2T

and the stress tensor for this theory is as follows (see 2.5.5);

Tp(z) =:0bc: (z) = A0 :bc: (2)+ : 0Py : (2) — <)\ - —) J:pv:(2) (10.4.1)

If we choose \ = 2, we get;

3
Tp(z) =:0bc: (z) =20 :bc: (2)+ : 007 : (2) — 53 (B (2) (10.4.2)
The expression for Tr is fixed by requiring that its OPE with b, ¢, 3, generate the supercon-
formal transformations with weights 2, —1,3/2, —1/2:

3
Tp(z) =:0fc: (2) + 3 poc:(z) —2:by:(2) (10.4.3)
The anomaly cancellation can be checked before fixing A = 2. The fermionic first-order pair
has
h(b) = A, h(c) =1— ), e =1 —3(2\ — 1)
The commuting superghost pair has

MB)=A—z,  h)=2-A

For a commuting first-order system with /3 of weight hg,
cgy =3(2hs — 1) —=1=302A —2)* =1 =12(A - 1)* — 1.
Hence the total ghost central charge in the superconformal ghost multiplet is
can(A) = cpe + gy = [1 = 3(2A = 1)°] + [12(A — 1)* — 1] = 9 — 12\
For the RNS string, A = 2, so ¢y, = —15. The matter system (X*,*) has

D 3D
matter — D ~ = 4 -
Cmatt + 5 5
The vanishing of the total Weyl anomaly gives
D
37 —15=0, D = 10.

Equivalently, the central term in the ghost supercurrent OPE is

2ca,  2T5(0)
TE(TE(0) ~ 35 + =2,

z
so the same number controls the anomaly of the local superconformal symmetry [3].

So, the conformal weights of the fields are as follows:

3 1

h(b) = 2.h(e) = ~1h(B) = 5:hir) = — (10.4.4)

and the mode expansions are thus as follows (using the fact that the periodicities of these
ghosts should be the same as Tr);

b g
=2 Sz 0(2) = > e C) = > zr+3/2’7 = > ﬁ (10.4.5)

meZ meZ reZ+v reZ+v
Now we define the ground state as follows:

1
BT|O>NS = 0,7’ Z ) 7T|0>NS = O7T Z

[\
N —

5’/‘|O>R:07T207 ’7T|0>R207r2 1

bm|0>NS,R = 0, m Z O, Cm|O>NS,R = O,m Z 1 (1046)

In the NS sector, 5, with positive r are annihilation operators, and their conjugates v_, are
creation operators. The R sector has the additional zero-mode choice: we take (5, to be an
annihilation operator, so its conjugate 7, is a creation operator. The same convention is used
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for the b,,, ¢, system, with by chosen as an annihilation operator.

8.4.1 Vertex operators

Denote the state corresponding to the unit operator by [1). It belongs to the NS sector because
the unit operator has no branch cut. This state satisfies the following conditions, following from
Eq. (10.4.4):

8,1y =0, (7" > —g) A1) =0, <7" > %) Bal1) = 0,(m > —2),enl1) = 0,(m > 1) (10.4.7)

|1) is not |0)xs. We can show that |0)ngs = ¢1|1), which satisfies all the properties of |0)ng
listed in Eq. (10.4.6). The vertex operator for |0)xs in terms of «y is denoted by d(7(z)):

|0)xs = 0(7(0))[1)
. We now derive the following results;

SO = 30 —rlOns = 3 —rlohns =74 2[00ws +

1 1
2 2

~ 00 = 2(2)5(2(0) ~ O) (1049
BEIGOIN = 3 Zrrlos = Y Lo = 16y 10)ws + -
~ 0(=7) [0hss = B)52(0)) ~ O (=) (1049

Now we will bosonize the fv system to look it like the bosonisation of bc system. We consider
the following OPE;

1
B2)y(2)B(0)7(0) = B(2)7(0)1(2)B(0) ~ —— (10.4.10)
This matches the OPE of 0¢ with itself where ¢ is the chiral, free boson. So, we have the
following correspondence;

By(z) ~ 0¢(z) (10.4.11)
Moreover, we can get another correspondence. Firstly, we get the following results;
£(0 £(0 (0 (0
521280 ~ 2 5 06(:50) ~ 2 13(23(0) ~ ~ 22 5 d9(2)5(0) ~ -1
and then, we consider the following OPEs
—(0) #(0)
86(2)e 40 ~ & 9p(2)e?® ~ —E
z
Comparing the OPEs in the above two equations, we get the following;
B(z) ~ e P y(z) ~ (10.4.12)
This will cause a problem. Consider the following OPEs;
@00 L 0 (=71 ,e?@e=?0) L O(z) (10.4.13)

this implies that we will have the following OPEs;

B(2)B(0) ~ O (271) ,7(2)7(0) ~ O (27) , B(2)7(0) ~ O(2)
but these are the wrong OPEs. We can fix this by adding additional fields which are non-
singular with respect to ¢ in order to retain the OPE in 10.4.10. The new bosonization is as
follows:

B(2) ~ eH0E(2),1(2) ~ e¥n(z) (10.4.14)
and we need to impose the v OPEs to get the OPEs between 0¢ and 7 as follows:
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B(2)v(0) ~ e_¢(z)6£(z)e¢(0)n(0) = e_¢(z)e¢(0)8£(z)n(0) ~ QO (2_1) = £(2)n(0) ~ O (z_l)
B(2)8(0) ~ e "@9E(2)e=?V0E(0) = e ?Pe V0 (2)9€(0) ~ O(1) = 9E(2)IE(0) ~ O(2)
(2

Y(2)7(0) ~ e (2)e?On(0) = e?@eOy(2)n(0) ~ O(1) = 1(2)n(0) ~ O(=)

It makes this theory look like a be theory (although this will imply that 0£(2)0£(0) ~ O(1)
but the O(1) term should vanish due to the anti commutativity). Now, we determine the stress
tensor of the ¢ theory. The stress tensor of 57 theory (with 5 having a weight of \) is as follows
(I have excluded the normal order sign);

T(z) = (1 = NB(2)7(2) = AB(2)07(2)
The OPE of this T'(z) can be calculated with v but we will calculate the fully contracted
term only. The calculation is as follows:

T(2)8(007(0) ~ (1-0)0B()y(2)BO)1(0)-AB()d()BO)y(0)+... = LN AL 1224,

23 23 23

This can be compared with the following OPE;

—206(:)00(2)96(0) ~ 206(:)06(:)06(0) + £(1 ~ 20)5%p(2)a0(0) = 122 4 2240 | T

It gives the conclusion that the stress tensor for the ¢ theory is as follows:

T9(2) = —%(%b(z)@gb(z) + 6(2) (10.4.15)

The weights of the exponentials in 10.4.14 are calculated as follows:

1 1— 2)\
T(2)e?® ~ =206(2)00(2)e"®) + =—==0%6(2)e*"
122 o0 99(2)e™” )6¢() R0 1
= e 5 226 +0(z7),

1—2A

Th(z)e 0 ~ —206(2)00(z)e 0 +

A=1/2 _yo  90(x)e 0 A-1)
22 2z 22
which means that the weights of £(z) and 7(z) have to be 0 and 1 respectively. Therefore, the
né system is a A = 1be system with 1 being like b and £ being like ¢. Using (2.5.5), the stress
tensor of n¢ theory is as follows:

~

T = — :not : (2) (10.4.16)

We now calculate the central charges of the ¢ theory and the n¢ theory. Observing (10.4.15),

we see that it is a one-dimensional linear dilaton CFT with o/ =2 and V' = (1 —2\)/2. So, the
central charge of ¢ theory is as follows:

1—2A

2
co=1+12V>=1+12 =3(1-2\)*+1 (10.4.17)

Moreover, since 1€ is equivalent to a be system with A = 1 we can use 2.5.6 to get the following;

cpe =1-3(2(1) —1)> = -2 (10.4.18)
So, the central charge of the 87y system is 3(1 — 2\)?2 + 1 — 2 = 3(1 — 2))? — 1 which is the
right central charge. The bosonized representation is

ﬁ - ei(baéa Y= 77€¢7
where (1, &) is a fermionic pair of weights (1,0) and ¢ is a scalar with background charge fixed

so that €% has the conformal weight used below.
For string theory, the relevant value of X is 3/2. Using (10.4.9) and 10.4.8, we can identify
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d(v(z)) as the following;

5(y(2)) ~ 9@ (10.4.19)
which has h = 1/2. A similar analysis applies to the vertex operator of the R ground state.
Denoting the spin field by X, one has

10;5) 7 = VA(0)[1) = S(0)04(0)]1). (10.4.20)
Using 10.4.6 and 10.4.5, we can derive the following;
By Br _ _ ~
RO = 3 55100 = 3 Epi0h = a7 0+ O (7)1 0)~ O (71)
AEHEOI = 3 5100 = 3 0l = 20 o)+~ O (27) A (IE0) ~ O (:172)
rez, = * r<t © 2

We can compare these OPEs with the following OPEs;

HRe02 O (112) o900/ 1, O (712)
Using these OPEs and 10.4.14, we can get the following identification;

Y(z) ~ e ¥@/2 (10.4.21)
The matter spin field O in Eq. (10.4.20) is fixed just as explicitly. Pair the ten real worldsheet

fermions into five complex fermions,

v = %(WHW“), vr = %W —itt), I=0, 4

Introduce five bosons H; with
Hi(2)H;(0) ~ =d751In z, Ui (2) ~ et V7 (2) e ()
For a Ramond ground state labelled by spin weights s; = j:%, define

Og(z) =: exp (iZsﬂEﬁ(z)) DL

=0
Then

Vi (2)04(0) ~ 257 exp <i(i1 + s7)Hy(0)i Z SJHJ(O)> s
JAT
The half-integral powers are the branch cuts of the Ramond sector. They turn the fermion
modes on the cylinder from half-integral NS modes into integral Ramond modes. The conformal
weight follows from the exponential OPE:

For the superghost boson at A = 3/2,
1 1
Ty=—5: (@007 0%,  h(e)=—sqla+2)

so h(e=?/?) = 3/8. Hence a holomorphic Ramond vertex in the —1/2 picture has
_ - 3 5
V}g 1/2)(7;) = ug e 20,6 X (2), h(6_¢/2@s) =3 + 3= 1.

The plane-wave factor adds the usual momentum contribution. Thus the Ramond ground-state
vertex is marginal exactly at & = 0, with the open-string boundary normalization or the closed-
string holomorphic normalization giving the same massless condition. The remaining zero-mode
constraint is GoVxr = 0, equivalently
kT8 us =0,

which is the massless Dirac equation obtained again in Eq. (10.5.5) [3].

The worldsheet fermion number F' is defined to be odd for § and y because { F, Tr} = 0 and the
BRST charge contains the product T, which must be even. This justifies the negative fermion
number of |0)ns. In the bosonized description the charge is measured by the current associated
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with 10.4.11: the operator e'¢ carries ¢-momentum [. The NS picture-changing vacuum e~?
therefore contributes one unit of odd ghost fermion number. In the Ramond ground-state vertex
e~?/2S;, the half-integer ¢-momentum is combined with the spin-field cocycle; the physical GSO
parity is the total matter-plus-ghost parity, not the ¢-momentum alone. Cocycle factors are
understood throughout the bosonized formulas: they make exponentials associated with different
fermions anticommute and keep OPEs mutually local.

8.5 Physical states

The constraints are applied on the physical states as follows:

Lyl) =0,G,[¢p) =0, n>0,r=>0 (10.5.1)
where we only talk about the matter generators right now. The mass-shell condition is as
follows:

Lol = H|i) = 0 (10.5.2)
where this generator is the matter+ghost generator. H follows from the zero mode Ly — a,
with normal-ordering constants axs = 1/2 and ag = 0:

/072 _1
_ { a'p? + N — L( Neveu Schwarz ) (10.5.3)

o'p* + N( Ramond )
The constants in Eq. (10.5.3) are the regularized zero-point energies of the transverse light-cone
fields. For one real boson,

1 — 1 1
EB —_ — — — —_ = ——,
For one real NS fermion the modes are r € Z + 1/2, and the fermionic sign gives
1 1 1 1
pENs _ 1 Y G N
0 32T 2<< ’2) 48
r=1/2
For one real Ramond fermion the nonzero modes are integral, hence
1 — 1
Eyt = —- =+
0 22"y

With D — 2 transverse boson—fermion pairs,

1 1 D -2 1 1
ES=D-2)(-———-—|=-—"-= Ef=D-2)[-——=+—=]=0
o = )( 24 48> 16 0 = )( 24+24)
Thus Ly = o/p?> + N + Ey. In D = 10, E® = —1/2 and E}* = 0, which gives the two lines of
Eq. (10.5.3). Conversely, demanding the first NS excitation N = 1/2 to be massless gives
1 D-2

- D=1
> 16 0

in agreement with the superghost central-charge calculation [3].

The NS ground state is |k,0)ns and is labelled by a momentum k. The constraints (10.5.1)
are trivially satisfied for this state. The mass shell condition gives the following;

1 1
[ = L N — = — 2 _
ok, 0)ns (ap + 2) |k, 0)ns = 0=k Do

a positive k* indicates a tachyon. We will call the theory built on this vacuum NS- (because
e = —1). (Calculate the fermion number by adding ghost contribution). The first excited
state is given as follows:

|6; k>NS - €u¢51/2|0; k>NS (1054)
where e, is the polarization vector. The constraints are calculated as follows:
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1 1
Linlesk)ns =7 > (28 = m) et |05 kins + 7 D (20 + m)el Yumerents” s o]0; ks

r>0 r>0

1 1
= 4_1(1 — Sm)wgm_%eum; k)ns + Z(m - 1)¢ge”|0; E)ns =0 (m > 0)

So, this constraint is trivially satisfied. The next constraint is imposed as follows:

GT’e; k>NS - (agwm” + Z agwurfn + Z O/inwm”rn) 6%%1/2‘0% k>NS
n>0 n>0
= ageu5r_%|e; k)ns + Z O/ineuéﬂrn_% le; k)ns = ageuér_% le; k)ns

n>0
So, the only non-trivial constraint comes from G 1. This constraint implies the following;

ageyle; k)ns =0 = kte, =0
Finally, the mass shell constraint gives the following;

2
The fermion number for this state has to be +1 . We now show that G_;s|e; k)ns is a null
state. It is done as follows:

1 1 1
(o/p2 + N — —) le; k)ns = (O/k'z +t5- 5) le;k)ns =0 = k2 =0

(V|G _1y2]e; kYns = (e k|G 1)) = 0

1
LG _y1lesk)ns = G_1 Linle; k)ns + %Gm_;le; k)ns =0 (m > 0)

1
G, G_yles B)xs = 2L, 1 |e; K)ns = 0 ( > 5)

The form of this null state is as follows:
G_ile;k)ns = Ozgwlh%]e; k)ns = V20K, _1le; k)ns
Thus, the general first excited state is as follows:

(e, + Aky) wﬁ%|e; k)ns = e, ~ e, + Ak,

We will refer to the theory built on this vacuum NS+ theory (because ™ = 1 on this vacuum).
Now, a general Ramond vacuum can be expanded in terms of the basis states labelled by s as
follows:

i F

lu; k)r = |s; k) gus (10.5.5)

The mass shell condition calculation goes as before and we get that k? = 0 for the ground

state. The L,, and G, (for r # 0) constraints are again trivially satisfied. The G constraint
gives us the following;

Gols; k) rus = ahols; k) rus = Vo' |8 k) p B*T ygsus = 0 = k- Tggus = 0
which is the massless Dirac equation. Now, since the state is massless, we can go to the frame
where kg = k1. In that frame, the Dirac equation becomes;

(kol” + ki) w = ko (I° = TTT") u
= —kol" (TT" = 1) u = =kl (25, — 1) u

= —QkOFO (SO — %) u = 0.

and thus, only the states with sy = 1/2 survive. Now, using 21.1.40 with k =4 and [ = 0, we
get the following decomposition for SO(9,1) — SO(1,1) x SO(8);
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16:(L8)@¢usq::(;s)es<—;s)

1 1
16=1.8)008)= (58) 0 (~5.8)
So the massless Dirac equation allows a vacuum with SO(8) representation of 8 with chirality
+1 (which is the same as ™" on the vacuum) and a vacuum with SO(8) representation of 8

with e = —1. We will call these sectors R+ and R—. The open string sectors are then as
follows:

Sector | e™ | m? | SO(8)
NS+ 1 0

8y
NS— | -1 |—-1/2¢/ | 1
R+ | 1 0 8
R— | -1 0 8

For the closed-string vacuum, level matching requires the left- and right-moving mass-shell
conditions to give the same spacetime mass:

/
%mQ “N-v=N-p (10.5.6)
Since the mass of NS- vacuum is different from all the other sectors, it can’t be coupled with
any other sector. So, the only closed string sector that contains NS- is (NS-, NS-). We can make
the following table to help us work out the possible closed string sectors;

Sector | N | v | N—v|a'm?/4

NS+ |[1/21/2] 0 0
NS- | 0 |[1/2| =1/2 | —1/2
R+ | 0 | 0 0 0
R- | 0] 0 0 0

So it is very clear that the allowed sectors are (we exclude sectors that are reflections of other
sectors - i.e. that can be obtained by flipping left and right sectors -);

(NS—,NS—), (NS+,NS+), (NS+,R+), (NS+,R—), (R+,R+), (R+,R—), (R—,R—)
Among these sectors, (NS-; NS-) has the tachyon. Before writing down the spectrum of the

other sectors, we need to work out the following decompositions. 8, x 8, is a tensor representation
but can be broken

sector So(8) rep | decomposition | dimensions

(NS—,NS—) 1

(NS+,NS+) | 8, x8, | [0]+(2)+[2] | 1+28+35
(NS+,R+) | 8, x & -

8 + 56
(NS+,R—) | 8,x8& - 8 + 56
(R+,R+) 8 x8 |[[0]+[2]+[4+|1+28+35,
(R—,R—) 8 x8 | [0]+[2]+[4]- | 1+28+35_
(R+,R—) 8 x 8 (1] + [3] 8 + 56

Table 1: Spectrum for closed string sectors

down to a traceless symmetric tensor with 8(841)/2 —1 = 35 components, an anti-symmetric

tensor with 8(8 — 1)/2 = 28 components and a pure trace with one component (just like the
closed bosonic string massless state). So, we have;

8, X 8, =1+28+35 (10.5.7)
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From 21.1.37, we get the following three decompositions for k = 3,

8x8=[0]+[2]+[4+=1+28+35,

8 x 8 =[0]+[2]+[4_-=1+28+35_
8 x 8 =[1] +[3] =8+ 56 (10.5.8)
where we used the fact that the number of independent components in an antisymmetric tensor
of rank r in d dimensions is (f) We chose d = 8. Lastly, we talk about 8, x 8. We can take a

general state in this representation and label it as |i;s). We can now make eight different linear
combinations, labeled by s’ as follows:

F;’s |Za S>
The chirality of this combination is different from |i;s) which can be shown as follows:

Lliss) = ali;s) = T (Tygliss)) = —Tylliss) = —alyliss)

Under the action of SO(8), this combination maps to a similar combination because Clifford
multiplication is an SO(8)-equivariant map 8,8, — 8.. Therefore, there is an 8 representation
there. The tensor product has dimension 64, so after the eight-dimensional image is removed
the remaining irreducible component has dimension 56. So, we have the following;

8, x 8 =8+ 56

8, x 8 =8+ 56’ (10.5.9)

The BRST treatment gives the same physical spectrum after the superghost sector is included;

here we keep the light-cone representation labels because they make the spacetime multiplets
explicit. The closed-string sectors are as follows.

8.6 The superstring theories in ten dimensions

Instead of naming the theories with v and F', we adopt the more convenient numbers ( «, F')
where o = 1 — 2v. This gets rid of the fractions in ¥ and makes « defined up to mod 2 only. In
the open string case, we have the following correspondences;

(o, F') | v | sector
(0,1) [1/2] NS+
(0,~1) | 1/2 | Ns-
0,1) | 0 | R+
©,-1)| 0| R

For closed string, we label the sectors by four numbers ( o, F, &, F'). The correspondences are
tabulated as follows:
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(o, F, &, F’) sector
(0,0,0,0) | (NS+,NS+)
(0,0,0,1) -
(0,0,1,0) (NS+,R+)
(0,0,1,1) (NS+,R—)
(0,1,0,0) -
(0,1,0,1) | (NS+,NS—)
(0,1,1,0) -
(0,1,1,1) -
(1,0,0,0) (R+,NS+)
(1,0,0,1) -
(1,0,1,0) | (R+,R+)
(1,0,1,1) (R+,R—)
(1,1,0,0) | (R—,NS+)
(1,1,0,1) -
(1,1,1,0) (R—,R+)
(lelal) (R_7R_)

Some of the possibilities do not belong to an allowed sector because they involve coupling NS-
to another sector. Some sectors are reflections of other sectors. So, we still have only seven
possible sectors. Now, we impose conditions to make allowed theories.

1- We want operators to be mutually local (i.e. they do not pick up a nontrivial phase
when one operator circles around another). All of the operators cannot be kept at once be-
cause the vertex operator of the Ramond vacuum has branch cuts. Consider two operators in

iaH/2

(al, o, Fl) <a2, Fy, o, Fg) sectors. Bosonizing the spin fields gives factors e , and mov-

ing one operator around the other gives the monodromy e*1% with the cocycle contribution
recorded by the fermion numbers. The phase acquired by this circling is

exp [7’(’2 <F1042 — FQOCl — F~110~62 + ﬁg@l)] (1061)
Note that since a = 0 for NS sector, if all the a ’s vanish, then the phase is unity and it makes
sense because there are no branch cuts in the NS sector. So, the first requirement is;

FlOéQ — FQOél — Fldg + FZdl € 27 (1062)
2- We recall that in the plane, Ramond operators have half-integer modes and NS operators
have integer modes. So, for the operator products in the plane, we have the following;

RxR=NS=1x1=0(=1+1mod?2)
RxNS=R=1x0=1(=1+0mod 2)

NSXxNS=NS=0x0=0(=0+ 0mod 2)
where we wrote the same thing in terms of corresponding « values. So, we see that in the
operator products, a ’s just add up (up to mod2). It is easier to see that the fermion number
also adds up and thus, /' is also conserved mod 2 . Now, we can state our second condition. We
want the OPEs to close and thus, if ( ay, Fi, a4, F1) and ( a9, Fy, dg, F3), then we should also
have the following sector;

(Ozl + g, F1 + FQ, &1 + 6(2, Fl + FQ) mod 2
3- Modular transformations relate NS and R spin structures in the one-loop partition function.
Hence a theory built only from NS sectors is not modular invariant; at least one left-moving and
one right-moving Ramond sector must be present.
Now, if we assume that we have at least one NS-R sector, it has to be (R+,NS+) = (1,0, 0,0)
or (R-,NS+)= ( 1,1,0,0) sector or both. The phase in 10.6.1 for these two sectors is as follows:

exp[mi((0)(1) — (1)(1) = (0)(0) + (0)(0))] = -1
Therefore these two sectors cannot coexist in a mutually local theory. The third requirement
also demands NS-R or R-R sectors, or both. Since an R-NS sector is already present by
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assumption, the presence of an R—R sector implies the operator product

R-NSxR-R=NS-R
So, we will have an NS sector in any case (i.e. whether or not we have an R sector). So, we
have the following possibilities;

IIB : (R+,NS+) with (NS+,R+) = (1,0,0,0) with (0,0,1,0)
IIA : (R+, NS+) with (NS+, R—) = (1,0,0,0) with (0,0,1,1)
1A’ : (R—,NS+) with (NS+, R+) = (1, 1,0,0) with (0,0, 1,0)

IIB": (R—,NS+) with (NS+,R—) = (1,1,0,0) with (0,0,1,1)
where the possibilities have been labeled. Consider first the IIB possibility, with sectors
(1,0,0,0) and (0,0,1,0). Condition 2 also requires the following sectors:

(1,0,0,0) + (1,0,0,0) = (0,0,0,0)(mod2) = (NS+, NS+)

(1,0,0,0) + (0,0,1,0) = (1,0,1,0)(mod2) = (R+, R+)
So, the full type IIB possibility is as follows:

IIB : (R+,NS+), (NS+, R+), (NS+ 5 NS+), (R+,R+) (10.6.3)
Consider first the ITA choice. The sectors (1,0,0,0) and (0,0, 1, 1) are already present. Closure
of OPEs then requires

(1,0,0,0) + (1,0,0,0) = (0,0,0,0)(mod2) = (NS+, NS+)

(1,0,0,0) 4+ (0,0,1,1) = (1,0,1,1)(mod2) = (R+,R—)
After these two sectors are included, the remaining operator products are mutually local and
close within the same set. The full IIA possibility is therefore

A : (R+, NS+) (NS+,R—), (NS+,NS+), (R+,R-) (10.6.4)
For the ITA’ choice, the sectors (1,1,0,0) and (0,0,1,0) are already present. Closure of OPEs
requires

(1,1,0,0) + (1,1,0,0) = (0,0,0,0)(mod2) = (NS-+, NS+)

(1,1,0,0) + (0,0,1,1) = (1,1,1,0)(mod2) = (R—,R+)
All other OPEs close after adding these two sectors, so the full ITA" possibility is

ITA" : (R—,NS+), (NS+, R+), (NS+,NS+), (R—, R+) (10.6.5)
Finally, for the IIB’ choice, the sectors (1,1,0,0) and (0,0, 1, 1) are already present. Closure
of OPEs requires

(1,1,0,0) + (1,1,0,0) = (0,0,0,0)(mod2) = (NS+, NS+)

(1,1,0,0) + (0,0,1,1) = (1,1,1,1)(mod2) = (R—,R—)
All other OPEs close after adding these two sectors, so the full IIB" possibility is

IIB": (R—,NS+), (NS+,R—), (NS+,NS+), (R—,R—) (10.6.6)
Under a spacetime reflection in one transverse axis, for example X — —X? together with
Y2 — —p? and ¢? — —1)?, the worldsheet action and constraints are unchanged. The reflection
reverses one spinor weight in the Ramond sector, flips the sign of S; in Eq. (10.2.14), and shifts
the corresponding fermion number by one unit as in Eq. (10.2.15). Hence e™" changes sign on
Ramond ground states. The primed and unprimed choices are therefore related by a spacetime
reflection: ITA to ITA’ and IIB to IIB’.
Now, if we assume that we have no R — NS sector, condition 3 requires us to have (R4, R+) =
(1,0,1,0), (R+,R—) = (1,0,1,1), (R—,R+) = (1,1,1,0) or (R—,R—) = (1,1,1,1) sector. Con-
dition 2 requires us to have (NS+,NS+) sector as well as shown below.
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(1,0,1,0) + (1,0,1,0) = (0,0,0,0) = (NS+, NS+)
(1,0,1,1) + (1,0,1,1) = (0,0,0,0) = (NS+, NS+)
(1,1,1,0) + (1,1,1,0) = (0,0,0,0) = (NS+, NS+)
(1,1,1,1) + (1,1,1,1) = (0,0,0,0) = (NS+, NS+)

Since all a’s and F’s vanish for (NS+,NS+), mutual locality is automatic. However, the
corresponding one-loop partition function is not closed under modular transformations unless the
(NS—,NS—) sector is also included. Modular invariance then leaves the two type-0 possibilities

0 A : (NS+,NS+), (R+,R—), (R—, R+), (NS—,NS—) (10.6.7)

0 B: (NS+,NS+), (R+,R+), (R—,R—), (NS—,NS—) (10.6.8)
These theories contain tachyons, but they are modular invariant. For IIB theory, all chiralities
are +1, and hence

IIB : ™ =™ =1 (10.6.9)

For ITA theory, the left-handed chiralities are positive but the right-handed chiralities are +1

for NS sector (for which @ = 0) and -1 for R sector (for which & = 1). So, the right-handed
chiralities are given by (—1)®. Thus, have the following;

A :e™F =1,e™F = (—1)° (10.6.10)
These projections are known as GSO projections. The 0B theory has same chirality for left
and right movers and it has the same kind of periodicity for left and right movers. So, we get;

0B:e™ =™ a=a (10.6.11)
This projection is called the diagonal GSO projection. Using Table 1, the spectra of the ITA
and IIB theories are

ITA :[0] + [1] + [2] + [3] + (2) + 8" + 56 + 8 4 56 (10.6.12)

1B : 01>+ [2]* + (2) + [4]+ + 87 + 56° (10.6.13)
The closed unoriented type-I projection keeps the Q2-even part of the type-II1B spectrum. The

resulting closed spectrum contains the N = 1 supergravity multiplet, and open strings must be
added to cancel the R-R tadpole. The closed unoriented type I has the spectrum;

IA (closed): [0] 4 (2) + [2] + 8 + 56 (10.6.14)

where [2] comes from the R-R spectrum instead of the (NS+, NS+) spectrum. The unoriented

closed spectrum has N = 1 supersymmetry, with a single gravitino, so the compatible open

sector must supply the corresponding N = 1 gauge multiplet instead of an independent second
supersymmetry. The combined closed-plus-open spectrum is

IA ( closed, open ) : [0] 4+ (2) + [2] + 8 + 56 + 8 + 56 (10.6.15)

The opposite open-string chirality is absent because the oriented open-string GSO projection

keeps one Ramond chirality on the boundary Hilbert space. Keeping both would spoil the
mutual-locality and modular-invariance conditions used to define the type-I open sector.

For type-II strings, the requirement that the target space admit a spin structure follows from
consistency of the worldsheet GSO projection. The obstruction is a mixed global anomaly
involving (—1)% and the target-space background fields, detected by a spin-bordism invariant
[245]. In the smooth-target case the anomaly cancellation condition reduces to we(X) = 0, while
for orbifolds it requires an equivariant spin structure. This is the same logic used here in a local
oscillator language, but upgraded from a state-by-state chirality projection to a global condition
on the allowed string background.

Heckman, McNamara, Parra-Martinez, and Torres study GSO-related defects predicted by
the cobordism program, including an ITA/IIB domain wall and a stable R7-brane; long-string
probes see these objects as defects in the worldsheet GSO structure, not ordinary smooth com-
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pactifications [322]. Wada and Yamaguchi analyze D-branes in the Dabholkar—Park orientifold
background and use worldsheet anomalies of one-dimensional Majorana fermions on the bound-
ary to recover the relative K R-theory classification of stable branes [310]. Both results extend
the GSO projection beyond the oscillator table: the projection can define global defects and
boundary anomaly quantities that classify allowed D-brane sectors.

8.7 Modular invariance

We can calculate the torus amplitude for superstrings. We have two species, bosons and fermions,
and the one-loop vacuum trace includes the standard factor (—1)¥ for spacetime fermions, the
path-integral form of the minus sign of a fermion loop. So, we put d = 10 in 7.3.1 and use the
following facts;
qq = 6747r72 = e*Tr‘rzo/k2 _ <qq>a’k2/4
Moreover,

= ey =L mo

a
So, using these two facts, 7.3.1 becomes (for d = 10);

de7_— lek o m o m
Zr2 = Vlo/ 4 / 27)10 (_1>qu (k24 ?)/4q (K4m2)/4
Fo 2 ( 7T) 1€EH )

We now have to sum over all possible states. The states are labelled by occupancy numbers
of the bosonic modes and fermionic modes. So, we have to add over all possible modes. We
also have to do the k integration. We saw in Chapter 5 that the contribution from each X is as
follows:

m; ;

Zx(7) = (4n°a/'r) " (7P

So, the total bosonic contribution will be Z% (because there are eight transverse directions).
However, the k° and k! directions are still undone, and doing them will give an additional factor
of i (47%a/m) " (i comes because we need to Wick rotate k0 — ik?).
For the fermionic sector, we need to consider general periodicities. We can do the calculation for
periodicities much more general than v = 0 (R sector) or v = 1/2 (NS sector). Such periodicities
were considered in Section 8.3 when deriving the vertex operators for R vacuum. Recall that
a =1 —2r and then, the following facts are relevant.
The ground state is;

0),,0<r<1=0<a<l
and the creation operators are as follows:

77Z1n-|—1/7 77Z~Jn-|—1—1/a n=-1,-2,... or @Z),n+(1,a)/2, %EfnJrlf(lfa)/Q = w7n+(1+a)/2a n=12...
The weight of the ground state is as follows:

1 1\? o2
’%—5(”—5) =3

The contribution of these two fermions to the conformal weight (or the hamiltonian as hamil-
tonian is Ly + Lg) is as follows:

2 > 1— > 1 -
%4_;(77@_ 2a>Nm+Z(m— ;a)Nm—i— zero point

m=1

where N, is the occupancy number of ¢_,,(1_n)2 and Nm is the occupancy number of
Y_mi(14a)/2- Now, we have to determine the zero-point energy. The combination;

042

3 + zero point
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should be 2 x (—=1/48) = —1/24 when « = 0 because in this case, the fermions will be in the
NS sector (i.e. they are anti-periodic fermions) and since they are two in number, we have a
factor of 2 . So, zero point should be —1/24. So, the total contribution to the hamiltonian by
these two fermions is;

a? > 11—« > 1+a) - 1
il _ N,, _ N, — —
8+Z(m 2 ) +Z(m 2 ) 21

m=1 m=1
> 1—a > 1+a) - 302 —1
Zl<m 2 > +m2<m 2 > LY

To take the trace, we proceed as follows:

00 1
Tr,, (qH) _ q(3a2—1)/24 H Z q(m—“Ta)qu(m—HTa)Nm
m=1 N, N, =0
a?— m—(l—a m—(l+a
= ¢(Bo*-1)/24 H (1 + g™ )/2) (1 + gm0 )/2) ‘
m=1
The occupation numbers are only 0 and 1 because these are fermions. Now we want to define
the fermion number for ¢ and . Since v ’s and v ’s are of the following form in the bosonization;

wa _ % (w2a + Z-wZa-l—l) ,,&a _ % (wQa o Z‘w2a+l) . ac {1’ 273’4}

we see using (10.2.16), we see that F' gives a fermion number +1 for ¢ and -1 for ¢. In the
bosonization picture, it is the momentum for H and the ground-state charge is /2. This follows
from the OPE of —i0H with the spin-field exponential, as shown below. So, () mod 2 should be
F. Define Q = —i(0H(z))_1 and then, we have;

—i10H (2)|0), = —i0H (z) exp (2 <—1/ + %) H(O)) 1) = —i0H(2) exp (—i%?—[(())) 1)

(0] e [0
~ e <—Z§H<0)) 1)+ = o) + ..

where we used the OPE between —i0H and the H exponential. This OPE can be converted
to the following commutation relation;

o foo (459)] =3[ (139 =i f Eous

The subscript issue is removed by using the zero-mode charge @), instead of a general oscillator
mode. The OPE N
. —iaH(0)/2 Y —iaH(0)/2
i0H (z)e 5,¢ (8.1)
implies the displayed commutator after the contour integral. A nonzero (0H),, mode would
shift the Laurent mode label; the charge () is the mode that measures the eigenvalue without
shifting it.
Using @), we can define a general partition function as follows:

Zg‘(r) = Tr, (qumﬂQ)
This partition function will have two differences. Firstly, we will have an additional factor
because of the vacuum charge under (). Secondly, it will have an additional factor in the terms
that have a fermion occupancy number equal to 1 . So, we will have the following;

Zg‘(T) _ q(3a271)/2467ria,3/2 H [1 +€7ri5qm—(1—oc)/2} [1 +€—m5qm—(1+a)/2} (10.7.1)

m=1
We can write this in a compact form. Using the generalized theta functions, we have;
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9 |: Oé/2 :| (O, 7_) _ Zewi(n+%)27+m6(n+%) _ 67ria27'/467rio¢6/2 Z 67rin2767rin(a7+,3)

2
6/ nez ne”L
o? T n? min(ar o? T m m— mi(aT m— —mi(aT
— P /Bemian/2 37 gt 2gmintar ) . qo/Bemian/2 TT (1 — gm) (14 g 2em0m+0)) (1 4 gm=1/2e=milor+0))
nel m=1

_ qa2/871/24em'a6/2n<7_> ﬁ (1 + qul/Qem'(aTJrB)) (1 + qul/Qefm'(aT+B))

m=1

_ q(3o¢2—1)/24€7ria5/277(7_) H (1 _'_qu(lfoc)/Qeﬂ'iﬁ) (1 + qu(1+a)/2ef7ri,8) _ U(T)ZE(T)

m=1

= 250 = -0 | 4 | o)

Now, the four types of partition functions relevant to superstrings are as follows:

Zg(T) = Trns (qH) , Z0(1) = Tryg (em‘FqH) ,Z&(T) — Trg (qH) 7M7) = Trg (6m‘FqH)
The total partition function for all fermions is thus given as follows:

Z5(r) = 5 |20~ 20— 2+ 2 )

Why the minus signs sit outside the fourth powers. The three signs have two different
origins, and neither is inside the single-fermion traces. The GSO-projected trace over each sector
is written with the spacetime-statistics sign (—1)F made explicit:

i F i F
Zw = TI"NS 1+T€ qH — TI"R HTG
The sign in front of Z* is the GSO projector itself: €™ acting on the eight transverse fermions
gives one factor of e™%var per complex pair, and on the NS ground state the total eigenvalue
is —1 (one may check this from the superconformal ghosts, which contribute e=™ through the
e~ vacuum factor), so the projector (1 + ¢™¥) produces 1[Z0* — Z9] with the sign outside
the product over the four pairs. The overall minus sign of the whole Ramond block is different
in kind: it is the spacetime spin-statistics factor (—1)¥ of Eq. (7.3.4), present because R-sector
states are spacetime fermions and a one-loop vacuum amplitude weighs fermion loops negatively.
Finally, the + on Z{* is the only genuine choice, the relative GSO phase in the Ramond sector,
and it distinguishes type IIB (+, same chirality kept on both sides) from type ITA (—). Since
Z! vanishes identically by Eq. (7.2.3), this choice is invisible in the vacuum amplitude and
first matters in amplitudes with Ramond insertions, which is why both theories are separately
modular invariant.

The =+ refers to €™ = 41 projection. In type ITA theory, €™ in the right handed sector is

-1 and thus, we will have Z* and in type IIB theory, e™* in the right handed sector is +1 and

AL B ARy BECE)

)

thus, we will have Z:g *. So, the total partition function becomes;

drdt 1
Zp» =V, ——— X257
T 10 /Fo Aty Amialmy XYY
The +sign is for IIB theory and the - sign is for ITA theory. We now check the modular

invariance of this partition function. We see that under T transformation;

d*r d*r
&1 = &1, 79— T = — = —
T T3

Under S transformation, we have;

J 1 dr J 1 dT . Ty — Ty N A>T . A>T
—_— = —, —— = —, K 5 T e — —
- 2 72 2 7|2 2 7|2 2 2

T TS TS
Thus, the measure is modular invariant. Moreover, Zx is modular invariant as we already
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know. For Z, Z§ is the partition function for fermions with boundary conditions along the two
cycles of the torus:

Y(w + 21) = —e " (w), Y(w + 277) = —e " PY(w) (10.7.2)
This implies the following;

Y(w—+2m(1+1)) = (w4 277 + 21) = —e ™Y (w + 277) = e ™ OF Y (w) = —e ™ OHET g ()
This is just the second boundary condition in 10.7 .2 with the following changes;

T=o174+1, f—oa+pf-1
So, it seems that the following is true;

Z5(1) = €25, 5(T +1)
where £ is a nonzero phase. T herefore 7 — 7 + 1 maps one spin-structure partition function

to another, and the above equation can be written as

Z§(r+1)=&"25 (1)
which explicitly gives the T transformation of Zg. Now, we turn towards S transformation.
Define v’ = w/7 and ¢ (w'") = ¢¥(w). Then in terms of ¢’ the boundary conditions become;

v +om) = (T +om) = of (M) = (w + 2mr) = — " P(w) = —e Y (w')
w/ (w . 2?71-) _ w/ (% . 2?7'() _ ¢, (UJ :—271') _ w(w . 27T) _ _emaw<w) _ _eiwaw/ (w/)

These conditions should give us Zg(7) but with 8 — —a,a — 8,7 — —1/7. So, we see that
we should have;

Z3(r) = (27 o (=1)7)
where ( is again a constant. Since ( is independent of 7, we can set 7 =i and then, 7 = —1/7.
Thus, we can derive the following;

Zg(i) = 2%, (i) = CZ=5(i) = 27 (i) = (*Z5 (i) = ¢* =1

So, we see that (* = 1. We will see that ¢ = 1. It can be seen from the following calculation;

Zfa(—l/T):mﬂ[_ﬁof/Qz} \/__m? Zexp[—;(n+§) 7ri<n+§>oz]

1 mwin? e
:\/—_irn()e p(__ ﬁ2+2a57)nzezexp{ —m(;%—a n]
— . ' 1 2
= \/__T;T(T)exp (_g (52 + 2(167’)) %exp [ZT(T <n 3 (g + a))
—Lex —ﬂ—i (ﬁ2—|—2a57) Zex itTn® —inTn é—l—a +i7r_7‘ é+a 2
(1) P\74r ~ P T 4 \7
= % Zexp {iﬂ'T <n2 —na + %) — 2m’n§} = % Zexp {im’ (n — %)2 — 27m'n§}
<yA neZ

= % Zexp [im' (n + %)2 + 27rin§} = Z5(7)
nez

where in the last step, we changed the summation variable i.e. n — —n. Also note from this
calculation that Z~¢(7) = Zg(7). Also, we have shown that ( = 1. To find &, we need 10.7.1 to
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calculate Z2, 51 (T + 1). We establish the following identities first. We will use gy for e?™(7+1).
We start with the following results;

qu(lfa)/2ef7ri(1fa) _ 67ri(5+2a)qu(lfa)/2

_m'(ﬁ—i-a—l)qm—(1+a)/2e—7ri(1+a) — 6—77i(ﬂ+2a)

eﬁi(ﬁ+a—1)q£n—(1—a)/2 _ pri(Bra=1)

—wi(6+a—1)q72ﬂ—(1+a)/2 _ m—(1+a)/2

€ €

q

q(3o¢271)/24 B q(3a2—1)/24€7ri<3a2—1)/12
5 =

67ria(ﬂ+a—1)/2 7riocﬁ/267ria(oc—l)/2 _ 67ria(ﬂ+2a)/26—7ria(a+l)/2

=e
But this gives;

o (3a? =1 mio(o + 1 o
Za+571(7' +1) =exp {m ( 15 - (2 ) Zﬂ+2a(7)

Resolution of the phase. This is the correct transformation; the mistake is the naive
expectation & = 1. A direct computation from the theta representation settles it. Shifting

7 — 7+ 1 inside ﬁ[gg} (0,7) =3, exp[mi(n + $)*1 + mi(n + $)6] and using emin® — emin gives

o ama(a+ 2
Z3r+ 1) = o | -2 - T D 72, (33)
where the —im/12 is the n-function phase and the rest comes from completing the square in
the theta sum. Substituting 5 — o+ — 1 and using Z3,, = e”aZg reproduces exactly the
boxed phase above, so the two computations agree. The phase is expected on physical grounds:
the boundary-condition argument identifies the two path integrals only up to the ground-state
energy phase e2™("=¢/24) of the sector being propagated, and that is precisely what Eq. (8.3)
records (—1/12 for the two transverse fermion pairs at v = 0, shifted by the twisted ground-
state weight a? /8 per pair otherwise). The phase-free statement is reserved for the full integrand:
in Z; the fourth powers turn these phases into e=*/* (NS) and €™/ (R), a relative €™ that
is exactly compensated in the sum, and the leftover overall e?™/3 cancels against the conjugate
right-movers, as verified below. Modular covariance with computable phases, not phase-free
covariance, is the correct requirement sector by sector.
We can now show that we can always come to o = 1 if we start from o = 0 (for § = 0,1 which
are present in Zif) and thus, the Ramond sector should be present due to modular invariance.
We use the following two transformations of the partition functions;

728 L7250, 253527,
Moreover, we also use the previously noted result that Zg(7) = Z~§(7). The required trans-
formations are as follows:

S
AR

7205 720 5 750 = 7}
The second transformation can be done as following as well;

705 20 5 750 5 20 5 7
Thus Z{ and Z} are both related by modular transformations to Z3, and invertibility implies
the converse relations. However, neither Z{ nor Z} is related to Z; by these transformations. A
modular-invariant closed-string theory therefore cannot be built from a single NS spin structure
alone; the Ramond spin structures must be included in the left- and right-moving sectors. In
addition,

Lz
5771 =2
Thus Z; transforms into itself under modular transformations, up to phases. By itself it does

not define a complete string partition function: it has fermion zero modes, gives a vanishing
vacuum trace without insertions, and is not closed under the OPE requirements of the full

ﬂiz,ziﬂ{
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theory. We now determine how Zf; transforms under modular transformations, beginning with

T:

1
ij(v +1) = 3 (Z0(r+ 1) = 20+ 1) = Zy(r + 1) F Z{ (r + 1)*]

5 [6_7”/32?(7')4 . 6_7”/328(7')4 . 627”/325(7')4 == 627”/3211(7')4}
1
S 2

[_627”'/3Z£)<7_)4 + €2m/SZg(7')4 o 62m/SZ&(7')4 ¥ €2m/3211(7')4}

1 )
=520 = Z(7)' = Zy(7)' F 24 ()]
Now using 10.7.1, we see that;

Zo(7) = €M Z5 (1) = Zyo(7) = Zy(7) = Z5(7) = Zy(7)
So, we get the following;

1 Tl T
ZE(r +1) = 208 [29(r)* — 20— Z(r)* = ZL(r)] = ()

= Zy(T+ 1) Z(T+ 1) = Zy(7)Z},(7)
for all subscripts of Z,. For S transformations, we proceed as follows:

Zy(=1)7) = % [25(=1/7)" = Z)(=1/7)" = Zy(=1/7)" F Z;(=1/7)"]

— 5120 = 2 ) - 2 27 )]

Now, using the fact that Z,'(7) = Z3(7) and Z; ' (1) = €™ Z "} (1) = —Z{(1) = —Z}(7), we
get;

1
Zi (=) =5 20" = Z()' = 20(1)' ¥ 21()'] = Z5(7)
So, Z;;(T) is invariant under S transformation.

It is much easier to show that the Zjis modular invariant by showing that it vanishes. Firstly,
we see that;

0V _ 7114 _ 074:L O e 1/2 YA 0 |y

20 - 2ty - 2y = s (o] | @ =0 | 1P [0 |y o)
_ ﬁ (9500 | 7" — 04(0 | 7)* — 020 | 7)) =0

where we used (7.2.2). Moreover, using (7.2.3), we can deduce that Z{(7) = 0.

8.7.1 More onc=1CFT

The purpose of the ¢ = 1 theory here is that the compact boson is the smallest laboratory where
modular invariance, enhanced gauge symmetry, and orbifolding can all be seen exactly. A circle
theory is labeled by a radius, with
n  wRk n  wR
pL:E—l—a/, pR:E—a/, n,w € 7, (8.4)
and its partition function is the Narain theta sum divided by |n(7)|?. At the self-dual radius the
fields with momentum-winding quantum numbers that were massive at generic radius become

currents, schematically

TP~ idXy,  Jf e~ etV (8.5)
with a similar right-moving copy. Thus the circle branch contains an SU(2);, x SU(2) g enhance-
ment point, while the orbifold branch keeps only the states invariant under X +— —X and adds
twisted-sector states at the fixed points. This leads naturally to the later heterotic construc-
tion: gauge enhancement is being read directly from allowed worldsheet vertex operators, not
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appended as a spacetime assumption. [10, 86].

8.8 Divergences of type I theory

The important divergence in type-I perturbation theory is not a random ultraviolet infinity. After
open-closed duality, the long-cylinder limit is a tree-level exchange of massless closed-string fields
between boundaries, crosscaps, and orientifold planes. The R-R part has the schematic form

Amassless o (7 _ 32)? / de, (8.6)
0

where N is the number of D9-branes and /¢ is the transverse-channel proper time. Thus the
divergence is a tadpole: it says that the assumed flat background sources an uncancelled R~
R field unless N = 32. The same condition gives the SO(32) Chan—Paton group and is the
perturbative string counterpart of ten-dimensional anomaly cancellation. [10,167,352].

8.8.1 The cylinder

We need to compute the cylinder, Mébius strip, and Klein bottle partition functions and their
massless divergences. For the cylinder partition function, just write the bosonic part, set d = 10,
and add an additional 1/2 because of the projection operator. Moreover, for the fermionic part,
multiply Z;r. So, we get;

< dt _ 1
2, = i [ ety nGie) 5 [Z300) - 23t)! - ZG)! - 2]
0

> dt _
— iVion? / < ralt) " lit) ™ [23000)* ~ Z4(ir)"]
0
. 2 Oodt 14\ —O -\ —8 0/:1\4 1/:4\4
+iVion §(87ra 6 (i)~ [ 27 (i)t — Z{(it)*]
0
= Zc,0+ Zcya-

where Z¢, o and Z¢, 1 equal the two terms shown above. Since there is no e™F insertion in
the definition of Z¢, o, the fermions in this trace are anti-periodic around the loop; this is the
NS trace, just as in the torus discussion where the insertion of e™# changes the spin structure
around one cycle. So, Z¢, o comes from the NS-NS sector. We now focus on Z¢,
because supersymmetry pairs the NS-NS and R-R oscillator spectra with opposite signs, so
Zcy0 + Zeo,1 = 0 before the transverse-channel interpretation separates the tadpoles. The

modular transformation of Z,  is done as follows:
im\* im\*
2=) -2 —

it [ () ()
o A () 0y (2) [ (2) - (2)]
it (@) [ () a (9]

where we used the modular transformations of 1 and Z7 and we also used the fact that

F

Zg o = Zg = 7% = Z). Now, we extract the massless divergence from this partition function.
We use the following fact;

n(is/m) "% = (678/12)_8 (1—e+.. .)_8
= /3 (1 + 8% 4 .. ) = /3 4 8e /3 .
=e®P 40 (/). (10.8.1)
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Moreover, we have;

8 (2) - 2(2) g[S o

_ 9a(0,ds/m)* 94(0,is/m)" _ 0a(0,is/m)*

n(is/m)* n(is/m)* n(is/m)*
where we used 7.2.2. Now, we expand ¥5(0, 7) as follows:

D(0,7) =3 b (1) = g5 £ 37 gr(na) 37 a0 )T —9g1/ 4 3 g (1) 1 37 ()
n=1 n=1 n=2 n=1

ne’l

n=1
where we merged the two sums by shifting the index n — n + 1 in the first sum. Continuing,
we get;

. o . 2 . .
192(0’7_> _ 2671’17’/4 + 22 eﬂ'm’(n-&-%) _ 2671'17'/4 + 269#17/4 4.

n=1

= 95(0,is/m) = 2/ + 2%/ 4 =2e7 (14 e+

= 05(0,is/m) =166 (1+ e +..) =166 (1 +4e ™ 4 ...) =16 + 64e™* + ...
Moreover, we have;

77(7:8/71')_4 — 65/3 (1 o 6—23 + . ')—4 _ 65/3 + 46_55/3 +o
Therefore, we get;

9(0,1 4
% = (68/3 +4e758/% ) (16678 + 6de ™ + .. ) = 16e /3 1+ 0 (6783/3> (10.8.2)

Using 10.8.1 and 10.8.2, we get;

- —8 [0/ 4 _ 700614 = n(is W—sﬁ(07i5/7)4
olis /)™ [Z5(is /)" = Zis )] = ntis/m) =0

= (e*F+ 0 (/7)) (16e /2 + O (e73/%)) =16+ O (e ™) (10.8.3)
So, the massless divergence from the cylinder partition function becomes;

: 2 00
Ze, = 000 / ds
8 (872a’)” Jo

This is not a spacetime ultraviolet divergence. In the transverse channel it is the exchange of a
massless closed-string state between two boundaries, and in the R—R sector it is the square of the
D9-brane charge. The cylinder by itself is therefore inconsistent: flat space with only D9-branes
sources an uncancelled R-R ten-form potential. The Klein bottle supplies the orientifold-plane
charge, and the Mo6bius strip supplies the boundary—crosscap interference term; only the sum of
the three amplitudes can cancel the tadpole. The final cancellation condition is the type-I result
n = 32.

8.8.2 The Klein bottle

For the Klein bottle partition function, the bosonic part is already known. In d = 10 it is

4t

It remains to derive the fermionic part. In the torus case, the general partition function Z§

| < dt -
Zpme = iVig / - (4ma’t) ™ (2it)
0
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includes e’? = ¢ in the trace and corresponds to the boundary conditions

Y(w+21) = —e Y (w),  P(w+217) = —e TP (w)
In the Klein bottle case, however, ¢(w + 2mit) cannot be proportional to ¢ (w), because w +

2mit ~ —w. It must instead be proportional to ¢ (w). The trace must therefore include an
operator implementing this boundary condition, together with {2 and the GSO projectors. The
required insertion is

R = Qexp(mifF + MBF)
It gives the following boundary conditions;

(w + 2mit) = —e™PP(w), (W + 2wit) = —e" P (w)
This implies;
(w + 4Amit) ~ —e™PP(w + Amit) = e EH Y (w) (10.8.4)
This agrees with the fact that for the Klein bottle,

w ~+ 4mwit ~ —w 4 27t = —(w + 27it) = —(—w) = w
Since the fundamental region for Klein bottle can be taken to be;

O§01<7r, 0 < o? < 4mit
The Klein bottle trace pairs left- and right-moving fields through €2, so only sectors with
matching spacetime statistics contribute: NS-NS and R-R. The NS-NS sector corresponds to
antiperiodic boundary conditions in Eq. (10.8.4), namely (3, 3) = (0,1) or (1,0), so R = Qe™F
or R = Qe™". The R-R sector corresponds to (6,5) = (0,0) or (1,1), giving R = Q or
R = Qe™F+imF The NS-NS and R-R partition functions are then

NS —NS: ZJ(2it), R—-R:-2Z;
and thus, the full Klein bottle partition function is;

o dt -

Zx, = iV / " (4ma’t) " n(2it) S [29(2it)* — Z3(2it)"]
0

where the minus sign is due to spacetime statistics, and the additional factor of 1/2 is the

GSO projection. Performing the modular transformation with s = 7/(2t) gives

Zi = o | L2 (2”3“')_577 (—”) [Z8ims)" — Zh(in/s)']

S(r/2s) \ s s
_ ﬁ /0 h %35 (%)477 (g) B (28(is /) — 2, (is/m)]

2 | s (is)g [Z3(is/m) — Z3(is/m)]

8 (872’ @
where we again used the fact that Z°, = ZY. Now, we extract the massless divergence from
this partition function. For that, we already have the expansion of the integrand in 10.8.3. So,
we have;

2%

Zg, = —5/00 ds (16 + O (7))

& (8n2a!)° Jo

8.8.3 The Mobius strip

First determine the effect of €2 on fermionic fields. The doubling trick for open-string fermions
starts from " (o' +i0?) = ¢*(w) and Y* (o' +ic?) = *(w) on 0 < o' < 7. Define the extended
fermion ¥* (o', 0?) by
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“w 1 2\ “w o 77?# (01702) :1/}'“(11})1 OSO_l ST‘—
v (0, 0%) = UH(w) = P (2 — ol o?) = YH(2r —w), w<o'<2rm
The two definitions agree at the boundaries by the open-string fermion boundary condition,
so W* is a single holomorphic fermion on the doubled strip. The operator 2 sends (o, 0?) to
(r — o', 0?), equivalently w — 7 — w. Its action is therefore

QUH (W)™ = QU (w)Q ™! = PH (1 — w) = 1) (r—0c'0®) =0"(c' +7m,0%) for0<o' <m

QUA (W) = QU (21 — 0)Q ! = PP (T — ) = 1) (r—0c',0®) =0" (o' +m,0%) form<o' <2r
The different domains can be organized directly in modes. In terms of modes, we have (with
the mode proof fixed by the boundary conditions);

QU0 = ey
In the NS sector, r € Z + 1/2 and thus, Q? = —1. For the NS vacuum, 2 is the same as ™!
i.e. both are -1.! Now, the combined Q and GSO projection operators get the following form in
the NS sector;

1—|—Ql+e’”F_1—|—Ql+Q2_1—1—Q—|—Q2—|—Q3

The calculation reduces2 to theQSpin—structure sgm that we now carry out.

Completing the Md&bius amplitude and the SO(32) selection. Only the terms of the
projector with an odd power of Q contribute to the Mobius strip (the even powers belong to
the cylinder), so the trace to compute is Tr [Q e ?"Lo] over the open-string sectors, with the
Chan—Paton factor contributing +n exactly as in the bosonic case of Chapter 5: the upper sign
for SO(n), the lower for Sp(n/2). Because Q multiplies each fermionic mode 1, by e~ and
each bosonic mode «a,, by (—1)", its insertion is equivalent to evaluating the cylinder traces at

the shifted modulus
27t

g=e 2" — et ie. 2it — 2it + %, (8.7)
so every 1 and ¢ function of the cylinder reappears with argument 2it 4 % The Mo6bius vacuum
amplitude is therefore

Zy, = FniVio /OO o L [Z°(2z’t + 1%~ 29(2it + 1)4} (8.8)

2 o 8t n(2at + )8 177 2 ! 2]

the R-R piece entering with the relative minus sign required by spacetime statistics. To reach the
transverse channel one uses the modular matrix P = T'ST?S, which maps 2it + % to the closed-
string proper time ¢ with ¢ = 1/8¢; P is built from the same S and T transformations already
derived for Z§, so no new transformation rules are needed. Expanding the transformed integrand
for large ¢, the massless R—R exchange between one boundary and one crosscap carries the
coefficient 72 x 32n = F64n: the 32 = 2° is the crosscap-to-boundary normalization mismatch,
and the factor 2 counts the two orientations of the exchange. Adding the three surfaces, the
total massless R-R tadpole is proportional to

(87%a't)™®

2 o 2
n? F 64n + 1024 = (nF32)%, (8.9)
cylinder Mobius Klein bottle

which vanishes only for the upper sign with n = 32: the unoriented open superstring is consistent
only with gauge group SO(32). In this counting the upper sign corresponds to the orthogonal
projection of €2 on the Chan—Paton factors and the lower sign to the symplectic projection, so only
SO(32) survives. This is the superstring version of the SO(8192) computation of Chapter 5, and
unlike its bosonic ancestor the cancellation here is obligatory, the uncancelled tadpole sits in the
R—R sector, where no Fischler—Susskind shift of the background can absorb it, because there is
no source the vacuum could turn on without breaking ten-dimensional Lorentz invariance. The

IThis holds on arbitrary NS states, not only the vacuum: acting on a state built from m fermionic raising
modes, 2 produces the phase [] e =27 = (—1)™ from the half-integer moding, while e™*¥" produces (—1)¥ with
F = m + 1 counting the ghost contribution of the vacuum; both operators therefore agree state by state, which
is what allows the projector to collapse to powers of €2 alone.
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NS-NS channel carries the same square and cancels with it once supersymmetry is imposed,
while the R—R channel is the essential condition because it is a charge-conservation law instead
of a shift of the background [10,352].



Chapter 9

The heterotic string

This chapter exploits a freedom that the previous one did not use: on a closed string the left- and
right-moving sectors never mix locally, so they need not be the same theory. The heterotic string
couples the right-moving half of the superstring to the left-moving half of the bosonic string, and
the mismatch of central charges (—26 against —15) demands an internal left-moving system with
¢ = 16. The question the chapter answers is why that system cannot be arbitrary. Realized on free
fermions, consistency of the GSO projections allows exactly the SO(32) and Eg x Eg spectra; realized
on bosons, modular invariance requires the internal momenta to lie on a sixteen-dimensional even
self-dual Euclidean lattice, and such lattices are classified, there are precisely two, the root lattices
just named. A spacetime gauge symmetry is thus fixed by a lattice condition on the worldsheet. To
make the mechanism precise we develop the necessary Lie-algebra and current-algebra theory, roots,
weights, level quantization, and the Sugawara construction, proving on the way that the fermionic
and bosonic descriptions carry the same stress tensor, and we end with toroidal compactification and
the BPS states that Chapter 13 will use as duality probes [10,361].

The lattice logic extends to non-supersymmetric and cobordism-motivated settings. Altavista,
Anastasi, Angius, Uranga, and Wang construct networks of trivalent ten-dimensional heterotic
junctions by extending a (0, 1) heterotic worldsheet description, organizing one-dimensional net-
works with graph theory and giving worldsheet realizations for more general graphs [250]. This
is not needed for the perturbative classification below, but it extends the role of the heterotic
worldsheet: the same left-moving current algebra and modular constraints that select SO(32)
and Fg x Eg can also be used as local input at junctions between distinct ten-dimensional string
sectors.

The quantization of chiral bosons on arbitrary Riemann surfaces refines the heterotic left-
moving sector at the level of the path integral. For chiral scalars valued on a torus with lattice
I', modular consistency requires the theta function

Or(r) = Z qp2/2
pel’
to transform without an anomalous multiplier under SL(2,Z). This holds when I is even and
self-dual:
p? € 27, =T

Hull and Lambert obtain this condition from the chiral-boson action and its higher-genus par-
tition function [251]. The same arithmetic condition that classifies the heterotic gauge lattice
also makes the chiral path integral globally well defined.

The gauge group stays tied to the chiral CFT. In the pure-spinor description a spacetime

supersymmetry generator must be both BRST closed and conserved on the worldsheet,
(BRSTqa = 0, g = 0.

In flat space these equations reproduce the usual ten-dimensional supersymmetry charge; in
curved superspace they become differential constraints on a normalizable spinor superfield [287].
Narain compactifications can also be reconstructed from error-correcting codes through Con-
struction A: a code C' C [} defines an integral lattice, and the heterotic condition is again
evenness and self-duality of the resulting momentum lattice [269]. Simple-current extensions

136
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express the no-global-symmetry condition in worldsheet terms: gauging a center one-form sym-
metry corresponds to extending the holomorphic algebra by chiral simple currents [282]. Hence
the gauge group is fixed by modularly consistent chiral CF'T quantities, not by a separate space-
time input.

Cobordism-junction constructions also reinterpret ten-dimensional string sectors. Non-
compact worldsheet CFTs can evade otherwise rigid perturbative obstructions and give
RG flows connecting type 0A/0B and ITA/TIB worldsheet theories, though strongly coupled
linear-dilaton regions appear in the domain-wall description [270]. The “branching” construction
gives microscopic worldsheet junctions where several ten-dimensional string theories meet at
a nine-dimensional locus, with extra degrees of freedom becoming light at the branch point
and admitting a supercritical/tachyon-condensation interpretation [276]. Tachikawa’s trivalent
heterotic junction shows the same mechanism for the supersymmetric Eg X Fg, supersymmetric
S0(32), and non-supersymmetric SO(16) x SO(16) heterotic theories using a two-dimensional
non-conformal N = (0,1) theory with three asymptotic ends [278]. For this chapter, the
familiar heterotic current-algebra endpoints can be treated as asymptotic phases of more
general worldsheet RG configurations.

9.1 World sheet supersymmetries
We want to classify all the worldsheet symmetry algebras with the following constraints;

o The spins of the holomorphic current are less than or equal to 2 . The higher spin currents
(called W algebras) have been used as symmetry currents (as follows from the orbifold
projection) but the constructions (e.g. of the BRST operator) are non-trivial because of
the non-linear commutators. Some cases turn out to be special cases of bosonic strings.

o The spin is a multiple of 1/2. If they are not, then the OPE;

J2)(0) ~
(where dj; is a constant) will be multi-valued. The string theories that relax this condition
are fractional strings and it is not clear if these theories exist.
The only spins left then are as follows:

1.3
h=0,-,1,-,2
727 727

We can make algebras with different numbers of different types of currents. Before proceeding,
we need the central charge of the ghost pair associated with a current of spin h. A constraint
of spin A is accompanied by ghosts of weights A and 1 — h; applying the standard bc or [y
central-charge formula gives

cg = (1" (3(2n — 1) — 1)
= Cop = —2,C1/2 =—1,¢ = -2, C3/2 = 11,9 = —26 (1111)
The Jacobi identity allows only the following algebras;

No | Niy2 | N1 | Ng/2 | N2 Cqg

0 0 0 0 1 -26

0 0 0 1 1 —26+11=-15

0| o0 [1] 2 |1 —2+42(11) — 26 = —6

0] 1 3] 3 |1 —143(=2) +3(11) =26 =0

0 4 |7 4 |1 4(=1) +7(=2) +4(11) =26 =0

1 4 6 4 1 —2+4(—1) +6(—2) —|—4(11) —26=0
0 0 3 4 1 3(—2) + 4(11) —26 =12
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The first two possibilities are Virasoro and N = 1 superconformal algebras. The third possi-
bility is called N = 2 superconformal algebra. After the first three, no algebra has a negative
ghost central charge and thus, none of them will have a positive critical dimension. The needed
N = 2 superconformal quantities are the following..

9.2 The SO(32) and Eg x Eg heterotic strings

The heterotic string appears when we choose the left- and right-moving algebras to be different.
We will study the (N, N) = (0, 1) heterotic case. The other possibilities are (N, N) = (0,2) or
(N, N) = (1,2) heterotic theories; the order is kept ascending because the flipped possibility is
realized by the worldsheet reflection z — 2. To have (N, N) = (0,1), we need a bosonic string
on the left-moving side and a fermionic string on the right-moving side. To keep the dimension
the same, we need to have the following fields;

Xi(z) (p=0,...,9) for left moving side

X4(2),0"(2) (p=0,...,9) for right moving side (11.2.1)
However, if we do this, then the central charges for the ghosts are (¢, ¢,) = (—26,—15). The
central charge on the right is canceled out by the matter central charge but the central charge
on the left will be canceled
out only if we put some internal CFT with (¢, ¢) = (16,0) into the game. One way to do this is
to introduce 32 fermion fields on the left moving side as follows:

Xt(z) (p=0,...,9), \2), (A=1,...32) for left moving side

XE(2),4"(2) (p=0,...,9) for right moving side (11.2.2)
This will give us the following action;

S = i / dz (%ax#axu + AN + W%’L) (11.2.3)

Note that there won’t be any Tr(z) field now and thus, no fermion constraint on the right

moving side. This forbids us to choose timelike directions for any A4(z). The theory has

SO(1,9) x SO(32) symmetry now where SO(32) is the internal symmetry. The periodicity

of Ts(2) (which will contain A ’s instead of 1" ’s now) only requires to have the following

boundary condition on A (w) (notice the w coordinate and hence notice that we are imposing
this boundary condition on the cylinder field);

M(w 4 2m) = OPAB(w), (O € SO(32))

The worldsheet current for spacetime supersymmetry is the dimension-one operator Vs =
e~?/2S,, where Ss = exp(i > o SaH®) is the spin field built by bosonizing the ten right-moving
fermions. Now, every vertex operator in the R sector contains such a spin field, so the OPE of
Vs with itself should be single-valued. Thus,

Va(2)Vs(0) ~ e/ 2 exp [Z saH“(z)] e 02 oxp [Z saHa(O)]

4
~ /4 Heistﬂ'(z)ez’s;Hj(z) - Z—%Zs.s’eiza(s—ks’)GH“(O)
§=0
The power of z should be an integer. So, we have the following condition;

1
s.s’ — — € Z (Ramond sector)

In the NS sector, the corresponding locality condition is imposed between the spin field and
the NS vertex operators; the s, still label the spin field appearing in the spacetime-supercharge
current, while the NS operator contributes vector weights instead of Ramond spin weights.
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1
s.s. | — 5 € Z (NS sector)

the appearance of —1/2 instead of —1/4 can be understood because of the appearance of ¢~#(?)
in the NS vertex operators instead of e=?**)/2. The GSO projection is the simultaneous solution
of this locality condition, closure of OPEs among the allowed sectors, and modular invariance
of the one-loop partition function.
We now determine the states in the heterotic theory, beginning with the left-moving sector.
This sector has SO(8) x SO(32) symmetry, with SO(8) coming from the transverse X' fields
and SO(32) from the A\ fields. The normal-ordering constants in the left-moving sector are

8 32 8 32
NS:————=-1, Ri——+4+—=1 11.2.4
24 48 ’ 24 + 24 ( )
Therefore, the R sector has no massless states. So, the transverse Hamiltonian is as follows:
Oé/p2 a/p2

H=""4N-1(NS), H=""+N+1(R) (11.2.5)

Using the mass shell condition, we see that for N = 0, the NS ground state is a tachyon. The
first excited states are as follows:

A 1210)
—1/2 NS

but they are forbidden due to the GSO projection (because F' is odd for this state). So, the
actual first excited states are as follows:

a’|0)ns, )‘él/z)‘i/z‘oms

They satisfy the GSO projection and the mass shell condition implies that these are massless
states. The « state lives in ( 8,,1) representation of SO(8) x SO(32) and A states lives in (
1, [2]) representation of SO(8) x SO(32). The A ’s live in the adjoint representation of SO(32)
with the dimension of 496 . So, the massless sector lives in (8,,1) + (1,496).
Now, the right-handed sector (because of the GSO projection), has no tachyon. Moreover, the
massless states (like type IIB theory) live in 8, + 8 representation ( 8, comes from the NS sector
and 8 comes from the R sector). So, the massless states are as follows:

[(8,,1) + (1,496)] x (8, + 8) (11.2.6)
These states can be broken down using the results that we derived before. This breakdown
can be divided into two parts. They are as follows:

(8,,1) x (8,+8)=(1,1)+(28,1) + (35,1) + (56,1) + (8,1)  (type I supergravity multiplet)
(1,496) x (8, + 8) = (8,,496) + (8,496) (SO(32)N = 1 gauge multiplet )
(11.2.8)
This massless spectrum matches the field content of type-I N = 1 supergravity coupled to
an SO(32) gauge multiplet. The equality is not yet a duality statement, because the perturba-
tive strings and couplings are different; it becomes the type-I-heterotic strong-weak relation in
Chapter 13.
Another heterotic theory is obtained by having the following boundary conditions;

A _

M (w + 2m) = { Z,AA A((ww))jjlél :11’7'7' _'.’.1,632 (11.2.9)
where 1 and 1’ can be £1. So, we have four NS—NS’, NS—R/,R—NS" and R—R’ sectors in the

left-moving theory. In the left sector, the GSO projection is applied to both subsectors separately.

The allowed sectors close under OPE because the two sets of sixteen fermions have separately

conserved fermion parity, and the sum over the four spin structures is modular invariant by the

same theta-function identities used in Chapter 8.

For the NS - NS’ sector, the normal ordering constant is still - 1 and thus, we still have a tachyon

in the left sector and the first allowed excited states are as follows:

a’1]0)ns_ N )\él/QAi/z\O)Ns,Ns’ (11.2.10)
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but because of the GSO projection, A and B should be from the same left subsector. So, the left
sector has SO(8) x SO(16) x SO(16) symmetry. The « state lives in ( 8,, 1, 1) representation of
this symmetry and A states live in either (1,120, 1) representation or (1,1, 120) representation.
120 comes from the fact that SO(16) has an adjoint representation of dimension 16 x 15/2 = 120.
For the R — NS’ sector, we have 16 periodic and 16 anti-periodic fermions and thus, the normal
ordering constant is;

8 16 16

TR
So, there is no tachyon in the left sector now. Since there is a R sector now, we have 16

zero modes i.e. A} for A = 1,...,16. So, the ground states are degenerate and they live in a
216/2 = 28 —= 256 dimensional spinor representation of the first SO(16). The GSO projection
retains only one chirality and thus, only 128 is retained from 256 = 128 + 128’. These ground
states thus live in (1,128,1) representation. The same thing happens with NS-R sector but
with SO(16)" instead of SO(16). Thus, the ground state in this sector lives in ( 1,1,128)
representation. Notice that 120 is the adjoint representation and 128 is a spinor representation
of SO(16). For the R — R’ sector, the normal ordering sector is again 1 and thus, there are no
massless states in the R — R’ spectrum.

The left moving massless spectrum is thus written as follows:

(8,,1,1) + (1,120 + 128,1) + (1, 1,120 + 128)
Coupling this left spectrum with the right spectrum of 8, x 8, we get the following;

(8, X 84, 1,1) 4 (84,120 + 128, 1) + (8,, 1,120 + 128) + (8 x 8,,1,1) + (8,120 + 128, 1) + (8, 1,120 + 128)
= (1,1,1) + (28,1,1) + (35,1,1) + (8, 1,1) + (56,1,1)

+ (84,120 4+ 128, 1) + (8,, 1,120 + 128) + (8,120 + 128,1) + (8,1, 120 + 128)
Massless vectors must form the adjoint of the gauge algebra because their vertex operators are
the currents generating the nonabelian symmetry; closure of their OPE is the worldsheet form
of closure of the gauge algebra. Therefore we need a group with 120 + 128 = 248 generators
containing SO(16) such that the adjoint decomposes as 120 @ 128. The exceptional algebra
Es has precisely this maximal SO(16) embedding. So, the full symmetry in the left sector is
SO(8) x Eg x Eg. Thus, the full massless spectrum is as follows:

(1,1,1) 4+ (28,1,1) + (35,1,1) 4+ (8,1,1) + (56,1, 1)

+ (8,,248,1) + (8,,1,248) 4 (8,248, 1) + (8, 1,248)

In the bosonized description the same result is the statement that the allowed left-moving
momenta fill the even self-dual lattice I'g, @ I'g,. Modular invariance of the left-moving partition
function requires this lattice condition, and the roots of the lattice are exactly the dimension-one
currents that generate Fg X FEg.

9.3 Other ten-dimensional heterotic strings

The heterotic string is allowed because its asymmetric left- and right-moving sectors are glued by
a modular-invariant lattice. In toroidal compactification the momenta live in an even self-dual
lattice,

[d+16:d _ pd+16.dx P2 — p € 2Z. 9.1)
The condition is stronger than ordinary momentum quantization. It allows spacetime gauge
symmetry to arise from worldsheet current algebras while preserving modular invariance of the
torus partition function. [10,86,350,361].

9.4 Lie-algebra background

Let the Lie algebra G generators be T*. The Lie bracket of the corresponding Lie algebra g is;
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[T°,T"] =ifeTe (11.4.1)
which satisfies the Jacobi identity;

[T, [T, T°]] + [T, [T* T"]] + [T°,[T°, T*] =0 (11.4.2)
The finite Lie group element is as follows:

1
I+i0.T" + o (0,77 + ... = exp (i0,T%) (11.4.3)

For a compact semisimple group, the Lie algebra has a nondegenerate invariant inner product,
the Cartan—Killing form. In terms of generators,

d* = (T*,T") = Tr (ad (T*) ad (T°)) (11.4.4)
where ad (7*) means T in the adjoint representation. This product is symmetric due to the
cyclic property of the trace;

(7%, 7% = Tr (ad (T*) ad (T")) = Tr (ad (1) ad (T*)) = (T°,T°) (11.4.5)
This inner product has the following property as well;

([T, 7", 7°) + (T°,[T*,T¢)) = Tx (T*T*T°) — Tr (T°T*T°) + Tr (T°T°T°) — Tx (T*T°T*) =0

(11.4.6)

where we will have to use the cyclic property on the last trace to cancel it with the first trace.
The condition is equivalent to the following;

([T, 7%, 7°)+(T°, [T, T) = i fg® (T, T¢) +if3 (T°,T7) = 0 = f§*d™+ f§d™ =0 (11.4.7)

A subalgebra b of the Lie algebra g is a subset of g such that if X, Y € b, then [X,Y] € h. An
ideal T of g is a subalgebra such if X € gand Y € I, then [X,Y] € I.
Now, if g has no non-trivial ideals, then g is called a simple Lie algebra. A Lie algebra g is called
semisimple if it has no abelian ideals. Cartan’s criterion implies that a semisimple Lie algebra
is a direct sum of simple Lie algebras, and on each simple factor the invariant bilinear form is
unique up to an overall scale. We choose that scale so that d*® = §°. We can generalize 11.4.4
to arbitrary representations as follows:

Tr (t8t2) = T,d*
where ¢ is the generator in 7 representation of g and 7, is an r dependent constant. We see
from (11.4.4) that adjoint representation, 7, = 1.
We also see that the following is true;
[0t dop, 1] = dap [t4, 1] 82 + dapty [t0, 18] = idap f3UD + idap £ 104

roUr ry “r

Renaming the indices in the second term as a — d,d — b,b — a, we get;

10820, 15] = —i (daa i+ o f52) 380 = —i (f5 + FE)HHE =0 (1149

where we used the antisymmetry of f%. in the last step. So, t%t’d,, commutes with all

generators, and thus, (by Schur’s lemma), it should be a constant but dependent on r. So, we
have;

tgt?dab = Qr
where @, is a constant called the Casimir invariant of . The well-known Lie groups series and
their Lie algebras are as follows:

e A, =S50(n+1) for n > 1. The matrices are unitary matrices with determinant 1. The
infinitesimal U € SO(n) manipulation gives us the following;

Usp = Loy + 10,1 + O (602) = Ut = Ul = Loy, — 6, (T*)], + O (6?)
=L = (UUY) , =1+i0, (T, — Tp) + O (0%) = Ty, = Ty
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Moreover, we have the following;

1=detU =det (I+ i, 7%+ O (%)) =1+ i, Tr (T*) + O (6*) = Tr (T*) =0

So, the generators are traceless Hermitian matrices.

e B, = 50(2n+1),D, = SO(2n) for n > 1. The infinitesimal M € SO(2n) or M €
SO(2n + 1) is given as follows:

My = Loy + 0,75 + O (02) = My, = MY =1+ 0, (T)], + O (67)

> Loy = (MM"),, =T+ 0, (T5 + (T)},) + O (6%) = Tg + T = 0
So, T' is antisymmetric and thus, also traceless. Moreover, we have the following;

I=det M =det (I+0,7%+ O (6°) =1+6,Tr(T%) + O (6*) = Tr (T*) =0

But this gives us no new information. So, the generators are antisymmetric matrices.

o (), = USp(k) which consists of 2n x 2n unitary matrices such that if U € USp(n), then;

MUM™ = (U wheae M =i| O Mo ptom
I, O
The infinitesimal version of U is as follows:
U=1+i0,T"+ 0O (0°) = MUM ' =1+, MT*M " + O (6?) (11.4.9)

Since U is unitary, T ’s should be hermitian. Moreover, we have;

UT =T+ ib, (T*)" + 0 (6%) = (UT) ' =1 — i, (T*)" + O (6) (11.4.10)
Comparing 11.4.9 and 11.4.10, we get;

MTM™ = — (T = MTM ™ = —T"Va (11.4.11)
So, the generators satisfy the condition in 11.4.11. We now constrain the form of 7" by this
information. First of all, we write T" in the block form (where all the matrices are n x n matrices);

A B
(¢ 5)
Now, using 11.4.11, we have;

0 I A B 0 I\ _ AT T D —C\ [ —AT —CT
O P C D 1, o )=\ BT pr )7\ B a4 =\ _pr _pr
This implies;

A C
B —AT

with B and C being symmetric matrices. Now, we use the fact that 7" is hermitian. Then, we
have;

D=-ATC=C"B=B"=T= (11.4.12)

At CcT\ (A B
BT DI )\ C D
Therefore, using 11.4.13 and 11.4.

= A=A"B=C'C=B'"D=D! (11.4.13)
12 we get;

D =Dt = (=A") = —4
B=C"=(C")"=C*"= C=DB"

Therefore, we have;

A B .
T = ( B ) with AT = A, BT = B (11.4.14)
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The independent components of this compact symplectic algebra are counted by the Hermitian
matrix A and the complex symmetric matrix B, giving n?+n(n+1) = n(2n+1) real generators.
The non-compact real forms differ by the reality condition, but the root-system discussion below
uses the compact form. We now divide the generators into a maximal commuting set H = {H'}
and the remaining generators £“. The number of elements in H is the rank of the algebra, and
the subspace spanned by them is the Cartan subalgebra. The Lie algebra can then be written
as

[H',H’| =0, [H' E]=dE" (11.4.15)
First, H’ terms cannot appear in [Ea, Eﬂ] when o + § # 0. The most general form of this
commutator is

[E*,E°] = M H' + ¢2° B* (11.4.16)
with not all f ’s vanishing. Taking commutator with H’ gives us the following;

[H, [E°, E°)] = ¢ [HY, E"] = 37 B (11.4.17)
We calculate this commutator using Jacobi identity and 11.4.15 as follows:

[H?,[E*, E°]] + [E°, [H’,E*]] + [E*, [E°,H]] =0
= [, [ 5] = [0, 5] 27 o [0 [0, 7)) = (o4 ) [ B°) = (0 4 ) (57" 0B
(11.4.18)

Comparing 11.4.18 with 11.4.17, we see that if o + [ # 0, then all fiaﬂ are zero. So, we have
proved what we wanted to show. We also notice that;

gfjﬂ (aj + 57— uj) = 0Va,

Therefore, we see that Cﬁﬁ # 0 only when o+ 8 = p where p is a root. If a+ (3 is a root, then
C;jﬂ = 0 for all u except = o+ 3. We denote szg as €(a, ).
We might still have H in 11.4.16 if @ 4+ 8 = 0 and thus, we rewrite f* as f@ only because f*°
is non-zero only if 3 = —a. We see by comparing 11.4.17) and 11.4.18 that if a + 8 = 0, then
C/‘jﬂ @/ = 0 for all u. But all p can’t be zero in general because that will make the whole lie
algebra equal to Cartan subalgebra but we know that this isn’t true in general. So, for f = —a,
all (27 ’s vanish. Therefore, we see that;

[E*, E°] = B)E~TF (o + 8 is a root),
[E*,EP] = feHY (a+B=0),
[E*, EF] = (otherwise).
It is easy to see that €(f3,a) = —e(a B). The possible values of €(a, ) are £1, because

the normalization of the root generators can be chosen so that the nonzero structure constants
in a root string are real and their magnitudes are fixed by the SU(2) subalgebra generated by
{E* E~* a-H}. Using a particular ( EEE) Jacobi identity, we have (with 5 # « and  # —a);

[E*, [E~*, EF]] + [E°, [E*,E°]| + [E™, [E?,E*]] = 0= fPB' =0
Similarly, for 3 = a, the SU(2) subalgebra associated with the root « fixes the Cartan element
in the commutator. Normalizing H* by the Killing form gives

20 20, . 2a-H

fo= = [E*E°] = —H = (11.4.19)

The matrices that represent A" ’s are mutually commuting and thus, they have simultaneous
eigenvectors. Let the eigenvalues of the j-th eigenvector under the matrix representing H* be
w;. We can get weight vectors where the k-th weight vector is;

w,i,w,%,...,w,zank(g) ., k=1,23,...,dim(r)

The number of weight vectors is equal to the dimension of the representation. For reference,
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we quote the a-th root vector as well;

(al,a2,...,arank (g)) , a=1,...,dimg
dim g equals dim(r) when r is the adjoint representation. In the adjoint representation the
Cartan generators act by commutator: [H*, E%] = a'E“, so each root generator E* is a weight
vector of weight a. The remaining zero-weight states are the Cartan generators themselves.
Examples of the weights and roots are as derived now.

« The vector representation of the Cartan subalgebra for SO(2n) consists of the matrices
that have all entries equal to zero but a 2 x 2 submatrix. H’ has the following non-zero
2 x 2 submatrix in (2j — 1,2j) rows and columns;

Therefore, we have;

Htjzb =1 (5a+1—2j5b—2j — 5a—2j6b+1—'2j> s a, b= 1, ey 2n
These Cartan generators commute because each H7 acts on a distinct two-dimensional plane.
The rank of SO(2n) is therefore n. The eigenvectors of H’ have nonzero entries only in the
(27 — 1,25) positions:

Vi=1(0,...,0,1,F4,...0)
We just manipulate the 2 dimensional spaces to find the eigenvalues;

o[ =[5+ ]

So, the eigenvalues of V/ under H* are as follows:

wi =(0,...,£1,...,0)
where the nonzero entry is in the j-th position. So, w’. are the weight vectors of the vector
representation.
For SO(2n), the adjoint representation is the antisymmetric tensor product A*V of the vector
representation. Weights add in tensor products because H* acts by the Leibniz rule on v ® w,
giving eigenvalue w! +w’,. So, there are four possibilities. We can add a w?, with w? which gives

us +1 in j-th and k-th positions. Moreover, we can add a w’ with w® which gives us -1 in j-th
and k-th positions. In all of these possibilities, j # k because the antisymmetric tensor product
kills v; A v;. However, we add a w’, with w® which gives us a +1 in j-th position and -1 in k-th
position for j # k. However, if j = k, then we get a zero root. There are k such roots. Since
these are zero roots, they correspond to H* for (i = 1,...,n). Therefore, the weight vectors for
the adjoint representation which are also the root vectors are as follows:

(+1,+1,0,...,0) + permutations (11.4.20)
72

(+1,—1,0,...,0) + permutations (11.4.21)
22

(—=1,-1,0,...,0) + permutations (11.4.22)
72

(0,...,0)(n of them ) (11.4.23)

———

The spinor weights of SO(2n) are the vectors with entries £1/2. The two chiral spinor repre-
sentations are distinguished by parity: one has an even number of plus signs and the other has
an odd number of plus signs, each containing 2"~ weights.

e B, = S0O(2n+ 1) has the same Cartan generators with an additional row and column of
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zeros. The nonzero weights agree with the SO(2n) vector weights, and the extra basis
vector has zero eigenvalue under every H*. Thus there is one additional weight,

The number of generators of SO(2n) and SO(2n + 1) are as follows:
SO(2n) : 220U — p(2n41) = 20240, SO(2n+1) : EHEMD — (5 1 1) (2n41) = 202 +3n+1
Thus SO(2n+1) has 2n*+3n+1—2n*—n = 2n+ 1 more generators than SO(2n). The nonzero

root vectors corresponding to the additional generators are

(£1,0,...,0) + permutations
——

n—1
The remaining classical and exceptional cases are summarized in the table below.
We also define the dual Coxeter number h(g) as follows:

—Zfab = h(g)y*d* (11.4.24)

where ¢? = ¢")id;;. Tt means that de“d = 'id;;d*® and thus, the normalization of v?
doesn’t change ¥?d* and hence, the normalization also doesn’t change h(g). The properties of
the Lie algebras are summarized as follows .

Group Simply-laced | dimension | h(g)
A,1=5U(n)(n>1) Yes n?—1 n
B,=802n+1)(n>1) | No 2n(n+1) | 2n—1
C,=USp(n)(n>1) No 2n°+n  |n+1
D, =502n)(n>1) Yes n(2n+1) | 2n —2
Eg Yes 78 12

E; Yes 133 18

Eq Yes 248 30

Fy ? 52 9

Go ? 14 4

9.4.1 Other useful facts for grand unification

The group-theory facts above become useful for grand unification because matter multiplets are
organized by weights, while gauge bosons are organized by roots. The standard embeddings are

1650(10) — 10s0(5) D 5su(s) @ 1, 27g, — 1650(10) @ 1050(10) @ 1. (9.2)

Therefore the spinor weights of SO(2n) in the previous paragraph matter physically: for SO(10)
they place one Standard-Model family, plus a right-handed-neutrino singlet, into a single irre-
ducible representation. In a heterotic compactification the same information is encoded in the
allowed left-moving lattice momenta and current-algebra primaries.!

9.5 Current algebras

Let j%(z) be a field with conformal weights (1,0) (also called a holomorphic current). Conformal
invariance allows only a second-order pole proportional to the identity and a first-order pole
proportional to another weight-one current, so the OPE has the form

!The branching rules in Eq. (9.2) are facts about representations, not yet a model. A grand-unified construction
is fixed only once one chooses the chain — SU(5) C SO(10), SO(10) C Es, or a direct breaking of SO(32) or
FEs x Eg — together with the Wilson line or orbifold shift that performs the breaking. With that choice the
surviving gauge bosons are the roots invariant under the shift and the matter content follows from the branchings

above; without it no phenomenological conclusion should be drawn. Chapter 15 carries this out for heterotic
orbifolds.
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kb zcab

§*(2)3°(0) ~ — + —=j(0)
where k% and ¢ are constants. Note that both terms have the same conformal weight as they
should. The mode expansion of j*(z) is as follows:

dz
-a —n—1:a n a
— : —_
J%(z) = § In = Jn = %C(O) 5 Z.Z 7%(2)

ne”L
where C(0) is the contour around 0 . The commutation relation can be derived via normal
procedure as follows:

ca b m._n;a -b m n -q -b
= RN = _ - R

dw fab icab dw
— M eon c -c 0 _ o m k,ab n—1 ab :c n
j{?(o) o j{C(w) 2 ((z —w)? L ( )) 740(0) omi (F"nw" ™" +dcg’j (w)w")

d d
= nk“b]{ SO =1 4 icgbj{ —w,j"’(w)wm+" it 5% A+ kS (11.5.1)
(0) 211 C(0) 211

where R denotes radial ordering: the z-contour is deformed around w, and only the singular
part of the OPE contributes to the commutator. 11.5.1 also implies;

76 go) = ice’jg (11.5.2)
Thus the j§ span a Lie algebra, denoted g, with f®. = ¢®.. Therefore the Jacobi identity
gives

chectd 4 cabect 4 5ttt = 0 (11.5.3)
The j§j55¢, Jacobi identity gives us the following;

1, [g g )] + [, [ do] ] + Lo [20.58]] = 0
= ( be ad+cgbccd+cza bd) jO + k,adc +l€6dcgb =0 = kadclc)lc+ k,cdctczlb =0
where we used 11.5.3 in the last step. Using 11.4.7) we see that if g is simple, then k% is
proportional to d® since the inner product is unique for simple g. So, we have;

kab _ ]%dab
where k is a constant. We also see that k is positive if the theory is unitary. If |1) is the state
corresponding to the unit operator, then we have;

kd [jilujg } [317 } <1|1>
(A [, 5% 1)
(117 [1) = (152,71
(L5732, 01) = [l ) > 0.

where we used the fact that j; should annihilate |1). Now, for compact Lie algebra, the
invariant form d® can be chosen positive definite, because the generators may be taken anti-
hermitian and —Tr(7T%T7) is positive on the compact real form. Thus, & > 0. Since the weight
of j*is 1, the vertex operator of j, is j%(z) and thus, k vanishes only if j%(z) vanishes.

ke

To show that k is quantized, take any root of g. Denote this root by «. Define three generators
as follows:

Then, we can derive that;
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[‘]37‘]:‘:} = [QéfaEia} = dzjz_; [Hj,Eia} = j:dwz—; [HjEia} = j:Eia = :I:J:t
_ 200 - H
[T = =5 =2

From the SU(2) representation theory, we know that the representations of SU(2) are labeled
by the eigenvalue of J? and they are integers or half integers. So, 2.J2 is always an integer. So,
2. H/a? has integer eigenvalues.

There is another SU(2) subalgebra in the current algebra. For that, let’s call the Cartan gener-
ators as Hy and define the following;

- Ho+ k
J3 — o (;+ : Ji — Elioz
o)
The 1 subscript on E denotes that it is made by the affine modes E*; and E]*. Together with
the shifted Cartan generator above, these modes obey the same SU(2) commutation relations;

the shift by k is the central term in the affine commutator. So, we deduce that 2k /a? is also an
integer for all roots. If this condition is satisfied for long roots, then it is automatically satisfied
for short roots. So, we have;

k= i—lz ez (11.5.4)
where 9 is a long root. k is called the level. Different references absorb factors of 12 into the
definition of the invariant form; in these conventions the long roots have the normalization used
in Eq. (11.5.4). From now, we will take d*® = §®. For g = U(1) x U(1) x ... x U(1), there are
no roots (because the generators commute) and
thus, there is no concept of a level. Moreover, ¢® = 0 because the group is abelian (so, there is
no z~! term in the jj OPE). So, we can normalize the OPE to the following;

b 5ab
74(2)7°(0) ~ —
This OPE matches the OPE of the free boson current OPE which is as follows:
é‘ab
i0H"(2)i0H"(0) ~ —
The equivalence j* ~ i0H® is therefore consistent at the level of current OPEs; the corre-
sponding Sugawara stress tensor agrees with the free-boson stress tensor after the normalization

of the invariant form is fixed.
An example of currents is the fermion bilinear;

DI
which lives in the vector x vector representation of SO(n). The 272 term of the OPE of this
current is as follows:

b
(2 —w)?

where we used the anti-commutativity of fermions and the OPE of A* which is as follows:

INMAB (2)iNNB (w) = =AM NB()ANB(w) ~ =X AB ()M (w) =

5AB

NN () ~ ——

So, the coefficient of 1/(z — w)? term is 1 . So, for this current, we compare this to the result
of the general currents;

1 = kd™ = k6 =k /2
d** appears because we took the OPE of a current with itself (i.e. iA\P with itself). Now,
the long roots of SO(n) have length squared equal to 2 (except n = 3). So, we have;

k=1 for ix*\B(n # 3)
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For n = 3, there is no separate long-root normalization in the same convention and ? = 1,
so k/2 =1 and k = 2. The diagonal-current normalization accounts for this factor. Another
example can be constructed from any real representation r. Take dim(r) real fermions, so that
the bilinear current is antisymmetric and hermitian, and construct

1
5/\A/\BtT7AB

The 272 term in the OPE is as follows:

1
Ztr,ABtr,CD)\A(Z))‘B (’Z))\C (w))\D (’LU)

1
~ Ztr,ABtncD)\A(z))\B(z))\C(w))\D(w)

1
+ ZtT,ABtKCD)\A(z))\B (2)AC (W) AP (w)

1

B mtr,ABtr,CD (—(SAcéBD + 5305AD)
1
— m (trvABt’f’,BA — tT,ABtﬁAB)
1
“ i)y (Tr(t,t,) — Te(t,27)) .
Using Tr(t,t,) = —Tr(t,t7) = T,, where the second equality follows from the antisymmetry
t?: = —t,, one obtains
1

1trastrepX ()N (DA (w)A (w) ~'§Z;€§i;35(1-+<9<z-1>)-

Comparing it to the general case, we have;
T, - - - 2k T,
?:k““:kda“:kéa“:k:% = T, =¢k = k=—.

The remaining examples follow from the same index calculation with the corresponding rep-
resentation matrices.

9.5.1 Sugawara construction

We now show that : jj : (2) has the same OPE with j(w) as the stress tensor T(z) which is as
follows:

TM@f@ONEt%Wf@O+;%E®%M (11.5.5)

since j¢(w) is a Virasoro primary field and has conformal weight (1,0). Now, ij : (z) is defined
as follows’

e N (. hdm
K ) < tim (o) () — R0
(z—21) 11—z (z—21)

where the sum over a is implicit. We consider the following OPE such that z; and 2, are far;

Z1—Z2

17+ (2) = lim (ja(Z)j“ (21) =

3 (21) 3% (22) 5 (28) ~ 5% (21) 3% (22) 5° (28) + 57 (21) 5 (22) 5° (25)
]%jc (2’2) Z’facd . ]%]c (Zl> N ,L'facd

(Zl — 23)2 21 — 23] ( 2)] ( 3) (,22 _ 2’3)2 29 — 23] ( 1)] ( 3)
l;’ i (2 7 acd ) . ]2; 1€ (2 i acd ‘ . ' |
- (ZJ (;))2 + zlf_ Z3ja (22) 7% (21) + (ZJ (Zl))z + z2f_ z;;ja (21) j*(2) + (holomorphic terms in zs)
1— 23 o — 23

Now, we expand this expression as a Laurent expansion in (2o — z1). We keep terms up to
(20— z1)" only. Tt is as follows:
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];jc (Zl) N Z’facd ké‘ad N Z'fade]'c (Zl) N ]%](, (21) Z’fucd ké‘ad N Z'fadejc (22)
(71 — 23)2 21— 23 | (29 — z1)2 22— 21 (20— 214+ 21 — 23)2 Zo—z1+ 21— 23 | (2 — zz)2 21— %2
k) feed el (z) kje (21) [ (22 — Zl)] T e fedee () [ (22 — Zl)] B
(21— 23)° (21— 23) (22— 21) * (21 — 23)° b (21 — 23) * (21 — 23) (22 — 21) b (21 — 23)
N ];]c (Zl) B fasdfadeje (Zl) ];.]c (Zl) facdfadeje (Zl) B facdfadeje (Zl)
(1 —23)° (a—2z)(a—21)  (2—2)° (21—2)(22—2) (21 — 23)°
o 2kjo (=) [t (=)
(21— 23)2 (21— 23)2

where we made heavy use of antisymmetry of f%¢ and dropped all terms of the order of
O (29 — z1) or higher. Using 11.4.24 (where we have kept all the indices upwards), we have;

fcadfead _ th(g)(sce
Therefore, after expanding j¢(z1) = j(z3) + (21 — 23)05°(23) + - - -, we have

L . 2k + ¢?h(g) ., » .
35+ (20) 7 (o)~ M e ) e+ (g2 23 () + ——0j (20)
(Zl - 23) (Zl — Zg) Z1 — 23
where we used the fact 2k = 1?k. Therefore, we see that;
i (z) 1 , :
g (z3) ~ ————— % (23) + d7¢ (=
T hlger’ )~ o B+ 50 ()
This OPE matches 11.5.5 and we can thus define;
1jj ()
T3(z) = —————"— 11.5.6
P = G R (156)
where s stands for Sugawara. We can also derive the following result;
-C 1 -C -C
Tf (1) 5% (23) ~ ———57 (23) + 95 (23)
(21 — 23) Z1— 23
= () T (21) ~ s (2) + ——0J" (1) = ———0J" (1) = ———i" (1)
~ - 21) = z
J (z3)Lp{Z1 (z3—zl)2j 1 Zg—le 1 23_21J 1 (23_2:1)2.] 1

Now, we derive the following OPE where again 25 and z; are far;

3% (21) 3% (22) T (23) ~ j* (21) j* (22) Tp (23) + 3% (21) 3 (22) T (23)

1 1
= —— 7% 21) j% (20) + 05 (1) j% (z2) + —————7%(21) j* (22) + 05 (z2) j* (2
(=) (21) j* (22) p—— (21) j* (22) ) (21) 3" (22) p— (22) j* (21)
(11.5.7)
Before doing the expansion in z; — z1, we need the following OPEs;
e k " —2k . . 2%k
7 () 1% (22) ~ s = 0% (21) J* () ~ ——— % (1) 0% (22) ~ ———
(21 - 22) (21 - 22) (21 - 22)

Now, we do the z5 — z; Laurent expansion in 11.5.7 and keep terms up to (zy — 21)0 only.
Double contractions give the fourth-order pole and single contractions reconstruct 7% and its
derivative, so

s s ~ cg,k 2 s s g,k __ kdlm(g)
TB (Zl) TB (22) 92 (21 . 23)4 + 9 (21 . ZS)ZTB (23) + 21 — 23 81“'3 (Z3> , C k’ + h(g)

The normal-ordering constant vanishes here because the Sugawara tensor is defined by point
splitting with the singular jj contraction subtracted; no zero-mode shift remains in the stress
tensor itself. Since the concept of the nonabelian level is replaced by the normalization of the
current for U(1), we can use 11.5.4 and the identification j = i0H to write the stress-energy
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tensor as follows (recall that we use o =2 for H CFT);

1 1 1
T5(z) = —5 OHOH : (z) = 3" i0HiOH : (z) = 3 277 (2)
The total stress tensor T is the sum of the Sugawara tensor 77 and the tensor that is not

made by currents, denoted 7. Since T has nonsingular OPE with the currents, the singular
part of TgTg splits into the Sugawara contribution plus the remaining Virasoro tensor. Hence,

d QTB (22) 1
T, T, ~
5 ()15 (22) (z1 — 22)4 (21 — 22)° - 21— 22

If the non-current theory is unitary, then;

Oy (2), J=c—c*

c—cI">0= > 9k
For any simply laced algebra, the dual Coxeter number satisfies

dim(g)
o) = rank(g)

This follows from the Freudenthal-de Vries formula together with the fact that all long roots
have the same length in a simply laced algebra; equivalently, it is checked on the ADE series
and is preserved by the classification.

and therefore, we have;

dim(g) ]‘1 _ k dim(g)
rank(g) dim(g) + (k — 1) rank(g)

% = L dim(g) [/{: +
which means that;

! = rank(g)

Now, if g = Eg x Eg or g = SO(32), then rank(g) = 16 and thus ¢ = 16 which is the same as
the central charge of a theory of 32 fermions or 16 bosons. For this to happen in detail for the
fermionic theory, the Sugawara tensor should be what we derived while deriving the A part of
Tz in heterotic theory i.e.;

1
Tp(2) = =3 : Mo (2) (11.5.8)
To derive this, we consider the heterotic SO(32) current as follows:
JAB () =iNNB(2), A, B=1,...,32,A+B

We see that A «+ B gives the same current but with a negative sign. Now, : j(4B)j(4.5) . (2)
is given as follows:

, , . 1 . . dim(SO(32
JAPAP () = lim (5 3 PP () M)

z2—21 oy (Z . 21)2

32
1 4
— lim <_ Z FAB) (2)5AB) (z) — i2>
z—z1 \ 2 A BT A%B (z — Zl)
where the factor of 1/2 comes to avoid counting over equivalent currents. Now, we do the
following calculation;
FAB(2)jAB) () = —  MAXB 1 (2) : MNP - ()
= AP () AN (2) = AANE L (2)  MNE L (2) = AN (2) M (2) O (2 — )
1 N AB(2)NB (z1) N M)A (21)

(z—2z)° z— 2z z— 2z

+0(z—2)

=————— AP ()= MM () + O (2 — )

(z —21)
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Now, dropping the O (z; — z3) part, we use this result to get;

1 & 1 496
; jAB)AB) L (2) = lim 3 > s <—2_ SABONE - (2)— MM (z)) -
ABm (z—21) (z—21)

The first term in the sum isn’t dependent on A or B and thus, we get 32 x 31 = 992 from the
sum but the factor of 1/2 makes it 496 and thus, it cancels the last term in the limit.
Moreover, the second and third term in the sum gives the same sum but the factor of 1/2 just
reduces it to a single term. Moreover, these terms are independent of z; and thus, the limit is
trivial. So, we get;

32
: jABJAB) L () = — Z Z SAMONY L (2) = =31 MON  (2)
A,B=1 A#B
where in the last step, sum over A is implicit and the sum over B gives 31 . Now, using 11.5.6
with 1% = 2,k = 1, h(g) = 30 (which is relevant for SO(32)), we get;

1 1
T5(2) = ———~=-3L: MO 1 (2) = —= - Mo
So, we get 11.5 .8 at the end.

For any Lie algebra g, the Sugawara central charge obeys the bounds

rank(g) < ¢ < dim(g)

The upper bound follows directly from ¢%* = kdim(g)/(k + h") < dim(g). The lower bound
is saturated by the large-level limit of the Cartan subalgebra contribution: each Cartan current
contributes one free boson, so at least rank(g) units of central charge are present in any unitary
affine theory.

9.5.2 Primary fields

For an affine current algebra, a primary field is a highest-weight field for the zero-mode algebra
and transforms with only a simple pole under the current:

, (t5Py)(w)
AL ~ a2 7
7 (2)a(w) ~ =
The Sugawara stress tensor then gives its conformal weight

hy = kciih)v (\60) <k (9.4)

for an integrable highest weight A, where 6 is the highest root. At level k = 1 for simply laced
algebras, the allowed primaries are tightly restricted; this is the worldsheet reason that the
heterotic gauge algebra is not an arbitrary rank-16 Lie algebra. The later lattice discussion is
the bosonic realization of the same statement: allowed momenta are weights, and the current
algebra knows which weights are local with respect to the root lattice. [39,138].

(9.3)

9.6 The bosonic construction and the toroidal compact-
ification

If we have d non compact dimensions, then the [ momenta are as follows:

(7)) d<m<25d<n<9
The right-moving GSO projection enforces the same modular-invariance conditions on the
internal lattice I'™:

=T" lole2Z
where o is has signature of (26 — d, 10 — d). For d = 10, all the signs in the o inner product
are positive, and thus, we have a Euclidean lattice. Even, self-dual Euclidean lattices exist only
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for dimensions that are
multiples of 8. Since we want sixteen-dimensional lattices, the relevant even self-dual Euclidean
lattices are:

1 1
I = (nl, .. .7116) or (m + 5, ... N + 5) ,an € 27 (11.6.1)
j
1 1
I's x I's where I's = (nq,...ng) or |n; + STRRRRL + 5 ,an € 27 (11.6.2)
j

Now, we investigate the massless spectrum of the heterotic strings. Since we have 26 bosons
in the left sector, just like the bosonic theory and we have at least two non-compact dimensions,
the normal ordering constant in the left sector is -1 . So, the massless states have 9.X* 0X™
and e’ XL ag the massless vertex operators which correspond to the following states;

oy [k] =0), o™ |k =0), |k =4/d") (11.6.3)

The first two of them have level 1 and the last one has level zero. Using (8.4.1), we see that

if k% = 0 and m? = 0, then N = 1 and k7 = 0 gives a massless state. Also, if N = 0 and

k? = 4/d’, then the state is again massless. If k% = 4/a/ then [2 = o//2 x 4/a’ = 2. First state

in 11.6.3) is in 8, representation of SO(8). The second set of states has 16 different states and

lives in the Cartan subalgebra of the gauge group because the currents 0X™ commute with one
another. The OPE of these currents is as follows:

DX™(2)0X™(0) %5% b (11.6.4)

[ are roots of the gauge group because the vertex operators e’z X2 are dimension-one currents,
and their OPEs with the Cartan currents 0.X™ have charges {}".
The last state has [2 = 2 where [, is a 16 dimensional vector living in either T'*¢ or I'® x T'®.
From the (nq,...,ns) [ lattice, we see that the only way that we can have [2 = 2 is by having
n? =n7 =1 for some i, j where 7 # j. So, the possible integer I''® lattices are as follows:

(1,1,0,...,0)+ permutations, (1, —1,0,...,0)+ permutations, (—1,—1,0,...,0)+ permutations
14 14 14
These are nothing but the SO(32) root lattices as shown in 11.4.20, 11.4.21 and 11.4.22 for
n = 16. The half-integer I''% lattice does not show up in the massless spectrum of the SO(32)
theory because it belongs to the spinor conjugacy class, whose states are projected out of the
massless current algebra by the chosen GSO projection.
However, this half-integer lattice is seen to have the following form;

1 1
(nl,...,n16)+ <§,,§),Z’H,Z:2Z
—_——— !

16
So this lattice is just a sum of a spinor weight corresponding to 2 spinor representation

of SO(32) and an arbitrary root of SO(32). An arbitrary root means that it is an arbitrary
integer-valued linear combination of the roots of SO(32). Notice that we can replace an even
number of 1/2 in the weight above by —1/2 and replace n; ’s in the corresponding positions by
n; + 1. Since an even number of 1 s are added, the sum of all new n; ’s is still even, and thus,
the root vector with new n; ’s is still an arbitrary root of SO(32).
The integer lattices from I'® x I'® that have [2 = 2 are as follows:
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(1,1,0,...,0) + permutations x (0,...,0),(0,...,0) x (1,1,0,...,0) + permutations
6 8 8 6

(1,-1,0,...,0) + permutations x (0,...,0),(0,...,0) x (1,—1,0,...,0) + permutations
6 8 8 6

(=1,—1,0,...,0) + permutations x (0,...,0),(0,...,0) x (—=1,—1,0,...,0) + permutations
6 8 8 6

The following lattices;
(eei) x (ne;),  en=%L,  ij=1....8,

are not allowed because each factor must be an allowed I'® lattice, with 35  n; even as in
Eq. (11.6.2). The allowed integer vectors in I'® x T'® form the SO(16) x SO(16) root lattice. It
remains to include the half-integer I'® x I'® vectors. In the allowed vectors of this type, every n;
must be either 0 or —1. Indeed, if some n; > 1, then

+1 2>9
n; — = —
2 4

but this is already greater than 2, and the other squared components only increase /2. A
similar argument excludes n; < —1. Thus the allowed I'® half-integer vectors have all n; = 0 or
an even number of n; = —1, so that the parity condition on ) . n; is satisfied. Together with the
integer roots, these vectors complete the Eg x Fjg lattice. Since both SO(32) and Eg x Eg are

simply laced with roots of length squared 2, one has ki = k for the corresponding current algebras.
Comparing with Eq. (11.6.4) gives k = 1 for both gauge groups. The following definitions are
useful.

o The root lattice of a Lie algebra g is the set of all the integer-coefficient linear combinations
of the roots of g. This lattice is denoted as T'.

e Let r be a representation of g and A be a highest weight of . Then the weights of r lie in
the coset A+1I,; this coset, or the sublattice generated by all weights of the representation,
is denoted by TI',.

e The union of I', for all representations is called the weight lattice of g. It is denoted as I',,,.

A useful result says that for a simply laced algebra (recall that they do not include B,, algebras
ie. SO(2n+ 1) and C,, algebras i.e. USp(n)) we have

I, cI'*vr
g
Indeed, a weight A is defined by the condition that 2) - a/a? € Z for every root a. For simply
laced algebras all roots have a? = 2, so A - « € Z, which is exactly the statement that \ € L'y
Moreover, we have;

r,=rI7
This implies that for Eg group, I'y = I = T', ar!id thus, the weight and root lattices are the
same for Fg. This is true for all simply laced Lie algebras whose root lattice is self-dual. In the
heterotic construction the left-moving internal bosons take their momenta in this even self-dual
lattice, while the right-moving supersymmetric side supplies spacetime fermions and the mass-

shell condition. This left-right asymmetry is precisely what allows ten-dimensional gauge groups
with rank 16.

9.6.1 Toroidal compactification

Now, if we have d < 10 non-compact dimensions, then the o’ inner product has ( 26 —d, 10 —d)
signature. Just like the bosonic theory, we see that the inner product is invariant in O(26 —
d, 10 — d, R) rotations but the mass formula and the constraint in 8.4.1 are invariant only under
0(26 — d,R) x O(10 — d,R) rotations. Moreover, the compact momenta lattices are invariant
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under O(26 — d, 10 — d, Z) transformations. In other words, we can start from a reference lattice
Iy such that all compact directions are orthogonal and all radii are SU(2) x SU(2) radii. Then,
the following equality is true among the lattices;

ANAN'Ty = AT

where we have;

A€EO(26—d, 10— d,R), AN €0(26—d,R)xO(10—d,R), A" € 0(26—d,10—d,Z)

and therefore, the moduli space of the inequivalent theories is;

0(26 —d,10 — d,R)
0(26 — d,R) x O(10 — d,R) x O(26 — d, 10 — d, Z)
where O(26 — d,10 — d,Z) elements act on elements of O(26 — d, 10 — d,R) from the right.
Now, we consider the massless spectrum of this theory. We can have the following three kinds of
massless gauge bosons (the remaining massless states are organized by the same left-right lattice
organization);

o™t L0y, me{d,..., 25}
Of—tﬁgﬂ/ﬂo% m € {d,...,9}

eFXe0y moe {d,...,9},12 =2

The first two kinds of gauge bosons come from the dimensional reduction of the metric and
antisymmetric tensor: G, gives Kaluza-Klein gauge fields and B,,,, gives winding gauge fields.
The third kind comes from purely left-moving dimension-one currents at enhanced-symmetry
points of the Narain lattice. The vertex operators of first type of gauge bosons are 0.X™*, the
operators for second type of bosons are 9X*™ and the operator for the last one are e*r-XzrqH,
There are 26 — d bosons of the first type, 10 — d bosons of the second type, and 10 — d bosons
of the last type. Since all of these states have level N = 1, a nonzero (% would give a positive
contribution %/2 to the right-moving mass formula and would make the state massive. For
generic points, [ # 2 and thus, the gauge group is U(1)?674F107d = {y(1)36-24,

9.6.2 Supersymmetry and BPS states

After the Narain lattice has been fixed, supersymmetry adds a sharper invariant: a BPS state
is one for which the mass is determined by a charge appearing in the supersymmetry algebra.
Abstractly,
{Qu. QL) = 21T 3P 205, M > 2] (9.5)
Saturation means that some linear combination of supercharges annihilates the state. In toroidal
heterotic compactification this becomes a statement about the left-right lattice quantities: a per-
turbative half-BPS state has the right-moving sector in its supersymmetric ground configuration,
so its mass is fixed by the charge vector instead of by arbitrary oscillator excitations. Schemat-
ically,
2 2 L, L,

MBPS X PR NR:CLR, NL—1+§pL=NR—aR+§pR. (96)
In both the current-algebra/lattice construction and the later D-brane BPS bounds, the pro-
tected mass follows from a charge algebra and the oscillator content is restricted by level match-
ing.” [167,174].

2Equation (9.6) is deliberately schematic, because the surrounding notes use several o’ and normal-ordering
conventions. A numerical application needs one fixed heterotic mass formula, with M2, level matching, the lattice
norm, and the right-moving NS/R intercept written in the same convention as Eq. (8.4.1) and Chapter 8; that
same convention then carries through the BPS inequalities and enhanced-symmetry checks.



Chapter 10

Low-energy supergravities and
anomalies

This chapter extracts the spacetime field theories determined by the massless superstring spectra. It
begins with the common NS-NS action, then derives type IIA supergravity from eleven-dimensional
supergravity, records the SL(2,R) structure of type IIB, and states the type-I and heterotic low-
energy actions in the conventions needed later. The second part studies ten-dimensional anomalies.
The type-II theories pass the purely gravitational anomaly test through their chiral field content,
while type-I and heterotic theories require Green—Schwarz factorization. Thus the spacetime low-
energy description reproduces the same restrictions already found from modular invariance, lattice
arithmetic, and tadpole cancellation [10,121].

10.1 Low energy supergravity

Low-energy supergravity is obtained by keeping the massless string modes and expanding in
Eva/ < 1. The NS-NS sector common to all closed superstrings begins with
1 1
SNSNS = 75 dzv/—G e *® |R+ 4(V®)? - —H,,,H"" +0(d)] . (10.1)
2K5, 12
Type ITA and IIB differ by their R-R field content and by the chirality of the two ten-dimensional
supercharges. The GSO projection chooses that massless spectrum in perturbation theory;
the supergravity action is the unique two-derivative local theory compatible with the resulting
supersymmetry and gauge invariances. [10,162,352].

10.1.1 Type ITA superstring

We will show the connection between 11-dimensional SUGRA and type IIA superstrings. The
spectrum of 11-dimensional supergravity is counted in light-cone gauge, where the little group
is SO(9): the graviton is a traceless symmetric tensor, As is a three-form, and the gravitino is
a vector-spinor with the gamma-trace removed. Both the fermions and bosons have 128 states
as follows:

Bosons: 9—;8 14 (2) — 44 + 84 = 128
——

graviton As

Fermions: 9 x 16 — 16 =144 — 16 = 128
—— =
indices const.
The gamma-trace constraint removes the unphysical spinor component of the gravitino, leaving
the 128 fermionic states shown above. For the low-energy bosonic action, we have the following
for eleven-dimensional supergravity:

1 1 1
Su =53 /dllx\/—G (R -3 \F4\2> — /A3 NEy N Fy (12.1.1)

12k2
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Now, for dimensional reduction, we choose the standard reduced metric form as follows:
G dxtdx” + e*” (dxlo + A“dx“) , w=0,1,...9

= (GW + eZUAMA,,) dxtdx’ + 262"Aud:€“dm10 + 27 dx0dxt0
where G110 = €%?. Substituting this metric ansatz into the eleven-dimensional action gives
the reduced ten-dimensional action. The Ricci scalar decomposes as

1
Rll — Rlﬂ o 2efo'v2ea _ Z620 ‘F2‘2
The block form of the metric is given as follows:
GW e A,

20 20
eA, e

The determinant of a block matrix is given as follows:

where GW =G+ eZUA#A,,

~ 20
G, e°A,

20 20
e’A, e

We can calculate G (i.e. the inverse of G,) by assuming a form;

det [ } = (det A)det (D — CA™'B) = det [ } =e*G — GG ALA,

G' = aG" + BAFAY
and we readily get;

620 20

- - A)2 = A AP NIU/:G/W_e—AMAV
1+4e27(A)?’ (4) A= G 1+e27(A)?
Using this expression, the required determinant becomes;
der [ G M| g i ma (oo e\ aga,] - G
A, ¥ 1+ 2 (A)2 BT T e (A)2

We now evaluate G.G w is given as follows:

a=1 p=

Gy = Gy + €A, A, = G (67 + € A%A,) = G = Gdet(I+ M) where Mg = e* A Ag

Now, we use the following identity;

det(A) = ™4 = det(I + M) = e™(nI+M)
Now, we have;

© (M) © M
(In(I + M))§ = Z(—wﬂ = tr(n(l+ M) = (-1

j = j

=1
Now, we have;

MI)S = €MTAY A AP A, AR2A, AP Ay = A2V A A =t (MT) = 27 AY
P i 2 fj—1 B B

which gives us the following;

o0 207 A2

tr(In(I+M)) = 3 (~ 1y 5
j=1 J
Therefore the determinant simplifies to

GW 62014“ } B e2o(} (1 +€2U(A)2>
A, € | 1+4e2(A)2

Since all the fields are independent of 2! direction, the x'° integral just gives 27 R and thus,
the Ricci term in 12.1.1 becomes;

=1In (14 €*A%) = det(I+M) = 1+ 4> = G=G (1+€e* A%

=@

det [
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2 1
22 /d” V—-GR = WR d"zv/—Ge” (R —2e77V?e7 — 162" \F2\2>
:_/dlox\/_(UR 2v2a_ 30|F|)

The total-derivative term may be dropped on a compact space or retained as a boundary term,
depending on the boundary conditions; here k2 = x2/(2rR). The reduction of the |Fy|* term in
Eq. (12.1.1) is evaluated component by component as follows:

1
4412 /dl% —Ge?GMM L GMNEy vy Fy v,
1
~ 96k2 d0xy/—Ge? G GY N Py, g Py

Now, the dot product is evaluated as follows:

M1l a4 p1d Havy
G G E o F o 8GH GME, L Fa

+4GM . GMYEy L, Fy o, + 6GM GG GravaEy, o B dusyy (12.1.2)
Consider the second term above. One kind of general term for this is;

GG GRE, g For oy
Interchange the indices 1y and gy, also rename the index v, to v;. Now, we can do some
permutations to interchange the first and j th index on both F'’s, and thus, we get a factor
of unity by doing this. So, we can transform such general terms for any j to the form written
above. There are four terms like this (as j = 1,2,3,4). Another kind of general term is as
follows:

G Gduj ce GH4V4FM1...d...u4F1/1...Vj...l/4

In this term, we do interchange j;, <+ v for k # j and set v; = p;. Moreover, by using the
symmetry of G, we can get this kind of term to be like the general term of the first kind. Again,
we have four terms like this. So, we have eight terms in total. Now, we can consider the case
where one of p; s is d and one of 14, s is d. One case arises when j = k. There are four terms
like this. Again, we can show that all of these terms are
equal. That gives us the third term in 12.1.2). The last case arises when j # k. The general
term, in this case, is as follows:

We interchange d and p; indices in the ﬁrst I and similarly, we will interchange d and v5 in
the second F. This may give us a power of -1 . This power is 2j — 3 + 2(k — 1) — 3 which is
even and thus, no minus factors appear. Then, rename two indices as 1 — pj,v5 — 14 and
interchange the indices v; <+ vy, <> v5. After that, we interchange the indices in the F' s
again. This time, interchange d with py and v; with v;. This may again give us a power of -1 .
This power is 2(k — 1) — 3 + 2j — 3 which is again even. So, after this procedure, this general
term becomes;

175041 dv; /Lkd HaVa
G G J G G FMI d ME-- M4FV1...VJ...d...V4

dvy (yped Y33 Ypavy
G GG GM Fyp s pa For dvsva

Moreover, there are (4) = 6 terms like this and thus we have a factor of 6 in the last term

2
of 12.1 .2 . The first term in 12.1 .2 gives us a term proportional to |F4]2 and thus, we get the

term;

1
FI/1...I/4 = -

1
drv—Ge” —GM LGP, —
4K

_@ I . L. 4

/ APz —Ge® | Fy?

0
The third term in 12.1.2 gives us the following term;
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4
10 o —20 2 v v v
_4—,%(2) dVxv—Ge 1 (6 + A ) GraveGravs GUava By Fisvss

1 1

=—-— /dlox\/ —Ge 7 |Fy|* — — /dloam/—Ge"A2 | 5]
4Kg 4Kg

The A?|F3|* term is not an independent kinetic term; it combines with the second term in

Eq. (12.1.2) through the off-diagonal inverse metric components. The expression for G follows
from the same block inverse used to obtain G%. The special case needed here is

[ A b}l__{A‘V+%A—%NQTJ 1A
bT Cc —EbTA_l 1
Only the component G is needed. It is

20 -1 20
Gmizz<e%'%}W-——fl———AﬂA{]A#AW-1) {(GW”————E;———APA?>J44 — _AM

} where k = ¢ — bTA™'D
k

1+€20A2 1+620'A2
We can also calculate 1/k as follows:

— 6—20+A2

Now, the second term in 12.1.2 is as follows:

| =

—8G“1V1 e GM4V4 (F4),u1--.u4 Aul (Fg) — _QGﬂlVl o G’Ww4 (F4)M17.-M4 <A A FB)

where in the last line, we used the fact that only the antisymmetric part of AF3 factor will
survive this summation. The last term in 12.1.2) is as follows:

VoV3V4 1221215

6GH GMWG“SV?’GMMAM (}7’3)‘@#3#4 AVI <F3)
The A? term in form notation: the term comes from (A; A F3)? inside the reduced |Fy|?, so
the two A’s are not being wedged with each other as A; A A;. They are contracted by the
spacetime metric after the antisymmetric field strengths have been formed. In contrast, in the
Chern—Simons term only the fully antisymmetrized wedge products survive; repeated one-forms
in the same wedge vanish automatically. Thus the metric kinetic reduction may contain A, A",
while the Chern—Simons reduction keeps only the antisymmetric wedge combinations.
The Chern Simons terms are done as follows:

vav3vy

1 11!
_wm /dx‘ul .- 'dxuuA[[Mluzm F#4#5#6#7]F#8M9#10M11]

Now, we concentrate on the index which is d. This can be in A ( 3 cases) or in I ( 8 cases).
The dz? integration gives 2 R. Thus, we get the following;

orR 111 [ 21(41)2 41(31)2
" [3<)/&AHAH+& (>/&AQAR}

1262313402 |7 10! 10!

11

=3 |:/A2/\F4/\F4+2/A3/\F4/\F3:|
0

We prove that all of these three terms are equal which is shown as follows:
O:/d<A2/\F4/\A3) :/(AQAF4AdA3+dA2/\F4AA3) :/(AQ/\F4/\F4—|—F3/\F4/\A3)

:>/AQ/\F4/\F4:—/Fg/\F4/\A3:/A3/\F4/\F3
using the identities
&> =0=d(F,)=dA, =

wy A wy = (—1)Pw, Aw,
where w, is any p-form. With the standard ten-dimensional normalization of the reduced
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forms, the Chern—Simons term becomes

11 11
=——— [ ANy NFy=—— [ AsNFy N\ F
P PRAW WA P SRAR Y RAR S

Thus the action in ten dimensions is

S =51+ 5+ 83

where

1 1
Slzp/dmx /_G <€UR——€3J|F2|2>
K§ 4

~ 12
F4‘>
1 1
83: -y AQ/\F4/\F4:——2/A3/\F3/\F4
4Kg

U2
4rg

where Fy = dFy — A; A Fy. We now show that the Chern-Simons term is gauge invariant;

1
Sy = —/dlox\/—G (6_” |F5)” +e°

T U2
4K

A3/\F3/\F4—><A3—|—d>\2)/\F3/\F4
= A3 ANF3s N Fy+d(X N F5 A\ Fy)

= Az A F3 A Fy + total derivative.

The gauge invariance of the term depending on Fj is as follows. Under the A; gauge transfor-
mation,

6F, =d(d)\s) =0

However, in the transformation of A;, we have;

0F, = —dM\og A Fs = —d (Mg A F3)
which is not zero in general. This is canceled by assigning a simultaneous transformation to

Agi

5143 = )\0 VAN F3
This additional transformation is the ten-dimensional remnant of the higher-dimensional
reparametrization of #'°. We see that F} satisfies a non-trivial Bianchi identity as follows:

dﬁ4 - —d (Al N Fg) - —dAl A F3 - —F2 N F3
We want to find the relation between ¢ and the dilaton ¢ now. We redefine the metric as
follows:

Gold —= e TRV
v 1%
After the rescaling, the old and new labels are suppressed. The determinant and scalar cur-
vature transform as

G—e "G = V-G e V-G
9
R—€e"R— 5630V#V“e’2"
Now, the R becomes as follows in this transformation;

V=Ge’R — V/—Ge™* R

However, we want this to be as follows:

V-Ge *R= 0= %b

Now, can expand the R transformation as follows:
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e’ R — ge” [40,00"c — 2V ,,0'0] = "R — g (6e?0y00ta — 2V, (e?0"0)) = ¢’ R — 270,00"0 + derivative

— ¢ 2R — 12€70,00" ¢ + derivative
After the Weyl transformation and the integration by parts, the dilaton kinetic term combines
with the original scalar kinetic term to give the standard string-frame coefficient +4(9¢)%. In
addition, we have the following;

|E|? = Gmo L G E,

H1-pp
So, the actions in new metric become as follows:

Fy . v, — G G,

2
Ml---ﬂpFVl---Vp = epU |Fp|

1 1

1 .
SQ - —P/dlol’ —G6_2¢ <|F3|2 + €2¢ ‘F4
Ko
The Chern Simons term doesn’t change because it is independent of metric. Now, in type II
A theory, the bosonic spectrum is as follows:

‘ 2

(NS+,NS+) : [0] + [2] + (2)

(R+,R—) « [1] + [3]

So, in the (NS+,NS+) sector, we have a dilaton, a graviton and a two form field (which we
will now call By and its field strength is called H3). In ( R+, R—) sector, we have a one-form
field and a three-form field which we will call C', C3 and their corresponding field strengths are
Fy, Fy. So, we can arrange the three actions above as NS sector action and R sector action as
follows:

1 1
Sxs = 5.7 /dl% —Ge™ (R+ 4G* 8,0 0,¢ — 3 |H3|2) (12.1.3)
1 )
SR — —@ leSL’\/ -G (|F2|2 + F4 > (1214)
0
1

SCS - _F/B2/\F4/\F4 (1215)

Ko

This is the massless type-IIA bosonic action in the conventions used in this chapter.! The
remaining fermionic terms are fixed by N = 2 supersymmetry in ten dimensions and are not
needed for the bosonic duality and brane calculations below.

10.1.2 Massive type ITA supergravity

The bosonic field content of the massless ITA theory is as follows:

G, Hy = dBy, ¢ F» = dC, Fy = dCy  Fg = dC5, Fy = dCy

(NS+,N§;) sector (R—l—,R—\),sector Poinca?g duals
Following the democratic formulation of Ramond-Ramond fields, one may include a ten-form
field strength Fjg. In ten dimensions its Hodge dual is a zero-form, so it carries no propagating
local degree of freedom; it is instead a constant flux, the Romans mass. If it is present, then the
EOM for this field strength is;

dx* I'g =0 = xF)y = constant

Tn string frame the tree-level NS-NS action carries e2?, not e*2?, the same Euler-characteristic factor that
gives g; 2 at sphere level. The Hjz term is a kinetic term —%|H3|2 and should not be multiplied by an extra ¢.
The R-R kinetic terms do not carry e2?, which is why D-brane charges and tensions compare differently in
string and Einstein frames.
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where the last step follows because xF, is a scalar. The first-order action that implements
this condition is as follows:

. 1 1
;r}aAsswe _ SIIA _ dlol"/ M2 + — MFlO (1216)
4K32, 4kt

where Sj74 is the sum of (12.1.3), 12.1.4 and 12.1.5) but with the following changes;

1 - - 1
F2—>F2+MBQ, F4—>F4+§MBQ/\BQZ>F4—)F4+§MBQ/\BQ

We see that M is just an auxiliary field as it has no derivatives in 12.1.6.

10.1.3 Type IIB supergravity
The field content of type IIB is as follows:

G, Hs (= dBs) , ¢ Fy = dCy, F3 = dCy, Fy = dCy F5 = dCy, Fr = dCg, Fy = dCy

(NS+,NS‘;) sector (R+, R:I:) sectors Poincare duals
Since we are working in ten dimensions which is 2 mod 4, we can impose one of the following
conditions;

*F5 = :tF5
as we saw in Appendix A. Moreover, since |F5|2 = 0 after imposing self-duality, one cannot
write an ordinary covariant kinetic term for it. The standard treatment is therefore a pseudo-
action: vary the action first and impose *F5 = F5 on the equations of motion afterward.” The
following actions give the bosonic low-energy theory for IIB in that sense:

1 1
SNS = ﬁ leLC -G 672(15 <R + 4G‘“’8H¢ 8,,¢ — 5 ‘H3‘2> (1217)
K
1 10, /& R A N e
SR:——2 d7xv -G |F1| +’F3) +—’F5) (1218)
4rj 2
1
SCS = ——2/C4AH3AF3 (1219)
4rj
where we have;
~ ~ 1 1
FgIFg—Co/\Hg, F5:F5_§CQ/\H3+§BQ/\F3

From these definitions, we can deduce the EOM and Bianchi identity for Fj as follows:

~ 1 1 1 1
d*F5:d*F5——d*(CQ/\Hg)+—d*(BQ/\F3) :——d*(CQAH3)+—d*(BQAF3) :Hg/\Fg

The last equahty follows from varying the pseudo- actlon with respect to the four-form potential
and using the Bianchi identities for H3 and F3. Therefore dF5 = dx Fj3, so F5 = *F5 is consistent
with both the equation of motion and the Bianchi identity, although it is not implied by them
alone; Fy and =Fy could differ by an exact form. If the self-duality condition is imposed directly
in the action, the equations for the other fields are altered. It is therefore imposed only after
deriving the equations of motion.

We now investigate the symmetry of the low-energy action. Define the following;

B L 1 T2 — Re(r 7 H
Gguw=c¢ ¢/2GW, T=Cy+ e ¢, M;; = —Im(T) —|R(|3(7') 1( )]7 Fy = (Fj)

This implies that;

2The factor 1/2 in the Fy kinetic term of Eq. (12.1.8) prevents double-counting the self-dual degrees of freedom,
which is needed because |F5\2 vanishes once Fy = *Fj5 is imposed on shell.
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Re(1) = Cp, Im(7)=e

We now derive a couple of results. The first on is as follows:

1
SCS:__ C4/\H3/\F3
4/{10
1 ij ; j
= ——/((A/\F%F2 CiNF;NFY) = —E—;/CU\F;/\F?{. (12.1.10)
4K3, 4k

The second one is as follows:

1 1~12
— | d¥%/-Gg | —= |F
Q’f%o ! E< 4 5)
1

== —_2/d10x€5¢/2 V —G (F5> (ﬁ%) Galﬁl .GaESﬁE)
81‘{/10 Qaf...a5 61
S / @e#2V=G (F5)  (B)  eRGeh . g
8’{/10 a]...05 ,Bl.uﬁf,
1

8/110 dzv/—-G (F5> e <F5>ﬁ1...55 Qb qesbs — _ 1 /dlo V=G (% F})r) |

41@10

(12.1.11)
_ 2
where the last ‘F5

result.

uses G, instead of G'g,, to contract the indices. Now, we derive another

"z \/TE( ”F;'.Fg)
2/4;10

1 10 —5 2 7 ] 30/2 o o %
— 4/{10 d /2, [ M” (F) . (Fg)ﬁl...ﬁ3 302t (osBs
1 10,6/~ G i y 1B asfy _ _ 1L 10,6 /=@ i
4510 d _GMU (F ) 1...a3 <F3)51---53 GG = _4/€10 d"we MZ]F F

where in the last step, G metric is used instead of Gg to contract the indices. We manipulate
this final expression as follows:
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1 - 1 B \7] 1 2Re(T)
dPre 0/ —GM;Fi.F] = ——/dlo /G SR N L - Hs F
4mm/ re TV =GM, 1, tm(r) 0 Ty Vo0~ Ty M
1 v A 1
- _452 /d10$6_¢ v _GMl]Fg ) Fg = _m dlinV -G ((002 + 6_2¢) |H3|2 + |F13|2 — 2COH3.F3>
10 10
1
dVze 2/ -G (—— | H| ) +——— | A%V =G (CZ|H|* + | Fs|* — 2C, H3. F3)
2/@10 4/{10

d"ze /-G (—— | H3| > T

1
/dlol'\/ ’Fg Co/\H3|2

2&10

d"ze™%%/— (—— |Hs| ) +—— [ d¥zv— ‘Fg‘

2/{10 Akt

Therefore, we have;

Mo 1 B 1 _ 2
d"z\/—Gg JF;-Fg = d"ze /-G ——\Hg\ ——Q/dl%\/—(; Fy
2 K1o 2’flo 4KTy
(12.1.12)
Another result is derived as follows:
0,7 O'T
le /
4&10 ~Gr g (Im 7)2
_ 1 I Ware: e?/2Grv (GMCO + ze“bﬁﬂd)) (8VCO — ie“f’&,d))
4K32, e20
o 40359/ 2 |F[° + e ™26 8,48,¢
4Ry e"2¢
1 1 1
= ——Q/dlox\/—G|F1|2+—2/dwx —Ge ™ —=G",00,0 | . (12.1.13)
4K7 2K7 2

Before deriving the last result, we use the fact that in n # 2 dimensions, if two metrics are
related as

g=¢"g
then the Ricci tensors are related as follows:
R = 6_2¢ <R _ 4(n—_21)e—(n—2)¢/29uyvuvye(n_2)¢/2
n f—

also, recall that for a scalar ¢, V,¢ = 0,¢. Plugging in n = 10 and rescaling ¢ as ¢ — —¢/4
(to match the relation between G and Gy that we have);

9 9
Rp = e?/? (R - §e¢G“”VNVVe_¢) =e??’R — §e3¢/2G“”VMV,,e_¢
Now, we do the following manipulation;
GV, V,e=? = GV, (—0,0e ) = =G (8,0,0 — I'3,000) €% + G 0,00, e *
= G (V,V0) € + 0,004 0e
Thus, the expression of R becomes;
R ®/2 9 wv 9 o
E =€ R+§G Vuquﬁ—i Mgb(?qb

Now, we derive the last result that we need;
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pre d"z/—GgRp = d"Oxe 2/~ Ge?/? [R+ ~G"'V V¢ — —8,@8"@5
10
1
=57 [ e V=G [R —~ —8#925(9“(4 + 4i d"ze "/ ~GG"'V V¢
10 K10

The integrand of the last term can be written as follows:

G"'V, (e7V,9) = G" (=20,0e *°0,0) + e **G"'V V¢
= e GV, V, ¢ = G"'V, (e7*V,¢) + 2G*" (D,0e *?0,0) = V* (e >V, 0) + 2G" (9 0e*?0,0)

The first term in this expression will give a surface term and thus, we omit this term. Therefore,
we get;

d°r\/~GgRg = —5 [ d"ze V-G [R— —aﬂ(ﬁ@“(ﬁ} 92 / dxe /GG 0,40, ¢

2&10 K1 2K

! /dlo e /-G [R+ gau(b@’%] (12.1.14)

2/4;10
Note that the dilaton kinetic term from the sum of 12.1.13 and 12.1.14 is;

% dPre /G (40,00"9)

which is exactly the term in 12. 1 7). Now, using 12.1.10 to 12.1.14, it is easily seen that the
following action gives the same action as the sum of (12.1.7), 12.1.8) and (12.1.9);

2
)—;]/@APAW
510
(12.1.15)

We will now show that this action is invariant under the following SL(2,R) transformations;

F;

P 1
SHB—— P00/—Cp (R — 27T Mipr gy 1
2(Im7)?2 2 4

d c
- ) a} € SL(2,R)  (12.1.16)

with the other fields not changing. We show the invariance by showing the invariance of
individual terms. We start with the following;

(ad—be=1), Fj— Fj =AF] A:{

_ at +b ar +b (ad — bc)0,7(ad — be)o*r O, TOMT
9,7 =0 ot = £ = =
S a (c7’+d) (c7’+d) ler + d|* leT + d|*
Moreover, we have;
Im (') = l'<7_,_%,> _ l ar +b ai_'—l—b _ 1 (ad = be)T — (ad — be)T _ l T—-T Im(7)
2i 2i \er+d  cT+d 2i ler 4 d|? 2i et +d|? et +d|?

= (7)) =

Therefore, we have;

o, 7ot Q,TOMT
(Im (7))*  (Im(7))?

We now see how M;; transforms. For this purpose, we first calculate the following;

o[t 2] e[ 2]
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7\ —1 -1 _ a —b M11 M12 a —C
:>(A> MA _|i—C d}|:M21 M22}|:—b d‘|

. a2M11 — 26LbM12 + b2M22 —CLCMn + (ad + bC)Mlg — bdM22
o —CZCMH + (ad + bC)Mlg — bdMQg 02M11 — 26dM12 + d2M22

where we used the fact that M2 = Ms;. We see that (A‘l)T MA~! is symmetric too. We now
claim that M transforms as follows:

M = (AT MA~!

We now prove this claim. For this purpose, we see the following;

Re (') = 1far+b  aT+b\ _ 2ac|T|* + (ad 4 be) (T +7) +2bd  (ad + be) Re(T) + ac|r|* + bd
T o\ervd Trrd) T 2|t + d|? B ler + d|?
/ 2 2
1
~Rer’  (ad +bc) Re(r) + ac|7|* + bd — (ad+ bC)Re(T) Cwe 7> .

Im7’ Im(7) Im(7) Im(7) Im(7)
= M{Q = (CLd + bC)M12 — acMy; — bdMsy
The result is consistent with our claim but the claim is not proven completely. We continue
by calculating the transformations of the other components of M. We see that;

17| at +b\ (aT+b a®|T]* + 2abRe T + b? I7)° a®|7> + 2abReT + b?
T = pug pr—
cr+d) \cT+d leT + d|? Im 7’ ImT
= M{I = CL2M11 — 2abM5 + b2M22
Finally, we also see that;
1 d)? 2712 4 2cd R d?
A i L LSS VA W VP Y
Im7’ ImT Imr
Therefore, our claim was correct. Now, we can see that the following term is invariant;
MyFF = FiMyF — AL (AT MAT) AR = B (AT(A)T MATA) R =
ij kl
F;Mleé = Mle§F§

Moreover, we see that;

eij/C’4/\F§/\Fg%eijAfAi/C’4/\F§/\F§:elkdet(A)/C’U\Fé/\F:f:elk/C’4/\Fé/\F§

So, we see that 12.1.15 is invariant under 12.1.16).

10.1.4 Type I superstring

Type I is best read as the unoriented open-and-closed descendant of type IIB. The projection
by worldsheet parity €2 keeps the N = 1 closed-string supergravity multiplet, and validity then
requires open strings with Chan-Paton factors. The low-energy field content is therefore ten-
dimensional N = 1 supergravity coupled to Yang-Mills, with gauge group fixed by tadpole and
anomaly cancellation:

1
Sy~ /dl% V-G [eﬂ’ (R+4(V®)?) — 4—2TrFWF“”+--- : Gep = SO(32). (10.2)
Iym
The cylinder, Mobius, and Klein-bottle amplitudes give the same restriction: the open-

string Chan—Paton multiplicity is not arbitrary because massless closed-string tadpoles and
ten-dimensional gauge-gravitational anomalies must cancel. [10,149].

10.1.5 Heterotic strings

The heterotic low-energy theory is also ten-dimensional N = 1 supergravity coupled to Yang-
Mills, but the gauge algebra comes from the left-moving current algebra instead of from open-
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string endpoints. The two anomaly-free choices are
Ghot = 50(32) or Eg X Eg. (103)

The spacetime remnant of the worldsheet construction is the modified three-form field strength
!/

/
H=dB - % (wsy —wsyr),  dH = O‘Z (tr B> — Tr F?). (10.4)

Thus the same current algebra that produced the rank-16 gauge group also supplies the Green—
Schwarz structure needed for anomaly cancellation. The gauge group is forced by worldsheet

modular invariance, and the same restriction reappears as a spacetime anomaly condition.?
[149,150].

10.2 Anomalies

Figure 10.1: The ten-dimensional hexagon diagram responsible for gauge and gravitational
anomalies, shown with its factorized form. When the anomaly polynomial factorizes as
Is = X4, X3, a Green—Schwarz counterterm built from the two-form cancels it. From Ref. [374].

Anomaly cancellation is the spacetime analogue of modular invariance, and the one-loop
hexagon diagram responsible is drawn in Figure 10.1. In ten-dimensional type-I and heterotic
theories the anomaly polynomial must factorize schematically as

Iy = Xy Xg, X, =tr F? —tr R?. (10.5)
Only after this factorization can the Green-Schwarz mechanism cancel the gauge and grav-

itational anomaly. This shows that not every modular-looking spectrum defines an allowed
spacetime theory. [10].

10.2.1 Type II anomalies

Type IIB is the sharper test case, because it is chiral with no gauge group to hide behind. Its
potentially anomalous fields are exactly three: two left-handed gravitini, two right-handed dila-
tini, and the self-dual four-form, and each contributes a twelve-form to the purely gravitational
anomaly polynomial,

11}’ = 21I35(R) + 2 (=1 2(R)) + Isp(R) = 0, (10.6)
where I3/, I1/2, Isp are the standard gravitino, spinor, and self-dual-tensor anomaly polynomials
of Alvarez-Gaumé and Witten. The cancellation is exact and term by term nontrivial, the three
contributions are very different polynomials in the Pontryagin classes, and their sum vanishes
only for precisely this field content in precisely ten dimensions. No Green—Schwarz mechanism is
needed or available: the spectrum GSO-selected by modular invariance in Chapter 8 is anomaly-
free on its own. Type ITA, being non-chiral, has nothing to cancel. This is a direct instance of

3Equation (10.4) depends on whether Tr is the adjoint trace or a normalized fundamental trace. Type-I and
heterotic actions can be compared only after the Green-Schwarz term, the F2 and F* terms, and the anomaly
polynomial have all been translated to the same trace convention.
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the general claim: a worldsheet consistency condition (the modular-invariant GSO sum) lands,
without adjustment, exactly on the one chiral multiplet content that spacetime consistency
permits [10,149].

10.2.2 Type I and heterotic anomalies

The N =1 theories are chiral and gauged, so their anomaly polynomial contains gauge, gravita-
tional, and mixed pieces, and it does not vanish identically, it must be cancelled. The cancellation
happens in two steps. First, for a gauge group with exactly 496 generators and no sixth-order
Casimir independent of the lower ones, the twelve-form factorizes,

[12 :X4/\X8, X4 :tI'RZ— %TI'FQ, (107)
and the only compact possibilities are SO(32) and Eg x Fg (with the trivial U(1)%¢ and
FEg x U(1)*® ruled out by other consistency requirements). Second, a factorized anomaly
can be cancelled by the Green—Schwarz counterterm [ By A Xy together with the modified
transformation of B,, which is possible in string theory because the modified field strength
H=4dB - %I(u)?,y — wsy,) is exactly what the worldsheet computation of the previous subsection
delivers. The point worth stressing is that the string never needed the anomaly analysis: tadpole
cancellation (type I) and the even self-dual lattice classification (heterotic) had already produced
this precise list of groups from the worldsheet. Spacetime and worldsheet consistency select the
same theories by what look like unrelated arguments [149, 150].

10.2.3 Relation to string theory

The anomaly discussion enters string theory through the massless fields produced by the one-loop
spectrum. In ten-dimensional type-I and heterotic theories the relevant twelve-form anomaly
polynomial must factorize,

112 - X4X8, (108)
so that a Green—Schwarz term involving the two-form can cancel the anomaly. Therefore the
ten-dimensional gauge groups are highly restricted. The same calculation is related back to
the annulus, Mobius, and Klein-bottle tadpoles: the worldsheet amplitudes and the spacetime

anomaly polynomial are two ways of detecting whether the massless background has been chosen
consistently. [10, 38].

Hosseini, Tachikawa, and Zhang revisit type-I anomaly cancellation by treating the R-R fields
through boundary modes of an eleven-dimensional bulk theory and a quadratic refinement of
the differential K O-theory pairing, then extend the analysis to the usp(32) Sugimoto and u(32)
Sagnotti strings [315]. Lescano’s nonrelativistic heterotic work shows that four-derivative grav-
itational corrections still carry a finite SO(8) Green—Schwarz mechanism, but that the gravita-
tional Green—Schwarz transformation can be trivialized by field redefinitions in the nonrelativis-
tic limit [321,323]. Larotonda and Lin revisit anomaly inflow in the ten-dimensional Sugimoto
model and find evidence that the global gauge group is Sp(16)/Zs, constrained by charged brane
spectra and inflow [311]. The factorized polynomial ;5 = X, Xjg is then the local shadow of a
global problem involving R—R differential cohomology, gauge-group topology, brane inflow, and
possible nonrelativistic limits.



Chapter 11

Superstring amplitudes and
supermoduli

This chapter develops the interaction technology for superstrings. Worldsheet superspace packages
the matter fields and superconformal transformations; bosonization of the superghosts introduces
picture number; physical vertex operators are represented in pictures related by the picture-changing
operator; and amplitudes are written as integrals over supermoduli space. Tree-level three- and four-
point amplitudes show how the GSO projection removes the bosonic tachyon poles and reproduces
Yang—Mills theory at low energy, while the one-loop spin-structure sum gives the modular test for
the interacting superstring. The final subsection records the non-renormalization statements only
for protected quantities, where supersymmetry and duality make the claim precise [10,121].

Recent amplitude work clarifies how the supermoduli technology below interfaces with modern
field-theory and pure-spinor methods. Berkovits gives a manifestly spacetime-supersymmetric
pure-spinor prescription and relates it by a U(5)-covariant field redefinition to the RNS prescrip-
tion, with the pure spinor parametrizing the choice of SO(10)/U(5) and avoiding the usual pure-
spinor ghost pole subtleties [294]. At one loop, chiral splitting now gives a direct map from field-
theory BCJ numerators to superstring moduli-space integrands through at least seven points,
with monodromy constraints fixing coefficients not visible in the naive field-theory limit [292]. A
later n-point construction identifies a complete one-loop worldsheet basis whose non-cusp kine-
matic coefficients are pieces of one-loop BCJ numerators; possible cusp-form contributions first
enter only at sufficiently high modular weight [303]. These results support Eq. (11.2): the su-
perstring integrand is a worldsheet object, but its kinematic numerators can often be organized
by field-theory color-kinematics structures.

11.1 Superspace and superfields

A general coordinate transformation z — 2’ will transform the derivative 0 as follows:

0z 07 -
P L
2:¢ T3

A conformal transformation is one for which 0 is proportional to @'. Define superderivatives
as follows:

Dy = 0y +00,, Dz = 0+ 00
Then the general transformation for Dy is as follows:

Dy = ((999,(99/ -+ 892/82 + (999_,(99’/ + 895/85/) + 0 (89’6’9/ + 82/82 -+ 89_/89’/ —+ 82’85/)

= D96’89/ + Dgzlazl + Dgélagf + Dgzlag/
Now, we can say that the superconformal transformation is a transformation that sends Dy to
a multiple of itself. This implies that;

Dg(g/ == DQZ/ == 0, D@Z/ = 9,D9¢9/

168
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We now write 2z’ and ¢ in terms of z and #. Now, we can expand both of them as a Taylor
expansion in # and it will give us two terms. Both of these terms will depend on z. These
functions will be of different Grassmannian characters to preserve the Grassmannian character

of the field. So, we have;

2(2,0) = F(z) + 0m(2),8(,6) = g(=) + Oh(2)
where f(z), h(z) are grassman even functions and m(z), g(z) are grassman odd functions. We
can constrain these fields by using the condition Dyz' = €' Dyf’. We proceed as follows:

0' Dyt = (9(2) + 0h(2)) (h(2) + 00.9(2)) = g(Z)h(Z) +0 (h*(2) - 9(2)8z9(2)) o Dez' =m(2) +00.f(z)

= m(2) = g(2)h(2), h(z) = £1/g(2)0.9(2) + 0.f(2)
Thus, we have the following;

+£v/9(2)0:9(2) + 0.f(2) (12.3.1)

Z,(Z7 Q) = f(Z) + Qg(z)h(z), 9,(27 6) = g(Z) + Qh(z>7 ( ) =
=1+ ev(z),g9(z) = —ien(z). It gives

For the infinitesimal transformations, we consider f(z)
us;

h(z) =1+ gav(z),g(z)h(z) = —ien(z),= 0z = e(v(z) — i0n(2)),60 = € (—in(z) + %98@(2))

(Check that it satisfies superconformal algebra) A tensor superfield of weight (h, h) transforms
as follows:

(Do) (Dg) ™" ¢ (2,2) = (2, 2)

where z = (z,6). For the transformation

dz =e€ln(z), 60 =en(z)
We see that;

Dot/ =1+ 0ed.n, Ds0' =1 + Oedsi
and thus, we have;

(14 0ed.n)™" (1 + Oed:n) 2h (¢/(2,Z) + 0end.¢' + eijO=¢" + endpd’ + €n0gd') = ¢(z,Z)
= 5(2,7) = —e (2h98z77 +1Qo + 210077 + ﬁQg) ¢(2.2) = —¢ (zheazn + Qo + 21007} + f)Qg) 6(2,7) + O ()
(12.3.2)

where the binomial theorem has been used and where Qg = 0y — 00.,Q5 = 05 — 00s. The
holomorphic part of ¢, denoted ¢(z), is expanded as follows:

d(z) = O(2) + 0V (2) = 5¢(z) = 5O(2) + 65U z)
But from the result in 12.3.2, we see that;

0o(z) = —€ (2h00.nd(z) +ndpp(z) — n00.P(z)) = —e (2h00,nO(z) + ¥ (z) — N0, O(2))
= —enW(z) — €0 (2h0,nO(2) 4+ n0,0(2))
Comparing these two results for the variation of the field, we get;

00 = —en¥, 6V = —€ (2R0,nO(2) + 10, 0(2))
A general superconfromal variation of a field A(z, Z) is given as follows:

o0

0A(z,2) = —EZ% (8”77(2)Gn_1/2 +(0"n(2))" én_1/2> Az, 2) (12.3.3)

n=0
Comparing 12.3.3 with the variations above, we get;
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G_l/QO = \IJ,GTO =0 <7” 2 %)

3
G,1/2\IJ = 820, Gl/Q\I] = 2h0, GT\IJ =0 (’I“ Z 5)
Now, we consider purely conformal transformations i.e.

1 — - 1 =
Z=z4ev(z),Z =z+ev(2),0 =0+ éegﬁzv(z), 0 =6+ 5698517(2)
Then, the variation in the tensor field is given as follows:

36(2,7) = —e (h@zv + 1.0 + v, + 00, + %eazvag n %e‘agaag) 6(2,7) + O ()

Now, again we consider the holomorphic part of ¢(z,z) and then, the variation becomes;
1
0¢(z) = —€ (hd,v0 4+ v0.0) — €0 {(h + 5) 0,0V + v@z\lf}

1
= 00 = —¢€ (h0,v0 + v0,0) ,0¥ = —¢ {(h + 5) 0,0V + U&Z\If}
A general conformal transformation of an operator is given as follows:
= S 1 n n * T =
BA(2,7) = =€y (a 0(2) Loy + (9"0(2)) Ln_1> Az, %) (12.3.4)

n=0
Comparing 12.3.4 with the variations above, we see that;

L0 =00, LO=hO, L,O=0 (n>0)

1
LV =0V, L)W= (h—i— 5) v, L,¥v=0 (n>0)

Thus O and ¥ have conformal dimensions h and h + 1/2, respectively. The rigid worldsheet
supersymmetry transformation is generated by G_y ;.

11.1.1 Actions and backgrounds

The super-Jacobian of the superconformal transformation in Eq. (12.3.1) is

02'/0z 02/ /00 0.f +00,(gh) gh
00'/0z 06" /00 dg + 00h h
The extra factor is the Berezinian contribution from the odd coordinate; superconformal trans-

formations preserve the distribution generated by Dy, not the ordinary bosonic Jacobian alone.
The measure transforms as follows:

= (0.f + g0.9) (h + 00.9) = h*(2) Dyt

dz'd0 = Dyb'dzdb
The weight of this measure is (—1/2,0) because the weight of # is (1/2,0). Including the
measure dzdf, we see that the total measure has the weight (—1/2, —1/2). Thus, the weight of
the lagrangian density is (1/2,1/2). An example of such a lagrangian density is;

DsX*(z,2)DyX (2, Z)
because the weight of DyX*(z, z) is (1/2,0). Here, X*(z, z) is a superfield. Its Taylor expansion
can be done as follows:

XH(z,2) = XF(z, 2) +i0"(2) + 0" (2) + 00F (2, 2)
Here, the first three terms are easily understood. The fourth term is a possible term that can
appear in Taylor’s expansion but we will see that the F' field is an auxiliary field. To write the
action in terms of the components, we need the following small calculations;
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DeX*(2,Z) = (0p + 00.) (X" (2, 2) + i00"(2) + i00" (2) + 00F (2, %)) = (" + OF*) + 6 (0. X" + i00.4")

= ip" + 00, X" + OF" 4 i000." (12.3.5)
Similarly,

DsX"(z,Z) = (05 4 00:) (X" (2, 2) 4 i00" (2) + 00" (2) + 00F (2, %)) = (i" — OF*) 4 0 (0: X" + i00:1")

= pH 4+ 00: X" — OF" — i000:" (12.3.6)

Now, we calculate DgX*DyX,, with retain only the terms that contain 60 because the other
terms vanish under d?6 integration. It gives us;

DsX*(2,2) DX, (2,2) = 00 (¢"0.4, + 0.X"0.X,, + F'F, + "9:,) + ( non 66 terms )

(12.3.7)
and thus, we get (after doing the d?6 integration);
1 _ _ _
S = / d?zd*060 (w’@zl/}u +0.X"0, X, + F'F, + w“ﬁgwu)
1 _ _
=1 / &z (V1O0, + 0.X10. X, + F'E, + ¢"0:1,) (12.3.8)
The vanishing of the variation of this action w.r.t F'* gives;
1
o /dQ,zFu(SF“ =0=F,=0 (12.3.9)
s

Varying X* in the superfield action and integrating the two superderivatives by parts gives
the following equation of motion:

DyDg X" =0 (12.3.10)

To derive the OPE of the superfield that is invariant under rigid supersymmetry (i.e. when

n is not dependent on z), we first derive the combinations that are invariant under rigid super-
symmetry. The rigid supersymmetry is given as follows:

0z = —ieln, 60 = —ien (12.3.11)
Now, we calculate the transformation of the following quantities under supersymmetry;

21— 29 — (21 — i€01m) — (20 — 1€lom) = 21 — 20 — i€ (01 — O)

01 — 02 — (91 — ZE?’]) — (92 — 2677) = 91 — 92 (12312)
9162 — (91 — 2677) (02 — 267’]) = 0162 — 1€ (Ql — 92) n
= 21 — %9 — 9102 — 21 — %9 — 8102 (12313)

So, we see that the quantities that are invariant under rigid supersymmetry are ¢, — 65 and
21 — 29 — 601605 (and their conjugates). So, the OPE can depend on these quantities only. The
OPE can be calculated as follows (we set o/ = 2 in this section);

X" (21,21) X (22,22) = (X# (21, 21) + 010" (21) + 6" (21)) (X“ (22, Z2) + 020" (22) + 100" (22))

n ia N
21 — 22 Z1— 22

where the auxiliary field has been omitted. Including it would only add terms proportional to
its algebraic equation of motion, and after eliminating it the singular OPE is unchanged. Now,
we expand the following function as Taylor’s expansion in #; and 6;;

~ =" In |z — 20| — 0,6, (12.3.14)

_ 0 0
In |(Zl — Z9 — 9192)|2 =In [(Zl — Z9 — 9192) (Zl — Z9 — 9192)} =In |Zl — 22|2 + 2 91 + 2 (91
Z1 — 29 Z1 — 29
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6,0 6,6
—In|z — 2P+ ——+ 20 (12.3.15)
21 — %2 21— 22

Using the above two equations, we have;

XH (zl,Zl) X (ZQ,ZQ) ~ —’I'//“/ In |21 — 29 — €102|2 (12316)
We now write the ghost action in terms of two superfields i.e. B and C' with weights (A—1/2,0)
and (1 — X, 0). It means that the weight of BD3C' is

(L)t (02) - () azarn

Therefore, the following action has superconformal invariance;

1
Spc = 7 / d*2d*0BDyC (12.3.18)
s

The equations of motion are easily seen to be;

DgB = DC =0 (12.3.19)
Now, we see that;

DB =0= D;B=0= (05 +00:) (95 + 00:) B = 0:B—00:0;B+00:0;B = 0:B =0 = 9;B = 0

(12.3.20)
The last equality follows because DB = 0;B = 0. Similarly, we can show that;
0C =0:C =0 (12.3.21)
Therefore, the Taylor expansion of B(z) and C(z) are as follows:
B(z) = f(z) + 0b(z), C(z)=c(z)+ 0v(2) (12.3.22)

We see that the weights of all these components are exactly the weights that we find in bc
ghost system and v ghost system. The OPE is as follows:

B (z1) C (2z2) = (B8 (21) + 010 (21)) (¢ (22) + 027y (22)) = 028 (21) 7 (22) + 610 (21) ¢ (22)

1 1 0, — 40
~ —92 + 91 — 1 2

Rl R2 Rl R2 Rl R2

We can now do the following manipulation to show that this OPE is invariant under rigid

supersymmetry;

(12.3.23)

=0 =0y  01—0 - _ = Oit0) 0 —6 (12.3.24)
21— 29— 0100 2 — 29 21 — 29 21 — 29 21 — 29 21 — 29
Therefore, we have;
0, — 0y

B(z)C(z9) ~ —————
(21) € (22) 21— 29 — 0105
So we see that the OPE is written in terms of the quantities which are invariant under rigid

supersymmetry. Now, we write down the sigma model action using superfields. Performing the
Berezin integral over 6,0 reproduces the component action:

S = 41 / d*2d*0 |G, (X) + B, (X)] DsX" Dy X" (12.3.25)
T
1 _ _ 1 o
= [ (G0 + B0 0K, 4 G (9Dt 4 DD) 5 B9

(12.3.26)
where the covariant derivatives are defined as follows:

Do’ = 00" + {PZJ(X) +% v (X)| 9:XPy° (12.3.27)
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v v v 1 v e
D" = 04" + | T}, (X) — 3 o (X) | 0- X7 (12.3.28)
The R—R sector is treated through the corresponding spacetime potentials, while the dilaton
dependence enters through the choice of string or Einstein frame.
In the heterotic string case, we have ¥*" in the left sector but no ¥* in the right sector. But

there are A\ fields in the left sector. So, the superfields required in this case are as follows:

XH(2,7) = X*(2,2) + 100", A(z) = M + 0G4
(Write more about the heterotic case and anomalies)

11.1.2 Vertex operators

A naive idea of pictures is as follows. Positions of vertex operators in bosonic strings can be
fixed but they come with an additional ¢(2)é(z) factor. The positions of the vertex operators
can be unfixed and they will have an d?z integral with them. In the superstring case, we call
these different categories of vertex operators to be in different pictures. The analogue of ¢(z)é(2)
in the NS sector case is (as follows from the orbifold projection);

—$(2)=¢(2)
e
which is the NS vacuum vertex operator. In the superstring case, we integrate over (0, 0) in
addition to (z,z). Integrating over d?f extracts the #0 component; denote this component by

U. The same component is obtained by applying G_; /gé,l /2 to the lowest-weight component,
denoted O. Thus

G_1/5G 120 =V
So, the d?6 integration can be replaced with G_1/2G_1 /5 acting on lowest weight components

of the superfield. However, in the unfixed operators, we won’t have e~?*)=?(2) factor, just like
the bosonic case where ¢(z)é(Z) is absent from the vertex operators whose position aren’t fixed.
So, we see that the (¢, ) charges of the unfixed operators is (0,0) and it is (=1, —1) for the
fixed operators. This fact is referred to by saying that unfixed operators are in the (0,0) picture
and the fixed operators are in the (—1, —1) picture. In other words, having ( ¢, gz~5) charge equal
to ( q,q) is defined as being in the ( ¢, ) picture.

As an example, we derive the (0,0) and (—1,—1) picture vertex operators for the following
massless states in the NS - NS sector;

W a0 12103 F)xs (12.3.29)
The unfixed vertex operators for these states are as follows:

V—l,—l _ gceikuXe—qb—(Z)wu,l/;V
where g. is the closed string coupling constant. To find the vertex operators in the (0,0)

picture, we apply the GG 1/, operator on this vertex operators and get rid of the e ¢
factor. For that, we will need the following;

Gr =) 0= G g =Y 0y 1o =t 12+ > (5t 1/2-n+ "0y 1/24n)
nez nez n=1

(12.3.30)

where the commas have been placed to differentiate between Lorentz indices and Fourier

indices. For the state in 12.3.29, no term in the first term in the sum in 12.3.30) contributes

because all the o ’s in that term are annihilation operators. From the second term in the sum,

only n = 1 term contributes because all the other ¢ modes annihilate the state in 12.3 .29 .

Similar arguments also apply for G_;/, Lastly, the zero mode term in G'_;/, also contributes.
So, effectively, we have;

G71/2G71/2¢g1/21/~)é1/2|0§ k’)NS = (aé‘%,fl/z + aﬁﬂ%,lp) (546@/;1/,71/2 + dlil'lzju,l/2> 7/121/2@E€1/2|0; k)NS
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Now, using the anticommutation relations for the fermionic modes, we have;
— (10 ge 000 (@10 62100) (03K

= - (Oéo : 1/)—1/21/}31/2 + 0‘31) (540 : 1/;—1/21;'31/2 + dﬁ) |0; k)ns (12.3.31)

where the overall minus sign comes because ¥ travels through the ¢ bracket and both of the
terms in the bracket contain a single spinor mode. Now, the vertex operators corresponding to
these states are as follows:

VOO = —ge (k- +i0.X) (k- G0 +i0:X7 ) e

This vertex operator is in the (0, 0) picture because there is no (¢, (;5) charge. This expression
is in o/ = 2 convention. Similarly for open strings, we have the following massless state;

¢51/2|07 k? a>NS
where a is the Chan Paton index. Now, the vertex operator in the -1 picture corresponding to
this state is;

V1= goe tyrttetX (12.3.32)
with t* being the gauge group generator and with d?2d?0 integrations suppressed. Now, the
picture 0 vertex operator is derived just like the calculation above. We get;

G_129"|05 k5 a) = (ao oy, + Oé‘il> 105 &5 a)ns = V0 = got® (9. X" + 2k - pyt)

— g0 (20/) 72 40 (@X“ +2a'k - wﬂ) ¢k X (12.3.33)

The o factors and the boundary derivative convention are fixed by matching the normalization
of the boundary two-point function. Heterotic gauge vertices use the same spacetime NS operator
together with the left-moving current algebra.

11.2 Tree level amplitudes

On the bosonic sphere, the conformal Killing group fixes three complex vertex positions. Gauge
fixing therefore supplies three insertions of ¢(z)c¢(z). In the RNS superstring one must also
account for the fermionic superconformal Killing directions. Equivalently, the zero modes of the
c and ~y ghosts determine the required insertions. On the sphere, two closed-string NS vertices

carry e ?7? so two NS-NS vertices are taken in the (—1,—1) picture and the rest in the (0, 0)
picture. This is the background-charge condition of the bosonized superghost ¢. For open strings
on the disc, two vertex operators are taken in the —1 picture and the rest in the 0 picture.
The vertex operator of the R ground state is

Ve = e ??0, (12.4.1)

and thus, it has a ¢ charge of —1/2. The background charge of the bosonized superghost fixes

the total ¢ charge on the sphere to be —2. Thus an amplitude with two Ramond vertices uses

—1/2 picture for each fermion and —1 picture for one NS vertex, with the remaining NS vertices
in the zero picture.

The charge counting is direct. For the RNS superghost at A = 3/2,
1
Ty = —5" (09)? : =00, d(2)p(0) ~ —In z.
The improvement term is a background charge ) = 2. Splitting ¢ = ¢+ ¢’ on a genus-g surface,

a correlator of exponentials contains the zero-mode factor

<H eQi¢(Zi)> x /d¢0 eXP[(Z ¢ +2(1 — g)) ¢0] <H€(Zi¢/(zi)> )

7 K3
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The zero-mode integral imposes the neutrality condition
Z q; = _2 1- )

On the sphere this gives Y . ¢; = —2in each holomorphic sector. An NS vertex in the —1 picture
contributes ¢ = —1, while a Ramond vertex in the —1/2 picture contributes ¢ = —1/2. Therefore

91(\131) + q( 1 _ —9, qu 1/2) 4 qg% 1/2) 4 q( D__o
These equations give the standard tree-level picture assignments. Picture changing replaces e~
or e~%/2 factors by BRST-equivalent operators with one unit higher ¢-charge, through X (z) =
{Qp,£&(2)}, but it cannot change the total background-charge constraint [3].

11.2.1 Three point amplitudes
Type I disc amplitude: Type I disc amplitude for three bosons is as follows:

o/g2 (V7 (1) eV (22) OV (23)) + (1 4 2) (12.4.2)

where we fixed the (,t) coordinates of two operators and the (z,z) coordinates of all three
of them. The overall normahzatlon is taken to be the same as Cp2 in 6.5.4. This normalization
was derived using unitarity. The 1 <+ 2 term comes due to summing over the other ordering.

For calculating this amplitude, we need the following expectation values;

(c(x1) c(x2) c(x3)) = T19T23T31, <e_¢/2 (1) e 92 (352)> =5 (12.4.3)

The ¢ expectation value was calculated in Chapter 4 while the ¢ expectation value was calcu-

lated in (10.4.13). We have chosen a normalization for this OPE. Using (12.3.32) and 12.3.33,
we see that we also need the following expectation value;

<w,u€ik1- ( )wu iko X ( 2) <2Xp + 20/]{7 . wwpeik.X (x3>>>
This expectation value is obtained by Wick contracting the fermions and using the standard
exponential correlator for the X* fields:

<¢”eik1'x (z1) v etk X (22) (iX'D + 2d k.appr e X <x3)>>

[ 1.p p P VPLE _ plip fov
:—2ia'(27r)105<2ki> (77 ki +77 ks +77 ks —n ks)

L1213 X12T23 T13T23

11.2.2 Four point amplitudes

The four-point superstring amplitude is the first place where the picture assignment, Chan-Paton
trace, and low-energy Yang-Mills limit meet. For open strings on the disc the schematic ordered
answer has the form

(1 —as)I(1 —a't)
(1 —a's —a't)
where K is the supersymmetric kinematic factor built from polarizations and momenta. The
absence of the bosonic tachyon pole is not accidental; it is the GSO projection expressed in the

analytic structure of the amplitude. In the o/ — 0 limit, Eq. (11.1) reduces to the Yang-Mills
four-gluon amplitude plus controlled higher-derivative corrections. [17].

Azpen -~ gg Tl‘(talta2ta3ta4) K(l’ 27 37 4) —+ OI‘deI‘il’lgS, (111)



176 11. SUPERSTRING AMPLITUDES AND SUPERMODULI

11.3 General amplitudes

A general superstring amplitude is a supermoduli-space integral with ghosts and superghosts
inserted to divide out superdiffeomorphisms and super-Weyl transformations. Schematically,

Agn = /qu,n <1:[(b,ur)1:[5((ﬁ,xa))g%>. (11.2)

The b insertions pair with even Beltrami differentials pu,., while the [ insertions pair with odd
gravitino deformations x,. The superstring analogue of Eq. (6.19); the extra structure is exactly
what picture number is keeping track of in practical calculations. [72,121].

11.3.1 Pictures

Picture number labels the superghost sector for the bosonized superghost system. With g =
e~?0¢ and 7y = ne?, a change of picture is generated by the picture-changing operator

X(2) =1{Qp,&(2)} = cOE +eTp + - - - . (11.3)
On the sphere, the background charge of ¢ requires total left-moving picture number —2 and,
for a closed-string amplitude, total right-moving picture number —2 as well:

dia=-2 D a=-2 (11.4)

Thus two closed NS-NS vertices may be put in the (—1,—1) picture and the rest in (0,0).
Picture-changing operators can move picture charge among the vertices without changing the
physical amplitude, provided the total picture number is kept fixed.! [10].

11.3.2 Super-Riemann surfaces

A super-Riemann surface is a complex supermanifold of dimension (1|1) equipped with a rank
(0[1) distribution whose square generates the even tangent direction. Locally, with coordinates
(2]0), the distinguished derivative is

Dy =0y +00., D; = 0.. (11.5)
For genus g > 2 and no Ramond punctures, the supermoduli space has dimension
dimSM, = (39 — 3|29 — 2). (11.6)

Therefore the measure in Eq. (11.2) contains both ordinary b-ghost insertions and superghost
insertions: the former integrate even complex-structure moduli, while the latter integrate odd
supermoduli. [121,127].

11.3.3 The measure on supermoduli space

In computations one often chooses a slice through supermoduli space and represents the odd
directions by gravitino wavefunctions y,. Integrating over the odd moduli produces the 6(f)
insertions already displayed in Eq. (11.2). A useful local form of the measure is

dlulsuper ~ H dm’ dm” <H(b7 MT)(B? lar) H 6((57 Xa)) H 5((57 X&))> : (117>

The key point is slice independence: changing the representatives p,., x, must change the inte-
grand by a BRST-exact term plus possible boundary contributions. Here superstring perturba-
tion theory is more delicate than the bosonic case. [73,121].

I Picture-changing operators are BRST exact only away from singular collisions. When they collide with each
other or with vertex operators, extra contact terms can appear, and this matters at higher genus because the
amplitude is integrated over supermoduli, where a local prescription can miss boundary or contact contribu-
tions. Picture independence is then a patchwise statement unless a vertical-integration or Sen-style supermoduli
prescription is specified.
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11.4 Omne-loop amplitudes

At one loop the superstring amplitude is organized as a modular integral over the torus modulus
and a spin-structure sum. Schematically,

d*r
A, = /F Tk zé:ng <H m> - (11.8)
The phases 75 implement the GSO projection. Modular invariance is the central check: after
7+ (at 4+ b)/(cT + d), the spin structures mix, and only the projected sum defines an allowed
vacuum amplitude. This is the superstring version of the torus modular test already used for
the bosonic string, now with spacetime supersymmetry visible through cancellations among spin
structures. [10,121].

The arithmetic content of Eq. (11.8) appears in the low-energy expansion of the genus-one
integral

2
Ay :/ d—;—I(Tﬂ_’; ki, €).
F T2

After expanding Z in powers of o'k; - k;, the coeflicients are modular graph forms. These forms
can be reduced to iterated integrals of holomorphic Eisenstein series, giving explicit terms such
as a’®(3(s in the analytic four-graviton amplitude [297]. Pinching rules in the chiral-splitting
representation show how the same integrand approaches the worldline limit as o/ — 0, including
reducible supergravity diagrams at fixed loop momentum [291]. Related one-loop four- and five-
point computations produce single-valued multiple zeta values, theta lifts, L-values of cusp forms,
and S-duality-compatible charge sectors in the IIB effective action [295,296,305]. In the forward
limit, a Mellin transform of the superstring amplitude reduces to the Riemann zeta function;
finite momentum transfer deforms this relation while preserving the dispersion interpretation
of the EFT expansion [308]. The modular integral therefore controls both finiteness and the
arithmetic coefficients of higher-derivative interactions.

11.4.1 Non-renormalization theorems

Non-renormalization statements are stated as protection statements, not as a claim that quantum
corrections vanish everywhere. A typical protected term has the schematic form

Sur / 4P/~ 1() Opps, (11.9)

where supersymmetry, duality, and charge quantization restrict the function f(¢). In the D-
brane chapters this matters because BPS tensions and R-R charges can be compared across
weak and strong coupling. Generic higher-derivative terms are not protected in the same way,
so the text must separate protected quantities from ordinary corrections. [39,352].



Chapter 12

D-branes and Ramond—Ramond charge

The bosonic-string D-branes of Chapter 7 entered only as hypersurfaces defined by boundary con-
ditions; this chapter shows that their superstring counterparts are charged dynamical objects, and
they are the objects on which the strong-coupling analysis of the next chapter is built. We first track
T-duality through the Ramond sector and find that it flips one spacetime chirality, so type IIA and
IIB are exchanged and their D-branes are even- and odd-dimensional respectively, exactly match-
ing the Ramond—Ramond potentials available to couple to them. The cylinder amplitude between
two branes, separated into its NS-NS and R—R channels, then has three consequences: its overall
vanishing verifies that parallel branes are supersymmetric, its NS-NS part fixes the tension, and
its R-R part fixes the charge, which we show saturates the Dirac quantization condition with the
minimal unit, D-branes carry precisely the charges that Ramond-Ramond gauge invariance requires
to exist. The remainder of the chapter is the dynamics: which brane pairs preserve supersymmetry
(the #np € {0,4,8} rule, derived twice), branes at angles, slow relative motion and the substringy
distances it probes, and the BPS bound states, the (p, ) strings and D0-Dp systems, whose exact
masses are used throughout Chapter 13 [351,352].
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Figure 12.1: A Dp-brane is a dynamical hypersurface in spacetime on which open strings can
end. Its worldvolume supports open-string fields, while its tension and Ramond—Ramond charge
source the surrounding closed-string fields.

The two ways of speaking about a D-brane, as a boundary condition and as a dynamical object,
are reconciled by its massless open-string modes (Figure 12.1). A Dp-brane imposes Dirichlet
conditions on the 9 — p transverse coordinates and Neumann conditions along its worldvolume,
which by itself looks like a rigid hypersurface. The lightest open strings on it are a worldvolume
gauge field A, from the Neumann directions together with 9 — p scalars X* from the Dirichlet
directions. Those scalars are the collective coordinates of the brane, the Goldstone modes of the
translations it breaks, so their expectation values fix its transverse position and their fluctuations
let it bend and move. Since string theory contains gravity, no object can stay perfectly rigid, and
the rigid hypersurface is only the vacuum; the brane is a dynamical object whose shape is a set of
fields governed by the Dirac-Born—Infeld action. For N coincident branes the position becomes
an N x N matrix X’ in the adjoint of U(N); its eigenvalues are the locations of the individual
branes, and separating them breaks U(N) to U(1)" with the off-diagonal gauge bosons realized
as stretched strings. Viewed instead through the closed string, the same object is a BPS soliton
that sources the metric, dilaton, and Ramond-Ramond fields, and the equivalence of the two
pictures is the open/closed duality of the cylinder.

178
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We do know that under T duality (in the 9 -th direction say), we have to do the following
change;

XR(2) = —Xp(2)
This implies sending all the Fourier components of Xy to negative of themselves. This will
send Ty to negative of itself and it won’t change any other stress tensor. This will disrupt the
superconformal algebra. Since Tf contains ¢Y*0X}, we can also do the following change;

VP(z) = —¢°(2)
to save the superconformal algebra. Using the definition of F, we see that F contains S, and
Sy contains wg Thus, the value of S; changes on its eigenstates by its negative. Since the
possible values of Sy are +1 /2, S, going negative to itself means that there is a difference of £1

and thus, there is a difference of +1 in F. Hence, emiF (which is just chirality on the ground
state) gets reversed on the Ramond right-handed ground state. So, we see that type ITA and
type IIB are T duals of each other (where T duality is done on an odd number of dimensions).
Now, we relate R — R fields in T dual theories. Consider the vertex operators of R — R ground
states;

byl as k) o T Ty, 1)

So, we need to ask how V, transforms under T-duality in the 9 direction. Since V,, has a spinor
index, it should transform like a spinor under parity in the 9 direction. The corresponding
operator is 525. This operator anticommutes with I'” but commutes with all the other I'’s
because it is the spin representation of a reflection in the 9-direction. So, we have an obvious
solution of the following;

B =TT = BT =T°ITY = 1987 BT* =T+ pu+#9
So, we now see that under T duality, if © = 9 is present in the R vertex operator, then it gets
absorbed by the extra I'” coming from the transformation of V and if there is no u = 9 present
in the vertex operator, then it get a 4 = 9 index. This transforms between type ITA and type
IIB R — R fields. For more than one T dualized direction, the parity operators get multiplied;

s=1[8"

m
We derive a couple of identities now. Firstly, we see that;

gt =1"rrr =r'\rmrr = -1rrimr = -g"gm, (m#n)
Thus T-dualities in different directions anticommute on Ramond ground states. The physi-
cal duality group is recovered after including the corresponding fermion-number phase, so the
apparent sign is a spinorial action and not a contradiction in the spacetime duality.

12.1 T-duality of type II strings

The calculation above shows the essential type-II fact: T-duality along an odd number of direc-
tions flips the chirality of one Ramond ground state, so type IIA and type IIB are exchanged.
At the level of Ramond-Ramond potentials, a T-duality along y shifts whether y is an index of
the potential:

(p+1) (o () 1(p+1)
Clhly < cr Clpy < cirty) " (12.1)

The form-field version of the boundary Condition statement: a Dp-brane wrapped along the
dualized direction becomes a D(p — 1)-brane, while a Dp-brane transverse to that direction
becomes a D(p + 1)-brane. Consequently type ITA carries even-p D-branes and type IIB carries
odd-p D-branes, matching the RR potential parities. [10,167].
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12.2 T-duality of the type I string

(Include the supersymmetry charges thing and the worldsheet supercurrent thing). D-p branes
naturally couple to p + 1 form fields. They can couple to R — R fields;

Cp

D-branes are charged under R-R potentials; the NS-NS two-form Bs couples electrically to
the fundamental string and magnetically to the NS5-brane, not to D-brane charge. Type ITA
has 1,3,5,7 and 9 form potentials and thus has Dp-branes with p even. Type IIB has 0,2,4,6, 8
and 10 form fields and thus has Dp-branes with p odd.

12.2.1 New connections between string theories

The supersymmetry algebra for extended objects contains central charges carried by strings and
branes. The allowed charges are the p-form charges compatible with the ten-dimensional spinor
bilinears, so the algebra takes the following schematic form:

{QmQﬁ} = -2 |:PM + Qi } Fw {QQ,QL} =) {P i ] (FOFM)aﬁ
NS

(@08} -2 [~ 8] vt~ {002} 3 - B v

2ma
{Qa s} = 255, B, uy, (6. M) 5 = @a,Qﬂ}ﬂZp = QR.ag, (B BYPT0)

(13.2.3)

where Q™ and Q® are NS and R charges. Recall that charges carried by extended objects
have multiple indices.

Connection to type-I divergences and BPS algebra: the same massless closed-string exchange
that produced tadpoles in the annulus/Mobius/Klein-bottle channel is the spacetime exchange
sourced by D-brane tension and R-R charge. In a supersymmetric D-brane, the NS-NS tension
contribution and R-R charge contribution are related by the central terms in Eq. (13.2.3). A
D-instanton is the p = —1 member of the same charge family: its Euclidean worldvolume is
zero-dimensional, so its action scales like 1/gs, matching the expected nonperturbative factor
e~oonst/9s [167,352].

12.3 D-brane action and charges

The superstring D-brane tension is obtained from the cylinder amplitude for an open string
stretched between two branes, extracting the massless divergence in the closed-string channel.
The amplitude has NS-NS and R—R contributions. The NS-NS part follows the type-I divergence
calculation of Section 8.8, with the momentum integral restricted to the p + 1 worldvolume
directions and with the extra stretching contribution from the separation of the branes. Following
the same normalization as in Subsection 7.7.2, one obtains

8i‘/;)+1 < odt eftyQ/Qﬂ'o/téL _ 8i%+1 OO dtt(5*p)/2€*ty2/27ra’
(87r2a’)(p+1)/2 tp+3/2 (87r2a’)(p+1)/2

Ans_ns =

_ 8iVp1 = dt (87?2 / )(9—10)/2 o ty?/2mal _ 4 x 16iVp11 dt (87r2 / )(9—p)/2 o~ ty?/2ma’
87 (872a)’ e 8 (872’ e

The last line rewrites the expression in the standard transverse-channel normalization used
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in the earlier tadpole calculations. Evaluating the same massless divergence in its simpler form
gives

__ 8V T 5-p)/2,—ty?mal _ _ SVon1 2ma\ TP
Ansos = oy [, e = (T o

8V ora (H’WF 7T—p
N (87r20/)(p+1)/2 Y2 2

Now, we use 8.7.6 with d =9 — p to get;

Gg_p(/y) = 47T(9—p)/2|y|7—pr ( 9 > =TI <T) = 477( p)/ |y| pGg_p(y>

Putting this equation into the expression of Ang.ns , we get;

Axs_ns = 27V (472')° 7 Go_(y) (13.3.1)
Now, for the field theory calculation, the expectation values become the following by putting
D =10 in 8.7.10 and 8.7.11;

~~ 2iK?
(¢0) = ——5
(Do the graviton expectation and the field theory calculation). The field theory result is given
as follows:

2@'/{275 9 9
k‘—2‘/p+1 = 0K Tp %+1G9_p(y) (1332)
1
Equality of 13.3.1 and 13.3.2, we get;
r(4n2a/)* 7P m(4m2a/ 3=(—1) r(4n2a’)* 7P
T2 = m(uner) HQ) = T, = (4 5)2 G HQ) Ao = 4T} = T, = 2mValT, =

T, 1 =21V a'T,
So, we see that the recursion relation 8.7.5 is still satisfied (recall that 7, and 7}, are related
linearly by the exponential of dilaton expectation value). To guess the low energy R—R exchange
action is easy. We have two D — p branes (with couple to C),;; field and the action for this field
is);

1

o / A2/ =G |F, 1|
10
Moreover, the branes are sources for C)1; fields and thus, the action of the coupling of branes

to Cpy field is (with coupling constant fi,);

Hp / Cpa

1
_m/leIV_G’Fp+2|2+Np/Cp+1
10

The propagator for the C),1; field is easy to read as the normalization is canonical. One can

So, the total action is;

redefine a new Cpy, field as (\/51110) - Cp41 and then, the normalization and propagator are the
standard photon normalization and propagator i.e. i/k?. Be careful about the different signature
of the metric used usually in QFT. The reason there is no minus sign in the propagator here.
The propagator is as follows:

2ik,

2

The field-theory amplitude is obtained by multiplying the two brane sources by the Cpq
propagator and integrating over the common worldvolume, which supplies the factor V) 1:

22, ( standard propagator ) =

_Qi’f%onG%p(y)VpH
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Since this should be negative of the NS - NS field theory result, using 13.3.1 we have;

2 'p p

10 k1o
(13.3.3)
In the second-last step we used the normalization relation between the ten-dimensional gravi-
tational coupling and the string-frame coupling, K = ek, together with the equality of BPS
tension and R-R charge. Orientifold planes obey the same calculation with boundary states
replaced by crosscap states; their signs and factors of 2 are fixed by the Mébius and Klein-bottle
amplitudes of Chapter 8.

2
: : 3— m L, K
—2ir50 10 Go—p(y) Vps1 = =27V (47°0/) 772Gy (y) = p = R (4ma/)* P =

The D-brane tension derived from the cylinder can also be read as a central charge. For a BPS

object the supersymmetry algebra has the schematic form
{Q.Q"Y=2H~-2), H=>|Z|

Saturation gives M = |Z|. The open-bosonic-SF'T computation of the DO-brane mass obtains
this central term from the spontaneously broken Poincare algebra, matching the normalization
extracted from the annulus/cylinder channel [248]. For charged BPS black holes, the index is
coupling independent only when the ultraviolet cutoff is placed at the string scale, so the full
tower above the EFT cutoff is part of the protected quantity [244]. D-brane tension and R-R
charge are therefore fixed by the same algebraic and worldsheet quantities that enter the cylinder
computation.

The same protected quantities appear in nonperturbative settings. In topological string theory
the nonperturbative sectors are labeled by D-brane charge vectors v, and the transseries has the

schematic form
Z
Fiop ~ Z Q(y) exp {—_7} <1 + Z a%ng?> )
¥

Ys n>1
where Q(7) is interpreted as a BPS/DT multiplicity; modular resurgence organizes these multi-
plicities into monodromy orbits [264]. Fractional instantons on a twisted four-torus arise from
wrapped intersecting D-branes, and their local moduli space is a hyper-Kahler Higgs branch [257].
Pure D-brane black-hole counting evaluates helicity traces in four-charge systems and separates
BPS branches from non-BPS branches with no zero-energy extremum [252]. The recurring inputs
are integer charge, the central charge Z,, and the geometry of the brane moduli space.

12.3.1 Dirac quantization condition

We first review the Dirac condition for normal electrodynamics. Since the electrical charge
is carried by point particles (or 0 branes), the field strength should be F, and since normal
electrodynamics is in four dimensions, the dual field strength is also a two-form which in turn
implies that magnetic sources should also be 0 branes or point particles.

Consider a magnetic monopole with magnetic charge p,, and a sphere S? around it. The flux
through S? is calculated as follows:

1

Now, we do the following manipulation;
dA; = (alx1 X dx2)i = €itm d:c%d:c?”

2
m

= dajdz}, — dryde; = 2dz; A dzy. (13.3.5)
Using (13.3.5) in 13.3.4, we get;

17.2 1
= €pdA; = €k€im dxgdx;, = (5€j5777,k — 5&5;77,]‘) dx,dz

/ €ijiFy, dj A daf = / Fy = i, (13.3.6)
S2 92

T2 = 2072 = T;
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Let P be an oriented closed loop followed by the electric probe, and let D be any oriented
two-surface in the patch of Ay such that 0D = P. With this convention Stokes’ theorem gives

%}Al :/DFQ. (12.2)

Including an electrically charged particle in this field with charge pu., we get the following

phase;
exXp (iﬂe% Al) = eXp (iﬂef F2> = exp (iﬂeﬂm>
P D

To ensure the single-valuedness of this quantity, we need to ensure that;

Pelbm = 27N
Now, we generalize this discussion to p-branes. If the source is a p-brane, then the field
strength is Fj,,9, the dual strength is Fjo_,—o = Fs_, and thus, the source of such a field is
a8—p—2 = (6—p) brane. We call this brane a magnetic brane and p brane an electric
brane. Now, in 3 space dimensions, a point is surrounded by S? (two dimensions), and a line is
surrounded by S! (one dimension). The dimension of the sphere S* surrounding an extended
entity of p dimensions in a d dimensional space is given by the formula;

k=d—p—1 (13.3.7)
For 9 space dimensions, a 6 — p magnetic brane is surrounded by a sphere of dimension

9—(6—p) —1=p+2
which makes sense as it is the number of indices on Fj, 5 and we expected the generalization
of (13.3.6) to be something like F},,» integrated over SP™2. The normalization follows from the
kinetic term —ﬁ [ |Fpa]?*: varying C,.q in the presence of a magnetic (6 — p)-brane gives

dF,io = 25%0%,}, 0p+3. Integrating this Bianchi identity over the linking sphere gives

2
/ . Fpya = 2K7016—p-
Sp

An argument like before gives us the following condition;

exp <i,upj{ Fp+2) = exp (2iK5opplte—p) single valued = ju,p6_, = g (13.3.8)
Spt2 k1o
Using (13.3.3) we get the following;
T

T _ s _
/,[,p = \/—_ (47'['0/)(3 p)/2 s ILL67p = £ (47TO[/>(p 3)/2 = /,Lp,u67p = —5
R10 K10 )
So, the charges in 13.3.3 satisfy 13.3.8) for n = 1.

12.3.2 D-brane actions

The massless (NS+, NS+) spectrum is the same as the bosonic massless spectrum, so the argu-
ments of Section 7.7 apply. The coupling of the D-brane to NS-NS fields is therefore the DBI
action. Since the tension equals the R-R charge in the BPS normalization above, T}, may be
written as f,. For multiple branes the low-energy fields become matrix-valued, and the action
includes a Chan—Paton trace. The NS-NS action is

SNS_NS = —pp / P Tr [—e? det (Gap + Bap + 210/ Fyyp )| (13.3.9)
The flat directions of this action are the commuting transverse scalar matrices. When
(X, X7] = 0, the matrices can be diagonalized, and their eigenvalues are the positions of

separated branes; noncommuting vevs describe genuinely coincident-brane configurations. The
coupling to R — R fields is the Chern—-Simons coupling obtained by summing all wedge products
of the worldvolume field strength and the pullback of the background potentials:
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exp 21/ Fy + By A Y C, (13.3.10)

SRfR = wp/ Tr
p+1 q

The displayed action is the part needed in this chapter. The full supersymmetric D-brane
action also contains fermions, pullbacks written with covariant embedding fields, and curvature
corrections such as the A-roof genus factors in the Chern—Simons term; these begin at higher
order in o and are not used in the present charge and tension calculation. To find the YM
coupling on the brane,

12.3.3 Coupling constants

We now calculate the ratio 771 to 7p; i.e. the ration of tension of fundamental string to the
tension in D1 brane. It is as follows:

TF1 e=% /2o’ K

o1 e 9 /x (dn2dl) [k 8n7/2a”
Now, as shown by tree-level factorization, g. is proportional to x and thus;

v
. . TDl . . . .
Although we fixed the normalization between g, and g. in Chapter 7, the remaining convention
is the normalization of g. oc e?. So, we define g. to be the ratio above;
TF1
Ge = —
D1
Then, using the expression for 7p; /7p1, we get;

7/2/2

1 1
K = 8¢.T = K’ = 527937r7a’4 = 593(27070/4

The string tension can then be written in terms of g. as follows:

) PENCSOTEN
VT gty O Z VT 7{2@))7/2 . V2 _ oy pa iz (13.3.11)
K g:.(2m)" 2

Notice that the D-brane tension has dimension (length)~*1) as required for an object with
a (p + 1)-dimensional worldvolume action. Only p = —1, the D-instanton, gives a dimensionless
action without integrating over a spatial worldvolume. To derive the Yang-Mills coupling on
the D-brane, we expand 13.3.9 for G, = Ny, Bay = 0 and ¢ = ¢g. We also use the following
identity;
det(—I+ M) = —1 +Te(M) + O (M?) = det (na + 27/ Fp) = —1 + 27/ Fp F** + O (F?) ~
—1 =27/ F F* = —1 — 210/ F?

So, the expansion of 13.3.9 is as follows:

Tp =

—,up/dp“f Tr[e * (14 2/ F?)] = —,up/dp“f Tr [e %] — 27ra',up/dp+1§ Tr [e=®F?]

Two normalization points deserve care here. The dilaton is a closed-string background and is
proportional to the identity in Chan—Paton space, so it should be pulled outside the trace,

Tr(e 1 Fp F*°) = e % Tr(Fp F'™). (12.3)
The other issue is the determinant expansion. For an antisymmetric F',

2 N2
V—det(n +2ra/F) =1+ (2na) EpF® + O(F*Y), (12.4)
with no term linear in F. Hence
1
P Te ™ (2ra’)?,  goy = (2m)P%g,(o/) P72, (12.5)
YM

when T, = 1/[(27)?(a/)P+D/?] is defined without the explicit 1/g,. This is the normalization
used in the D3 check in Eq. (13.11). The action then becomes;
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8ral'T, 1 (2ma)’
—2ma'T, / ATy [FP] = — / dPHETY [FP] = L2 / dPHE Ty [F7)
The denominator 7ma//2 is only a trace-normalization convention: the preceding blue formula
uses the standard Yang-Mills normalization —ﬁTr FpF®. Now, if we read ¢2,,, we get;
YM

1 1
92 — (277'0/)27-}7 = g?/M = W — (27.‘.)*20/727_;1 _ (271.)720/72(27T>poél(1+p)/2'gc _ (27T)p72a/(p73)/2gc
Y M D

We see that this coupling is dimensionless only for p = 3 i.e. three-dimensional space case
which we already know is true.
(The relation between gy s, k and o’ requires some orientifold based reasoning. Do that.), The
result is;

2
Jym _ 2(2m)"%a/ (Type I)
K
The type-I Born—Infeld action is obtained by applying the orientifold projection to the open-
string gauge sector and keeping the invariant Chan—Paton fields.

12.4 D-brane interactions: statics

Consider two branes of possibly different dimensions, a Dp-brane and a Dp’-brane. Let the sets
of coordinates with Dirichlet boundary conditions on the two branes be Sp and S}, respectively,
and let the corresponding Neumann sets be Sy and S%. Then the DD directions are Sp N S},
and similarly for NN, DN, and ND directions. The unbroken supersymmetries preserved by the
first and second D-brane are

Qo+ (87Q),, Qu+(8"Q), =Qu+ (B87'8"Q), (13.4.1)
and thus, the supersymmetries unbroken by both D-branes are the ones which are generated
by @, such that;

B0 Q0 = Qa (13.4.2)
because if this happens, then the spinors unbroken by the second brane and the first brane are
the same as can be seen from 13.4.1. So, we need to find the number of solutions of 13.4.2. Now,
BE713 is a reflection in precisely the DN and ND directions: directions that are Neumann for
both branes or Dirichlet for both branes appear in both reflection operators and cancel, while
mixed directions appear in only one operator. The total number of DN and ND directions is
denoted as #xyp. Now, we prove that # yp is even. The number of elements of different relevant
sets is as follows:

n(Sp)=D—p, n(Sy)=p, n(Sp)=D—p, n(Sy)=p
Now, instead of using a Venn diagram, write the four intersections as

a=n(SpNSp), b=n(SpNSy),
c=n(SyNSyH), d=n(SyNSy),

The set constraints are
a+b=D —p, a+c=D-Yp, b+d=yp, c+d=p. (12.7)

Subtracting the first two equations gives b — ¢ = p’ — p, so #xp = b+ ¢ has the same parity as
p' — p.! where we used the fact that the number of elements in Sp N Sy and S5, N Sy is #np

#np =b+c. (12.6)

'Two equivalent countings appear here. In Eq. (12.6) the four disjoint sets NN, DD, ND, DN have car-
dinalities d, a,b, c obeying the constraints of Eq. (12.7), with #nyp = b + ¢ the number of mixed directions.
The u, & variables of the paragraph below are combinations of the same four cardinalities, u = n(Sy N Sy)
and £ = n(Sy N Sp), so the two computations are one argument written in different variables; both give
#np =p—p (mod 2), hence #xnp even within a single type II theory. The supersymmetry projection depends
only on the total #xp and never on b and ¢ separately, because the reflection 8+~18"t acts in the ND and DN
planes together.
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and the total number of elements in all sets is D.£ and p are undetermined coefficients but they
should be non-negative integers because n (Sy N Sy ) = p and n (Sy N Sp) = €. Now, we apply
the constraints that n (Sp) = D — p and n(Sy) = p, Both of these constraints give the same
condition i.e.;

p+&=D—p
Now, applying the constraints that n (S},) = D — p’ and n (S) = p’ give the same result i.e.;

#np—p+E=D—p =E—pu=D—p —#nxp
So, we get two simultaneous equations for ¢ and p. They are easily solved to give the following;

B (p+7)+#n~D ~(p—=7)+#n~p
Now, p and p’ are both even or odd because they are in type II A theory or type II B theory
which have even and odd branes respectively. So, p + p’ and p — p’ are both even. Therefore,
from the expression of 1 we deduce that p — p’ + #yp is a non-negative even integer (because
@ is a non-negative integer). Since p — p’ is even, #xp is even as well. #yp is non-negative
because it is the number of DN and ND directions. The expression of £ tells the same story. So,
we can write #xyp = 27 where j is a non-negative integer.
Since 14 L is the reflection in ND and DN directions, we can pair these directions to give
j pairs (since they are even in number) and since a reflection of the coordinate axis of a two-
dimensional plane is a rotation by 7 degrees, we can write 314" as;

BB = explim (Ji + ... + J;)]

For the spinor representation, .J; has eigenvalues £1/2, and thus ™/ has eigenvalues 4. If j
is odd, the product has eigenvalues 4, so no spinor can have eigenvalue +1. Therefore j must
be even. This condition is necessary, and the detailed counting below determines how many
eigenvectors with eigenvalue +1 remain.

So, #np is a multiple of 4 i.e. #yp € {0,4,8}. We now count the unbroken supersymmetries
corresponding to each case. First take the #yp = 8 case. So, we have;

BB = exp i (Jy + Ja+ Js + Ju)] i
where J; ’s are £1/2. Different supersymmetries are counted by counting different @, ’s and
different Qa ’s are counted by counting different ( .Jy, Jo, J3, Jy) tuples such that J; + Jo+ J3+ Jy
is even. This sum is even when all J; ’s are 1/2 or —1/2 which gives us two tuples. This sum is
also even when any two J; ’s are 1/2 and the other two J; ’s are —1/2. This second possibility
can happen in (;L) = 6 ways and thus, we have 6 more tuples. The first brane already relates @)

and ) and reduces the thirty-two supercharges to sixteen; the counting above is the additional
projection imposed by the second brane, leaving eight unbroken supersymmetries.
For the #xp = 4 case, one has

BB = exp [wi (i + )]

So, we need ( Ji, J3) tuples such that J; 4+ J; is even. This can only happen when ( Ji, J3)
=(1/2,-1/2) or (1, J5) = (—1/2,1/2). The two unaffected transverse spin labels remain free,
giving an additional factor 22; hence 2 x 22 = 8 supercharges survive.

The #np = 0 case is trivial. In this case, 8+"14L" = 1, there is no condition that comes from
the second brane. Therefore, the supersymmetries allowed by the first brane are unbroken. This
is 16 in number, as expected for parallel BPS branes related by translations or T-dualities.
The same multiple-of-four condition can also be read from the open-string NS zero-point energy:
only for #xnp = 0,4, 8 does the GSO-projected light spectrum fit into a supersymmetric multiplet
without a residual tachyon.

12.4.1 Branes at general angles

We start with the example of two D — 4 branes. They are taken to be in (2,4,6,8) directions
with separation in 1 direction. To visualize the configuration, one may group (2,4, 6,8) as the
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brane directions and use direction 1 as the separation direction. Now, rotate one brane by ¢; in
the (2,3) plane, ¢o in the (4,5) plane, ¢3 in the (6,7) plane, and ¢4 in the (8,9) plane. There is
no rotation in any plane involving direction 1 because that would make the separation position
dependent. All of these rotations are collectively called p. The unbroken supersymmetry is the
intersection of the supersymmetry preserved by the unrotated brane and the supersymmetry
preserved by the rotated brane:

Qo+ (p71870Q), = Qo+ (B8 p7'8Q),
So, the unbroken supersymmetry is generated by spinors that is left invariant by the following
operator;

5L—1[O—16Lp — /BL—IBLPQ — ,02
The first equality follows because conjugating a reflection by a rotation gives the reflection in
the rotated plane; in the spinor representation this is the same group relation lifted from SO(8)
to Spin(8). In the spinor representation, this rotation p is represented as follows:

4 4
p = exp (z Z saqba) = p® =exp (22' Z sagzﬁa) where s, € {—1/2,1/2} (13.4.3)
a=1 a=1
So, we want this phase to be 1 . In other words, we want;

25101 + 289202 + 25303 + 25404 = 0(mod27)
where 2s; ’s can take the values equal to +1. We see that if this condition is satisfied for a
(2s1,...,2s4) tuple, then it is also satisfied for (—2si,...,—2s4) tuple. So, we can focus our
attention to the cases where 2s; = 1 so that we don’t consider equivalent tuples more than once.
We can tabulate all the inequivalent conditions as follows:

S1 | S2 | S3 | 84 Condition

L]-1]-1]-1]¢1—¢2— ¢3— ¢s=0(mod2m)
L] -1]-1] 1|1 —¢2— g3+ ¢s=0(mod2m)
L]-1] 1 |-1]¢1—¢2+¢3— ¢s=0(mod2m)
L[-1] 1|1 ¢1—¢a+ 3+ ¢y =0(mod2m)
L] 1| -1]-1]¢1+d2—¢3— ¢s=0(mod2m)
L1 |-1]1]¢1+¢2— 3+ ¢s=0(mod2m)
L 1|1 ]-1]¢1+¢2+d3— ¢y =0(mod2m)
L1 |1 ] 1] ¢1+¢2+ 3+ ¢s=0(mod2m)

Some possibilities are considered as follows:

o The last condition allows the (2s1,2s9,2s3,2s4) = (1,1,1,1) and (2s1, 259, 283,284) =
(=1,—1,—1,—1) tuples and thus, two supersymmetries are allowed out of the original
16. So, this case breaks seveneights of supersymmetry.

o If we want ¢1 +¢2 4¢3 = ¢4 = 0( mod 27) then this is satisfied by last two rows in the table
and thus, we have 2 x 2 = 4 unbroken supersymmetries (a factor of two arises because we
also count the equivalent tuples that have s; = —1).

o If we want ¢1 + ¢ = ¢3 + ¢4 = 0(mod27) then this is satisfied by the last row and the
fiftth row in the table and thus, we have 2 x 2 = 4 unbroken supersymmetries.

o If we want ¢, + ¢ = ¢3 = ¢4 = 0(mod27), then this condition is satisfied by the last four
rows in the table. Thus, we have 2 x 4 = 8 unbroken supersymmetries.

« We now consider the case when k of ¢; 's are /2 and the rest of them are zeros. If k =0
then all the cases in the table are satisfied and thus, 2 x 8 = 16 supersymmetries are
unbroken. The same as #yp = 0 case.

o If Kk =1 or k = 3, none of the conditions in the table can be satisfied, and all supersym-
metries are broken. These are the angle-space counterparts of the #yp =2 and #yp =6
cases: no common projector eigenspace remains.
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o If k = 2, then there are four rows in the table above which are satisfied. (the preserved
supersymmetries are counted by the common projector eigenspaces). So, we have 2 x4 = 8
supersymmetries unbroken. The same as the case #xyp = 4.

e The k = 4 case is satisfied for rows 2,3,5,8. This case also has 2 x 4 = 8 unbroken
supersymmetries. It can be taken to be the same case #yp = 8 case.

Now, we define the following complex coordinates to make sense of the rotations;

Z'=X24iX3 ZP=X'4iX°, ZP=X°+iX", Z*=X%+4+iX°
We will denote the conjugate of these complex numbers as Z¢ = Z%. So, out of the full SO(8)
rotation group in eight dimensions, only the U(4) subgroup retains the complex structure. The
rotation p in particular is;

p = diag (eid’l’ 6i¢27 €i¢3’ ei¢4) = detp = @1+ d2+d3ta)
Now, we consider the various cases that we discussed before.

o If 1 + ¢ + ¢35 + ¢4 = 0(mod27) then det p = 1 an thus, p € SU(4). This case has 2
unbroken supersymmetries.

o If ¢1 + o + 3 = ¢4 = 0(mod27) then det p = 1 an thus, p € SU(3) (¢4 = 0(mod27) and
thus, it doesn’t give any factor in the group). This case has 8 unbroken supersymmetries.

o If 1 + @2 = ¢3 + ¢4 = 0(mod27) then det p = 1 an thus, p € SU(2) x SU(2). This case
has 8 unbroken supersymmetries.

o If p1+¢o = ¢p3 = ¢4 = 0(mod 27) then det p = 1 an thus, p € SU(2) (¢3 = ¢4 = 0(mod2r)
and thus, they don’t give any factor in the group). This case has 8 unbroken supersym-
metries.

We now write the boundary conditions in terms of the Z¢ ’s. In the unrotated brane version,
the brane extends in the following directions;

(2.4,6,8) = (Re (7'),Re (2%) . Re (Z%) ,Re (2"))
and thus the following is true;

XP=Im(Z')=0,X"=Im(2%) =0, X" =Im (Z2°) =0,X? =Im (2*) =0
The Neumann boundary conditions for directions parallel to the D-brane are thus, as follows:

1 Re(Z2') =0, 01Re(Z2?)=0, & Re(2%) =0, 0Re(Z')=0
So, the boundary conditions are as follows:

O Re(Z%)=Im(Z%) =0, aec{l,...,4}
In the rotated brane version, Z® changes to e®+Z% and thus, if we undo these rotations i.e.
if we consider e=?+Z%, the boundary conditions then become the boundary conditions for the
unrotated brane. So, the boundary conditions for the rotated brane are as follows:

O Re(e®Z) =Im (e ”Z%) =0, a€{l,... .4}
If we let o' = 0 endpoint on the unrotated brane and o' = 7 endpoint on the rotated brane,
then we have the following boundary conditions;

o'=0: O Re(Z%)=Im(Z2%) =0, ac{l,...,4}

ocl=m: 0;Re (e_¢“Z“) =Im (e_%Z“) =0, a€c{l,...,4}
These boundary conditions give the following mode expansion. The doubling trick replaces
the open string on the strip by a holomorphic field on the doubled surface, with monodromy
e%%a after one circuit; hence the oscillator modes are shifted by v, = ¢, /7
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Z%(w,w) = Z%(w) + Z(w) where Z*(w) = iy/ — Z —Lefrw
Z+Va
where v, = ¢, /7. It also gives the following partition function for a single Z scalar. The
ground-state exponent is the regularized zero-point energy of two real bosons with fractional
modes m+v and m+ 1 —v:

= | ) 1 1/6 1\°
Z7 rotated = C]EO H (1 — qm+¢/”)7 (1 _ qm+1—¢>/77)7 where Fy = — — = (_ _ 5)

24 2\«
(13.4.4)
Note that if ¢ = 0, then Ey = —1/12 which one would expect for a Z scalar (because one Z
contains two X ’s and the partition function for one X has the power ¢~'/?*). We can write this
partition function in terms of ¢/ functions as well. For this purpose, consider the definition of
V11 (v, 7) with 7 = it. We get the following;

m=0

V11 (v, it) = —2e ™4 sin(mv H (1—¢™ (1 —2¢™) (1—2""¢")
m=1

= —2¢™ 4~V gin (v (it) H (1—2¢™)(1—2""¢") whereg=e"" z=¢e""
m=1
To match this expression with the expression in (13.4.4), we should choose z = ¢®/™ and thus,
v =1i¢t/m. So, we consider the following;

Ou (it [, it) = —2e7 g7 sin(igt)n(it) [] (1= ¢™+™) (1 - ¢%')
m=1
_ 1, » 1 e e
—2q1/® 1/24% (e ot _ ed’t) n(lt)mng) (1—g¢ +¢/ ) (1— g™+ o/ )
1

— _iq1/8—1/24—¢/27r+E0,’7(/L‘t)

Z rotated
where in the last step, we used 13.4 .4 . Now, let’s calculate the power of ¢ that is appearing;

11 11 11 1\’ 1 1 1 ¢ 1 2
Ll o6, 11 e 1106 1V 11 6 1 ¢ 16 &

8 24 2w 24 2 2 8 24 27 24 272 8 2 272
and thus, the ¢ factor can be written as follows:

q1/871/247¢/27r+E0 _ q7¢2/27r2 _ €¢>2t/7r

Therefore, we get;

1 —ie?*tmy(it)

Y11 (1t ;Zt :—i€¢2t/ﬂ- W) =——"-—"=>2Z rotated — o ., .\

11( d) /7T ) 77( )ZZ rotated 7 rotated 7911<i¢t/ﬂ-7 Zt)
Similarly, the fermionic partition function is obtained by the same shifted-mode product, with

the spin-structure labels («, 3) determining the periodicity and the insertion of (—1)%":

(13.4.5)

Vo5(iot/m, it
Z8(,it) = slidt/m, i) (13.4.6)
exp (¢?t/m) n(it)
Since we are talking about the open string only, we have only one fermionic sector and thus,
right now, we only need the generalized Z{[ (¢t) right now. It is as follows:

4 4 4
¢>Zt (H ZO ¢a,2t H Z? (¢aa it) o H Zé (¢a>it) o H le <¢a7it)>
— =1

=1 a=1 =
The following identity is the angled-brane generalization of Eq. (7.2.2):
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4 4 4
% (H Z(()) ((b(uit) - HZ? ((ba?it) - HZ[% (¢a7it) - H (ba?Zt ) HZ11 ar? it
a=1 a=1

a=1

6= 5 (614 02+ 0+ 00) 6 = 3 (6n+ b — b — 0u)

»—t[\;JIr—A

By =5 (61— bo-+ b3 — 6,05 = 5 (61— b2 — b+ 0)

Notice using previous analysis that if ¢} = 0, then there are only two unbroken supersymme-
tries but if ¢f, ¢% or ¢ is zero, then there might be four or eight unbroken supersymmetries. So,
we see that the total partition function coming from all bosonic and fermionic excitations is as
follows:

_Z€¢at/ﬂ ) 1 _/Le(ﬁat/ﬂ ’lt) 1911 (’lgb/t/ﬂ-, Zt)

H s U (idat /T, it) }_[1 1 ( H s U (it /i) H exp (@2t /7) n(it)

~ ﬁexp <3 ) H O (it /), it)

-1 s 1911 Z¢at/ﬂ Zt)
The exponential prefactor is not discarded. It Comblnes with the exponential factors in the
product representation and modular properties of ¥1;. In the standard branes-at-angles expres-
sion one uses the Riemann/Mumford theta identity to rewrite the GSO-summed fermion product

in terms of the primed angles ¢/. After this rewrite, the remaining Gaussian dependence in the
open-string channel is the physical stretched-string factor

exp [— Ly” } : (12.8)

2ma!

while angle-dependent zero-point factors are encoded in the theta-function ratio. This is also
why the parallel-brane limit must be taken with 1, (v|7) ~ 27vn(7)3: the zero of ¥y, is replaced
by the translational zero mode along the common brane direction.

The potential is as follows:

dt 1/2 1911 qu t/ﬂ' ’Lt)
= — 13.4.
v /0 t - (8ma't)” exp< 27?(1) 1911 (igat /7, it) (13.47)

The dominant contribution comes when 3, is minimum i. e When strings are near the point of
closest approach of the branes. The sign of the potential is not definite as the following quantity
doesn’t have a definite sign;

) R

-2 sin (¢at)
sin functions comes the definition of ¥1;. Everything else in the integrand is positive definite.
In the definition of ¥, (v, it), sending v — —v keeps the product part invariant but sends sin v
to —sinwr. Thus, ¥11(v,it) is an odd function of v and thus, it is zero at v = 0. Now, we
investigate the cases when ¢, s or ¢, ’s are zero because the 1J;; functions vanish in these cases.
If ¢, = 0 for some a, then the branes become parallel in some direction. For example, if ¢4 = 0,
then the branes become parallel in the 8th direction. The strings can now move in this direction.
Since ¢, is the rotation angle in the 8 — 9 plane, the 8 and 9 directions become like directions
when the branes are parallel with the branes extending in the 8th direction and the 9th direction

being perpendicular to the brane. If we look at the partition function of the parallel branes for
p = 4, the contribution of the 8 — 9 directions should be;

Ln(it) 2 (87?20/75)_1/2
where L is the length of the noncompact 8 th direction However, for ¢, # 0, the contribution of
8—9 directions to the partition function is in 13.4.5. So, we need to do the following replacement;
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— jedit/m it
1€ 7 . .
A -

1911 (i¢4t/’ﬂ', Zt) - 1911 (i¢4t/’ﬂ', Zt)
— Ln(it)~? (87r20/t)71/2 :

= Oy (igat /7, it) " — iLn(it) " (37%a't) 2.

In order to generalize this picture to branes with some other number of dimensions, we use
T-duality. If we T-dualize in the 8th direction, then the branes lose a dimension and we have
3-branes that are rotated in 2—3,4—5 and 6 —7 directions. These branes might have separations
in the 8th and 9th directions. The fermion oscillator partition function is unaffected because
T-duality changes a boundary condition but not the local fermion moding in the rotated planes.
The 8th and 9th directions are now Dirichlet separation directions, so their contribution to the
partition function is

- t(ys +u3)
t)~2 s )
iy exp |-
and thus, we have to do the following replacement;
— jefit/m it -
)
1911 (i¢4t/’/T, Zt) ’1911 (i¢4t/’/T, it

t (Y +v3)
2ma!

) — n(it) 2 exp [—

(Y +vd)
2wl

T-dualizing in the 9th direction causes the brane to extend in the 9th direction as well. This
gives a factor of Lg, the length of the 9th direction, and a factor of (87r20/t)_1/ ? from the zero-
mode momentum integral along a Neumann direction. There is no additional n-factor because
the oscillator contribution of that coordinate was already present before T-duality; only its zero-
mode measure changes. Thus T-duality gives the potential for branes of different dimensions.
A “rotated” pair of different-dimensional branes means that, after T-dualizing to a common
reference frame, their Neumann subspaces meet at the angles appearing in the oscillator shifts.

The potential in Eq. (13.4.7) vanishes if one of the angles ¢, vanishes. The phases in
Eq. (13.4.3), labelled by (2s1,2s9,2s3,254), then determine the remaining supersymmetry. If
¢y = 0, the phases (£1,41,£1,+1) are unity and two supersymmetries remain unbroken. If
¢y = 0, the phases (£1,+1,F1,F1) give the same result. For ¢5 = 0 and ¢}, = 0, the relevant
phases are (+1,F1,+1,F1) and (£1,F1,F1,+1), respectively, again leaving two unbroken
supersymmetries. These cases account for eight of the sixteen possible phase assignments. The
remaining assignments have an odd number of minus signs; when one of them is unity, the
sign-reversed assignment is also unity, so two supersymmetries survive. In these cases none of
the ¢/, vanish, and the potential in Eq. (13.4.7) is nonzero. The large-separation and tachyonic
limits are then extracted by expanding the annulus integrand in the appropriate closed- and
open-string channels.

= Oy (igat/m,it) " — in(it) > exp

12.5 D-brane interactions: dynamics

The previous section determined which brane configurations preserve supersymmetry; this sec-
tion studies their relative motion by analytic continuation. A brane moving with constant veloc-
ity v = tanh u is equivalent, in the worldsheet calculation, to a brane rotated by an imaginary
angle, ¢ — —iu, so the branes-at-angles partition functions and supersymmetry projections of
the previous section apply directly to scattering. The annulus amplitude gives two results. First,
the leading velocity dependence of the interaction between identical branes starts at v*/r"P: the
static (v°) force cancels by supersymmetry, and the absence of a v? term states that the moduli-
space metric of a BPS system is flat at this order. Second, the range over which the amplitude
varies shows that slowly moving D-branes probe distances r ~ f,/v, below the string length.
Combining this with the quantum spreading of a DO-brane wavepacket gives the lower bound
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dx > ¢34, the eleven-dimensional Planck length that appears again in the strong-coupling
analysis of Chapter 13 [351,352].

12.5.1 D-brane scattering

The relative motion of D Branes is described by analytically continuing the angle variable to
the rapidity variable. If only ¢; is nonzero so that the rotation is in the X? — X? plane, the
following equation is satisfied;

X? = tan ¢ X*
we define;

X3 —iX% ¢ = —iu
where u is the rapidity. So, the following is satisfied;
X? = tan(—iu) (iX°) = —itanh(u) (1X") = tanh(u) X’
The interaction amplitude for general p is obtained from the branes-at-angles partition function

by the analytic continuation ¢; = —iu and by including the zero-mode volume of the common
p-dimensional spatial directions:

> dt - ty?
A= —ﬂ/;o/ N (87%a’t) P12 oxp (— Y >
0

2o

V11 (ut /27, it)*

n(it)2V1 (ut/m, it)
Using modular transformation, we have;

ut 242 w1
9 ) = -t71/2 —u?t /47r19 e
11(27?’2) G € 11 o’ t

_ _it—1/2€—u2t2/47r,l911 ﬁ, E )
2m 't

ut X
7.911 (_7Zt) == _Z-t_l/2€_u2t2/ﬂ-/l911 <_7 _> .
s Tt

n(it) =ty <E>

Moreover,

and,

t
Using these transformed quantities, we can write the amplitude as follows:

> dt - ty?
A= —in/ n (87%a’t) P12 oxp (— Y ) 2
0

2ma’

y e~ ImYy (iu)2m, i 1)
t=9/20 (i /)9 (—i)t=12e~w* /Ty (iu /7, i /t)
_ % /OO @t(tafp)m exp (- ty? O (iu/2m,i/t)* '
(8m2a )2 [t 2w’ ) n(i/t)%01 (iu/m,i/t)
We can write this amplitude as an integral over a worldline. For that purpose, we manipulate
this amplitude as follows:
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Ao / B 6-9)12 oy (_ ty? ) <1911(1'10/27T,’i/7f)4

(8m2a/)P/? t 2w’ ) n(i/t)%1 (iu/m,i/t)

2120/ V, / dt 152 o (_ ty? ) Oy (tu/2m, i /t)*
0 (

(87r (872 )P+ 1)/2 /2 2w ) n(i/t)%01: (iu/m,i/t)

_ 2V, /°° gt t(57p)/2tanhu1911(iu/27r,i/t)4
(8m2a/)P+1)/2 n(i/t)?011 (iu/m,i/t)

» ty? s 2a/
exp | — —
P 2ma’ ) tanhwu t

Now, the factor in the last parenthesis can be written as follows:
tyy? T 20/
exp | — —\/—
P 2ra’ ) tanhu V ¢

ty? > tr2tanh? u

=exp | — dr exp | —————
2 ) J_ 2ma/

o0 H? 4+ 72 tanh?
_ dr exp (- (y* + 7% tanh” u)
oo 2ma’

oo t 2 2,,2 o] t 2
— / d7- exp _(y—i——,r/v) — / dT exp | — T : .
oo 2T oo 2ma

v =tanhu, 7*(7)=y*+v*r?

where

So, we get;

A 2V, /°° gt t(5_p)/2tanhu1911(iu/27r,z'/t)4
(8m2a)+1)/2 n(i /)01 (iu/m,i/t)

X /OO d tr?
Texp | —
. P 2mal
[T 2iVy 5P/
= — /oo dr (87r2a’)(p+1)/2/0 dtt

tanh u Yy, (iu/27,i/t)* B tr?
000 Giu/m, /1) eXp( )

=—i /_oo drV(r, )

Virr) = 2V, /°° i@t t(5_p)/2tanhuz911(iu/27r,i/t)4 e [ tr?
"B e |, n(i/t)*0n (iu/m,i/t) 2ma
Now, the expansion of ¥11(v, 7) is done as follows:

2o

where

(13.5.2)

V1 (v,7) = —2e™/*sin (7w H (1—g¢™) (1 — 2z¢™)(1 — z'q™)
m=1

3,3 o0
= —2¢™7/4 <7TV + 7T6V + .. ) H(l —q™)
m=1

X (1—=qm =2mivg™ +...) (1 —¢™ 4+ 2mivg™ +...)
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o0

+0@%)I1u—¢ﬂ

m=1

7T2I/2

= 2™/ yn (1 +

X ﬁ [(1—¢™)?+ (1= ¢™)2mivg™ — (1 — ¢™)2mivg™ + O(?)]

= —2mrem'7/4q’1/877(7')3 + OV?) = —2mvn(7)* + O(2).
The result implies;

Wt 3 U 9 .13 9
V11 (%, Z) = —2m(i/t) o + O (v?) = —iun(i/t)* + O (v?)
Similarly, we have;
V11 (% %) = —27rn(i/t)3% + O (v?) = =2iun(i/t)* + O (v*)
Since v = tanhu = u + O (u®), we have v ~ u for small u. So, we have;
w1t N3 9
V11 <%7 E) = —ivn(i/t)’ + O (v*)
Similarly, we have;
I (%, %) = —2n(i/t)* + O (112)
Using these expansions, 13.5.2 becomes;

V, o )
V(r,v) = _U4—(8 . /)p(p+1)/2/ dtt5P)/2g—tr?/2ma’ | ) (v°)
T 0
V 271'0{/ (7_17)/2 o0
— 4 p (5-p)/2 ,—p 6
_QNwmwMW<r2) [, e 0 0

T—p
v 2ma’\ 7 (T—p vt Y T—p
= —v' L R 6y U Vb g2-9p (5-3p)/2 6
- (87T20/)(p+1)/2 ( r2 > F( 2 ) +0 (U ) T pT-p alp—32 d F( 5 +0 (v )
(13.5.3)

Using these results, we see that the leading v term in 13.5.2 is proportional to v*. The v" term
cancels because the static branes are BPS, and the v? term cancels by the same theta-function
identity that cancels the force between parallel supersymmetric branes; the first nonzero term is
therefore v*. Now, we investigate the small r limit. Since we have —tr?/2ma/ in the exponential
in (13.5.2), the dominant contribution comes when ¢ ~ 2wa//r?. So, small 7 corresponds to large
t,i.e. to light open strings stretched between the branes. To see the small r behavior, we expand
(13.5.2) at large t, keeping the full dependence on ut. We get;

oo 2 14
Vi, r) ~ —2Vp/ dt exp ( tr ) tanh u sin® ut /2
0 (87T()1/t)(p+1)/2

As we saw in 13.5.3, the structure of the v* term is v*/r""P. The higher terms have higher
powers of v accompanied by stronger inverse powers of r, because each additional power of ut
in the large-t integrand produces an additional power of 1/r? after the Schwinger integral. So,
no matter how small v is, at small enough r, the dominant term will not be the v* term. The
apparent singularity is smoothed when ut =~ 1, because the trigonometric factors in the exact
expression regulate the expansion parameter. Since u ~ v for small v, and since the dominant
contribution comes when ¢ ~ 27a’/r?, we have;

2o sin ut

2rad’v v
v s e~ Valu =10 (13.5.4)
,
Thus a slow-moving D-brane can probe distances smaller than the string length [;. The
scattering time is

ut ~1=
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T o
5t~—~\/—
v v

Denote the uncertainty in distance by dx. For a D-brane with velocity v, it is of order v a'v
as found above. Therefore

a/
dxdt ~ 1/ —Vav = o

v
In general, the uncertainty cannot be smaller than dx, so the value of dx dt obtained above is
a lower bound. Hence

dzot > o (13.5.5)
This uncertainty relation between coordinates hints at non-commutative geometry.
We can find a minimum distance that a DO brane can probe. Since it is a particle, the
wavepacket that minimizes the uncertainty in the Heisenberg uncertainty relation is the Gaussian
wavepacket. For the gaussian wavepacket, we have the following;

0xdp ~h=1= dxdp ~ 1
But, for small v, we have 0p = mdv and thus, we have;

1
moxov ~ 1 = dx ~ ——
mov
Now, we use 13.3.11 with p = 0 to get the mass of the DO brane. We get;

gVl

m=r"Ty= 0/71/2g*1 = 0x ~

So, the uncertainty relation for the D0 brane should be;

sxov > gVa! (13.5.6)
For an order-of-magnitude probe estimate at small velocity, take dv ~ v. Then

Mzgﬁ

v
Moreover, we have an inequality from 13.5.4 which reads;

ox > Valv
Imposing these two inequalities gives us a region and the lowest possible value of dx in this
region is found when we have;

/
9\/52 /_o/vz>v3/2:g:>0292/3

v
Using this value of v in the inequality corresponding to 13.5.4, we get;

bx > o/Y?gl3 (13.5.7)

12.5.2 DO-brane quantum mechanics

The intended subject here is the quantum mechanics of slowly moving DO-branes. For N coin-
cident DO-branes the low-energy open-string degrees of freedom are the dimensional reduction
of ten-dimensional super Yang—Mills theory to one time dimension. The nine transverse coordi-
nates become Hermitian matrices X(¢), and the center-of-mass motion is the trace part while
the relative positions and strings stretched between the branes live in the non-abelian part.
Schematically,

1 i\2 D) : -
Spo = S0.t. /dtTr[(DtX) + W[X , X7]* + fermions| , i=1,...,9. (12.9)

The commuting branch [X?, X7] = 0 describes separated D0-branes, while non-commuting ma-
trices describe genuinely stringy bound configurations. At strong coupling, the D0-branes are
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described by matrix degrees of freedom that carry eleven-dimensional momentum. [173,177].

12.5.3 The #yp = 4 system

The #np = 4 case is special because the open-string zero-point energy in the NS sector is shifted
to zero. The zero-point energy shift can be written as
NS I
Por =t s
so #np = 4 gives massless bosons instead of a tachyon. The local CFT computation therefore
explains the earlier spinor projection result: the brane intersection supports a supersymmetric
hypermultiplet instead of an instability. Boundary conditions, zero-point energies, and preserved
supercharges give the same conclusion. [38,107].

(12.10)

12.6 D-brane interactions: bound states

This section asks when a collection of branes and strings forms a bound state, and the super-
symmetry algebra makes the question quantitative. For each pair of charges the anticommutator
of supercharges, Eq. (13.2.3), bounds the mass by a function of the charges; a configuration is a
genuine bound state when its mass lies strictly below the sum of the constituents’ masses, and
it is a BPS bound state when it saturates the algebra’s bound, in which case its mass is exact
and can be followed to strong coupling. The cases worked out below span the possibilities: the
F1-D1 system binds with the square-root tension law +/p? + ¢2/¢?, strictly below p + ¢/g, and
these (p, ¢) strings become the SL(2,Z) multiplet of Chapter 13; DO-DO0 binds only at threshold,
where the existence of the bound state is a hard question about matrix quantum mechanics that
M-theory answers by requiring one graviton state for every N; DO-D4 preserves supersymmetry
(#np = 4) with the DO realized as a gauge instanton on the D4; and D0-D2, DO-D6, D0O-D8
illustrate that charge can be carried by worldvolume flux even when the naive open-string system
is non-supersymmetric. The DBI-Chern—Simons couplings quoted in Eq. (12.11) below tracks
which lower brane charges a flux configuration induces.

B+27ro/F

Spp = —T, / dPHig e \/_ det( [G + Bla + 2ma/ Fab + ,up/

ZC

(12.11)

38,351, 352)].

12.6.1 F-string—D-string bound states

We start with p F strings and ¢D strings. We assume that all of them are extended in the 1
direction and are in rest. In this case, we have Pyy = =M, Qf\vf = pLidp1 and Qf/[ = qL1dn
where L; is the length of the system. The susy algebra in 13.2.1 to 13.2.2 becomes;

2pL 2pL
{@u @b} = —2M (1)}, + 325 (1°1),,, = 2Méas + S22 (1°17),,
{Qa’ Qﬁ} =—2M (FO) af 271'04 (FOF ) - 2M5aﬁ o o (FOFl)aﬁ
Lqq
{Qou Q,B} — 2 qu (51F0)a5 - 2277;,9 (Forl)aﬁ )

The last equality uses the spatial convention Bt = —T! together with {T'°, T} =0, so BT =
—I''T% = T°T'!. The color marks the two spinor slots; the 1-direction is the common F/D-string
direction.

These results can be summarized as follows:
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%{(gﬁ (@b @l )} = Mé.g ( - ) + % (rerh),, < o q_/g ) . (136.1)

The left side of the equation is non-negative because for any pair of test spinors v, and 7,
its expectation value is a sum of norms of linear combinations of () and (). Therefore, the
eigenvalues of the right side must also be non-negative. We now notice that;

1 1 1 1
So =T — 5= L0+ (-I°+T") — 5= 5rorl.
Since we know that the eigenvalues of Sy are +1/2 and thus, the eigenvalues of T°T'! are +1.

Therefore, the eigenvalues of the right-hand side of 13.6.1 are as follows:

L, g
M+ —/pP+=.
orar \/P g?

The reason this diagonalizes so simply is that T°T'" acts on the spinor indices while the 2 x 2
matrix acts only on the (@, Q) doublet. These two factors commute, (T'°T'!)? = 1, and the doublet
matrix has eigenvalues £+/p? + ¢?/g%. Since the anticommutator is positive, the negative-sign
eigenvalue gives the BPS bound

M 1 q°

— > 2+ =. 13.6.2

Ly — 2ma/ Pt 9> ( )

For a separated collection of p F-strings and ¢ D-strings the mass per unit length is additive,
| 4]

Tse arated — .
P 2o/ 2madlg

The supersymmetric (p, ¢) string is instead a bound state that saturates Eq. (13.6.2):

1 q
2 4
omar \| P + g
This is the same square-root formula derived from the type-IIB SL(2,7Z) tension formula in
Chapter 13.

We have the following cases;

Tipg) =

1 1
M(1,0) = >
(1,0) 2ral T 2wl
1 1
M(0,1) = >
2malg 2malg
1+gt
Tseparated(]-a 1) = g > T(l,l)

The separated (1,1) configuration exceeds the BPS bound, while the true (1,1) bound state
saturates it at any value of g where the BPS description is valid.
The protected strong-coupling quantities can now be tied to the duality checks above.

12.6.2 The D0-Dp BPS bound

We again derive the BPS bound for this system. Let Dp brane be extending in (1,...,p)
directions. In the DO and Dp system, QV° = 0 and there are two Ramond charges. We thus
have the following susy algebra;
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{QQ,QL} = —2M (1°)] , = 2Mé,s
{Ga, Q) = —2M (1), = 2M6,5

{Qa, QL} —9 (TOF‘;B + ]%Qf}l...Mp (8™ .. ﬂMPFO)aﬂ) _9 (rorgﬁ +7,QF (BPO)QB)

where the last step uses the fact that the wrapped brane has support only along the ordered
spatial directions 1,...,p, so the antisymmetric charge tensor contributes through its anp

component. Moreover, 3 = ' --- 3P, Wrapping the Dp-brane on a p-torus of volume V), gives
R » =V} in these conventions. Therefore

-----

{Qa, Q%} —9 (Torgﬁ + 7V, (ﬁFO)aB> =27,
where Z., = 7900y + 7 VpBay. Hermitian conjugation of the preceding mixed anticommutator
gives

{QQ,QL} — ozt 10

ay™ B
The susy algebra can be written as follows:

1 Qa ~ 1 0 0 Zoé»y
5{(@0),(@2 QL)}:M(O 1)(5‘3‘5—i_(_Z(’Ew 0 )Fgﬁ (13.6.3)

The eigenvalues of the right-hand side should again be non-negative and thus, we get;

10 0 Zoo \ o 10 0 Zo \ o
M(O 1)5a5+(_ZT 07)F7520:>M(0 1)5QBZ_(—ZT O’Y)FWB
>

oy oy
= M < 0 1 ) 5aﬁ < _Zgw 07 F’YU —ZJ;)\ 0 F)\B
~Zay T, 28T 0 )
= %o (13.6.4)
( 0 ~Z} T, Z,3 I

Now, we do the following manipulation;

(2'17) 5 =m0l + V5 (B'T°) ;= 1olag + 7V, (67 ... B1T0) o = nol0s + 7V, (67... B'T°)
= 1los + 7V, (P87 ... B) 5 = Tolos + 7V, (D087 61 = (1°21)

(13.6.5)
using the following identities, valid with the present gamma-matrix conventions:
gim — (et = et = rormror? = e = g (13.6.6)
AT = 10 = 1°TT™ = 198™ (13.6.7)
Similarly, we can also derive the following;
0 0
(ZF )aﬁ = (F Z)aﬁ (13.6.8)

Using 13.6.5 and 13.6.8 in 13.6.4, we get;

M? ( (1) (1) )5a6 > ( (ZZOT)(XB (Zé)ag )

where we can easily see that;

Z=1+1VpB, Z'=mo+7,V,80 = 22V =13 + 77V, (B+ BT + VBT (13.6.9)
Now, we notice the following result;
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BT _ (61 o /317)T — 5Tp o /31‘1 =pP.. ‘51 — (_1):0(1)—1)/251 LGP (13.6.10)

where the last step uses

gmpt =Trmrr" = —Irr"rr" = —p"g™ form #n
and I also used the following fact;

1424 4 (po1)=be=b

From 13.6.10, we can see that 3 is hermitian is p is a multiple of 4 . Moreover, we also note
that;

(5m)2 =IT"IT" = I T = -1 = 62 _ 51 - .ﬁpﬁl L (_1)p(p71)/25p N 5151 e
— (_1)p(P—1)/2(_1>p _ (_1)P(p+1)/2

We see that if p is a multiple of 4, then 32 = 1. So, we see that for p a multiple of 4,13.6.9
becomes;

727V =717 = 75 + 211, Vi, B+ VB = (10 + 7,V,8)°
The eigenvalues of § are +1. For the supersymmetry preserved by the bound state, the relevant
projector takes the +1 eigenspace, and the BPS bound is

M > 1+ 1,V,

We note that a D0 and Dp state saturates this BPS bound and thus, some supersymmetry is
unbroken. To make sense of this result, we note that for a DO — Dp system, the only Dirichlet
directions can be the p directions on the Dp brane and all of these directions have to be Neumann
directions on the DO brane. So, in this case, #xp = p. We saw that if #yp is a multiple of
4, then some supersymmetry is unbroken. This is exactly what we are seeing here i.e. for p a
multiple of 4, the BPS bound is saturated.

Similarly, we can easily see that if p is even but not a multiple of 4 (i.e. if p = 4k + 2), then we
have;

=, B=-1

In this case, 13.6.9 becomes;

77V =717 =15+ TV}
and thus, the BPS bound is easily seen to be;

M? > 75 +72VE= M >\ /1¢ + 72V2

This bound is not saturated by a DO — Dp system and it is consistent with the fact that for
#np = 4k + 2, the system is not supersymmetric.

12.6.3 DO0-DO0O bound states

For N DO0-branes the BPS mass is additive,
N

gsvVo!

The formula follows directly from the D-brane tension, but the real question is whether the
interacting quantum mechanics has a normalizable threshold bound state after the free center of
mass is removed. The low-energy theory is the dimensional reduction of ten-dimensional U(N)
super-Yang—Mills to one time dimension. Writing the nine adjoint scalars as matrices X*(t), the
bosonic Hamiltonian has the sc}iematic form |
L i\2 i yi2
Hyos = QQéMTr(DtX) + 49(2QM(27T0/)2TI (X", X7)°. (12.13)

Mnpo = N1p = (12.12)
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The trace part is the free center of mass. The SU(N) part controls relative separations and
off-diagonal strings. If X' are simultaneously diagonal, the eigenvalues are the positions of
separated DO-branes. When two eigenvalues approach each other, off-diagonal strings become
light and the interaction cannot be ignored. Hence the bound-state statement is a statement
about the supersymmetric ground state of the SU(/N) matrix quantum mechanics, not about
adding classical point masses. This is the same protected object that appears as a Kaluza—Klein
momentum state after the type-IIA /M-theory lift [177,353,364].

Derivation. The BPS interpretation is fixed by the eleven-dimensional lift. Type-ITA DO-
branes carry one unit of momentum around the M-theory circle, so

P11 = ﬂ, Rll = gsés. (1214)
R
This gives M = N/Ri1 = N/(gils) = N/(gsV/'), exactly Eq. (12.12). A normalizable threshold
bound state is required because eleven-dimensional supergravity contains one particle state for
each integer unit of Kaluza—Klein momentum, instead of a continuum of unrelated multi-particle
fragments.

Closed-string emission from a D0O-open-string bound configuration.

There is a useful way to say what it means for an open string stretched between D0-branes to
radiate a closed string. Classically, an open string can split when its profile self-intersects; after
the splitting, the outgoing open-string pieces carry kinks where the joining point used to be. In
the DO-brane problem the endpoints are not free in space: they obey Dirichlet conditions in the
spatial directions and remain attached to the DO-branes. The DO0-branes therefore specify the
boundary state of the open string, while the emitted closed string is an ordinary bulk excitation
of the same worldsheet theory.

Quantum mechanically, the inclusive decay probability is most cleanly read from unitarity. One
computes the forward two-point amplitude of the initial open-string state on the first surface
that can contain closed-string emission and reabsorption. Topologically this surface has one
boundary and one handle,

g=1, b=1 y=2-29—b=—1. (12.15)

It may be pictured as a disk boundary carrying two open-string vertex operators, V and V, with
a bulk handle through which the closed-string intermediate states propagate. If the resulting
Lorentz-invariant two-point amplitude is denoted by M, the optical theorem gives the total
decay rate in the rest frame of an initial open-string state of mass M:

1
Finclusive - M ImMZ (1216)

The imaginary part is important. It isolates the physical cuts of the amplitude, namely the
channels in which real closed strings and the final open-string state can go on shell. Thus the
decay calculation is not a separate rule added to string theory; it is the same factorization and
unitarity logic used earlier for ordinary string amplitudes.

One can also ask a less inclusive question: what is the probability to emit one specified closed-
string state, for example a graviton? Then it is enough to study a disk amplitude with open-string
vertices on the boundary and closed-string vertices inserted in the bulk. The relevant channel
is the one in which the closed-string state goes on shell, and the residue of that pole gives the
transition amplitude for

open string on DO-branes — open string on DO-branes + closed string. (12.17)
If only massless closed strings are wanted, one keeps only the massless closed-string multiplet
in the intermediate-state sum. The DO-branes mainly change the boundary conditions and the
open-string spectrum; the logic of emission remains open—closed factorization on a worldsheet
with boundary. This is the same mechanism behind the statement that an interacting open-string
theory cannot be consistently separated from the closed-string sector.

12.6.4 DO0-D2 bound states

A pointlike DO placed near a flat D2 has #yp = 2, so the bare two-brane open-string sys-
tem is not the BPS object of interest. The BPS description is a D2-brane carrying magnetic
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worldvolume flux. The Chern—Simons coupling is

1
Sgsz D) /.1/2/ Cl A (27TO/F), k= — FeZ. (1218)
D2 271 Jpo
Thus a flux sector with integer k carries k units of DO charge. The energy follows from the DBI
action. For a flat D2 of area V5 and constant magnetic field Fis,

2k
EDQ/F = TQ‘/Q\/l + (27TO/F12)2, F12 = 7 (1219)
2
Using 79 = 4m2a’Ty, this becomes
Epap =/ (12V2)? + (km0)2. (12.20)
The square-root form is the central-charge result for a single D2 carrying dissolved DO charge.
The tachyonic separated D0-D2 system and the smooth flux configuration are two descriptions
of different points along the decay process, so their supersymmetry properties should not be
conflated [118].

Derivation. The equality 7o = 472a/7, follows from 7, = [(27)Pg.(a’)PT1/2]~1 Substituting
Fi9 = 271k /V; into the DBI energy gives

1+ (4”‘2%) ] = (Vo) + (kn)?. (12.21)

The fluxed D2 is therefore lighter than a separated D2 plus k£ DO-branes for finite V5, because
Va? + b? < a+b. The missing binding energy is carried by the tachyon condensation/dissolution
process.

21,2
T3 V5

12.6.5 DO0-D4 bound states

The D0-D4 system is the canonical #yp = 4 example. On the D4-brane, DO charge is the
instanton number of the worldvolume gauge field:

1 2 N2
k=— [ TFAF, 55§3M4/ an T npaR (12.22)
8% Jpa D4
The Yang—Mills action on the D4 satisfies the instanton bound
1 / 1
d‘*g;TrEE:—/TrF:F*F?i /TrF/\F. 12.23

It is saturated by self-dual or anti-self-dual field strength. Thus a D0 dissolved in a D4 is a
Yang—Mills instanton, and the instanton moduli space is the Higgs branch of the DO-D4 open-
string quantum mechanics. The #yp = 4 condition gives massless modes that can resolve the
small-instanton singularity [101,118].

Derivation. The DBI and Chern—Simons normalizations agree with the D0 charge. Expanding
the D4 Wess—Zumino term gives
9 N2
( WQM /ClATrFAF:MOk/Cl, (12.24)

using 9 = (2m)*(a/)?pg and k = (87%)~! [ TrF A F. This shows algebraically that instanton
number is DO charge.

22

12.6.6 D-branes as instantons

D-branes appear as instantons in two related senses. First, a Euclidean D-brane wrapping an
internal cycle contributes to the path integral with weight

exp(—Sg +z’/C’), Sg = %Volerl(E) +e (12.25)

S
where the displayed volume term is written in the convention in which 7, already includes the

appropriate power of g; . Second, a lower-dimensional D-brane charge may appear as a gauge
instanton on a higher-dimensional D-brane. Both statements are encoded in the Wess—Zumino
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coupling

A(Ry)
(B)
The exponential collects the Chern character of the gauge bundle. Its expansion gives D(p — 2),
D(p — 4), and lower charges on the same brane. The curvature factor supplies the gravitational

correction to the charge. These topological invariants explain why D-brane charge is naturally
refined by K-theory [101,105].

. (12.26)

o)

Swz = ,up/ C N Tr exp(2rd’F + B)
Dp

12.6.7 DO0-D6 bound states

A bare DO-D6 pair has #yp = 6, so it does not preserve supersymmetry by the elementary
projection rule. Supersymmetric configurations with the same total charge can still be built
using flux on the D6-brane. The relevant term in the Wess—Zumino expansion is
M3
,uﬁ/ CA SQWQIF D) /lﬁ/ 01 VAN M (1227)
D6 D6 3!

For a diagonal flux on three orthogonal two-planes, F' = Fidaz! A da? + Fydz3 A da* + Fyda® A dab,
the induced DO charge is proportional to

QDO OC/ F/\F/\FZG/FlFQng6£E (1228)
D6

The same flux also induces D2 and D4 charges through the lower powers of F'. After T-duality
this system is described by branes at angles, and supersymmetry requires the angle condition
01 + 0 + 03 = 0 modulo 27, with tan6; = 27ra’F;. Hence a fluxed D6 can be BPS, while the
elementary separated D0-D6 pair is a different, non-BPS system [118].

12.6.8 DO0—-DS8 bound states

The D0-DS8 system must be treated with the background included. A D8-brane is a domain wall
of massive type-IIA supergravity. Across it, the Romans mass jumps by one unit,

dFQ = ,ug (SDg, AFO = 1 (1229)
up to the normalization of the R-R flux quantum. Thus the two sides of the D8-brane are
different massive-ITA regions. When a DO crosses a D8, one fundamental string is created
between them. This string creation is required by charge conservation and anomaly inflow.
Therefore a statement about a D0-D8 bound state is meaningful only after the Romans mass,
orientifold planes, and global tadpole conditions are specified. In type-I' constructions these
ingredients can produce supersymmetric configurations, but the isolated flat-space D0-D8 pair
should not be analyzed as if it were the DO-D4 system with more ND directions.



Chapter 13

Strong coupling: dualities, M-theory,
and holography

Everything so far has been an expansion in gs; this chapter asks what happens outside that expansion:
what are the five superstring theories when the coupling is large? The method is the one prepared
in Chapter 12. BPS masses and tensions are fixed by charges appearing in the supersymmetry
algebra, so they can be computed at weak coupling and trusted at strong coupling; matching the
protected spectra of two theories is then evidence, and matching their charge lattices, low-energy
actions, and anomaly structures supports the identification of the two theories as the same theory in
different variables. Carried out case by case this yields the duality web: type IIB maps to itself under
SL(2,7Z), with the fundamental string and D-string rotated into a family of (p, q) strings; strongly
coupled type ITA grows an eleventh dimension of radius R11 = gs¢s whose Kaluza—Klein modes are
DO-branes, pointing to eleven-dimensional M-theory with its membrane and five-brane; and type I
and heterotic SO(32) exchange strong and weak coupling. The chapter closes with two applications:
matrix theory as a proposed definition of M-theory, and the D-brane counting of black-hole entropy,
where Cardy’s formula reproduces the Bekenstein-Hawking area law exactly [167,353].

Why the D-string has only transverse propagating fields. The D-string worldvolume is 1 4 1-
dimensional. A gauge field A, in two dimensions has field strength Fg;, but no transverse photon
polarization. In Hamiltonian language A, imposes Gauss’ law, and A; has no local oscillator
after gauge fixing; only electric flux sectors remain. Thus the local propagating bosons are the

eight transverse scalars X%, i = 2,...,9. For a worldsheet fermion u, the massless Dirac equation
(T° + T'0))u =0 (13.1)
implies, after multiplying by I'!,
MI%u+ou=0 <= TIT'9u=0u, (13.2)
where (I'')? = +1 and ' = —T°T"'. A right/left mover obeys (9y F d;)u = 0, hence
MTuy = duy, 2S5, =TT, (13.3)

This removes the earlier “constant of integration” worry: for a definite nonzero-frequency chiral
mode the relation is algebraic. Zero modes are handled by the same chirality projection on
the constant spinor. The ten-dimensional Majorana—Weyl spinor therefore decomposes under

SO(1,1) x SO(8) as
16 —s (+%,8) ® (—%,8’) , (13.4)

with the assignment of 8 versus 8 depending on the ten-dimensional chirality convention.
(p, q)-string tension and frame convention. Type IIB combines the axion and dilaton into

ar +b <a b

L 1
T:CO+Z€¢:C()+—, T c d

s et +d’

) € SL(2,7). (13.5)

The NS-NS and R-R two-forms transform as a doublet, so an object carrying p units of F1

203
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charge and ¢ units of D1 charge has Einstein-frame tension

(p7Q) - 27-(—al ImT

Derivation. The Einstein-frame expression is fixed by the SL(2,7Z)-invariant charge norm.
The charge vector (p, q) pairs with the axio-dilaton through |p + ¢7|, while the factor (Im 7)1/

converts the string-frame tension to Einstein frame. Setting Cy = 0 gives T; (Pio) = (2na/)™! gi/ 2
for the F-string and T(‘g By = (2ma’) gy Y2 for the D-string, which are the string-frame tensions
multiplied by the common worldsheet Weyl factor.

This formula resolves the red normalization warning around Eq. (13.25). In string frame, the
F1 tension is 7%, = 1/(2na’), while the D1 tension is T3, = 1/(27a’g,). Passing to Einstein

frame multiplies a string worldsheet tension by e?/? = g;/ ®. Thus

91 /2 1
TE = 2— TE = —— 13.7
(1L0) = 3o 0 = o i (13.7)

which is exactly Eq. (13.6) at Cy = 0. The frame must be named whenever exact powers of g
are compared [167,171].

D3 gauge coupling and Montonen—Olive normalization. Expand the D3 DBI action in string
frame,

Sper = —T5 / d*z e ?\/— det(na + 2ma’ Fy). (13.8)

Using

1
Vdet(1+M)=1- Z(27m/)2141d,wb 4+ (13.9)

for antisymmetric M,, = 2w’ F,;, the gauge kinetic term is

Tye%(2mal)?
Siin = —w / 'z F,F™. (13.10)
With T3 = 1/[(27)3a/?] in the convention where the explicit e~ sits in DBI,
1 1
= Fom = 279s. (13.11)

Fn 2mgs’
Some Yang-Mills conventions absorb a factor of 2 into the trace normalization and quote g3, =
4mgs. That is why Eq. (13.27) was marked as convention-dependent. The Chern—Simons coupling
ps [ Co(2ma’F) A (2ma’F) /2 supplies the theta angle, so the physical statement is

Tym is proportional to Cy + ie™?, (13.12)

with the proportionality fixed by the chosen trace convention. Therefore I[IB SL(2,7Z) becomes
electric-magnetic duality of the D3 worldvolume theory [167,174].
IIA /M-theory radius and eleven-dimensional Planck length. The DO-brane mass in type IIA
string frame is
1

gsls
If this is the first Kaluza—Klein momentum mode around the eleventh circle, then My = 1/Ry;.
Matching the two gives

Mpy =

, (13.13)

Ri1 = gsls. (13.14)
The eleven-dimensional Planck scale follows by reducing the Einstein—Hilbert term. Since
2r7; = (2m)°0), 2k, = (27) g3 L5, K1 = (2m R )k, (13.15)
one obtains
0 = 950, = g%, (13.16)

These two equations are the quantitative core of the statement that strong-coupling type ITA
decompactifies into an eleven-dimensional theory [352,353].
Type-1/heterotic tension matching. The SO(32) type-I/heterotic map is fixed by matching
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Einstein-frame actions and BPS string tensions. If

1
g
then the heterotic fundamental string maps to the type-I D1-brane. String-frame tensions give
1 1
Thet F1 = ———, = . 13.18
het F1 2mal, I D1 21 ( )
Equating the dual objects gives
O/[ =dJgg O/H. (1319)

This is why Eq. (13.30) must include both the inverse coupling and the rescaling of /. Matching
only g = 1/gy would leave the tension normalization wrong [167,170].

Matriz-theory mass scale and black-hole entropy check. For N DO-branes, the low-energy
matrices X*(¢) have potential schematically

1 Xt X2
Voo L AT (13.20)
gsls (2ma’)?
On a diagonal background X' = diag(x},...,zY%), an off-diagonal fluctuation connecting a and
b has mass of order
|0 — @]
ab ™ ; 13.21
Mtab 2ma! ( )

the energy of a string stretched between the two DO-branes. This is the microscopic reason
that noncommuting matrices encode light stretched strings when branes approach each other
[177,364].

For the D1-D5-momentum black hole, the weak-coupling CF'T has central charge ¢ = 6nins.
Cardy’s formula gives

Smicro - 277—“ % — 27T\/ ninsny, (1322)

Derivation. For the D1-D5 CFT the effective central charge is ¢ = 6Q1Q5. If N units of
momentum are placed in one chiral sector, Cardy’s formula gives

S = 271'\/ % = 27T\/ Qng)N. (1323)

The supergravity area of the corresponding five-dimensional extremal black hole gives the same
entropy, Spy = A/(4G5). The equality is protected because the index/counting can be moved
to weak coupling, where the D-brane CFT is calculable, while the area is computed in the
strong-coupling geometric regime.

which matches the leading Bekenstein—-Hawking entropy of the corresponding extremal black

hole.

13.1 The type IIB string and SL(2,Z) duality

To see the SL(2,Z) duality of type IIB theory, consider a D-string. Its worldsheet is two-
dimensional. As for D-branes generally, the longitudinal excitations correspond to the world-
volume gauge field. In two dimensions, however, the gauge field has no propagating photon; Ay
imposes Gauss’ law and A; carries only global electric-flux sectors after gauge fixing. The local
propagating excitations are therefore transverse. The Dirac equation for these excitations is

(T°0 +T'01) u=0 (14.1.1)
Multiplying from the left by I'!, we have;

(160 + (1)* 01 ) u = 0 = T°T" o = Dyu (14.1.2)
For left and right-handed spinors, we have the following;

Using (14.1.3) in 14.1.2, we have;
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T ogu = £0pu = Ty = +u
For a definite chiral mode the relation above is algebraic; zero modes obey the same chirality
projection on the constant spinor. From appendix B, we know that 2S5, = I'°T'!. Therefore, we
see that the sy eigenvalue of u has to be +1/2. Therefore, the Majorana Weyl fermion living in

16 decomposes as follows:
1 1
16 -8 -8
* (352 ()

Infinite string has the same decomposition (complete).

13.1.1 SL(2,7Z) duality
Type IIB duality is organized by the axio-dilaton

B e K at +b a b
T =Cy+ e —Co+gs, T}—>—CT—|—d’ c d

The NS-NS and R-R two-forms transform as a doublet, so the fundamental string and D-string

combine into (p, ¢) strings. In Einstein-frame conventions their protected tension is proportional
to

) € SL(2,7). (13.24)

L lp+ar| (13.25)

T =
"9 " ora’ \Im7

It makes precise the paragraph above: the D-string has the same transverse worldsheet field
content as the fundamental string because it is one member of the same duality orbit. [167,171].

Einstein-frame normalization: Eq. (13.25) is the Einstein-frame (p, ¢)-string tension. The
string-frame F1 and D1 tensions are 1/(27¢’) and 1/(27a/gs); converting frames gives the g2
factors derived in Eq. (13.6).

13.1.2 The IIB NS5-brane

The IIB NS5-brane is the magnetic dual of the fundamental string and is mapped by SL(2,7Z)
to the D5-brane. The tension scalings in string frame already show the strong-coupling content:
1 1

— TNss ~ ——=-
gs(a’)?’ W g a)?

s

Tps ~ (13.26)
Thus the NS5-brane is nonperturbative from the fundamental-string viewpoint, while the D5-
brane is the object naturally coupled to the R—R six-form. S-duality therefore exchanges the
electric and magnetic completions of the full two-form charge lattice, not just two isolated
objects. [167,168].

The single-NS5 construction gives a worldsheet realization of a strongly coupled magnetic
object. The decoupled n5 = 1 background is written as a gauged WZW coset

G PSU(1,1|2) x R5!

Ho UML) xU@1)
with an additional dynamical constraint that removes the obstruction usually encountered for
a controlled ns = 1 description [229]. A related embedding interpolates between the fivebrane
throat and an AdSs region dual to a single-trace TT-deformed symmetric product. The NS5-
brane remains the magnetic dual required by charge quantization, and the coset description

shows how exact worldsheet methods can still access the corresponding little-string regime.

13.1.3 D3-branes and Montonen—Olive duality

The D3-brane is self-dual under type 1IB SL(2,7Z). Its low-energy worldvolume theory is four-
dimensional NV = 4 super Yang-Mills, and the IIB axio-dilaton becomes the complexified gauge
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coupling up to convention-dependent factors:

0 4mi
Tym = =M _27rz ~ Cp+ie™?. (13.27)
2T gym

Therefore IIB S-duality acts on the D3 worldvolume as Montonen—Olive electric-magnetic dual-
ity. It identifies the worldvolume electric-magnetic duality with the spacetime S-duality action
on the D3-brane system. [167,174].

D3 gauge-coupling normalization: the proportionality in Eq. (13.27) is fixed only after choosing
the Yang-Mills trace normalization. With the DBI normalization used in Eq. (13.11), g%\, =
2mg,; the common 47mgs version uses a different trace convention.

13.2 U-duality

D=11 M-Theory
T1 /Z » / \T1
Heterotic Heterotic
D=10 | Typel Type 1A Type IIB
0(32) Eg X Ea
0(32)

T\1\\\ ///1/ \\\\ _I_1 ///_|:1
KT N
D=9 O Tt " O
D=6
O

Figure 13.1: The web of string dualities. The five ten-dimensional superstring theories and
eleven-dimensional M-theory are limits of a single structure, connected by T- and S-dualities
and by compactification on circles, on 7%, and on K3. From Ref. [374].

U-duality is the nonperturbative duality group obtained after compactification, combining T-
duality with strong-coupling S-duality, the two edges of the duality web in Figure 13.1. For type
IT theory on a torus 7%, the expected arithmetic group is the integer form of the split exceptional

group,
G(Z)

SL(2,7)
SL(2,Z) x SL(3,7Z)

SL(5,7) (13.28)

SO(5,5;7)

E6(6) (Z)

Er)(Z)
The physical content is that momentum, winding, brane wrapping numbers, and flux charges
must assemble into multiplets of the same arithmetic group. Therefore BPS spectra are the right
test objects: their masses are protected enough to compare across descriptions. [173,174].

S T W N

13.2.1 U-duality and bound states

A U-duality-covariant bound-state statement has two ingredients: the charge vector must trans-
form in the appropriate lattice representation, and the BPS mass must be an invariant con-
structed from the moduli and charges. Schematically,

Q S Fchaurge; M]%PS(Q? ¢) = M]%PS(QQ;Q ' ¢)7 g € G<Z) (1329>
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The strong-coupling continuation of the DO-Dp discussion: what looked like different bound
states in perturbative language become different components of one charge orbit. [119,174].

13.3 SO(32) type I-heterotic duality

The SO(32) type I string and the SO(32) heterotic string are related by strong-weak duality.
At the schematic level,

g1 = g—H, oy = gg oy (13.30)

after matching the Einstein-frame metric. The heterotic fundamental string maps to the type
I Dl-brane, and the shared SO(32) gauge group is protected by anomaly cancellation. At
this stage, a perturbative current algebra on one side becomes D-brane/R-R physics on the
other. [149,167].

13.3.1 Quantitative tests

Useful quantitative tests of type I-heterotic duality include matching the ten-dimensional low-
energy actions in Einstein frame, comparing BPS string and five-brane tensions, matching
anomaly-canceling Green—Schwarz terms, and comparing protected threshold corrections after
compactification. The guiding structure is

Stalgm, @, Al < SPlgr =1/gu, @1, A), (13.31)
with the dilaton dependence redistributed between tree-level, disk, crosscap, and loop effects.

This duality statement is tested by normalization checks on tensions, charges, and anomaly
terms. [149,167,170].

13.3.2 Type I D5-branes

Type I D5-branes are the strong-dual objects related to heterotic five-brane physics. In compact-
ifications they are also tied to small-instanton transitions: gauge instanton number can shrink
to a brane-like object, changing the nonperturbative spectrum while preserving the anomaly
constraints. The relevant charge relation is again a Wess—Zumino coupling of the form

u5/ C' A Tre? 't (13.32)
D5

with orientifold projection and SO(32) Chan-Paton structure added. The construction is tied to
the D-brane-as-instanton discussion, because the same charge lattice and tension normalizations
appear in both descriptions [85,167].

13.4 The type IIA string and M-theory

In type ITA string theory the string coupling determines the radius of the eleventh dimension
(Figure 13.2):

Riy = gsls, = g%, (13.33)
As g, — o0, the circle radius grows without bound. The strong-coupling limit is therefore

described by an eleven-dimensional theory instead of by a divergent ten-dimensional perturbation
series. [352,353].

13.4.1 U-duality and F-theory

U-duality combines the perturbative T-duality group with nonperturbative strong—weak duali-
ties. For type-II strings compactified on a torus, the charges include momentum, winding, brane
wrapping numbers, and fluxes. In four-dimensional type-II compactification on T, the discrete
group acting on the full charge lattice is conventionally written as

E7(7) (Z), Fcharge C 56. (1334)
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Figure 13.2: The moduli space of string/M-theory. Each cusp is a weak-coupling limit, one of
the five ten-dimensional superstring theories or eleven-dimensional M-theory, and the interior
interpolates smoothly between them. What look like six distinct theories are boundary regions
of one connected moduli space. From Ref. [374].

The continuous group Er(7) appears in the classical supergravity limit. The integer subgroup pre-
serves charge quantization in the quantum theory. The arithmetic group is therefore a symmetry
of the allowed charge lattice, not a continuous field redefinition. [371].

F-theory gives a geometric notation for the varying axio-dilaton of type-I1IB string theory. The
complex coupling

T=Cy+ie® (13.35)

transforms under SL(2,7Z). F-theory represents this SL(2,7Z) action as the modular transfor-
mation of an auxiliary elliptic curve. The elliptic fiber is not an ordinary pair of large spacetime
dimensions; its complex structure records the IIB coupling. Degeneration loci of the elliptic
fibration correspond to seven-brane sources, so the geometry encodes both the local value of 7
and its monodromy around branes. [372].

13.4.2 1IIA branes from 11 dimensions

A D-brane appears in type-IIA after reducing M-theory objects along or transverse to the
eleventh circle. Its low-energy worldvolume dynamics is governed by the Dirac-Born—Infeld and
Chern—Simons action already written in Eq. (12.11), whose DBI term carries the open-string
gauge field and transverse scalars and whose Chern—Simons term supplies the coupling to the
Ramond—Ramond potentials. The content of the present reduction is that the eleven-dimensional
origin must be matched at the level of particle states, brane tensions, and charges [38,351,352].

13.5 FEg X Eg heterotic string at strong coupling

One theory remains unaccounted for in the duality web, and its strong-coupling limit is of
a different kind. The Fg x Ejg heterotic string cannot be S-dual to any of the ten-dimensional
theories already placed, its gauge group matches none of them perturbatively, and the resolution
(Horava—Witten) is that its strong-coupling limit grows an eleventh dimension that is an interval
and not a circle:

Es x FEg heterotic at gg > 1 ~  M-theory on R x S'/Z,, Ly = g4l (13.36)
with one Eg gauge multiplet living on each ten-dimensional boundary wall. The consistency

structure mirrors the type-I construction in eleven-dimensional language: the walls are gravi-
tational anomaly sources, and anomaly inflow from the bulk Chern—Simons term C5 A G4 A Gy
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cancels the boundary anomaly precisely when each wall carries a rank-248 group with the Fjg trace
identities, the Green—Schwarz factorization of Chapter 10 rederived as bulk-boundary matching.
The parallel with type ITA is exact but orbifolded: circle compactification of M-theory gives ITA,
interval compactification gives Eg x FEg, and the two heterotic theories, T-dual to each other
after further circle compactification, thereby enter the same duality network [167,353].

13.6 Matrix theory

The letter M has not had a single fixed meaning in the literature. It is often associated with
membrane, mystery, magic, or matrix. The word “matrix” becomes precise in the BF'SS proposal,
where M-theory in the infinite-momentum frame is described by the large- N limit of the quantum
mechanics of N DO-branes. The bosonic part of the DO-brane matrix model may be written
schematically as

1 . 1 o
S ~ dt Tr | (D, X")? X' X71?| + fermi ' =1.....9. 13.37

The nine Hermitian matrices X*(¢) are the transverse coordinates of the DO-branes. When all X"
commute, they can be diagonalized simultaneously and their eigenvalues give ordinary D0-brane
positions. The off-diagonal entries describe strings stretched between different DO-branes; for
two well-separated diagonal eigenvalues z’, and z}, the corresponding stretched string has a mass

scale of order
“ 2mal ) )

Non-commuting matrices therefore describe configurations that cannot be reduced to a set of
classical points.

The BFSS proposal is stronger than the strong-coupling relation Ry = gls, {11 = g;/ 30, of
Eq. (13.33). That relation only identifies the type-IIA coupling with the radius of the eleventh
dimension, whereas Eq. (13.37) asserts that in a particular light-cone frame the entire dynamics
is captured by a supersymmetric matrix quantum mechanics. The letter M is therefore not
fixed to the word “matrix”; Matrix theory is one formulation of M-theory in a special light-cone,
large-N limit [177,353,364,368].

The decoupling-limit worldsheet formalism derives the BFSS light sector by cancelling the
DO-brane rest energy against a near-critical R—R one-form. Schematically,

i (587~ )

so DO-branes and their off-diagonal open strings remain light. Their low-energy action is the
matrix quantum mechanics

Eﬁmte

1 D S 8
Swess = [T [0 4 XX ]
9ym s

The fundamental string in the same scaling develops nodal worldsheet degenerations [224]. Re-
lated work on twisted BFSS and IKKT identifies BV-BRST cohomological twists of matrix
models with planar twists of type-II strings [234]. The matrix Hamiltonian is therefore selected
by the critical scaling of the string background.

In the two-dimensional maximally supersymmetric U(N) Yang—Mills description of matrix
string theory, the infrared fixed point is the symmetric-product orbifold (R®)" /Sy. Bajaj fixes
the Wilson coefficient of the leading irrelevant Dijkgraaf—Verlinde—Verlinde operator by a non-
renormalization theorem in the ultraviolet gauge theory, obtaining a first-principles relation
between gyy and the type-ITA string coupling [285]. This matters for Eq. (13.37): the ma-
trix model is not only expected to reproduce the qualitative string spectrum, but also specific
coefficients of the deformation away from the free symmetric-orbifold CFT.
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13.6.1 The M-theory membrane

The membrane in M-theory is the M2-brane. Its bosonic action is the volume of a three-
dimensional worldvolume plus the electric coupling to the eleven-dimensional three-form field,

1
Shz = _TM2/d3£\/ —det gap + T2 / Cs, T = @ne, (13.39)
11

The first term is the membrane analogue of the Nambu—Goto action. The second term is the
electric coupling to the eleven-dimensional gauge potential C5. The magnetic dual object is the
Mb5-brane.
The reduction to type ITA gives a direct normalization check. If the M2 wraps the eleventh
circle, its effective string tension is
21 gl s 1
Torapped = (2mR11)The = = =Ty, 13.40
pped ( (e 11) M2 (QW)QQSEE 27_‘_€§ F1 ( )
where 3, = g,/3 has been used. If the M2 is not wrapped on the circle, it reduces to the type-
ITA D2-brane. For this reason the membrane discussion is centered on the M2-brane and its
reductions, instead of on the D-brane DBI action alone. [352,353].

13.6.2 Finite n and compactification

In Matrix theory, finite N labels a sector with fixed light-cone momentum instead of the whole
uncompactified theory. One writes schematically
N

-5
Recovering the uncompactified light-cone theory requires a suitable large-N limit. Compactifi-
cation changes the matrix model because winding sectors and dual brane descriptions become
dynamical. For example, DO-branes on a spatial circle are T-dual to D1-branes on the dual
circle, so the matrices become fields on the dual circle.

Matrix compactification is not the elementary momentum-winding exchange of the ordinary

closed-string circle spectrum, Eq. (1.45); the matrix description must instead reproduce com-
pactified M-theory after the appropriate duality chain. [10,177,364].

Maskalaniec, Yan, and Zorba show that the D-particle decoupling limits leading to BFSS-
like matrix quantum mechanics naturally produce non-Lorentzian supergravity backgrounds,
and they relate the dynamics to current-algebra anomalies of the associated fundamental-string
worldsheet [331]. At large N, D-particle backreaction deforms the non-Lorentzian description
back toward Lorentzian type IIA, while at moderately large N the D-particles decouple at
leading order. Matrix theory is then not only a quantum-mechanical guess for M-theory, but
the low-energy target geometry selected by a precise D-brane decoupling limit.

+

p (13.41)

13.7 Black-hole quantum mechanics

Black-hole quantum mechanics asks for the microscopic Hilbert space whose number of states
gives the Bekenstein—-Hawking entropy

Spu = (13.42)

4GN
The simplest string-theory calculation is the supersymmetric five-dimensional D1-D5—
momentum system. If the integer charges are n;, ns, and n,, the weak-coupling D-brane
conformal field theory gives the degeneracy

Shicro = 2T/M1N5N,. (13.43)

The corresponding extremal black-hole solution gives the same leading entropy from Eq. (13.42).
The equality is meaningful because the charges and supersymmetry protect the index while the
coupling is varied.

For Matrix theory the microscopic system is a supersymmetric quantum mechanics instead
of an ordinary field theory in fixed spacetime. The black-hole question is then phrased as a
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question about the spectrum and thermal states of the matrix Hamiltonian. In both descriptions
the quantity being compared with geometry is a count of quantum states with fixed conserved
charges [177,352,365].

Nanda, Shanmugapriya, and Virmani construct an index saddle for the D1-D5-P black string
and its decoupling limit, obtaining a complex finite-temperature BTZ saddle that computes
the dual CFT index after a chain of string dualities [346]. Larsen and Sharma similarly argue
that the gravitational representative of the supersymmetric index in AdS; x S® is a smooth
complex BPS saddle, not a naive Euclidean continuation of the Lorentzian black hole [339].
Ruiperez derives first-order o/ corrections to the heterotic BMPV black hole and finds entropy
agreement with supersymmetric-index methods once Lorentz Chern—Simons terms are handled
correctly [347]. Finally, Saha, Sen, and Shanmugapriya compute logarithms of charge ratios
in BPS black-hole entropy and match microscopic results in theories where those quantities are
known [340]. Together these refine Eq. (13.43): the tests now compare not only the leading Cardy
entropy but also complex index saddles, o’ corrections, and logarithmic charge-ratio terms.

13.7.1 A correspondence principle

The correspondence principle compares a highly excited string with a black hole at the coupling
where the Schwarzschild radius becomes of order the string length,

Rg ~ (. (13.44)
In D non-compact spacetime dimensions the Schwarzschild scaling is
RD—2
s

D

RE™ ~GpM,  Spu~ ~ MRg. (13.45)

A highly excited free string has entropy of order
Sstring ~ Més (1346)

At the crossover point Rg ~ (, Eq. (13.45) gives Sy ~ M/, which has the same scaling as
Eq. (13.46). The comparison is a scaling argument, not an exact BPS equality. It explains why
a weakly coupled long-string description and a strongly gravitating black-hole description can
meet at a smooth parametric boundary [352,366].

13.7.2 The information paradox

The information paradox is the tension between semiclassical Hawking evaporation and unitary
quantum mechanics. Semiclassically, a pure collapsing state seems to produce nearly thermal
radiation,

|¢> <1/1| — Pthermal S(pthermal> > O (1347)
Unitary evolution instead preserves the von Neumann entropy of the full closed system,
p(t) =U@)p(OU' (),  S(p(t)) = S(p(0)). (13.48)

The problem is not the appearance of thermal radiation after coarse graining. The problem is
whether the complete radiation state contains the correlations required to purify it.

D-brane state counting shows that black-hole charge sectors can have explicit microscopic
Hilbert spaces, as in Eq. (13.43). Matrix theory and holographic descriptions similarly replace
a purely geometric description by a quantum system with a Hamiltonian and a Hilbert space.
These tools do not by themselves complete the evaporation calculation, but they specify the
microscopic degrees of freedom whose unitary evolution must be understood [177,365].

The entanglement-worldsheet proposal relates the open/closed charge discussion to entropy
functionals. The starting point is the AdSs;/CFT, interval entropy,

l
SEE = E log —.
3 €
Expanding the proposed bilocal entropy action near coincident points gives a local two-
dimensional action of Polyakov type,
1 1
Siys ~ / d*c (\/ﬁ hG,,(X) —|—2’e“bBW(X)) X" X"~ / Vh®R?),
T

Ve




13.8. HOLOGRAPHY AND ADS/CFT 213

with G, B, and ® read from the entropy kernel [231]. In this formulation open-string charge is
associated with entanglement entropy, while closed-string charge is compared with Bekenstein—
Hawking entropy. The construction is separate from the D1-D5 count, but it uses the same
open/closed channel relation as the cylinder amplitude.

13.8 Holography and AdS/CFT

AdS/CFT gives a second nonperturbative formulation, complementary to Matrix theory. For
N coincident D3-branes, the open-string low-energy limit gives four-dimensional N' =4 SU(N)
super Yang—Mills theory, while the near-horizon closed-string geometry is type-IIB string theory
on AdSs x S°. Maldacena’s conjecture identifies these two limits:

N =4 SU(N)SYM <+ type IIB string theory on AdSs x S°. (13.49)
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Figure 13.3: The AdS/CFT limit can be read from both sides of a stack of D3-branes. The
open-string low-energy limit gives N' = 4 super-Yang—Mills theory, while the closed-string near-
horizon limit gives type-IIB strings, or supergravity at strong 't Hooft coupling, on AdSs x S°.

Part [3]

The parameters of this low-energy gauge/gravity map (Figure 13.3) obey

L4

@ ~ g\2(MN7 gs ~ g%(M? (1350)
up to convention-dependent numerical factors. Large N and large 't Hooft coupling give the
classical supergravity regime; finite N and finite coupling correspond to quantum and stringy
corrections. This is again the recurring theme, that a gravitational background is defined by
the Hilbert space and operator algebra of a lower-dimensional quantum theory, so spacetime
dynamics is governed by a non-gravitational quantum system [369, 370].

Worldsheet derivations of holography keep the radial coordinate tied to field-theory parameters.
In the worldline-to-worldsheet construction, Schwinger parameters t; of dense multi-loop graphs
combine into an emergent radial variable z, so the continuum limit produces a sigma-model
action of the form

S~ / BPovVhh®Gn (X, 2)0, XM, XN.
v

The asymptotically AdS metric arises after reorganizing the graph moduli [223]. In exact AdSs
backgrounds with NS-NS flux, the worldsheet theory contains an SL(2,R); current algebra,
knab Z'fab JC(O)
J(2)J(0) ~ ‘
()7%(0) ~ oy e
and spectra are built from representations and spectral flow [225,243,247]. A near-boundary
scaling of Euclidean AdSj strings with B-field gives a Lorentz-invariant celestial CFTy sector,
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but not a full ISO(3, 1)-invariant celestial theory because the target-space conformal group is
absent [228]. Holographic statements in these examples follow from explicit worldsheet CFT
quantities.

Three recent AdS3 constructions test this statement precisely. A tensionless hybrid-string con-
struction on AdS3 x S% x S3 x ST gives a Wakimoto-like free-field realization of 9(2, 1; )1, and its
ghost-projected partition function matches the single-particle partition function of a symmetric-
orbifold CFT, with DDF operators and BRST physical-state conditions included [255]. De-
formed BTZ radiance in single-trace TT holography uses an exact gauged-WZW worldsheet
background interpolating between AdS; and a linear-dilaton region; long-string emission prob-
abilities are governed by ASgy, and thermodynamic consistency fixes the background B-field
value needed to match twisted-sector spectra [262]. A charged two-dimensional black hole near
extremality, described by a dimensionally reduced (SL(2,R) x U(1))/U(1) WZW model, gives
one-loop entropy corrections from the torus partition function and a worldsheet realization of the
black-hole/string transition [256]. All three examples turn a target-space statement—spectrum
matching, radiance, or entropy correction—into a direct worldsheet calculation.

The AdSs worldsheet description is controlled by representation theory, not by a supergravity
expansion alone. For NS-NS flux, physical states are organized by SL(2,R); modules and
spectral flow,

kw kw?

Js — JS — 7(5,170, LO — L() — ’U)Jg — T,

with integer w labeling long-string sectors [265]. A superspace Polyakov path integral on su-
per Riemann surfaces gives a free-field realization of the supersymmetric SL(2,R) model and
computes near-boundary long-string correlators without relying on the usual picture-changing-
operator construction [275]. Exact and strongly coupled worldsheet CFTs can also produce
target spaces with Euclidean wormbholes, double cones, or Einstein—Rosen bridges, including
cases where the throat scale is stringy [274]. These examples show how AdS;/CFT, quantities
can be computed directly in the worldsheet theory.

Open strings and topological strings also serve as controlled probes of holographic dynamics.
Takeda derives a completely positive Lindblad equation for holographic Brownian motion by
starting from the influence functional of a trailing string endpoint, with explicit coefficients
for BTZ and AdS; black-brane backgrounds [344]. Troost’s equivariant-interpolation analysis
relates Gromov—Witten theory on P! and P! x C? to several known holographic points, including
the symmetric-orbifold point dual to AdS3 x S* x C? at string-scale radius [345]. Mazenc and
Sarkar’s open-closed-open triality in twisted holography shows that two transverse brane stacks
in the B-model on the resolved conifold give equivalent open-string field-theory descriptions,
with integrating out one open sector reproducing its backreaction on the geometry seen by the
other [336]. In each case worldsheet or open-string degrees of freedom encode dissipative probes,
topological interpolations, or geometric backreaction without first passing through a classical
supergravity limit.



Chapter 14

Advanced conformal field theory

In the first thirteen chapters conformal field theory was a means of calculation; the last five treat it as
the object of study, because the compactifications we now want to control are defined by CFTs that
need not have any geometric description at all. This chapter assembles the exact structure theory.
Starting from the Ward identity and the Virasoro algebra as the residue algebra of the stress-tensor
OPE, we classify highest-weight representations and meet the theories where symmetry determines
everything: the minimal models, whose null vectors close the operator algebra on finitely many
primaries, and the WZW and coset models, where the current algebras of Chapter 9 reappear as
complete theories in their own right. Rational CFT organizes these examples: characters transform
in finite modular representations, fusion rules are given by the Verlinde formula, and this is precisely
the technology that orbifold and Gepner constructions will consume in the following chapters. The
chapter ends away from criticality: the renormalization group on the space of two-dimensional the-
ories, Zamolodchikov’s c-theorem ordering its flows, and the Landau—Ginzburg description that will
later bridge minimal models to Calabi—Yau geometry [359,362].

Detailed CFT-first derivations of the conformal Killing equation, the SO(d+ 1, 1) embedding-
space construction, radial quantization, the OPE-to-commutator dictionary, and the free-field
central charges are collected in Ref. [4]. The discussion below uses those results in their world-
sheet role: as constraints on string spectra, modular sums, current algebras, and compactification
input.

Until now, conformal field theory has been a means of quantizing the string and computing
its amplitudes. In the compactifications that follow it becomes the definition of the background
itself: an orbifold, a Gepner model, or a Calabi—Yau sigma model is specified by its worldsheet
CFT, sometimes with no large-radius geometry at all. Deciding which of these theories are
consistent string vacua needs the exact representation theory, modular properties, and operator-
algebra structure assembled in this chapter, and each result is used directly in the four chapters
that follow: the N = 1 algebra and minimal models in the superstring compactifications, rational
CFT and the Verlinde formula in orbifolds, and the Landau-Ginzburg description as the bridge
from minimal models to Calabi-Yau geometry.

Derivation used from the CFT volume. The Ward identity gives the starting equation. If ¢;
are primaries of weights h;, the OPE

T(2)pi(w;) ~ hipi(w;) " O i (W)

(z — w;)? z — w;

(14.1)

implies, after inserting 7'(z) in a correlator and summing residues,

<T(2) H ¢z’(“’z‘)> =2 [(Z _hib,l,)z Tt —1’w¢ a’wi] <H ¢z‘(“’i)> : (14.2)

i=1 i=1
This is the local reason the stress tensor generates conformal transformations. With
dz
L,= ¢ —"HT 14.3
the TT' OPE gives
(Lo, L] = (m — 1) Lyn + 1—62(m3 — )8 sm0- (14.4)
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Thus the algebra used in string spectra is not a postulate: it is the residue algebra of the stress
tensor OPE [42,107].

The contour proof of this residue statement, including the radial-ordering step that converts
OPE coefficients into charge commutators, is given in Ref. [4]. Here the result is used in its
worldsheet form: Virasoro constraints, current-algebra Ward identities, and BRST commutators
are all computed by the same residue operation.

Characters and modular invariance. Radial quantization maps a local operator to a state,

0) =lImOG:)0),  Lo|O) = h|0). (14.5)

For a rational theory the Hilbert space decomposes into finitely many representations, whose
characters are

X7(T) — TI'H,,;(]LO_C/QZL, q= 627ri’r' (146)
The torus partition function must be single-valued under large diffeomorphisms of the torus:
Z(r,7) = Myxi(r)x;(7), MS=SM, MT=TM. (14.7)
]

This is the CFT version of the modular-invariance checks used in one-loop string amplitudes,
orbifolds, heterotic lattices, and Gepner models.

Open/closed consistency has recently been recast in operator-algebraic terms. Gui’s 2026
Cardy-type construction builds open and closed conformal field theories from conformal nets, not
necessarily rational, and interprets Haag-duality statements as Minkowskian versions of modular
invariance, Cardy consistency, and Morita equivalence of boundary field algebras [249]. This
gives a modern operator-algebraic counterpart of the annulus/cylinder consistency condition used
throughout the D-brane chapters. A separate 2026 matrix-model duality constructs a closed-
string worldsheet dual for interacting Hermitian one-matrix models, with a B-twisted Landau-
Ginzburg model coupled to topological gravity and an explicit dictionary between matrix traces
and worldsheet vertex operators [236]. Both works reinforce the same principle: a consistent
spectrum is fixed by the compatibility of bulk, boundary, and modular quantities.

14.1 Representations of Virasoro algebra

A Virasoro representation is built from a highest-weight state |h) satisfying
Loy =hlB), Loty =0 (n>0),  [Lm,Lu) = (m =) Lmntn+ 75 (m* = m)Gmino.
(14.8)

The descendants are L_,,, - -+ L_,_|h). Whether such a module is unitary, and whether it contains
null states, is a property of the pair (¢, h) alone, and these are the same restrictions that later
control the string partition function. How the allowed representations combine inside correlation
functions is the question taken up next. [42,107].

14.2 The conformal bootstrap

The conformal bootstrap defines a CFT by quantities constrained by crossing symmetry and
OPE associativity. Schematically,

Z 0120034(9]:((98) = Z 01300240178). (14.9)
0 0

This is the local form of the factorization principle used in string amplitudes, the requirement
that two different decompositions of the same correlator agree. The most tightly constrained
solutions of these crossing equations are the minimal models. [359,362].
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14.3 Minimal models

Minimal models are useful because they show how severely conformal symmetry can restrict a
theory. The unitary Virasoro minimal models have

P . A (14.10)

m(m+1)

Their finite spectra make the modular-invariance and operator-product constraints visible in a
controlled setting, and the same models reappear later as building blocks of the Gepner and
coset constructions. An explicit free-field realization of their representations is given by the
Feigin-Fuchs construction. [359,362].

14.3.1 Feigin—Fuchs representation

The Feigin—Fuchs construction realizes Virasoro representations using a free boson with back-
ground charge. In one common convention,

T(z) = —% 100 0 +ia 9%, c=1-12a3, he = %a(a — 2a). (14.11)

Degenerate representations and screening charges then give an explicit method to build minimal-
model correlators, turning the abstract null-vector constraints into calculable Coulomb-gas in-
tegrals.! [42].

14.4 Current algebras
Affine current algebras are the local CFT mechanism behind many heterotic gauge groups. The

basic OPE is
5ab fachc( )

“(2)J° 14.12
J(2)I0) ~ = . (14.12)
and the Sugawara construction gives
1 kdim G
T — = 9 @ @ : = — 141

Thus the gauge algebra, central-charge budget, and modular-invariant spectrum are fixed to-
gether by one set of consistency conditions, not chosen independently. [39,138].

14.4.1 Modular invariance of current-algebra spectra

For a theory whose chiral algebra is an affine current algebra, modular invariance becomes a
finite problem, because level k£ admits only finitely many integrable highest weights A (those
with (\,0) < k). The characters x,(7) = Try,q°~%?** close among themselves under the
modular group, with the Kac—Peterson S-matrix

2mi (WA 4+ p), 1+ p
(—1/7) = ZS/\MXM Sy o< Z e(w) exp|— ( Y ) : (14.14)
weW

SO a modular—lnvarlant partition function is a finite matrix M,; commuting with S and 7', an
algebraic problem with a complete answer. For SU(2); the solutions follow an A-D-E pattern:
the diagonal invariants exist at every level, while exceptional pairings occur exactly at the
levels tied to the D and E Dynkin diagrams. This classification is the technology behind the
statement, used in Chapter 9, that a level-one simply laced current algebra has essentially a
unique spectrum: the lattice construction and the character-theoretic construction are forced to
agree [138,359].

!The signs in Eq. (14.11) change across Euclidean/Lorentzian and real/imaginary background-charge con-
ventions. What matters is not the Coulomb-gas method itself but the consistent choice of conventions for

= —1(0¢)* + Q6?¢ and for the two-point function of ¢; once the OPE ¢(2)$(0) ~ —log z or +log z is fixed, ¢
and h,, follow from that choice.
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14.4.2 Strings on group manifolds

Strings on a compact group manifold are described by the Wess—Zumino—Witten model. Its
action contains both the sigma-model kinetic term and a quantized three-form term,

k k
= — [ Tr(g~" —19¢ — | Tr(¢g 'dg)? B=7Y. 14.1
Swzw 8#/2 r(g  0ugg 0%q) + 12%/3 r(g~"dg)’, 0 ( 5)

The integer k is the affine level in Eq. (14.12), so a group-manifold background is an exact CFT,
not a low-energy geometry with uncontrolled o/ corrections. [42,138].

14.5 Coset models

Coset CF'Ts divide a current algebra by a subalgebra. At the level of stress tensors,
T(;/H = TG — TH7 C(;/H = Cq — CqH. (1416)
This construction produces many rational CFTs, and when the gauged WZW model has a

geometric interpretation it gives an exact string background, so subtracting gauge redundancy
on the worldsheet builds a new target-space geometry. [42,144].

14.6 Representations of the N = 1 superconformal alge-
bra

The N = 1 superconformal algebra extends the Virasoro algebra by a dimension-3/2 supercurrent
G(z):
3G(0) . 0G(0)

T(2)G(0) ~ 2220+ S22,
% 27(0) (14.17)
G()G(0) ~ o + =

The mode expansion has Neveu-Schwarz and Ramond sectors, corresponding to half-integer and
integer modes of G. These two sectors are the representation-theoretic origin of the spin-structure
sums and GSO projections used earlier in the superstring chapters. [42,121].

14.7 Rational CFT

A rational CFT has finitely many irreducible representations of the chiral algebra. The characters
form a finite-dimensional representation of the modular group,

xi(=1/7) = Sijx;(7), xi(T+ 1) = T;x;(7), (14.18)
and the fusion rules are encoded by the Verlinde formula,
. Si0S;05%

NyF =" ik 14.19

=2 =g, (14.19)

14

Therefore rational CFT is the natural language for minimal models, WZW models, Gepner
models, and many exactly solvable string compactifications. [42,107].

Calderon-Infante and Mohseni study infinite-distance limits on conformal manifolds of four-
dimensional N/ = 2 quiver SCFTs and argue that, in holographic large-N limits, the approach
to the overall-free point is dual to a tensionless-string limit in the bulk [266]. The diagnostic is
the large-N Hagedorn temperature Ty, extracted from the exponential density of states. This
connects three parts of the review: rational or symmetric-product CFT technology organizes
the spectrum, the Hagedorn growth of Chapter 6 detects a string tower, and the AdS/CFT map
interprets the tower as the ultraviolet completion of bulk gravity.
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14.8 Renormalization group flows

A two-dimensional QFT deformed away from a CFT by operators O; has

. - d\!
szScFT+Zx/d2zoi(z,z), 9= Jlogp

(14.20)

Fixed points 3° = 0 are conformal theories. In string theory the same condition is a spacetime
equation of motion for the background fields, so RG flow on the worldsheet is the origin of
target-space dynamics. [10,42].

14.8.1 Scale invariance and renormalization group flows

Scale invariance requires the trace of the stress tensor to vanish up to improvement terms.
Perturbatively,
7% =Y B0+ 0,J" (14.21)

(2
For unitary, Poincare-invariant two-dimensional theories, the improvement ambiguity is tightly
constrained, so scale-invariant fixed points are normally treated as conformal fixed points in
this setting. In the sigma-model chapters this becomes the statement that Weyl invariance is
equivalent to the vanishing of target-space beta functions. [10].

14.8.2 The Zamolodchikov ¢ theorem

Zamolodchikov’s theorem gives a function C'(\) that decreases along unitary two-dimensional
RG flows and equals the central charge at conformal fixed points. In schematic normalization,

dcC

— (. 187 < .
Tlogz = ~CsNBF <0 (14.22)

where Gj; is a positive two-point-function metric on coupling space. Relevant perturbations
of the minimal models therefore flow from larger to smaller central charge, which is why the
central charge measures the number of degrees of freedom in the exact CFT blocks used by
string theory.? [7].

14.8.3 Conformal perturbation theory

Conformal perturbation theory computes the beta functions and anomalous dimensions created
by deformations of a known CFT. For operators with OPE coefficients C;; k

B = (2= DN = 7O NN + - (14.23)
This is the local tool behind statements such as “a vertex operator is marginal” or “a background

solves the string equations of motion”. Exact marginality is stronger than A = 2 at first order;
it requires the full beta function to vanish. [10].

The JJ deformation gives a higher-genus refinement of Eq. (14.23). Liu rewrites conformal
perturbation theory for J.J-deformed CFTs by using the Riemann bilinear identity to convert
the integrated deformation into a dressing of operators plus large-cycle integrals; the resulting
torus and higher-genus partition functions are kernel integrals that preserve modular invariance
or covariance [258]. In practice, an exactly marginal current-current deformation can change
conformal weights and charges while keeping the modular consistency constraints of the string
partition function under analytic control. This is the deformation-theory cousin of the O(d, d)
and TsT examples discussed in the compactification chapters.

2The numerical coefficient in Eq. (14.22) depends on the normalization of the stress tensor and of the operator
two-point functions. The sign is universal for a unitary two-dimensional RG flow, but the prefactor multiplying
G,;B'B7 is convention-dependent, so unless one fixes a Zamolodchikov metric and a stress-tensor normalization
the equation is read only as a monotonicity statement.
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14.9 Statistical Mechanics

Two-dimensional statistical systems at a second-order critical point are described by CFT quan-
tities, the central charge, primary fields, scaling dimensions, and OPE coefficients. For example,
the Ising model corresponds to the ¢ = 1/2 minimal model with primaries 1,0,e. The same
CFT methods carry over to string theory, where the quantities that classify critical spin systems
also classify the allowed worldsheet sectors. [42,107].

14.9.1 Landau—Ginzburg models

In two-dimensional NV = 2 theories, Landau-Ginzburg models with superpotential W (®;) flow
in the infrared to superconformal theories when the weights are quasi-homogeneous. The chiral
ring is

Cl®;]

Rc iral — 748 11,0
T (D, W)

(14.24)
and for charges ¢; the central charge is

c= 32(1 —2q:). (14.25)

The same chiral-ring calculation is used in minimal models, Gepner models, and Calabi—Yau
compactifications. [195,208].



Chapter 15
Orbifolds

Toroidal compactification of the heterotic string preserves too much supersymmetry and too large
a gauge group to resemble particle physics; this chapter develops a minimal controlled construction
that breaks both. An orbifold identifies points of the torus under a discrete group, and the worldsheet
requires more than the identification alone: closed strings need only close up to a group element,
so twisted sectors localized at the fixed points are obligatory, and we prove it directly, the modular
transformations of the torus map the projected untwisted trace into the twisted sectors, so a modular-
invariant theory must contain them all. With the general rules established (sector sums, fractional
moding, the twist-field weight v(1—v)/2), we apply them to the heterotic string, where the geometric
twist must be accompanied by a shift in the gauge lattice, and level matching plus modular invariance
sharply restrict the combinations. The conditions for surviving spacetime supersymmetry (SU(3)
twists), the resulting untwisted and twisted matter spectra, Wilson lines, discrete torsion, and the
threshold corrections to gauge couplings complete a construction kit that produces four-dimensional
chiral gauge theories from exactly solvable worldsheets [10, 86].

Why twisted sectors are forced. Let a finite group G act on a parent CF'T. A closed string does
not need to close in the covering space; it only needs to close up to the quotient action:

X(o+2m,7)=9X(0,7), g€eqG. (15.1)
This defines a Hilbert space H,. Quantization of the orbifold theory therefore starts from
Hoo =D Hy:  Hotys = (Hom)“ - (15.2)
geG

The invariant subspace is obtained by inserting the projector

Zh (15.3)

heG
Thus an orbifold is not “keep the invariant untw1sted fields”. It is the invariant part of the sum
over all sectors that close only up to a group element.
Torus partition function and modular covariance. On the torus one labels the spatial cycle by
g and inserts h along the Euclidean-time cycle. Consistency requires the twists to commute, so

Zono(7,7) |G‘ > { } (15.4)

g,heG
gh=hg

The modular generators act by changing the basis of cycles:

S ZM s Z{ghl] , T Zm b—)Z{hgg} . (15.5)

The full sum is therefore closed under S and 7". This derivation makes precise the usual statement
that modular invariance forces twisted sectors [10, 58, 86].

Fractional modes and localized states. For one complex boson twisted by X (e*™z) = e*™ X (2),
0 < v < 1, the oscillator modes are shifted:

- Z Qm—y Z—m—l—u—l. (156>

meZ
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Zeta-regularizing the shifted oscillator zero-point energy gives the bosonic twist-field weight

1
poomplex _ §V(1 —v). (15.7)

For a real Zs boson this is h = 1/16. These twist fields are localized at fixed points because the
boundary condition has no ordinary translational zero mode in the twisted directions.

15.1 Orbifolds of the heterotic string

Applying the general orbifold rules of Eq. (15.4) to the heterotic string introduces one genuinely
new element: the group action must reach into the gauge sector. A purely geometric twist
0 acting on (X™, ¢™) alone is not modular invariant, because the left-moving gauge lattice
contributes an uncompensated phase to the transformation of each twisted block. The standard
cure embeds the point group into the gauge degrees of freedom as a shift V' of the I';3 momenta,

k

P — P+ kV in the 0*-twisted sector, Z [21} o 2RVIZ/2 (L ), (15.8)
so that the geometric twist phases (from the eigenvalues e?™i) and the gauge shift phases cancel
between the S- and T-images of each block. For a Zy orbifold this cancellation is the level-
matching condition N(V? — v?) € 2Z, the single equation that decides which combinations of
geometric twist and gauge embedding define consistent heterotic vacua. Everything phenomeno-
logical in this chapter, the surviving gauge group, the untwisted and twisted matter, the anomaly
structure, descends from the solutions of this one modular constraint [86,361].

15.1.1 Modular invariance and level matching

The sector sum of Eq. (15.4) can be tested block by block, and for a heterotic Zy orbifold the
test reduces to one arithmetic condition. Under T": 7 — 7 + 1 each twisted block picks up the
phase of its left-right ground-state energy mismatch,
Z 6" _ p2mi (Bx—Ey) 0 oo K
91 (T+1)—€ Z0l+k (T), Ek—Ek—?

where v = (v, v9, v3) are the geometric twist angles and V' is the gauge shift. Requiring the orbit
of blocks generated by S and T to close with mutually consistent phases yields N (V?—v?) € 27,
which is the level-matching condition of the previous section, here obtained as a consequence of
modular closure. Its content is that twisted-sector states can only satisfy Lo—Lg € Z/N when the
ground-state mismatch is itself a multiple of 1/NN; otherwise the projector onto invariant states
annihilates the whole sector and no modular completion exists. Wilson lines refine the condition
sector by sector, and a heterotic orbifold model is fully specified by the input (v, V, Wilson lines)
passing this test [86,361].

The level-matching phase has an anomaly interpretation. For a cyclic heterotic asymmetric
orbifold, the T-transformation of the k-twisted block gives

(V?—v*) (mod %), (15.9)

B 2
Zi(r +1) = 2B 7, (1), Ey,— Ey = ?(V2 —?)  (mod 1/N).

Worldsheet Dai-Freed anomaly cancellation sets this exponentiated phase to one, with the same
even-m refinements that appear in cyclic asymmetric orbifolds [238]. Bosonization gives the same
anomaly in the fermionic and lattice descriptions. Free-field and minimal-model constructions of
heterotic Calabi—Yau orbifolds then use the same modular test to select physical vertex operators
from the N = 2 minimal-model input [246]. Level matching is therefore a global quantum
consistency condition.

15.1.2 Other free CFTs

The orbifold construction applies to any CFT with a discrete symmetry, beyond bosons on a
torus, and two further free realizations matter in practice. In free-fermionic models the in-
ternal degrees of freedom are two-dimensional fermions and the “orbifold group” acts through
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boundary-condition vectors; the sector sum

Tty = é > Zm (15.10)

g,heq
gh=hg

becomes a sum over spin-structure assignments, with modular invariance imposing the same
bilinear constraints on the boundary-condition vectors that level matching imposes on shifts.
Asymmetric orbifolds act differently on left- and right-movers, for instance twisting X; while
leaving X5 fixed, which is only possible at special points of the Narain moduli space where the
lattice splits; they trade geometric interpretation for smaller spectra and are the natural home
of constructions with few or no moduli. In both cases the rule established for geometric orbifolds
is unchanged: the group action, the projection, and the twisted sectors form one modular orbit,
and consistency is checked on the partition function, not on the target space [58,78,86].

Gkountoumis’s 2026 dissertation gives a systematic treatment of freely acting type-1IB orb-
ifolds, especially asymmetric non-geometric examples with AV = 6,4, 2, or 0 supersymmetry in
five dimensions [330]. The work compares the duality-twist and lattice descriptions, computes
spectra and moduli spaces, and tracks how branes transform in these backgrounds. It extends
Eq. (15.10): freely acting orbifolds have no fixed-point twist fields in the geometric sense, but
modular invariance still forces the full sector sum and determines which non-geometric compact-
ifications are genuine string vacua.

15.2 Spacetime supersymmetry

In orbifold compactifications, spacetime supersymmetry survives only if the orbifold action pre-
serves the internal spinor and is compatible with the GSO projection. For a geometric twist
with angles v; on the three complex internal planes, the familiar local condition is

V1 + Vg + U3 = 0 (mod 1), (1511)

which says that the twist lies in SU(3) instead of only SO(6). In heterotic models this must be
supplemented by the gauge shift and modular-invariance constraints. [86,91].

15.3 Examples

The examples show how the general rules change an actual spectrum. A standard useful case
is the circle orbifold S'/Z,, where the generator acts by X + —X. The untwisted sector is
projected onto Zs-even states, while the twisted sectors obey

X(o+27m)=—X(0)+27Rm. (15.12)
The fixed points then support localized twisted states. The example shows that an orbifold
is more than a space obtained from target-space points, because the worldsheet theory also
contains sectors that a point-particle identification would miss.

A second useful example is a toroidal heterotic orbifold, where the geometric twist is accom-
panied by a gauge-lattice shift. Modular invariance and level matching then restrict the allowed
shifts and Wilson lines. Such examples are worth keeping because they show how spacetime
gauge quantities are constrained by the worldsheet construction. [10,86].

15.3.1 Connection with grand unification

Heterotic orbifolds are useful for grand-unified model building because the ten-dimensional gauge
group can be broken by gauge shifts and Wilson lines while still retaining local enhanced sym-
metries at fixed points. Schematically, a shift V' acts on gauge lattice momenta as

P— P+, P? =2 for roots, (15.13)

so the surviving gauge bosons are the roots satisfying the orbifold projection. The projection
shows how one can obtain SU(5), SO(10), or Standard-Model-like subgroups from an underlying
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FEg x FEg or SO(32) lattice.! [86,94,125].

15.3.2 Generalizations

The natural generalizations are obtained by adding discrete torsion, Wilson lines, asymmetric
actions, or non-abelian orbifold groups. Discrete torsion modifies the sector sum by phases,

1

el S g )z m : (15.14)
gh=hg

where the phases must obey compatibility conditions so that the partition function still trans-

forms properly under the modular group. Wilson lines play a similar role in heterotic compact-

ifications by embedding the space-group action into the gauge lattice.

These generalizations are not arbitrary additions. Each phase, shift, or asymmetric action
changes the projection, the twisted-sector spectrum, or the gauge group. The text must there-
fore list the extra input and then state the corresponding level-matching or modular-invariance
condition. [10,86].

Zorb -

15.3.3 Worldsheet supersymmetry of orbifold models

An orbifold action must be compatible with the worldsheet supersymmetries that the parent
theory carries. In the heterotic string the right-moving (0, 1) supercurrent Tp = iy/2/o/ Y*0X,,

must remain a well-defined single field after the projection, so the twist must rotate ¢ and
X™ identically, the orbifold group embeds in the diagonal of the rotation acting on bosons
and fermions. When the twist lies in an SU(3) subgroup of the internal SO(6), the surviving
internal CFT has accidentally enhanced supersymmetry: the standard-embedding orbifold is
a (2,2) superconformal theory, with a left-moving N = 2 algebra assembled from the gauge
fermions that were twisted in parallel with the geometry. This is the exactly solvable limit of
the Calabi-Yau statement of Chapter 16, and the (2, 2) algebra is what Chapter 17 exploits for
chiral rings and mirror symmetry. Twists with a more general gauge embedding produce (0, 2)
models: still supersymmetric in spacetime, but without the left-moving N = 2 structure, which
is why their Yukawa couplings are much harder to compute [86,355].

15.4 Low-energy field theory of orbifold models

Reducing the ten-dimensional action

51\131\1322%62 dPrv/—G e ?® (R+4(V(I>)2—1—12H2+...) (15.15)
on an orbifold produces a four-dimensional N = 1 theory whose field content splits by origin,
and the split matters because the two kinds of fields have different couplings. Untwisted fields
are ten-dimensional fields with invariant internal indices: the dilaton S, the Kéhler and complex-
structure moduli 7" and U of the underlying torus, and the untwisted charged matter, all with
Kihler potentials of the no-scale form —log(S + S) — " log(T + T) inherited from the torus
reduction. Twisted fields have no ten-dimensional ancestor: they live at the fixed points, their
vacuum expectation values are blow-up modes that deform the orbifold toward a smooth Calabi—
Yau, and their couplings are computed from twist-field correlators instead of from dimensional
reduction. The orbifold point is thus a special corner of a Calabi—Yau moduli space where
the worldsheet is free and everything is calculable; moving away from it is controlled by the
twisted-sector effective theory constructed here [86,355].

1Obtaining a realistic gauge group is only the first step of a model. A complete construction lists the massless
spectrum sector by sector, untwisted and each twisted sector, verifies the absence of gauge and gravitational
anomalies apart from at most one Green—Schwarz U (1), works out the Yukawa couplings allowed by the orbifold
space-group selection rules, and estimates the threshold corrections of Eq. (15.19). Any of these stages can remove
a candidate — unwanted vector-like matter may fail to decouple, an anomalous U (1) may trigger a destabilizing
Fayet—Iliopoulos term, and needed Yukawas may be forbidden by the selection rules. The models cited here
survive all of these checks.
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15.4.1 Untwisted states

The untwisted spectrum is the parent spectrum filtered by the projector, and the filtering can
be written state by state. A parent state carries a geometric phase e2™(P=?)% from its oscillator
content and a gauge phase >V from its lattice momentum, and it survives when the product
is one:

P-V—(p—p) v ez (15.16)
Applied to the ten-dimensional gauge bosons (p = p = 0), this keeps exactly the roots with
P -V € Z: the orbifold breaks Eg x Fg or SO(32) to the commutant of the shift, which is
how Eg x SU(3) and its relatives appear. Applied to the internal components of the metric
and B-field, it keeps the moduli compatible with the twist, for a Zs example, nine untwisted
moduli 7%. Applied to the would-be gravitini, it keeps one for v € SU(3), which is the N =1
statement of the previous section. Charged untwisted matter comes from the states whose two
phases cancel between geometry and gauge lattice, one copy per fixed combination, and the
count is completed in the twisted sectors below [86,361].

15.4.2 T-duality of orbifold models

T-duality survives orbifolding, but it acts on more than a radius. The circle formulas
R R ~
nowh . N—-N+nw=0 (15.17)
a

L= 5 + ;0 PR= 55 —
R« R

still govern each torus direction, and the duality group of the parent Narain lattice descends to
the subgroup commuting with the orbifold action, so dualities can permute fixed points, mix
Wilson lines with radii, and identify orbifold models whose defining input (v, V') look different.
Two consequences are worth separating. First, the moduli space of a given orbifold is the parent
moduli space restricted to twist-invariant directions and quotiented by this residual duality
group, which is how apparently distinct models in the literature turn out to be the same theory.
Second, T-duality can map a symmetric orbifold to an asymmetric one, since the duality acts
oppositely on X and Xg; the asymmetric constructions of the previous subsection are in this
sense not exotic but T-dual images of geometric ones. The invariant content is again the CFT,
and the geometric description is one coordinate patch on its moduli space [86,350,361].

15.4.3 Twisted states

Twisted states are localized at fixed points or fixed tori of the orbifold action. If X (e*™z) =
9X(2), the mode expansion has fractional moding, and the ground-state conformal weight is
shifted. For a twist angle 0 < 1; < 1 in a complex plane,

1
Ppwist = 5 Z v;(1 — ;) for the bosonic coordinates. (15.18)

7

These states are often the localized matter fields of the four-dimensional theory. [58, 86].

15.4.4 Threshold corrections

String threshold corrections compare the running gauge couplings below the compactification
scale with the one-loop string amplitude. A standard heterotic form is

d*r _

A, = T (BCL(Tv T) - ba) ) (1519)
F T2

where B, inserts the gauge charge operator in the modular-invariant partition function and b,

subtracts the field-theory infrared divergence. Here modular invariance becomes a quantitative

correction to four-dimensional unification. [95,97].



Chapter 16

Calabi—Yau compactification

The previous chapter used orbifolds, which preserve supersymmetry but are singular at their fixed
points. This chapter identifies the smooth internal geometries that keep exactly N = 1 supersym-
metry in four dimensions, and it does so by following a single chain of implications, each link of
which is established in a section below. Requiring one unbroken supercharge forces a covariantly
constant spinor on the internal six-manifold (Section 16.1). The existence of such a spinor restricts
the Riemannian holonomy to SU(3), which is the same as saying the manifold is Kédhler with van-
ishing first Chern class (Section 16.2). Yau’s theorem then guarantees a Ricci-flat metric, and Ricci
flatness is exactly what the leading string equations of motion demand. The geometric background
needed for these steps, real, complex, and Kéhler manifolds and Dolbeault cohomology, is assembled
first, each harmonic form becomes a massless four-dimensional field, with A% Kéahler moduli and
h?! complex-structure moduli. For the heterotic string the geometry is not by itself a vacuum; a
gauge bundle satisfying the Hermitian Yang—Mills equations and the anomaly Bianchi identity must
be chosen, and the number of chiral generations is then set by an index. The corrections the leading-
order analysis omits, the o’ and worldsheet-instanton terms and the flux generalizations, are taken
up in Chapter 18.

Supersymmetry implies special holonomy. Compactify ten-dimensional supergravity on RY3 x
X with no flux at leading order. The internal part of the gravitino variation is
For unbroken four-dimensional supersymmetry there must be a nonzero internal spinor 7 satis-
fying
Vn =0. (16.2)
The geometric consequence follows from this condition. In the flux-free product ansatz the
ten-dimensional supersymmetry parameter factorizes as

€10 = ®@n+cc., (16.3)
and the external Killing-spinor equation fixes (4, while the internal equation is precisely
Eq. (16.2). Parallel transport of n around any closed curve must return the same spinor, so
every holonomy element h € Hol(X') obeys

h-n=n. (16.4)
Equivalently, the curvature generators of the holonomy algebra must annihilate 7. This follows
by commuting the two covariant derivatives:

1 ,
0= [Vma Vn]ﬁ = ZLR’nmqupqn' (165)

By the Ambrose—Singer theorem, the holonomy algebra is generated by such curvature endomor-
phisms. Hence the holonomy is contained in the stabilizer of a nonzero six-dimensional chiral
spinor. Since

Spin(6) ~ SU(4), (16.6)
and a positive-chirality spinor transforms as the fundamental 4 of SU(4), choosing a nonzero
spinor selects one complex direction in 4. The subgroup preserving that vector is

SU(4) — SU(3), 4 — 13, (16.7)

226
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SO
Hol(X) C SU(3). (16.8)
The same conclusion can be written in terms of spinor bilinears. A unit spinor 7, defines
Jmn - _ZTII-ann+7 anp = nT—menanr- (169>
Because the Levi-Civita connection is metric-compatible, V~,, = 0. Therefore
Vidmn = _i(vrni)%ﬂnn—&- - ini’Ymnvrn—k =0, (16'10)
vernp - (v'r‘nT—)’Y’mnplr]—i- + nT—’Y’ranpvr‘n—i- = 0. (1611>
Thus the manifold has a covariantly constant Kahler form J and holomorphic three-form €2:
VJ =0, VQ =0, c(X) =0, Hol(X) C SU(3). (16.12)

The conditions VJ = 0 and V2 = 0 imply dJ = 0 and df2 = 0; hence the metric is Kahler and
the canonical bundle is trivialized by the nowhere-vanishing (3, 0)-form €. Since the curvature
is valued in su(3), its trace part vanishes, so the Ricci form
p=iR;dz' \dZ (16.13)

represents a zero first Chern class. Conversely, Yau’s theorem states that a compact Kahler
manifold with ¢;(X) = 0 admits a unique Ricci-flat Kahler metric in each Kahler class. This is
why the geometric condition and the supersymmetry condition meet in Calabi-Yau compactifi-
cation [185,355].

How Hodge numbers become fields. Metric deformations split into Kahler and complex-
structure deformations. A Kahler deformation changes

Jr— J+68J, 6] =1t"w,  w,€H"(X), (16.14)
so there are h'! Kahler moduli before quantum corrections and identifications. A complex-
structure deformation changes the holomorphic three-form as

60 = 2y — KiQ, xi € H*Y(X), (16.15)
so there are h?! complex-structure moduli. The compact way to remember the type-II assign-
ment on a Calabi-Yau threefold is

| vector multiplets | hypermultiplets
ITA on X M (X) RA(X) +1 (16.16)
I1B on X h®1(X) RM(X) +1

The extra +1 is the universal hypermultiplet. Mirror symmetry exchanges h! and h?!, so the
table is also the first low-energy sign of mirror symmetry.

Heterotic bundle constraint. For heterotic strings the geometry alone is not a vacuum; one
must choose a gauge bundle V' — X. The Bianchi identity is

/

dH:aZ(TrR/\R—TrF/\F). (16.17)

In cohomology this requires co(TX) = co(V), up to five-brane sources. The standard embed-
ding sets F' = R, embeds the spin connection in the gauge connection, and breaks Eg to Eg.
More general stable holomorphic bundles give different gauge groups and chiral matter, but the
Bianchi identity and slope-stability conditions must still be checked. This is why a phrase like
“compactify on a Calabi—Yau” is incomplete unless the bundle, flux, and anomaly-cancellation
conditions are specified [86,355].

16.1 Conditions of N =1 supersymmetry

For a flux-free compactification on RY? x X, four-dimensional N = 1 supersymmetry means that
exactly one internal spinor survives. Decompose a ten-dimensional supersymmetry parameter
as

€10 =+ @+ + (- @1, (16.18)
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where ( is the four-dimensional spinor and 7 is a spinor on the six-dimensional compact space.
The internal gravitino variation gives
Vns =0, Hol(X) C SU(3). (16.19)

The second statement follows because SU(3) C SO(6) is the stabilizer of a nonzero chiral spinor.
In heterotic compactification this is only the geometric part. The gauge bundle must also obey
the Hermitian Yang-Mills conditions

Fog = Fpo =0,  J"Fn:=0, (16.20)

and the Bianchi identity in Eq. (16.17). Thus the full condition is not “Calabi-Yau geometry
alone”; it is geometry plus bundle input plus anomaly cancellation. [86,185,355].

16.2 Calabi—Yau manifolds

A Calabi—Yau threefold is usually defined as a compact Kahler threefold with trivial canonical
bundle and, for the strict case used in standard compactifications, SU(3) holonomy. Equivalently
it admits a nowhere-vanishing holomorphic three-form €2 and a Ricci-flat Kahler metric:

c(X) =0, Qe H3(X), R; =0, Hol(X) = SU(3) in the strict case.

(16.21)
Yau’s theorem supplies the Ricci-flat metric once the manifold is compact, Kahler, and ¢;(X) =
0. The physics uses this theorem in a specific way: Ricci flatness cancels the leading sigma-model
beta function, while the covariantly constant spinor preserves four-dimensional supersymmetry.
The Hodge diamond its entries count harmonic forms used to expand ten-dimensional fields.

(185, 355].

16.2.1 Real manifolds

A real n-manifold is locally modeled on R™, with transition functions that are smooth on overlaps.
The concepts that later become physically important are the metric, topology: differential forms,
de Rham cohomology, characteristic classes, and Betti numbers. In compactification language,

by, = dim HY; (M), (16.22)
counts harmonic k-forms after a metric is chosen. These harmonic forms are the geometric origin
of many lower-dimensional massless fields. [185].

16.2.2 Complex manifolds

A complex manifold of complex dimension n has holomorphic transition functions and a decom-
position of complexified forms into (p, ¢) type. The Dolbeault cohomology groups
 ker(9: Qr — Qratl)

~im(0 : Qe — Qpa)

give the Hodge numbers h”? = dim Hg’q(X ). These numbers later count moduli and massless
fields in Calabi-Yau compactification. [42, 185].

H2(X) (16.23)

16.2.3 Kahler manifolds

A Kahler manifold is both complex and symplectic in a compatible way. In local complex
coordinates the metric has only mixed components, and the Kahler form is

J=ig;d:' AdZF,  dJ=0, g;=00K. (16.24)

The last equality is local and introduces the Kahler potential K. This structure is what lets one
split deformations into Kahler and complex-structure classes. It is also why the sigma model has
enhanced worldsheet supersymmetry: for a Kahler target, the complex structure is covariantly
constant and can act on worldsheet fermions consistently. Calabi—Yau geometry is the special
case where this Kahler metric can be chosen Ricci-flat. [185,195].
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16.2.4 Manifolds of SU(3) holonomy

The reduction SO(6) — SU(3) can be seen explicitly from spinor bilinears. A unit covariantly
constant spinor 7, defines

o = —1 771’7mn77+7 anp = 7717mnpn+7 VJ=VQ=0. (1625)
Covariant constancy implies dJ = df2 = 0, and the Ricci form
p=iR;dz' NdZ (16.26)

represents 2mc;(X). Hence SU(3) holonomy forces ¢; = 0, while Yau’s theorem supplies the
reverse direction after fixing a Kahler class. For string theory the internal spinor is the geometric
carrier of the unbroken four-dimensional supercharge. [355].

16.2.5 Examples

The standard example is the quintic hypersurface

4
X5:{[z0:---:z4]€IP’4 Zz;.”:o}. (16.27)
The adjunction formula gives
Kx, = (Kn © 0(5)) |, = Ox
so ¢1(X5) = 0. Its Hodge numbers are
U (X5) =1, h*(X5) = 101, x(X5) = 2(h"! — h®') = —200. (16.29)

The single Kahler modulus is inherited from the ambient projective space; the 101 complex-
structure moduli are counted by polynomial deformations modulo coordinate redefinitions. The
mirror quintic reverses these Hodge numbers after a quotient and resolution, making it the
basic example where mirror symmetry turns worldsheet instanton sums into period calculations.

195, 355].

(16.28)

16.2.6 Worldsheet supersymmetry

A nonlinear sigma model with Kahler target has N' = (2,2) worldsheet supersymmetry. For a
Calabi—Yau d-fold, the vanishing first Chern class removes the axial U(1) anomaly and gives an
internal superconformal theory with

c=c¢=3d. (16.30)
For a threefold this gives ¢ = ¢ = 9, exactly the central charge needed for four-dimensional
superstring compactification after the noncompact part is included. [185,195].

Angius and Volpato define sigma-model Hodge loci for a Calabi—Yau sigma model using
generalized symmetries: Ramond-Ramond ground states provide the complex cohomology,
U(1l) x U(1) R-charges give the Hodge decomposition, and BPS boundary states supply the
rational structure and polarization through the open-string Witten index [286]. Topological
defects preserving the N' = (2,2) algebra then detect special loci with extra rational Hodge
endomorphisms and complex multiplication. In the notation here, the statement ¢ = ¢ = 9 is
only the first constraint; the exact SCF'T also carries arithmetic and defect information that can
locate special subvarieties inside Calabi—Yau moduli space.

16.3 Massless spectrum

The massless spectrum is obtained by expanding ten-dimensional fields in harmonic forms, or-
ganized by the Hodge diamond of Figure 16.1. For example, metric and B-field deformations
along (1,1) forms produce Kahler-type scalars,

hl‘l
J+iB =) t'w,,  w, € H"(X), (16.31)

a=1
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1
0 O
0 htl 0
1 h21php21 3
0 htl 0

Figure 16.1: The Hodge diamond of a Calabi—Yau threefold. Each entry hA?¢ counts the harmonic
(p, q)-forms, and every such form becomes a massless field in four dimensions. The SU(3)
holonomy fixes all entries except h''!, the number of Kihler moduli, and A%!, the number of
complex-structure moduli. Mirror symmetry exchanges h''' and h?!, and with them the two
Calabi-Yau geometries.

while complex-structure deformations are represented by y; € H*!(X) through
For heterotic compactifications with an Eg standard embedding, the charged matter is counted
by bundle cohomology. In a common convention,

x(X)
=
(16.33)

Conventions may exchange which chirality is called 27, but the index and the need for a bundle
computation are invariant. [129, 134, 355].

nar =KX, TX) = ¥YX),  ngr=h'(X,T"X) = B"(X), gy —ngr=~—

16.4 Low energy field theory

The four-dimensional low-energy theory is obtained by expanding ten-dimensional fields in har-
monic forms on the Calabi—Yau. For type II compactification on a Calabi—Yau threefold, the
geometric moduli are organized by

RY(X) Kahler moduli, h*'(X) complex-structure moduli, (16.34)

with the precise vector/hypermultiplet assignment depending on type ITA versus type I1IB. For
heterotic compactification, a gauge bundle must also be chosen, and its cohomology determines
charged matter. [129,134, 185].

Numerical Calabi—Yau metrics add information that Hodge numbers do not determine. Once
a Ricci-flat metric g;; and Hermitian Yang-Mills bundle connections are approximated, one can
compute inner products such as

Yabc

K - ~U wa /\ *w77 YC&HOH — —7
ab \/}( b abc /KaaKbBKcé
as well as Laplacian eigenvalues for Kaluza—Klein spectra, threshold effects, soft terms, and
o/-corrected backgrounds [307]. Harmonic-form counting fixes the field content, but the four-
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dimensional Lagrangian also requires metric-dependent inner products and spectra. This dis-
tinction matters for phenomenological compactifications and for quantitative tests of moduli
stabilization or swampland-distance claims.

16.5 Higher corrections

Calabi—Yau compactifications receive both perturbative o/ corrections and nonperturbative cor-
rections. Perturbative corrections modify the sigma-model beta functions and the effective ac-
tion, while protected quantities may be computable by topological-string or supersymmetry
methods. A schematic expansion is

Seff - SSUGRA + Z(a/)nsn + Snonpert- (1635)
n>1

Therefore the Calabi-Yau condition is the leading geometric constraint, but higher-order cor-
rections and fluxes must still be checked. [188,195].

16.5.1 Instanton corrections

Worldsheet instantons are holomorphic maps from the string worldsheet into nontrivial two-
cycles of the Calabi—Yau. Their contribution is weighted by

exp [_—Area(Z) +i/ B} . (16.36)

2o )

In spacetime, D-brane and NS5-brane instantons can correct hypermultiplet or superpotential
terms depending on the compactification. The recurring theme is again charge plus holomorphy:
topology determines which instantons can contribute, while supersymmetry controls what they
are allowed to correct. [187,190].

16.6 Generalizations

The strict Calabi-Yau case is the leading approximation. Realistic string vacua often generalize
it by adding fluxes, orientifolds, branes, torsion, or non-Kahler geometry. The diagnostic changes
from “dJ = dQ = 0” to differential conditions on an SU(3)-structure. Schematically,

dJ #0or dQ)# 0 = intrinsic torsion and flux must enter the SUSY equations.
(16.37)

In type IIB orientifold examples, a common controlled limit uses three-form flux
Gg = F3 - THg, Wﬂux = / G3 A Q, (1638)
X

with supersymmetric Minkowski conditions roughly selecting primitive (2,1) flux. One caveat
is that fluxes backreact, generate tadpole constraints, and can lift moduli; one cannot keep the
Calabi-Yau metric unchanged except as an approximation. [187,190, 355].



Chapter 17

N = 2 superconformal methods, mirror
symmetry, and string dualities

The final chapter returns to the worldsheet: the geometric statements of Chapters 17 and 18 are
rederived as exact statements about the N = 2 superconformal algebra, which is what a Calabi—Yau
compactification looks like to the worldsheet. From the algebra’s U(1) charge come the unitarity
bound h > |q|/2, the chiral primaries that saturate it, spectral flow between the NS and Ramond
sectors, and the finite chiral ring, and each of these corresponds to a spacetime quantity, with
the Hodge numbers, the Yukawa couplings, and their worldsheet-instanton corrections all read off
from ring structure constants. The topological twist isolates exactly this protected sector; Landau—
Ginzburg models and Gepner’s tensor products of minimal models realize the same algebra with no
geometry at all, proving that “compactification” is a property of a CFT, not of a manifold. Mirror
symmetry then exchanges the two rings and turns instanton counting into classical period integrals;
flops and conifold transitions show spacetime topology changing smoothly once the light wrapped
branes are kept; and K3, with its self-dual charge lattice, anchors the six-dimensional duality between
heterotic on T* and type IIA, completing the duality web and tying the advanced material back to
the strong-coupling results of Chapter 13 [195,208].

The full N = 2 superconformal algebra. The holomorphic generators are T'(z), a U(1) current
J(z), and two supercurrents G*(z). The defining singular OPEs are

c/2 N 2T (w) +(3T(w)

TATW) ~ s o T e (17.1)
T(2)J (w) ~ (ZJ_(MZS)Q + 2‘]_(12 (17.2)
J(2) T (w) ~ (2‘3_/—1)2 (17.3)
J(2) G (w) ~ ifi_(z), (17.4)
G*(2)G™(w) ~ (Z2f/ 3])3 (3‘1%12 + 2T(wz)jf}‘](w>. (17.5)

All other singular GTG* OPEs vanish. To see what these OPEs prove, expand the fields in
modes,

T(z) = Z L,z""2 J(z) = Z oz L GE(z) = Z G,j,[z_"_g/Q, (17.6)
nez nez r

where r € Z + 1/2 in the NS sector and r € Z in the Ramond sector. The modes are contour
integrals,

d d d
L,= f BTG, g, = ]{ (), G = ]{ ZMAGER).  (17)
0 0 0

271 271
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The general residue rule is that, if

Cj(w)
then the commutator or anticommutator of modes is obtained by taking the z-contour around
w first. Applying this to the first three OPEs gives

Ly L] = (1m0 — 1) Ly + 1—02m(m2 — 1)dmsno, (17.9)
(Lons Ju] = 1, (17.10)
[y, o] = §m5m+n70. (17.11)

Thus T generates conformal transformations, J is a dimension-one current, and the coefficient

¢/3 is the level of the U(1) current algebra. The JGF OPE similarly gives
[, G| = £GZ..,, (17.12)

so GT and G~ have U(1) charges +1 and —1. The stress-tensor OPE with a dimension-3/2 field
gives

(L, GF] = (% - 7") Gt ... (17.13)
The most important relation comes from the last OPE. Using
dz dw
+ e r41/2 v+ - _ S s+1/2 y—
G, % 577 G (z), G, j{ 5 G~ (w), (17.14)
the triple pole contributes
2c (r+1/2 c 1
E( 9 / )5T‘+s,0 = 5 (7”2 — Z) 5r+s,0- (1715)

The double pole contributes 2(r + 1/2)J,, 4, while the dJ term in the simple pole contributes
—(r + s+ 1)J,4s. Combining them gives

3 4

Since the singular parts of G*G* and G~G~ vanish, {GF G£} = 0. This algebra is the local
engine behind chiral rings, topological twists, Gepner models, and the Calabi—Yau worldsheet
theory [195,208].

Spectral flow and the chiral-ring bound. In modes, spectral flow by n acts as

1
{G;‘r, Gs_} = 2L7-+s ol (T - S)Jr+s -+ E (T2 — —) 57‘+s,0‘ (1716)

c c
Lo+ Ly +nJo + 6’72’ Jo = Jo 4 2n. (17.17)

The N = 2 algebra gives a unitarity bound in the NS sector,
h > % (17.18)

A chiral primary saturates it:
_ q

G_l/2|¢> =0, h = 5 (17.19)
The OPE of chiral primaries is nonsingular enough to close modulo descendants, giving a finite
chiral ring in compact models. Spectral flow by n = —1/2 maps NS chiral primaries to Ramond

ground states; this is why Hodge numbers, Ramond ground states, and marginal deformations
can be compared in Calabi—Yau compactification.

Topological twist and BRST operator. The A/B topological twists shift the stress tensor by
the U(1) current:

1
Toop = T £ 50, (17.20)

The reason this shift changes the theory without changing the local operator algebra is the
following. Let O have conformal weight A and U(1) charge ¢, so that
q O(w)

T(2)O(w) ~ (1; ?(;”;2 + 20_(1;), J(2)0(w) ~ T (17.21)
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Differentiating the second OPE with respect to z gives

9J(2)O(w) ~ —%. (17.22)
Therefore the twisted stress tensor T, = T + adJ assigns the shifted weight
hiop = h — g, a = :I:%. (17.23)
The supercurrents have (h,q) = (3/2,+1) for G* and (3/2, —1) for G~. Hence
Tiop =T + %&] : hiop(GT) =1, hop(GT) =2, (17.24)
Toop =T — %GJ C hep(@) =1, hup(GT) =2. (17.25)

Thus after either twist one supercurrent is a dimension-one current, and its contour integral is

dimensionless:
Qrop = ]{ﬁGjL( ) or j{%G_(z) (17.26)

271 271

Its nilpotency is not an additional assumption. Since the N = 2 algebra has no singular
Gt (2)Gt(w) or G~ (2)G~(w) OPE,

Qrp = 7{27”7{ wz—mGi *(w) = 0. (17.27)

Moreover the mixed OPE in Eq. (17.1) implies that the twisted stress tensor is Qtop-exact up to
the conventional normalization and the sign choice, schematically

T;;op ~ {Qtop; G:F}y (1728)

which is why correlation functions of ()y,p-closed operators are independent of local metric de-
formations. Physical topological operators are therefore ();op,-cohomology classes. The A-model
depends on Kahler moduli and counts holomorphic curves; the B-model depends on complex-
structure moduli. Mirror symmetry exchanges these two descriptions.

Gepner models and mirror map. An N = 2 minimal model at level k has central charge

3k
= —. 17.29
= T0g (17.29)
A Gepner model for a Calabi—Yau threefold tensor-products minimal models so that
3k;
— 17.30
P (17.30)

The total ¢ = 9 is the internal central charge needed for a four-dimensional type-II compactifi-

cation. A GSO/orbifold projection enforces integral total U(1) charge and spacetime supersym-

metry. At special points in moduli space this exactly solvable CFT describes the same physics

as a Calabi—Yau sigma model, even though the large-radius geometric picture may be absent.
For a mirror pair (X,Y),

RbH(X) = h*H(Y), P (X) = hMH(Y). (17.31)

This exchange has direct computational content: it maps A-model curve-counting problems
on X to B-model period computations on Y, often turning hard instanton sums into classical
variation-of-Hodge-structure calculations [195,208,355].

17.1 The N = 2 superconformal algebra

The full OPE algebra in Eq. (17.1) has a useful mode form. Write

=D L2 J(2) =) J GER) =D GRR (17.32)
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In the NS sector r € Z + 1/2, while in the Ramond sector r € Z. Residues of the GTG~ OPE
give
1
{G;r, G;} = 2Lr+s ol (7" - S)Jr+s -+ g (T2 - Z) 57’+s,0‘ (1733)

This equation is the mode-level reason that the U(1) charge controls supersymmetric shortening.
It is also the algebraic input for spectral flow, chiral primaries, and the topological twist, so it
is the right starting point for Gepner models and Calabi—Yau compactification [195,208].

17.1.1 Heterotic string vertex operators

A heterotic vertex operator is asymmetric because the right-moving side is superstring-like while
the left-moving side carries the bosonic gauge lattice/current algebra. In the NS sector a gauge
boson vertex has the schematic zero-picture form

Ve =€, J%2) (OX* + ik - oy*) e X, (17.34)

€

The left-moving current has weight 1, and the right-moving factor has weight 1 on shell. Thus
the integrated vertex is a (1,1) operator precisely when

k? =0, k-e=0, (17.35)
with €, ~ ¢, + Ak, a null-state gauge equivalence. For toroidal compactification, the allowed
left /right internal momenta must still lie in an even self-dual Narain lattice,

164 _ pd+16.ds P —p% € 2Z, (17.36)

so gauge vertex operators and modular invariance are two faces of the same left-moving current
algebra [10, 86, 350].

17.1.2 Chiral primary fields

The chiral-primary condition is a shortening condition, not a definition by analogy. In the NS

sector, positivity of ||G:1/2|gz5>||2 gives
0< <¢’{G1+/27 G:1/2}’¢> =2h—q. (17.37)
Therefore
h > %, chiral primary <= h = %, G:1/2|¢> =0. (17.38)

The OPE of two chiral primaries cannot produce arbitrary singular terms because charge and
dimension are tied by h = ¢/2. Modulo @-exact descendants after the topological twist, their
products define the chiral ring. In Calabi—Yau sigma models this ring becomes the cohomology
ring for the A-model or the polyvector/complex-structure ring for the B-model [195,208].

17.1.3 Spectral flow
Spectral flow is an automorphism of the N' = 2 superconformal algebra. With parameter 7,

& C
hy=h+ng+en,  a=q+3n (17.39)

For n = +£1/2 it maps NS-sector chiral primaries to Ramond ground states. The algebraic
reason why chiral rings, spacetime supersymmetry, and Calabi—Yau Hodge numbers can be
compared. [195,208].

17.2 Type II strings on Calabi—Yau manifolds

For type-1I compactification on a Calabi—Yau threefold X, the worldsheet statement is that the
internal CFT has /' = (2,2) and
Cinternal = Cinternal = 97 CR1.3 = CR13 = 67 Gt = 19k (1740)
The geometric large-radius limit realizes this internal CF'T as a nonlinear sigma model with
c1(X) =0, Hol(X) C SU(3). (17.41)
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The two type-II theories assign the same Hodge numbers differently:
| N = 2 vector multiplets | V" = 2 hypermultiplets
ITA 1 (X) h*1H(X) +1 (17.42)
IIB h*'(X) hH(X) + 1.
The exchange of the two columns under mirror symmetry is a physical equivalence of SCFTs,
beyond a coincidence of Hodge diamonds [195, 355].

17.2.1 Low energy actions

The type-II low-energy action is controlled by special geometry. For vector multiplets the com-
plex scalars X7 are projective coordinates and the prepotential F(X) determines the gauge
couplings:
(ImFlK)XK(ImFJL)XL
XK(ImFKL)XL
In type ITA at large radius, the classical part of F' is determined by triple intersection numbers,
1 Kapet“tbte
Fiiy = 6 o
while worldsheet instantons correct it. In type IIB, the corresponding vector-multiplet couplings
come from periods of the holomorphic three-form,

sz/ Q, Ffz/ Q. (17.45)
Al By

Thus the four-dimensional action is computed from intersection theory on one side and period
integrals on the mirror side [195,355].

Nijg=Fry+2i (17.43)

(17.44)

17.2.2 Chiral rings

The chiral ring is the product algebra of chiral primaries modulo descendants. In a large-
radius Calabi—Yau sigma model, the A-model ring is the de Rham cohomology ring deformed
by worldsheet instantons:

Ga O =Cat’(t) e, Capelt) = Kare + Y _ N 5“1615;5 . (17.46)
B>0

Here kg are classical intersection numbers and Ng are genus-zero curve counts. The B-model
chiral ring is instead computed from complex-structure variation of €2, so its Yukawa couplings
are period integrals. Mirror symmetry equates these two rings after the mirror map.

17.2.3 Topological string theory

Topological string theory is obtained by twisting the A/ = 2 algebra so that one supercharge
becomes scalar. The genus expansion is

Fiop(gs,t) = ) g9 2 Fy(t (17.47)

g>0

For the A-model, Fj receives contributions from holomorphic maps of genus g worldsheets into
X. For the B-model, F; depends on complex-structure moduli and obeys holomorphic-anomaly
equations instead of being a naive holomorphic function globally. The physics reason this belongs
in the string notes is that these protected quantities compute higher-derivative F-terms in the
four-dimensional effective action, schematically F, RT 2972 i type-1I compactifications [195,
355].

Topological-string methods give a nonperturbative form to Eq. (17.47). The perturbative

partition function is
Zrop(gsr 1) = exp (Z 959‘2Fg(t>> ,

9>0
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and resurgence organizes it as the asymptotic expansion of a transseries with instanton actions
determined by periods of the mirror geometry [293]. In the TS/ST correspondence, a mirror

curve is quantized to an operator H, and the spectral problem
Hy=0

is solved using closed and open topological-string amplitudes; the open sector gives entire off-
shell eigenfunctions for the quantized curve [299]. For torus-fibered Calabi-Yau threefolds, Zi,
transforms as a wave function under relative conifold monodromy, equivalently under a Fourier—
Mukai transform, which explains its Jacobi-form behavior [304]. The genus-one term also has
a Ray—Singer torsion interpretation and contributes curvature-squared couplings and a moduli-
dependent species scale [289]. Periods, worldsheet instantons, BPS invariants, and effective
gravitational cutoffs are therefore linked by the same topological-string wave function.

17.3 Heterotic string theories with (2,2) SCFT

A heterotic compactification with (2, 2) internal SCFT is the worldsheet version of the standard
embedding. In geometric language one embeds the spin connection into one FEg factor:

V=TX, EsDEsxSU®3), 248 (78,1)a (1,8)® (27,3)® (27,3).  (17.48)

The SU(3) is the holonomy /gauge-bundle structure group, and its commutant is Fg. The chiral
matter is counted by bundle cohomology; in the standard embedding this reduces to Hodge
numbers, schematically
1
nor = h*1(X), ngz = hH(X), 5X(X) = ptt — pAt (17.49)
The (2, 2) worldsheet supersymmetry is therefore a strong restriction: it fixes a very special class
of heterotic vacua before one moves to more general (0,2) bundles [86,355].

17.3.1 More on the low energy action

For heterotic or type-II compactifications, the two-derivative four-dimensional action is usually
organized by supersymmetry. In N = 1 notation the functions are
K(®' d), W (®Y), fan (D). (17.50)
The Kahler potential gives scalar kinetic terms, the superpotential gives F-term interactions,
and the gauge kinetic function gives gauge couplings and theta angles.
String compactification constrains these functions through worldsheet charges, geometry, and

duality. In Calabi—Yau compactifications, mirror symmetry exchanges how complex-structure
and Kahler moduli appear in type-I1TA and type-IIB effective actions. [195,355].

17.4 N = 2 minimal models

The N = 2 minimal models are the rational representations of the N = 2 superconformal algebra
of Eq. (17.1), and they are the building blocks Gepner assembles into compactifications. The
unitary discrete series sits at
3k

k42
approaching ¢ = 3 from below as k& — o00; note the contrast with the Virasoro series ¢ =
1 —6/m(m+ 1) of Chapter 14, the extra supercurrents and U(1) current raise the accumulation
point from 1 to 3. The model at level k has the coset realization SU(2), x U(1)2/U(1)g42,
primaries labeled (¢, m, s) with the weights and charges quoted in Eq. (17.54), and an equivalent
Landau-Ginzburg description with superpotential W = X**2, whose quasi-homogeneous charge
gx = 1/(k + 2) reproduces ¢, exactly via ¢ = 3(1 — 2gx). Because each factor is rational,
tensor products of these models are exactly solvable, which is precisely what makes the Gepner
construction of the next section possible [195,208].

k=1,2,3,..., (17.51)

Ck;
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17.4.1 Landau—Ginzburg models

A Landau-Ginzburg model is an AN/ = 2 theory specified by chiral superfields ®; and a quasi-
homogeneous superpotential W. If

WD) = AW (D), (17.52)
then the IR fixed point has central charge
C|®;
c=3 Z (1 —2g,), Rehiral = (&D[—W]')' (17.53)

For W = X*2 ¢x = 1/(k + 2), so ¢ = 3k/(k + 2), exactly the N = 2 minimal-model central
charge. This gives a calculable bridge between minimal models, Gepner tensor products, and
Calabi-Yau hypersurface equations [195,208].

17.5 Gepner models

Calabi-Yau
"Large Radius Limi?
Sigma-Model Regiog

Landau-Gi nzburg
Orbifold Region

~——— Landau-Ginzburg
Enhanced Svmmetrv Point

Figure 17.1: The Kéahler moduli space of a Calabi-Yau compactification. The large-radius
geometric (sigma-model) region and the Landau—-Ginzburg orbifold region, joined through an
enhanced-symmetry point, are limits of one connected moduli space. A single conformal field
theory therefore has both a geometric description and a non-geometric Landau-Ginzburg or
Gepner description, which is why “compactification” is a property of the worldsheet theory and
not of a fixed manifold. From Ref. [355].

A Gepner model is an exactly solvable internal SCFT built as a tensor product of N = 2
minimal models plus a GSO/orbifold projection, and it sits at the Landau-Ginzburg end of
the phase diagram in Figure 17.1. The minimal-model labels are usually written (¢, m, s), with
identifications and selection rules; their conformal weights and U(1) charges are

00+2)—m? s m s
homs = ————"————+ — d1), ms = T—— — = d2). 17.54
b, Gt g Wedl deme=gmm -5 (mod2) (17.54)
The tensor product must satisfy » . 3k;/(k; +2) = 9, and the projection keeps states of integral
total U(1) charge. The projection is not cosmetic: it is what produces spacetime supersymmetry
and a modular-invariant partition function. The large-radius Calabi—Yau, when it exists, is a
different point in the same SCFT moduli space instead of the starting assumption [185,208].
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17.5.1 Relation to Calabi—Yau compactification

Gepner models realize Calabi—Yau compactifications as exactly solvable tensor products of N' = 2
minimal models. The minimal-model central charges
k42
are chosen so that > . ¢; =9, and a GSO/orbifold projection enforces integral total U(1) charge.
The geometric interpretation is that the resulting SCFT often sits at a special point in the moduli
space of a Calabi-Yau threefold, not necessarily at a large-radius sigma-model point. [185,208].

C;

(17.55)

Gepner and Landau—-Ginzburg models can be used directly in moduli stabilization because the
internal theory is an exact SCFT. Flux stabilization still uses the F-term equations

DiW =0, W => Nallu(¢),
A

where 114 are periods or exact CFT periods and N, are flux integers. In the 2° Landau-
Ginzburg model, explicit N/ = 1 Minkowski solutions solve these equations with no remaining
flat directions, including examples whose flux choices test refined tadpole expectations [290].
The 1° and 2° models are special because they are mirror to rigid Calabi-Yau threefolds and sit
in the interior of moduli space, where an exact Landau—Ginzburg description replaces the large-
radius approximation [306]. Orientifolds of such Gepner models can have no Kahler moduli;
their complex-structure moduli and tadpole charges can then be computed within the exact
CFT [309]. Exact solvability removes geometric moduli that would be present in a large-radius
Calabi—Yau description.

17.6 Mirror symmetry and applications

Mirror symmetry is the statement that two different geometries can define equivalent string
backgrounds. At the level of Hodge numbers, a mirror pair (X,Y") satisfies

RN (X)) = h*H(Y), P (X) = hMH(Y). (17.56)
It is a direct continuation of T-duality: the CFT, not the naive metric picture, decides when
two compactifications are the same physical theory. [355].

17.6.1 Moduli spaces

A moduli space is the space of inequivalent exactly marginal deformations of the worldsheet
theory, or equivalently the space of massless scalar expectation values that do not generate a
potential at the order being considered. On the worldsheet the deformation begins as

68 = )\/d2z On (2, 2), (17.57)

but exact marginality requires the full beta function for A to vanish, the first-order dimension
condition alone.

For Calabi-Yau compactifications, the familiar geometric moduli are Kahler and complex-
structure deformations. The worldsheet statement is broader: two different geometries can lie
on the same CFT moduli space, and singular points may signal additional light states instead
of a failure of the full string description. [195,355].

17.6.2 The flop

A flop occurs when a rational curve C' ~ P! shrinks to zero area and the geometry continues by
replacing it with a different rational curve C’. Classically this looks singular because a Kahler
parameter crosses a wall:

tc = /(J + ZB) — 0 and then tcl = —tc. (1758)
C
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The stringy statement is subtler. The B-field and worldsheet instanton corrections enlarge the
Kahler moduli space so that the conformal field theory can pass through the wall without a
physical singularity. The flop is therefore an example of a topology change that is invisible to a
point-particle geometer but controlled in the full stringy Kahler moduli space [195,355].

17.7 The conifold

A conifold is locally the nodal hypersurface

S E=0 (17.59)

It has two standard smoothings. The deformed conifold replaces the node by an S2, while the
small resolution replaces it by an S2. In type IIB, if a three-cycle A shrinks, the period

X:AQ (17.60)

goes to zero, and a D3-brane wrapped on A becomes massless with M ~ | X|/gs. The logarithmic
singularity in the vector-multiplet metric is then the ordinary one-loop singularity of a charged
hypermultiplet that has been integrated out. Including the light state resolves the apparent
singularity of the effective theory [354,355].

Figure 17.2: The two smoothings of the conifold. The base of the singular cone is S? x S3; the
deformation keeps the three-sphere S® finite while the small resolution keeps the two-sphere S>
finite. A conifold transition passes from one smooth geometry to the other through the singular
point, and the wrapped brane that becomes massless there is what keeps the effective theory
smooth. From Ref. [355].

17.7.1 The conifold transition

A conifold transition changes topology by moving through a conifold point. Schematically,
smooth X — mnodal Xy —— topologically different Y. (17.61)

The Betti numbers change because a collection of three-cycles collapses and two-cycles appear
after a small resolution. If IV three-spheres shrink with R homology relations, the standard local
count is

Ah*!' = —(N - R), AhY! = R. (17.62)
The physical conclusion is that topology change is allowed when the extra massless branes at
the transition are kept in the spectrum. A low-energy action that integrates them out will
look singular exactly where the full string theory is becoming more strongly populated by light
states [354,355].

Diicker, Klemm, and Piribauer analyze variations of Hodge structure, integral monodromy, and
restricted moduli loci in type-II/F-theory compactifications, showing that fixed loci of moduli-
space symmetries can help stabilize flux vacua but do not by themselves guarantee simulta-
neous stabilization of several moduli [298]. Hassfeld, Monnee, Weigand, and Wiesner study
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type-1I limits in IIB complex-structure moduli space and argue, via the worldsheet theory of
four-dimensional EFT strings, that broad Tyurin-degeneration limits produce a unique critical
heterotic string on 72 x K3 plus Kaluza—Klein towers [300]. The follow-up analysis of K-points
identifies limits not captured by ordinary mirror symmetry and relates the decoupled sectors
to spacetime-filling heterotic NS5-branes wrapping the heterotic torus [302]. Thus the periods
near a conifold or infinite-distance boundary must be read together with the emergent string or
brane sector; classical period monodromy alone is not the full physics.

17.8 String theories on K3

K3 is the Calabi—Yau twofold: it has SU(2) holonomy, a covariantly constant spinor, and

P =P =1, ==, Rt = 20. (17.63)
Equivalently b, = 22, and the intersection form on H?(K3,Z) is the even self-dual lattice
319 ~ 314 @ 2(—Ey). (17.64)

Type ITA on K3 gives a six-dimensional theory with sixteen supercharges. Its moduli are orga-
nized by a positive four-plane in I'*?° ® R, giving the local moduli space
0(4,20)
0(4) x 0(20)
up to the arithmetic identifications preserving the charge lattice. This lattice language is why
K3 is the natural partner of heterotic 7% in six-dimensional string duality [10,355].

(17.65)

17.9 String duality below 10 dimensions

Below ten dimensions, duality is tested by comparing charge lattices and moduli spaces. The
most important six-dimensional example is

heterotic on 7%  «+—  type IIA on K3. (17.66)
Both theories have sixteen supercharges and the same Narain-type scalar moduli space
0(4,20
(4, 20) (17.67)

0O(4) x 0(20)
with an O(4,20;Z) charge lattice in the quantum theory. On the heterotic side the lattice
comes from momenta, windings, and gauge charges on T%; on the IIA side it comes from D-
branes wrapped on even cycles of K3, plus NS charges. Thus the duality is not a vague strong-

coupling analogy: it identifies two different geometric origins for the same protected lattice
quantities [352,353,355].

17.9.1 Heterotic strings in 7 < d <9

For heterotic compactification on 7'°~¢, the full perturbative moduli are metric, B-field, and
Wilson lines. The momenta form an even self-dual Narain lattice

0(26 — d,10 — d)
0(26 —d) x O(10 — d)
Gauge enhancement occurs when a lattice vector satisfies

pr=0, p} =2, (17.69)
because then a left-moving current-like state becomes massless. Thus in 7 < d < 9 the possible
enhanced gauge symmetriescan be seen in the Narain lattice [10,86, 350].

[26-410-d = pqhet — (26 — d,10 — d; Z)\ (17.68)

17.9.2 Heterotic—type ITA duality in six dimensions

The six-dimensional heterotic/IIA duality identifies the heterotic fundamental string with a
type-IIA NS5-brane wrapped on K3. A quick tension check shows why the map is strong/weak.
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Since
1 VI TA
TI{TISAS ) Twra ed 7™ K3 s ( 17. 70)
g%mg?m r g%mg?m

this wrapped object behaves like a six-dimensional string. Matching it to the heterotic funda-
mental string fixes a relation between the heterotic coupling and the IIA volume/coupling. At
the level of protected quantities the statement is

22T ~ H*"(K'3,7) with intersection form T2, (17.71)

This identifies heterotic momentum/winding/gauge charges with IIA D0/D2/D4 wrapping
charges on K3 [353,355].

17.9.3 Heterotic S-duality in four dimensions

In four-dimensional heterotic compactifications with enough supersymmetry, the axion-dilaton

S=a+— (17.72)
91
is expected to transform under an SL(2,Z)-type electric-magnetic duality. The perturbative
T-duality group acts on the Narain lattice of momentum, winding, and gauge charges; S-duality
exchanges electric and magnetic charges. A BPS mass formula must therefore be written in
terms of a charge vector (Qe, @) and moduli so that
aS +b

MBPS(Q67 Qm7 Sa T7 - ) - MBPS<aQe + me7 CQE + dQHU m» P

The correct status of this statement is that it is a protected-spectrum and duality-covariance
statement, not a perturbative theorem: purely electric perturbative heterotic states must be
accompanied by magnetic solitons for the full duality group to act [173,353].

). (17.73)

17.10 Conclusion

The advanced material has one common theme: exact worldsheet structures replace vague ge-
ometry. The N = 2 algebra gives chiral rings and spectral flow. Gepner and Landau-Ginzburg
models give exact non-geometric points. Mirror symmetry turns instanton sums into period
computations. Conifold points require extra light branes, and lower-dimensional dualities iden-
tify charge lattices across apparently different compactifications. Each claim is therefore backed
by an explicit algebra, lattice, protected index, or moduli-space computation.



Chapter 18

Four-dimensional effective physics,
fluxes, and quantum-gravity constraints

The constructions of the last three chapters produce four-dimensional theories; this chapter asks what
it takes for one of them to describe our world. The method is translation: every quantity a four-
dimensional physicist measures must be expressed in compactification quantities. The Planck mass is
the internal volume over the squared coupling; gauge couplings are volumes of the cycles branes wrap,
or the dilaton for heterotic gauge fields; quantum numbers are lattice vectors or Chan—Paton labels,
never assignments made by hand; and the whole two-derivative theory is packaged in the N = 1
triple, Kéhler potential, superpotential, gauge kinetic function, that supersymmetry allows. We work
through the standard checklist in this language: discrete symmetries and the strong-CP problem
with its candidate string axions, the hierarchy of mass scales and what “unification” means once
thresholds are included, and the conditions under which spacetime supersymmetry survives or breaks,
at tree level, in the loop expansion (where a nonzero vacuum energy must always be accompanied
by a tadpole and stability analysis), and nonperturbatively through gaugino condensation and brane
instantons. The conclusion is that a consistent compactification is a candidate, and phenomenology
is the further, separate computation of K, W, and fu, [355,361].

Dimensional reduction of the gravitational coupling. Start with the ten-dimensional string-
frame Einstein term schematically

SlO :) — le T\ G10€ RlO- (181)

For a direct product with internal Volume Ve = f x d%y./gs and constant dilaton g; = e®°, the
four-dimensional Einstein term is

Ve
M3 = 2—6 up to the convention for Mp, = (87Gy) . (18.2)
10Js
To derive this coefficient explicitly, take the unwarped product ansatz
dstos = i) (@)da"da” + g (y)dy™dy",  ®(y) = Po. (18.3)

For a direct product,

VvV =G0 = vV —911/Gs. Ry = Ry + R, (18.4)

where only the first term contains the four-dimensional graviton kinetic term. Substituting these
relations into the ten—dimensional action gives

51032— d4xd6y\/—g4\/_e PR, 4 (18.5)

‘/66_2(1)0

_ /d vv/—gi Ri + - (18.6)

2&10
The four-dimensional reduced Planck mass is defined by

M2
S4 D — - /d4l'\/ —34 R4, MIQ)I = (87TGN)_1. (187)

Comparing the two coefﬁcients and using g, = e®° gives exactly Eq. (18.2). If one also uses the

243
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common string normalization

2%, = (27)7 ()", (18.8)
then the same relation may be written as
2Vs
ME = —F— 18.9
P @ )

with the factor of 2 tied to the convention for k9. This is the first scale relation: large internal
volume or weak coupling raises the four-dimensional Planck mass relative to the string scale. In
a warped or varying-dilaton background the replacement is not made by hand; it comes from
the same coefficient extraction. For example, if

dsty, = 4V gl) () da’de” + gon(y)dy™dy", (18.10)
then the coefficient multiplying R4 is proportional to
1 _
— By /ge e 2PW) 2AW) (18.11)
10 Jx

with the precise power of the warp factor depending on the metric convention. Thus warping
and varying dilaton replace V;/g? by the appropriate weighted internal integral.

Gauge couplings from cycles and branes. For a Dp-brane wrapping an internal (p — 3)-cycle
Y., the DBI expansion gives

T (2 AV
Sy o — p2me) / A FL, P (18.12)
49, RL3 xS

After integrating over the wrapped cycle,

1 T,2ra)? Vol(X

= = BY) iz = ol(2) . (18.13)

9i 9s (2m)P=2gs(a)P=3)/2
For heterotic gauge fields the gauge bosons live in ten dimensions, and dimensional reduction

instead gives 1/g7 o Vi/(g?a’®). Thus four-dimensional gauge couplings are not arbitrary con-

stants: they are functions of dilaton, volumes, and bundle and brane input [355,361].

Supersymmetric effective-action couplings. At two derivatives, a four-dimensional N = 1
effective theory is specified by three holomorphic/geometric objects:
K(®,07),  W(®),  fu(D). (18.14)
The scalar kinetic terms and F-term potential are
R = — 3W)?
‘Ckin = _sz 8M(I)’La“®J, VF = €K/Ml%1 <K”DZW DEW - ]|w2’ ) . (1815)
Pl

The gauge kinetic term is
1 1
Lgnge = —7Re fanF, F + Fim S B A . (18.16)

This is the practical meaning of the chapter’s phenomenology statements: compactification input
must be translated into K, W, f, then spectra, anomalies, moduli stabilization, and supersym-
metry breaking can be checked.

18.1 Continuous and discrete symmetries

Four-dimensional symmetries descend from three different sources: spacetime isometries, world-
sheet current algebras, and topological gauge redundancies of B, or R-R potentials. A continuous
gauge symmetry is visible in the four-dimensional action through a covariant derivative

D,9®" = 0,9" + A}, X, (®), (18.17)
where X, is a Killing vector on the scalar moduli space. Discrete symmetries often arise when a
continuous symmetry is broken by the charge lattice or by instantons. For an axion a ~ a + 2,
a coupling

# TtFAF (18.18)
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is invariant under only those shifts that respect instanton number. Thus string compactification
naturally gives both continuous gauge symmetries and exact or approximate discrete remnants,
but each candidate symmetry must be checked against the charge lattice and allowed instantons

355, 361].

18.1.1 P,C,T and all that

The discrete symmetries are distinct operations. Spacetime parity reverses an odd number of
spatial coordinates, charge conjugation acts on gauge representations, and time reversal is anti-
unitary. Worldsheet orientation reversal is a different operation, usually denoted €2, and acts
as
Q: o—21—o0, X Xp. (18.19)

Worldsheet orientation reversal is the operation used in orientifold projections and in the type-I
construction from type-IIB strings.

The operations P, C', T', and €2 are therefore not interchangeable. Projections by these symme-
tries change the Hilbert space and introduce unoriented diagrams, crosscaps, orientifold planes,
and tadpole constraints. [10,352].

18.1.2 The strong CP problem
The QCD theta term is

872

The strong CP problem is the empirical smallness of §. String compactifications often contain

axions from periods such as
ay, = / By or / Cp. (18.21)
) b

A Peccei-Quinn solution requires a coupling

%#/TrGAG (18.22)

and a potential dominated by QCD so that the minimum sets fog = 0.'

Sg = QQCD /Tl" G A G, é - QQCD I arg det Mq' (182())

18.1.3 Axionic cosmic strings

The periodicity a ~ a+ 27 f, of such an axion has a topological consequence. Write the Peccei-
Quinn field as a complex scalar ® = p e’/ fe with a Mexican-hat potential

2
V(@) =A(|®*—1f2)", (18.23)
whose minima form the circle |®| = f,/v/2. The vacuum manifold is therefore
M=U(1) =S (18.24)

On a large loop C' encircling a line in space, the field is a map C — M, and such maps are
classified by the first homotopy group

1 a
m (S = Z, n=—¢dl—|cZ. 18.25
() = $a(5) (15.25)
A configuration with winding n # 0 cannot be deformed to a constant. The phase a/f, is
undefined wherever p = 0, so continuity forces ¢ to vanish on a codimension-two surface, a line
in three spatial dimensions. This line is the cosmic string; its core sits at the symmetric point

IString compactifications naturally produce axion-like fields by integrating B, C,, or dual potentials over
cycles, but a generic string axion is not automatically the QCD axion. A candidate QCD axion must couple as
]éia Tr G A G and must have a potential whose minimum cancels the effective gcp. Having a pseudoscalar, or
an imaginary part of f,p, is not enough; one must check the anomaly coefficient, decay constant, Stiickelberg
mixings, non-QCD instanton corrections, and whether any of these spoil the Peccei-Quinn symmetry.
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® = 0, at the top of the potential, and the winding cannot be undone without lifting the whole
string over the barrier. The defect is topologically stable for this reason.

The energy per unit length follows from the angular gradient |Va| ~ f,/r. For a global
(axionic) string this integrates to a logarithmically cut-off tension

L 1
2
~ 7 fsln—, 0~ —,
with & the core size and L the distance to the nearest string; gauging the U(1) screens the
gradient and leaves a finite tension pu ~ f2.

(18.26)

Figure 18.1: Formation of a topological string defect by the Kibble mechanism. In each panel
the Mexican-hat potential V' (®) of Eq. (18.23) sits below, and the phase of ® takes uncorrelated
values in causally disconnected domains of space above; the map ® sends each domain to a point
of the vacuum circle. (a) As the symmetry breaks, domains of definite phase (white) grow inside
the false vacuum (grey). (b) When they merge so that the phase winds through 27 around
a point, the field is trapped at the symmetric value & = 0 and a string forms there. From
Ref. [373].

Such strings form unavoidably by the Kibble mechanism. As the universe cools through the
scale f,, the phase a/f, settles to independent values in causally disconnected regions, and
wherever the phases of adjacent domains run through a full 27 a unit of winding is trapped,
as in Figure 18.1. Because the same U(1) can be the phase of a By or C, period of the kind
introduced above, the axionic strings of a string compactification are continuously connected to
fundamental and D-strings, and the evolution of their network is a cosmological probe of the
compactification [373].

18.2 (Gauge symmetries

Gauge bosons arise differently in different corners of string theory. In heterotic compactification
they are left-moving current-algebra states, so a root P gives a massless gauge boson when

pr =0, p7 = 2. (18.27)
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In open-string/type-I or D-brane compactifications, gauge bosons are massless open strings with
Chan-Paton labels. For N coincident D-branes, the endpoint labels give U(N); orientifold
projections can reduce this to SO(N) or Sp(N/2). In type-II closed-string compactifications,
abelian gauge fields often come from expanding R-R potentials in harmonic forms, for example

C3=A"Nw,+-++,  w, € H'(X). (18.28)
Thus the same word “gauge group” can mean a current algebra, an open-string endpoint algebra,
or a cohomological R—R reduction.

18.2.1 Gauge and gravitational couplings

The gravitational coupling follows from integrating the ten-dimensional Einstein term over the
internal space, while gauge couplings depend on where the gauge fields live. For a direct product
compactification,

ACE 1 Ve 1 Vol(Z,-3)

ol ggﬁg 7 gihet ggg(s3 ’ gZ,Dp 9865—3
The different powers of g, are physical: closed-string tree-level terms carry e=2®, while D-brane
disk gauge terms carry e~®. This is why comparing Planck scale, string scale, and gauge uni-

fication requires the compactification volume and brane and bundle input, more than a single
string scale [355,361].

(18.29)

18.2.2 Gauge quantum numbers

A four-dimensional particle’s gauge quantum numbers are the charges appearing in its worldsheet
vertex operator. In a heterotic Narain compactification a state carries a lattice vector

P =(py;pr) €00, Q. =P-a, (18.30)

for simple roots «, of the unbroken gauge algebra. In D-brane models, the corresponding labels
are Chan—Paton representations: an open string from stack a to stack b transforms as

(Ng, Ny) (18.31)

under U(N,) x U(N,). Therefore quantum numbers are computed from either lattice inner
products or brane endpoint positions; they are not assigned by hand after compactification.

18.2.3 Right moving gauge symmetries

The phrase “right-moving gauge symmetries” needs care in heterotic conventions. The perturba-
tive nonabelian gauge algebra is normally carried by the bosonic left-moving current algebra; the
right-moving side supplies spacetime supersymmetry. The heterotic massless gauge condition is

1
Ng = 3 Pr= 0, NL =0, p2=2. (18.32)
The right-moving condition makes the state massless and supersymmetric; the left-moving root
pr, identifies the gauge generator. Thus the phrase “right-moving gauge” means “right-moving
mass-shell or supersymmetry condition plus left-moving gauge current” unless an asymmetric

construction has explicitly moved the current algebra.

18.2.4 Gauge symmetries of type II strings

Perturbative type-II closed strings do not contain ten-dimensional nonabelian Yang—Mills gauge
bosons. After compactification, abelian vectors arise from the metric, B-field, and R-R poten-
tials. For example, in type IIA on a Calabi—Yau threefold,

Cs=A"ANwg+--, a=1,...,RM(X), (18.33)

and these A® sit in vector multiplets. Nonabelian gauge symmetry in type-II compactifica-
tions usually appears nonperturbatively: from coincident D-branes, wrapped branes becoming
massless at singularities, or ADE singularities in K3/Calabi—Yau geometry. Thus nonabelian
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enhancement is a statement about extra light branes or singular CFT sectors, not a generic
perturbative closed-string oscillator.

18.3 Mass scales

Four-dimensional physics contains several different scales, not a single “string scale”. For an
approximately isotropic internal radius R,

1 Vol (X
Mo=g,  ME~ =

s s et

The four-dimensional effective theory is reliable below the lightest tower that has been integrated
out:

M M(w) - |w|R

) winding

Mpp on 5 ~ (18.34)

Y
@/

E < min(MéH MKK7 Mwinding7 erapped brane; - - ) (1835>
T-duality exchanges the second and third entries when R <> o//R, but phenomenology also

depends on wrapped branes, warping, fluxes, and threshold corrections. Thus a mass-scale
discussion must state which towers are light and which are being integrated out. [350,355,361].

18.4 More on unification

Gauge unification in string compactification is a threshold statement. Below the compactification
scale, a useful form is

1672

ga(u)

The first term is the tree-level gauge kinetic function, b, is the field-theory beta-function coeffi-
cient of the light spectrum, and A, is the string threshold correction from massive Kaluza—Klein,
winding, oscillator, and possibly brane sectors. Therefore equality of couplings at a high scale
is not automatic even if a ten-dimensional gauge group was simple. It can be shifted by Wilson
lines, split brane volumes, anisotropic compactification, and string thresholds. [95,97,361].

M2
—= 1672 Re f,b, log M—;AQ(T, U, bundle/brane input) - - - . (18.36)

18.4.1 Conditions for spacetime supersymmetry

The GSO projection is necessary but not sufficient after compactification. Spacetime supersym-
metry survives when the internal CF'T has the right spectral-flow operator, or geometrically
when the compact space and bundle preserve an internal spinor. In the Calabi-Yau limit this is

Ve =0, a(X)=0, Foy=0,  J"™F,,=0. (18.37)

The first two conditions are geometric; the last two are the holomorphy and slope-zero conditions
for a supersymmetric heterotic bundle or brane gauge field. In an N = 1 effective theory the
same condition becomes vanishing auxiliary fields,

D;W =0, D* =0, (18.38)
for an unbroken supersymmetric vacuum. Thus spacetime supersymmetry is checked both on
the worldsheet/geometric construction and in the resulting low-energy action. [195,355,361].

18.5 Low energy actions

The four-dimensional interpretation is encoded in the N = 1 functions K, W, f,. The two-
derivative bosonic terms include

L4 D — K;58,80"® — Vi —Vp

1 1
— Re fur(®) Fp F + 7 m fur(®) F* A FP. (18.39)
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The F-term potential is
2
Vi = eX/ME (KijDiW D;W — %
Mg,
The function f,;, maps compactification input to gauge couplings and theta angles; K maps
moduli geometry to scalar kinetic terms; W controls masses, Yukawa couplings, flux effects, and
nonperturbative effects. A viable compactification therefore requires an actual computation of
these functions, more than a list of massless fields. [86,355,361].

) . DWW =W + —— (8, K)W. (18.40)

18.6 Flux compactifications and moduli stabilization

Flux compactification adds quantized background field strengths on internal cycles. In type-1IB
orientifold compactifications the basic example is the three-form
1 1
Gs=F;—T1H —_— 3, —— H; € 7. 18.41
3 3 TI13, (271')20/ /23 3 (277')20/ Sy 3 ( )

The flux induces the Gukov—Vafa—Witten superpotential
Waux = / Gs A Q. (18.42)
X

Thus complex-structure moduli and the axio-dilaton can be fixed by the F-term equations
D;Wyu = 0. The same flux also carries D3-brane charge,

1
Niwx = ——— | H3 A\ F3, 18.43
o = (2r) 42 /X SO (18.43)
so it is constrained by the D3 tadpole condition together with localized D3-branes and orientifold
planes. Fluxes therefore do two jobs at once: they generate a potential for moduli, and they
enter the same charge-cancellation conditions that have appeared throughout [356,357].

Time-dependent compactification changes how energy conditions descend to the effective the-
ory. The higher-dimensional null energy condition follows from the worldsheet Virasoro con-
straint,

TynvMolN >0, v2 =0,
before dimensional reduction. Under a general time-dependent compactification, the lower-
dimensional Einstein-frame averaged condition can be violated even when the higher-dimensional
condition remains satisfied [271]. A bouncing four-dimensional stress tensor can therefore arise
from the reduction procedure, not from a violation of the original worldsheet constraint. The
energy condition should be derived in the higher-dimensional background before the truncation
is interpreted as a four-dimensional cosmology.

The four-dimensional scalar potential following Eqgs. (18.42)—(18.43) is
V=K <Ki3DiWD3W— 3|W|2) Y Vpte, W= / Gy N Q,
X

with the tadpole condition
Niux + Np3 = Nogjor + -+ .

The TASI lectures of McAllister and Schachner review how ten-dimensional flux input, four-
dimensional supergravity, and quantum corrections enter this system [327]. Compactifications
on Go-structure seven-manifolds lead to three-dimensional A/ = 1 potentials with explicit de-
pendence on torsion classes, form fluxes, axions, gauge fields, and Stueckelberg couplings [337].
Warping and non-ISD flux can correct the off-shell potential strongly enough to challenge F-term
de Sitter uplifting in KKLT-like IIB orientifolds [328]. Large numerical scans and conditional
generative models now search the flux lattice for vacua with specified W, tadpole, and Kahler-
stabilization properties [319,320]. Heterotic non-geometric constructions and orientifold analyses
propose de Sitter or scale-separated mechanisms through R-flux, nonassociative gauge structure,
or leading orientifold terms [314,316]. A controlled vacuum must satisfy the F-terms, tadpoles,
warping expansion, moduli-mass hierarchy, and tower cutoff simultaneously.

Kahler moduli are not generally fixed by Wy, alone in the simplest IIB no-scale limit. Their
stabilization requires additional effects such as Euclidean D3-brane instantons, gaugino conden-
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sation on wrapped D7-branes, o corrections, or D-terms. This is why moduli stabilization is
a consistency problem instead of a parameter choice; the proposed vacuum must solve the F-
and D-term equations, satisfy tadpole cancellation, avoid uncontrolled backreaction, and keep
all integrated-out towers heavier than the four-dimensional scale being studied.

18.7 The warped deformed conifold and confinement
without a mass gap

The warped deformed conifold is a precise background in which a four-dimensional gauge theory
confines and yet its spectrum is not fully massive. The geometry realizes the renormalization-
group flow of an /' = 1 gauge theory as motion along a warped throat: the ultraviolet region is
a nearly conformal quiver theory, while the infrared end of the throat is capped smoothly by a
finite three-sphere, and this smooth cap is the gravitational signal of confinement (Figure 18.2).
Confinement does not by itself guarantee a mass gap. Here a baryonic symmetry is spontaneously
broken, and Goldstone’s theorem leaves a massless mode in the spectrum.

warped deformed conifolds

Figure 18.2: A warped deformed conifold throat may be glued into a larger compact space. The
throat region carries the redshifted gauge/gravity dynamics, while the bulk determines how the
noncompact throat picture is embedded in a full compactification.

Recall that NV = 4 SU(N) super-Yang-Mills describes N coincident D3-branes in flat ten-
dimensional spacetime, the D-branes of Chapter 12, whose near-horizon geometry gives the
gauge/gravity correspondence of Chapter 13. A D3-brane fills four spacetime directions, so its
worldvolume is R*! and the remaining six directions are transverse. Light open strings ending
on the stack carry Chan—Paton indices and give a U(N) gauge theory; the overall U (1) decouples
from the interacting dynamics, leaving SU(N). Because the ambient type IIB background is
flat and maximally supersymmetric, the four-dimensional theory has N' = 4 supersymmetry.

The stack also sources the self-dual Ramond-Ramond five-form. For an S° surrounding the
branes in the transverse RS, the D3-brane charge is

1

N=—- F 18.44

so the integer N is at once the rank of the gauge group and a quantized flux in the dual geometry

(Figure 18.3). This is the first entry in the dictionary between gauge dynamics and geometry.
To reduce the supersymmetry, one replaces the flat transverse R® by a Calabi-Yau cone and

places the D3-branes at its isolated singularity. The relevant cone is the conifold of Chapter 17,

the complex threefold
4

Y 2=, (18.45)
a=1
equivalently zy — uv = 0, with the conical metric
dsg = dr® 4+ r* ds.., (18.46)
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Figure 18.3: For a stack of N D3-branes, an S° surrounding the branes measures the five-form
flux. The same integer N appears as D3-brane charge in the bulk and as the rank of the gauge
theory on the branes.

where

SUR2)xSU2) o o
o) ~ 5% x S°. (18.47)

At the tip of the singular conifold both the S? and the S® shrink. A stack of D3-branes placed
there gives not the N/ = 4 theory but the Klebanov—Witten quiver, with gauge group

T171 _

SU(N) x SU(N), (18.48)
bifundamental chiral superfields
A;: (N,N), B;:(N,N), i,j=1,2, (18.49)
and superpotential
W = he*el Tr(A;B; Ay By). (18.50)

Nothing in this geometry sets a scale, which is why the gauge theory is conformal. The singular
conifold has no deformation parameter, no resolution parameter, and no finite cycle at its tip;
it is a genuine cone, invariant up to rescaling under » — Ar, and in the dual field theory this
is scale invariance. The equality of the two ranks is essential: with the appropriate anomalous
dimensions the two beta functions vanish together, giving an interacting A/ = 1 superconformal
theory.

Adding M fractional D3-branes changes this. A fractional D3-brane at the conifold is a D5-
brane wrapped on the collapsed two-cycle, and its effect is to shift the ranks unequally,

SU(N)x SU(N) — SU(N+ M) x SU(N), (18.51)
so the theory can no longer be conformal. This follows from the NSVZ beta-function numerators

near the Klebanov-Witten anomalous dimension v ~ —1/2. For the larger group SU(N + M)
the matter provides effectively 2NV flavors, so

by =3(N+M)—-2N(1—~) ~3(N+ M)—3N =3M, (18.52)
while for SU(N),

by =3N —2(N+ M)(1—~) ~3N —3(N+ M) =—-3M. (18.53)
One coupling therefore runs to strong coupling in the infrared while the other weakens; the loss
of conformality is a direct consequence of the unequal ranks introduced by the fractional branes.

In the string description the fractional branes are Ramond-Ramond three-form flux through
the three-sphere of the deformed conifold,

1
—/ Fy= M. (18.54)
g3

42l
The conifold singularity is smoothed by replacing Eq. (18.45) with the deformed conifold

4
Y oa=e (18.55)
a=1

whose parameter e gives the tip S® a finite size. This is the geometric origin of the smooth
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infrared endpoint of the throat, the same deformation of the conifold drawn in Figure 17.2; the
three-form flux threading it is shown in Figure 18.4.

deformed _ o3 3
conifold 57 xR

Figure 18.4: The deformed conifold keeps a finite three-sphere at the tip. The Ramond—Ramond
flux through this S® is quantized, [o F3 = M, and represents the fractional-brane content in
the dual gauge theory.

The S? enters through the NS-NS two-form period
1
b(r) = Bs. 18.56
<T) 2o /52 2 ( )
The F3 flux alone does not give the supersymmetric Klebanov—Strassler background. The com-
bination

G3 = F3 — mpHs, H3; = dBs, (18.57)
must be imaginary self-dual,
x6G3 = 1Gj3, (18.58)
so that A/ = 1 supersymmetry is preserved.

The cascade is encoded in the five-form flux. In type IIB supergravity the five-form obeys the
Bianchi identity

d}~7’5 = Hs A F3 + localized D3-brane sources. (18.59)

Since Fy threads the S® and B, has a period on the S?, the effective D3-brane charge measured
on TH! ~ S2? x S becomes radius dependent,

Neg(r) = F. (18.60)

1
T o
The B, period grows logarithmically with the radial coordinate, so

3
/ Fy = Nog(r) = N + =g, M log(r /o). (18.61)
S92 S3 277'

This is the supergravity form of the Seiberg cascade. The radial coordinate r is dual to the gauge-
theory energy scale, so the logarithmic decrease of Neg(r) toward the infrared is the geometric
version of the repeated reduction of the ranks.

The field-theory cascade is ordinary Seiberg duality. At a typical stage the gauge group is

SU(N + M) x SU(N). (18.62)
The larger factor SU(N + M) becomes strongly coupled first, with
N.=N+M,  Nj=2N, (18.63)

because the two A fields and two B fields supply the bifundamental matter. Seiberg duality
maps this factor to

SU(Ny—N.)=SU(2N — (N + M)) =SU(N — M), (18.64)
so one step of the cascade is
SU(N + M) x SUN) — SU(N) x SU(N — M), (18.65)

and after relabelling the two factors the same structure repeats with N — N — M, the cascade
of Seiberg dualities shown in Figure 18.5.
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Seiberg Seiberg
duality duality

Figure 18.5: The Klebanov—Strassler cascade is a repeated Seiberg duality. Fach step lowers the
effective ranks while preserving the same quiver structure, until the infrared theory reaches the
confining SU (M) sector.

The cascade therefore descends as
oo — SUOM) x SU(BM) — SU(8M) x SU(TM) — --- — SU(2M) x SU(M) — SU(M),
(18.66)
ending on an N’ = 1 SU(M) pure-glue theory. Since pure N’ = 1 super-Yang-Mills confines, the
smooth cap of the deformed conifold is the gravitational dual of confinement: instead of running
into a singularity, the geometry ends on the finite S® (Figure 18.6).

log E . log E

10°Aqes A, | M
o

| - A3
s Y,

AQCD__ AM ............................ ey — AM

weak coupling, strong coupling,
gsM — 0 gsM — oo

Figure 18.6: Along the cascade the effective number of colors falls by repeated duality steps.
In the infrared the throat ends smoothly at the confinement scale, while in the ultraviolet the
effective rank grows logarithmically with the radial /energy scale.

One might expect a mass gap, since the cascade ends in a confining pure-glue theory and
the dual geometry closes off smoothly (Figure 18.7). That expectation is incomplete. The full
noncompact Klebanov—Strassler theory has a baryonic branch on which a continuous baryonic
symmetry is spontaneously broken, and Goldstone’s theorem then keeps a massless particle in
the spectrum.

Consider the penultimate theory,

SU((2M) x SU(M). (18.67)
The chiral fields A; and B; transform under the global symmetry
SU(2)a x SU(2)p, (18.68)
which is the field-theory image of the geometric symmetry of the finite three-sphere,
SO(4) ~ SU(2)4 x SU(2)p. (18.69)

Gauge-invariant baryon-like operators are built by antisymmetrizing the SU(2M) color indices,
B ~ €ayany (AT o (An)gf (A2)T™ o (A2)57Y,

B~ e (By)g, - (Bu)ay, (Ba)ay,, -+ (Baa,

Qpng QN1 QoM °

(18.70)
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UV blueshift: redshift:
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Figure 18.7: The warped throat gives the geometric version of the UV/IR relation. Moving
toward the tip redshifts local energies and provides a smooth infrared cutoff through the finite
53, while the ultraviolet end is connected to the asymptotic compact space.

The epsilon tensor makes these operators neutral under SU(2M), and the remaining indices
contract to an SU (M) singlet; they are baryonic in the same sense as QCD baryons, their gauge
invariance coming from complete antisymmetrization of color.

The nonperturbative dynamics of the SU(2M) factor produces a baryonic branch obeying

BB = A3, (18.71)
with Agps the strong-coupling scale of the SU(2M) theory. This fixes the product of the two
baryonic expectation values but not their common phase, conveniently written as

B=AMci/ta B = N2/ fa, (18.72)
Under the baryonic symmetry,
U(l)g: B—¢e’B,  B—e B, (18.73)
the phase field shifts as
a—a+ f,0. (18.74)

A vacuum chooses a definite phase, so U(1)p is spontaneously broken and its Goldstone boson
is the massless pseudoscalar a(z),
ya = 0. (18.75)

This is the precise reason the theory confines without a full mass gap. The winding of this
baryonic phase is the same structure that produced the axionic cosmic strings of Eq. (18.25):
there the broken symmetry was Peccei—-Quinn, here it is baryonic.

Holographically, this Goldstone boson must appear as a normalizable zero-mode of the warped
deformed conifold. A bulk fluctuation separates as

o(z,r) = p(z)R(r), (18.76)
with the four-dimensional mass set by the radial eigenvalue problem. A massive glueball is a
normalizable mode with

Oy = m2p, (18.77)
and the Goldstone mode has m = 0, so it must be a normalizable radial zero-mode.

Since a(x) is a four-dimensional pseudoscalar, it is natural to dualize it to a three-form field
strength,

da = x4 f3, (18.78)
so that
dfs = d(x4da) = (O4a) voly, (18.79)
and [ya = 0 gives df; = 0. The simplest guess is therefore
0F3 = f3 = x4da. (18.80)

This carries the right four-dimensional field but is not by itself a full solution of the linearized
type 1IB equations, because the background carries nontrivial Fj, Hs, F5, warp factor, and
conifold geometry. The complete fluctuation needs radial corrections,

§F3 = x4da + fo(T)da A dg® + f3(1)da AdT A ¢°, (18.81)
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and the five-form perturbation is
0F5 = (14 %) 0F5 A\ Bs, (18.82)
or, for the relevant part,
OF5 = (*4da - ih(T) da N dr N\ 95) A By + ten-dimensional dual. (18.83)
6K (1)?
The extra pieces are exactly what makes the fluctuation satisfy the linearized equations of motion
and the Bianchi identities in the warped deformed conifold background.

The radial function obeys
2 T . 2
fQ(T) X —m\/(; dx h(l’) sinh xZ, (1884)

which also shows the mode is normalizable. Near the smooth tip, 7 — 0,
sinh7 ~ 7, / dz h(x)sinh® z ~ h(0) / ridx ~ 13, (18.85)
0 0

and with sinh? 7 ~ 72,

fa(r) ~7 as 7—0, so  fa(r) — 0 in the infrared. (18.86)

In the ultraviolet the warped-throat asymptotics suppress the same profile, so fo(7) — 0 as
7 — 00. The fluctuation is thus localized in the throat and gives a finite four-dimensional
kinetic term,

1
Seff = —Eff/d‘lx dyadta, f2 < oo. (18.87)

This finite norm is the supergravity statement that the Goldstone boson is a physical four-
dimensional state.

The same fluctuation fixes the meaning of a D1-brane in this background. A D1-brane couples
electrically to the Ramond-Ramond two-form,

Sp1 D ul/ 02, Fs = dCQ, (1888)
P

so it is an electric source for F3. Because the four-dimensional Goldstone field is dual to f3
through da = %4 f3, an electric source for f3 is a magnetic source for a, and around the D1-string
the phase has a monodromy

]{da =2mnf,. (18.89)

The D1-brane is therefore not a Wilson line but a solitonic vortex string, an Abrikosov—Nielsen—
Olesen string carrying the winding of the baryonic Goldstone phase. It is stable because that
winding is topological, even though it is not a BPS object; it is the string-theory realization of
the global cosmic strings estimated in Eq. (18.26).

Supersymmetry supplies a scalar partner for the Goldstone boson. Because the background
preserves N = 1 supersymmetry, the pseudoscalar sits in a chiral multiplet, and its scalar
partner must be a modulus, a normalizable deformation of the warped deformed conifold. The
deformation should preserve the SO(4) symmetry of the tip S?, involve NS-NS-sector fields, and
break the interchange A <+ B. A natural ansatz with these properties is

6By = x(7)dg”, (18.90)
together with the metric perturbation
d(dsio) =m(7) (¢'¢* + g°¢") , (18.91)
with x(7) and m(7) chosen so that the mode is normalizable. Turning on m(7) has the geometric
character of resolving the conifold: it introduces a resolution-like deformation while remaining
in the warped deformed conifold family, and at linear order the six-dimensional space stays
Ricci-flat as supersymmetry requires, though it is no longer the original Calabi—Yau conifold.

One subtlety remains. In the noncompact throat U(1)p acts as a global symmetry, and its
spontaneous breaking gives a physical Goldstone boson. A compact string compactification is not
expected to have exact global symmetries, so the baryonic U(1)p is gauged, and the Goldstone
boson is then eaten by the corresponding gauge field through an abelian Higgs or Stiickelberg
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mechanism,
1
A, — Ay + —0a, (18.92)
ma
the same mechanism used for gauged axionic shift symmetries earlier in this chapter. Supersym-

metry then also lifts the scalar partner. If

1
= 47T20//H3 (18.93)

is the NS-NS flux on the dual three-cycle, this mass is expected to depend on the flux as a power
law,

mpg

Roen ™ (g M )P K, (18.94)

with the powers fixed by the compact embedding.

The conclusion is that the finite S* of the deformed conifold is a smooth infrared cutoff and
realizes confinement in the dual gauge theory, and the logarithmic running of the five-form flux
in Eq. (18.61) is the gravitational encoding of the Seiberg duality cascade, whose ranks fall
step by step until the theory reaches N' = 1 SU(M) pure glue. The full noncompact theory
is nevertheless not fully gapped, because the baryonic branch breaks U(1)p and produces a
normalizable Goldstone boson. Confinement and a mass gap are related but not identical: a
theory can confine and still contain a massless color-singlet mode whenever a continuous global
symmetry is spontaneously broken.

18.8 Supersymmetry breaking in perturbation theory

Perturbative supersymmetry breaking must be defined by a modular-invariant string background
or by a consistent deformation such as Scherk-Schwarz boundary conditions. It is not enough
to “choose the opposite GSO sign” in one sector, because modular transformations mix sectors.
The one-loop vacuum energy is the first diagnostic:

Alfloop / _— Tr,H )FqLofc/24q—L075/24

In a supersymmetric vacuum the boson—fermlon cancellation makes this vanish after the full
sector sum. If supersymmetry is broken perturbatively, the same integral also tests for tachyons
and uncanceled tadpoles. A nonzero tadpole means the assumed background is not a solution
until backreaction or a Fischler-Susskind-type correction is included. [10,355,361].

(18.95)

] consistent sectors

18.8.1 Supersymmetry breaking at tree level

Tree-level supersymmetry breaking is stated most directly in the four-dimensional effective ac-
tion. A vacuum preserves N = 1 supersymmetry when all auxiliary fields vanish; it breaks
supersymmetry when at least one order parameter is nonzero:

Fil= —eKPMAKGIDW, D= —(Ref) 'K, Xi, F'#0or D" #0. (18.96)

The gravitino mass is

w
Mgy = eK/QM%Q. (18.97)
Pl
In string compactifications, tree-level breaking can come from fluxes, brane angles, Scherk—
Schwarz twists, or non-supersymmetric classical backgrounds, but every case must still solve
the worldsheet or supergravity consistency conditions. Otherwise the “breaking” is only an
inconsistent expansion point. [190,355,361].
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18.8.2 Supersymmetry breaking in the loop expansion

Loop effects measure the failure of bose-fermi degeneracy after the full projection. In field-theory
language this appears as a supertrace expansion,

1 M?
A1 100p ~ @Str [M4 log F} , Str M = 2(—1)28(23 + 1) M2, (18.98)
String theory replaces the ultraviolet-divergent field-theory trace by a modular integral over
the torus. That improvement does not remove the need to inspect infrared physics: tachyons,
dilaton tadpoles, or uncanceled NS-NS tadpoles signal that the background wants to roll. Thus
loop-induced supersymmetry breaking must be accompanied by a stability and tadpole analysis,
more than a nonzero vacuum-energy formula. [10,355].

18.9 Supersymmetry beyond perturbation theory

Nonperturbative effects can preserve or break supersymmetry depending on how they enter W,
K, and the D-terms. Typical contributions are exponential in a modulus because they come
from Euclidean branes or strong gauge dynamics:

Wap = Y As(®) exp {—Q—WTZ} ,  Ty= l\/ol(Z)z' / C. (18.99)
= ny s >
These terms can stabilize moduli and generate D;WW # 0, but selection rules, zero-mode counting,
Freed—Witten consistency, and charge conservation decide whether the instanton contribution
is actually present. BPS indices help because they are protected under continuous changes of
coupling; ordinary nonprotected masses and potentials are not. [187,190,361].

18.10 Landscape, swampland, and quantum-gravity con-
straints

The word landscape refers to the large set of effective theories obtained by choosing topology,
flux integers, branes, bundles, and orientifold input. The word swampland refers to the comple-
mentary problem: many apparently consistent low-energy effective theories cannot arise from a
theory of quantum gravity. A four-dimensional action is admissible only if it descends from a
complete set of worldsheet or spacetime consistency conditions: modular invariance, BRST con-
sistency, factorization, tadpole and anomaly cancellation, charge quantization, and a controlled
tower of states at the cutoff.

Several quantum-gravity constraints have direct string-theory expressions. Charge complete-
ness is the statement that allowed gauge charges must be represented by states or branes in the
spectrum. Infinite-distance limits in moduli space bring down towers of Kaluza—Klein, winding,
wrapped-brane, or string states, so the four-dimensional effective description has a moving cutoff.
Flux choices are discrete, but not arbitrary: they obey tadpole equations such as Eq. (18.43).
Thus the final test of a proposed four-dimensional model is not only whether its low-energy
Lagrangian is anomaly-free, but whether it can be embedded in a compactification whose full
charge lattice, moduli limits, and tadpoles are consistent [161,358].

Worldsheet-based swampland arguments make the cutoff dependence quantitative. Modular
invariance relates the infrared vacuum energy and gauge couplings to higher-derivative Wilson
coefficients through one-loop integrals of the form

/J:dQ—QTZ(T, 7)O(7,7).

72
In species limits, where many states become light, these integrals imply parametric UV/IR
relations between the vacuum energy, gauge couplings, and higher-derivative terms [272]. The
same scaling viewpoint organizes low-energy phases of string theory beyond what is visible in
a finite EFT truncation [280]. Quantum corrections can also obstruct classical infinite-distance
limits in type-II and F-theory compactifications; the worldsheet theory of the candidate EFT



258 18. FOUR-DIMENSIONAL EFFECTIVE PHYSICS

string tests whether the expected tower remains present after Kahler-sector corrections [273,281].
Thus a geodesic that is long in the classical metric is not sufficient evidence for an infinite-distance
string limit; the tower, charge spectrum, and modular scaling must survive quantum corrections.

Several moduli-space analyses state the distance and cutoff constraints explicitly. At an
infinite-distance boundary, the Swampland Distance Conjecture predicts a tower

“Ad(p,
mtower(@) ~ Moe (¢ QOO)-

For locally symmetric moduli spaces, infinite-distance limits are characterized by rational
parabolic subgroups; the tower charges and decay rates can be read from the associated
weight polytopes [324,338]. In six dimensions, the RCFT of the hyperplane string gives a
non-geometric test for candidate supergravities with one-dimensional string-charge lattice [317].
Type-II Calabi-Yau rigid limits separate vector multiplets into gravitationally coupled and rigid
sectors; curvature divergences and towers of extremal BPS states determine which subsector
can decouple from gravity [329]. Black-hole scalar flows probe moduli stabilization because
large charge can drive fields over long distances in moduli space [313]. The species scale,

Ay ~ Mp,
N(Asp)
then bounds the EFT cutoff when many tower states lie below Ay, [312]. Holography imposes a
further condition on scale-separated AdS vacua: the scalar potential and quantum-gravity cutoff
must allow a decoupled dual CFT sector [325,326]. Local anomaly cancellation and tadpole

cancellation are necessary, but the moduli-boundary tower and cutoff tests are independent
requirements.

)

18.10.1 An example

A standard perturbative example is Scherk—Schwarz breaking on a circle. Fields are allowed to
return to themselves only up to an R-symmetry or fermion-number twist:

- |n + OéQ R|
=" 5
Bosons and fermions then acquire different Kaluza—Klein spectra. For the standard half-period
fermion twist, the gravitino mass is mgs, ~ 1/(2R). The example shows the pattern directly:
the breaking disappears as R — oo, the scale is geometric, and modular invariance requires the
full tower of shifted momentum and winding sectors in the string partition function. [10,355].

®(y + 27R) = ¥MCRD(y),  m, (18.100)

18.10.2 Another example

A second example does not repeat the first with different names. A useful contrast is between
a geometric modulus and a gauge-bundle modulus. In heterotic compactification, a Wilson line
shifts gauge-lattice momenta schematically as

pr —pr+A4-q, (18.101)

and can break a non-abelian gauge group to a subgroup without changing the number of space-
time dimensions. A Wilson-line modulus is therefore different from a radius modulus, even
though both appear as scalar fields in the lower-dimensional theory. The massless gauge genera-
tors are those whose lattice charges remain invariant under the shift, while the remaining gauge
bosons acquire masses proportional to the Wilson-line displacement. [10,86].

18.10.3 Discussion

The discussion collects the consequences of the preceding examples without introducing a new
formalism. A useful summary is

worldsheet input  —  {massless fields, K, W, f, selection rules}. (18.102)

Here K is the Kahler potential, W the superpotential, and f,, the gauge kinetic function of a
four-dimensional supersymmetric effective theory.
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An allowed compactification can produce a possible four-dimensional theory, but additional
work is needed to obtain the Standard Model spectrum, stabilize moduli, specify supersymmetry
breaking, and satisfy cosmological constraints. [355,361].



Appendix A

Spinors and supersymmetry in various
dimensions

The superstring chapters lean constantly on dimension-dependent spinor facts, when Majorana and
Weyl conditions can be imposed together, how product representations decompose, which central
charges a supersymmetry algebra admits, and this appendix derives all of them from the Clifford
algebra with no steps omitted. We construct the spinor representation explicitly in the s, eigenbasis,
build the chirality, conjugation, and charge-conjugation matrices I', B; 2, C, and obtain the mod-
8 pattern of allowed reality conditions; the Majorana—Weyl spinors possible only for d = 2 mod 8
are exactly what the ten-dimensional superstring needs. The supersymmetry half then works out
d =4, N = 1 representations from the oscillator construction, extends to N supercharges with the
helicity towers and the BPS shortening bound M > |z,| that Chapters 13 and 14 use as their main
quantitative input, and closes with the maximal, half-maximal, and quarter-maximal supergravities,
eleven-dimensional supergravity, the type II theories, and the multiplet counting behind every low-
energy action quoted in the text [5,6].

A.1 Spinors in various dimensions

Suppose that we are working in even dimensions i.e. d = 2k +2 (where k € {0,1,2,...}. Let I'*
be the gamma matrices in d dimensions. Then, the Clifford algebra is satisfied;

{T*, TV} = 2n (21.1.1)
Now, we can make creation and annihilation operators from these matrices as follows:

F(Hi — % (:l:FO+F1)

1
[t = 3 (FQ“ + iFQa“) where a =1,....k (21.1.2)

where I'** satisfy the following anti commutation relations;
1
{]_—\a-‘r’ F{H—} _ Zl {1—\2(1 + ir?a—&-l, 1—\2[) + il—\?h—&-l} — 0
1
{re-,r"-} = T {r2e — >t T — it =0

1
{F(H_, Fb—} — Z {1—\20, + Z-F2a+1’ F2b - iF2[)+1} — 5(1[) (2113)
The anti-commutation relations involving I'* are as follows:

{]_—\O:I:71'\a+} — {FOi,FG_} — {F0+,FO+} — {FO_,FO_} =0

{ro+ 107} = }l{rurl,—rurl} = 1+%FUF1 (21.1.4)

260
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21.1.3) implies that ([%F)* = (D*7)* = (IF)® = (I°7)? = 0. Now, let £ be a spinor that
doesn’t contain any factor of I'*~ in its expression, then we can make a spinor ( as follows:

¢ =Tk k=D T0¢ (21.1.5)
So, ¢ is a spinor annihilated by all T'*~. We can now make a spinor basis by applying I'*" on
¢ (one T'** is applied at most once). A member of this spinor basis is written as follows:

¢8 = (DR M2 (rory et R (21.1.6)
where s, = —1/2 means that the corresponding I'*" has been applied and s, = 1/2 means
that the corresponding I'** is applied. Moreover, s is the following k-tuple;

s = (S0,---,8k)
Lorentz generators in the spinor representation are given as follows:

l

Y = 1 1N (21.1.7)
which satisfy the Lorentz algebra;
i [2,500] = presP — grtnre — sl 4o (21.1.8)
We can take out a set of mutually commuting > ’s as follows:
20201 $202641] ;2020520412041 _ 52020y 20412041 _ )

These X ’s are calculated as follows:

20,1 _ _3 [FO 1’\1] — _EFOFl — (1"0+F0— o 1)
’ 2

4 2
22a72a+1 — _E [F2a7 F2a+1j| _ —%FQaF2a+l — F(2a)+F(2a+1)_ o 1
So, we can define the following convenient operator;
y2a.20t for g = ...,k -a,0572a,2a+1 (2a)+1(2a+1)— 1
Sa = iZO’l for a = 0 =" =T r - 5 (2119)

Now, we calculate S,(° as follows:

Sacs _ (Fa—I—Fa— o %) (Fk+)5k+1/2 o (Fa—l—)stﬁ‘l/z o (F0+)50+1/2 Cs
= (k)2 petpes (pet)settE oyt s %gs (21.1.10)

Now, we need to evaluate I'*~ (F“*)S“H/ ? for different values of s,. Here it is;

e— (Fa+)5a+1/2 — To— if Sq = —% (21 1 11)
[ (Dot ¥/ = pe-pot = 1 —Petpes f g, =1 -

2
Using 21.1.11 in 21.1.10, we have;

seo= ] ¢ se=—3 = 8uC* = 5C°
A O T S T T
where we used the fact that I'*"( = 0. So, (* is a simultaneous eigenstate of S,. It also means
that ¢® with even/odd number of non-zero s, ’s don’t mix.

We now define the chirality matrix I" as follows:

[ =4 Fr0. ! (21.1.12)
This matrix has some useful properties that we now prove.

D2 =200t 1t = ()R (D)D) (DR (=) (-1)°
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d—1
d—1)d 2%k + 1)(2k + 2
:(—1)PwhereP:k+1+2j:k+1+(T):k—i—l—i—( * )2( i ):2(k+1)2
=0

where the powers of -1 in the first line of 21.1.13 comes as follows. The d — 2 power comes due
to anti-commuting I'? all the way through to other I'° and the other -1 in the square bracket
comes because I'’ squares to -1 . The rest of the powers after that come due to anti-commuting
gamma matrices. We now prove another property;

(T, 0} =i H {0 rt re = F (00, .o T e 0L e T
=i P (=)0 et T e (0L e e
=i (=) 4 (=) IO e e T = R ()P (= 1)) TOL L T e
=i F(=DH (D) + o oetoett e =0

where in the last step, we used the fact that (—1)?"* = —1 because d is even. So, we have
shown that;

T =0 (21.1.14)
This property readily implies the following property;

0, 2] = _i T, [T, 1] = _i O[T, T%] — [[*,TV|T] = _% [CDPTY — TTYT% — DUTYT + TV
— _Y[PrPeTY — PPYT# — TDATY 4 TTVTH] = 0 21.1.15
4
In the last step, we used 21.1.14. Final property is derived as follows:
. . .
D=0, T4 =2k (§F0F1> (—%FQF?’) (—%r%r%“) =2M1G,...S, (21.1.16)

which implies that I' is diagonal and it is easy to see that if even number of s, ’s are 1/2, then
the diagonal entry is 1/2 and if odd number of s, ’s are 1/2, then the diagonal entry is —1/2.
Thus, the representation breaks into two representations with chirality +1 and -1 respectively.
For odd dimensions i.e. d = 2k + 3, add I as an additional gamma matrix i.e. [***% = T" and
we get an irreducible representation of Lorentz algebra.

A.1.1 Majorana Spinors

Let s be the basis where the matrix elements of ['** are real. This implies that I'?,... %! =
['?*+1 are purely imaginary and ', 't I'2. T* ... T'? = I'***2 are real. Moreover, since I'*, I'** and
—I™#* satisfy the Clifford algebra, they should be related by a similarity transformation. We will
find this similarity transformation. We define two matrices as follows:

B =I*.T%#% B, =TB (21.1.17)
We now derive the following useful property. For even u, we have;

BByt =3 T2HAep2tl T3 — (_)kpr = (—1)FT
Moreover, for odd u, we have;

BI'"B;' = BT p it =13 r2vrl | pipep2ktl pvsl s

o (_1>k71/F3“F21/71F21/+3 o F2k+1r2k+1..F2V+3F2u+11‘\21/71 o F3

— (_1)k—V(_1)V—1F3"P2V—1F2y+3 o F2k+lr2k+1.‘r2u+31—\2y—1 o FB _ (_1)k (_I‘w) _ (_1)kr*u
So, we see that for all u, we have;

BT*B;t = (=1)Fr* (21.1.18)
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A similar property for B, is derived as follows:

Bol" Byt =TTBI"B'T = (= 1)FTT*T = (—1)MT*0? = (—1)kree (21.1.19)
Anther property for B; and B, is derived as follows:

B\X" B = —%Bl[F“,F”]Bl‘l
- _% (BiI"By' BBy — B\l By ' BT B )
— - (DT = -2,

BoX By = —%BQ[F’Z "B,
_ _% (BT By ' BoI' Byt — BoI'V By ' BT By )
_ _(_1)2/€+2£[FM’FV] _ sy (21.1.20)

We see that ¢ and B~!¢* transforms in the same way under lorentz transformations;

¢ = (14 iw, 2" ¢ (21.1.21)
B7'¢* = BN (1 — iw,, X*) ¢*
= B '(* —iw,, BT\ B B¢
= B (" +iw,, S B¢
= (1 +iw,, X") B~'¢*. (21.1.22)

where B stands for B; and B collectively and w,,, are real parameters. So, Dirac representation
is self-conjugate. Now, we prove the following identities;

BBy = (i)7"Tr° ... T (1T .1 19018 = () F (=)Mot et = hrOT L

= F (=TT T = (—1)hT
Before proving the next identity, we notice that B;I'B; ! is also i2*T" and thus, i*T' = (—1)*T*
- The second identity is as follows:

BoI'Byt =TBI'B;'T = i*TIT = (1)l = (—1)*T*
Now, suppose that £ is a spinor whose chirality is « i.e.;

I'¢=ag

then, the chirality of the conjugate representation is as follows:

[ (Br'€) = ByUBiDB " = (~1)FBrA(Te)" = a(—1) B¢
So, the chirality of a spinor is changed if k is odd (which corresponds to d = 0 mod 4e.g.
d = 4,8) and it doesn’t change if k is even (which corresponds to d = 2 mod 4 e.g. d = 2,6, 10).
Thus, Weyl representation is self conjugate for d = 2 mod 4 and it is not self conjugate for
d = 0mod 4. Now, we want to impose a Majorana condition i.e. a condition that relates a
spinor ( to it’s conjugate ¢*. Such a condition can be written as follows:

("= B¢ (21.1.23)
where B = By or By. We see that 21.1 .23 is consistent with Lorentz transformations using
21.1.21 by showing that both sides of 21.1.23 transform in the same way;

C* _) (1 _ iwuyz*"w) C*
B¢ = B (L +iw,, B") ¢ = BC + iw,, B B™'B( = B( — i, B¢ = (1 — iw,, £*) B¢
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Taking the conjugate of 21.1.23, we get;

(=B"C"=B"B(=B"B=1 (21.1.24)
Now, we see that;

BiB, = T30 | prd-bpsps | pd-t
= (=DFr3rS . pdIpsee L !
= (D=1 =D (-1)°

_ (_1)k+(k71)+(k72)+...+1 _ (_1)k+@ _ (_1)@

Similarly, moving I through B; changes the parity of the product by one unit and gives

BiBy =T*BTB, = (~1)"z "
So, By can be used for Majorana condition only if;
k(k+1)
2
= k(k+1)=4n
Since k and k + 1 differ by 1, one of them have to be odd and thus, either k£ is a multiple of 4
or k + 1 is a multiple of 4 . So, we get;

=2nn € Z§

k=0mod4 or k =3 mod 4

= d =2mod 8 or d =0 mod 8 ( for By) (21.1.25)
Similarly, By can be used for Majorana condition only if;
k(k—1
% =2nn € Z§

= k(k—1)=4n
Since k and k£ — 1 differ by 1, one of them have to be odd and thus, either k is a multiple of 4
or k — 1 is a multiple of 4 . So, we get;

k=0mod 4 or k=1 mod 4
= d=2mod 8 or d =4 mod 8 ( for By) (21.1.26)

Now, 21.1.23 implies ¢ = B~!(* and thus, if we want to impose Majorana condition on a
Weyl spinor, then the Weyl spinor have to be self conjugate. Thus, the condition of Weyl self-
conjugacy (i.e. d = 2 mod 4) have to be consistent with either 21.1.25 or 21.1.26. We see that
the only case that is consistent with Weyl self-conjugacy is d = 2 mod 8. Since I'*T" and —I'*T
satisfy the Clifford algebra as well, they should be related to I'* by a similarity transformation.
We will now find that similarity transformation. Define the charge conjugation matrix as follows:

cTHOt = -t (21.1.27)
this implies the following;

(cro) e (cr%) " = (21.1.28)
Comparing 21.1.28 with 21.1.18 and 21.1.19, we see that;

CT’=B,=C=-BI" ifk=0mod2=d=2mod 4

CI°=By,=C=—-B,I" ifk+1=0mod2=d=0mod4
We also derive a useful property for C' as follows:

oxmot = —i (crec'crve! — crve erre = % e 1T = —xm T (21.1.29)
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A.1.2 Product representations

We first prove that the spinor £ and the spinor ¢7C' transform the same way as follows:

€= (14w, X)) ¢

= £ = £ (1 + iw, [°S™T7) (21.1.30)
To continue, we calculate the following

rosimTo = ir“ (TOrrror T — r'rHrer'rTe) 1’ = o
So, 21.1.30 becomes;

€= E(1 —iw, X") (21.1.31)
Moreover, we see that;

§'C = (1+1iw, 27 C =70 (14 iw, CT'ET0) = 70 (1 — iw,, B*) (21.1.32)
~ where in the last step, we used 21.1.29. Comparing 21.1.31 with 21.1.31, we see that the spinor
¢ and the spinor ¢7'C transform the same way.

For even d we use the standard duality identity

Z‘fk+s(sfl)

ks — et

(d — 3! Hs+1---Hd

s<d (21.1.33)

which implies that in odd dimensions (where I'¥ = I'), say d + 1 dimensions, (where d is the
same as in (21.1.33)), an s + 1 form is related to d — s form which is the same as d+1 — (s + 1)
form. Now, let d = 2k + 3 be the number of odd dimensions. Then, the independent forms have
the following number of indices;

0,1,... or0,1,...k+1
This leads us to the following forms;
O], 11, e+ 1
= 25 x X = [0]+ 1] +...+[k+1] oddd (21.1.34)

where the square brackets indicate the corresponding form. In even dimensions, the linear
relation mentioned above doesn’t exist and thus, the allowed forms are as follows:

0], 1], ... [d] = 0], [1],.... [2k + 2
But since [m] can be related to [d —m| via I', we get the following forms ( [k + 1] is related to
itself and hence, we count it only once).

(012, [1]%, ... [K]?, [k + 1]
= 2mtl ot 0 1P+ 4+ [P+ [k+ 1] even d (21.1.35)

Dirac Dirac
Now, we prove the following identity;

(TOTrztmy = (—1)FmH(r) T OTrarm (21.1.36)
where ¢ and y are arbitrary spinors. The RHS is manipulated as follows:

(_ 1>k+m+1
SHL--pm (FC)TCFuluz--~umX

| Vi...Um

—1)m
CTCT’“”Q'““”FX — ( m) 5u1~--um<Toppu1uz-~-umX —

| Vl...Um

= (=1)FmT(T)T oTHk2#my( Shown )
using the identity
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¢rer = ¢hitter? . rtt
= (Ti~kcrct.. . criiote
= ¢Tih (1) .. .1 o
— (it T%¢)  ©
— (=) (=D ) e
= (-)"HITOTC

So, we see that (TCT#i#2-+#my is non vanishing only if k + m is odd and ¢, ¥ have the same
chirality or when k + m is even and (, x have the opposite chirality. So, we get the following;

ok ok +[3]+...[k+1]. evenk
Weyl Weyl — 0] +[2] +...[k+1]; oddk
o o JIHBI4 1] evenk
Weyl Weyl — 0]+ 2] +...[k+1]- oddk
ol 0] 4+ [2] 4+ ...[k] even k
Weyl Weyl — M+ [3]+...[k] oddk

where the subscripts on [k + 1] are there because the middle-rank form is related to itself by
21.1.33 and therefore splits into self-dual and anti-self-dual parts.
Several of these facts can be re-derived directly from the s, eigenvalues [2]; we prove the following
identities first.

(21.1.37)

SoC = 50 = SoB'(* = 50B7'¢*, S, (=5,=8,B7'(*=—-5,B7'C" a=1,...k
(21.1.38)
The first identity is derived as follows:

1 1 1
S(_)Bilc* — 51‘\01’\13*1(* — éBleFOBlerlelé* — 53711-\*0];\*14«* — Bfl (SOC)* _ SOBflC*

where the last line uses the fact that sg is real, since I'Y, I'' and the Weyl spinors are real in
this convention. The second identity is proved similarly:

SaB—lc* — %iFZaIQa—&—lB—lc* — %B‘lBF%B‘lBFQ‘l*lB‘lC — %iB—lF*QaF*Za—HC*
—B71 (S ()" = —s,B7I¢*
So, under conjugation, si,..., s are flipped. For even k, this is an even number of flips and

hence, the chirality is unchanged (see (21.1.16). For odd k, this is an odd number of flips
and hence, the chirality changes. Thus, self-conjugate Weyl reps can be in even k (or for
d = 2 mod 4) only as we derived before.

A.1.3 Spinors of SO(N)

The results for SO(N) with N = 21 follow from the same Clifford-algebra decomposition as for
SO(N + 1,1) after removing the two light-cone directions. The breakdowns are as follows:

o1-1 o1l _ 0] + 2] +...[l]s even k
SO [ 4+B]+. . [ll+ oddk

Ql1-1' o ol-1' _ O]+ 2] +...[l]- evenk
SO [+ [B] 4. [I]- odd

11 v A +B 4. I—=1] evenk
2oxE = {[o]+ 2] +...l—1 oddk (21.1.39)
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A.1.4 Decomposition under subgroups

If we consider the following decomposition;

SOk +1) — SO2l + 1) x SO(2k — 21)
then the Weyl representation 2% of SO(2k +1,1) decomposes according to the Clifford-algebra
tensor product as

28— (228 @ (21,251 (21.1.40)
Derive the SO(2 N) decomposition to SU(N)

A.2 Introduction to supersymmetry: d =4

This appendix fixes the spinor and supersymmetry conventions used in the superstring chapters,
so the later BPS bounds and supergravity multiplets can be read without changing notation.

A.2.1 d=4,N =1 supersymmetry

IN d = 4, the smallest spinor representation has 2%/? = 4 degrees of freedom. Since 4 can’t be
written as 2k+8 with k£ a non-negative integer, we can’t place a Majorana and Weyl condition on
the spinor simultaneously. The Majorana condition can be placed but the Weyl representation is
not self-conjugate. So, the four degrees of freedom can be realized in one of the following ways;

1 2

(ZQ)M,W eCor [ Uy | v et utvier
w4

The first way corresponds to a Weyl spinor and the second corresponds to a Majorana spinor.

In the text, the second way (i.e. Majorana) is used. So, the supercharges are denoted as @,
with a € {0,1,2,3} and due to the Majorana condition, we have;

Qo = QI = (QL)'T° = (B1Qa) I’ = QBT = Q1 C.

The last step is the definition of the charge-conjugation matrix in this convention, C' = BIT?.
We use B; because d = 4 = 0 (mod 4), so a Majorana condition can be imposed on the four-
real-component spinor but a simultaneous Weyl-Majorana condition cannot.

Now, the supersymmetry algebra for using only one Majorana spinor (which is N = 1 super-
symmetry with 4 supercharges) contains the following important commutators and anticommu-
tators;

{Qa,Qs} = —2P,T5 (21.2.1)

[P*,Qa] = 0. (21.2.2)

In conventions with metric signature (+1,—1,—1,—1), or with Weyl in place of Majorana

spinors, the sign in the {Q, Q} anticommutator is correspondingly changed. Since 4 = 2(1) + 2,

the notation of the previous section has k = 1, and spinors are labelled by the (sg, s1) tuple. The

representations of Eq. (21.2.1) are then obtained as follows. If the representation is massless,
then the P, vector can be written as follows:

P, = (—ko, K%, 0, O) = 2P I" = -2 (_kOI‘O + korl) = 2ko (FO _ Pl) — 91010 (_1 _ FOFI)
= 25T (1 + T°T") = 2k°T° (1 + 25,)

where we used the definition of Sy from previous section and the fact that (F0)2 = —1. So,
21.2.1 becomes;
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{Qa,Qs} = 2k°T7,, (14 2S,). 4

= QuQIT0 s + QIT5 Q0 = 2K°TY, (1 +25). 4

= {Qa,Qg} = 2K (1 + 250) 15 -

The second implication is obtained by multiplying the equation on the right by (I'%)~* = —T°
and using (I'°)? = —1; the colored v index is the contracted spinor slot that disappears.

So, we see that the anti-commutator vanishes if so = —1/2. It means that (labeling the
spinors by the ( sg, s1) tuple);

||Q—1/2751|1/1> H2+HQT—1/27SI|¢>H2 = <¢’QT_1/2731Q—1/2,81|w> + <¢’Q—1/2781QT_1/2,51|¢> =

W1 {Q 1720 Q 1o, } 10) =0

where |1) is any state in the Hilbert space. Due to the positivity of the Hilbert space, we then
require that ()_i/2 s, vanish identically. From 21.1 .38, we see that if

SoQ = 50Q, S51Q = 51Q.
then,

SoB_lQ* = S()B_IQ*, SlB_lQ* = —SlB_lQ*.
So, the conjugation flips the s; eigenvalue. Thus, the Majorana condition becomes;

ng,sl = Q507_51'

This is the Majorana reality condition translated into the simultaneous Sy, S; eigenbasis: com-
plex conjugation preserves sq but flips the spatial spin label s;. In the s basis, the anticommutator
becomes;

{ng,s/la Qio,sl} = 4]{?0 (536,1/2 55071/2 63’1,51-

where we used the fact that this anti-commutator is zero if sy = —1/2 and thus, we put in
So = 1/2 in the expression of the anti-commutator to get a factor of 4 . Moreover, s} = s;
because if s| = —s; then

T _ Nt _
Q1/2,51 - Q1/2,—s’1 - Ql/ls’l
and thus, the anticommutator vanishes because we will have terms like Q% J2.," Therefore, we
have a factor of 54, in the anticommutator. The nonzero anticommutator is thus;

{Qiacie Qo 1o} = {Quaajo Quaapp} = 480 = {001} = 1.

where

1
2V k0

1

b pum—
2\/@@1/2,1/2

Q1/2,-1/2,b" =

It also implies

2 =b2 =0

which gives a pair of states starting from any state, called the Clifford vacuum:

1
S11Q) = QQ):  b|Q) = ‘Q + §>

where the state is labelled by its S; eigenvalue. For the chosen lightlike momentum along the
x'-direction, the little group is the rotation group in the transverse (2, 3)-plane, and S} = —%sz‘?’
is precisely the spin generator of that transverse rotation. Thus S; is the helicity operator in
this frame. The relevant massless representations are as follows:

e 3 =0: We have the following multiplet
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(1)) @ (=2) 1)

This object is called the chiral multiplet.

A.2.2 Actions with d =4, N =1 SUSY

The basic d = 4, N' = 1 action is built from chiral multiplets ®, vector multiplets V¢, a Kahler
potential K, a holomorphic superpotential W, and gauge kinetic functions f,. In component
language the scalar potential has the schematic form

S
V = KYFF; + 5(Re fiDDY,  Fy=0W 4. (A1)

The four-dimensional language needed later for compactification moduli, supersymmetry break-
ing, and protected superpotential terms. [5,6].

A.2.3 Spontaneous symmetry breaking

In global N/ = 1 supersymmetry, spontaneous breaking occurs when the vacuum energy is
positive because some auxiliary field has a nonzero expectation value:

1 a
V)= SHEIE + 5 3D >0 (A2)
The broken supercharge produces a massless goldstino in global supersymmetry; in supergravity
it is eaten by the gravitino through the super-Higgs mechanism. This distinction matters when
translating string compactification input into four-dimensional effective actions. [5, 6].

A.2.4 Higher corrections and supergravity

Supergravity is the local version of supersymmetry, so the supersymmetry parameter is spacetime
dependent and the gravitino is the corresponding gauge field. In an effective action obtained
from string theory, corrections are organized by both the string length and the string coupling:

Seff = SéZU)GRA + Z(a/)n‘s};igher deriv. + Z 939725’;00[) =+ Snonpert- (A3>

n>0 g>0

The two-derivative term is fixed by local supersymmetry and field content. Higher-derivative
terms such as R*, threshold corrections, and instanton effects are constrained but not generally
absent. In compactification, preserving supersymmetry means solving the corrected Killing-
spinor and auxiliary-field equations order by order. [5,157,162].

A.2.5 Extended supersymmetry in d =4

Let A =1,...,N label independent Majorana supercharges. For a massless particle with mo-
mentum P, = (—FE, E,0,0), the same calculation as in the N = 1 case leaves only half of the
supercharges acting nontrivially. After a conventional normalization one obtains N fermionic
creation-annihilation pairs,

1
{bA7 bBT} = 5AB7 {bA7 bB} = 07 [ha bAT] = §bAT (A4>
Thus a Clifford vacuum of helicity A generates states

1 N N
A A+ > A+1, o A+ = multiplicity at level p = ( ) (A.5)
p
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CPT must be checked separately: if the set of helicities is not symmetric under A +— —h, one
must add the CPT-conjugate multiplet. This is the origin of the familiar multiplets:

theory choose A helicities
N = 2 hyper —% (—%, 0,0, %) plus CPT as needed
_ _ -1 -1 _1
N = 2 vector 1 1,-1, 2,0)6%1CPT (A.6)
N = 4 vector -1 (—1,—% ,08,2°,1
N =8 gravity | -2 (- ,-;8,—128,—556,070,%56,128,§8,2>

The N = 4 vector multiplet is already CPT self-conjugate: the six real scalars transform as
the antisymmetric representation of the SU(4)r >~ SO(6)r R-symmetry, and the helicities pair
internally. The N = 8 multiplet is the maximal massless supergravity multiplet with no helicity
above 2. Starting with A > —2 for N = 8, or adding too many creation operators in a theory
containing gravity, would produce massless states of spin greater than 2; such interacting theories
are not part of ordinary local supergravity. [5,162].

Central charges enter the massive extended supersymmetry algebra. In the rest frame, the
antisymmetric complex central-charge matrix Z48 = —ZB4 can be brought by a unitary R-
symmetry rotation to skew-diagonal form,

|V/2] 0 -
AB P
7" — P (_Zr 0> . (A7)
For each block, positivity of the anticommutator gives

M > |z| for every 7. (A.8)

If no equality holds, all creation operators act and the representation is long. If one or more equal-
ities hold, some combinations of supercharges annihilate the state and the multiplet shortens.
This is the algebraic origin of BPS protection: the mass is tied to a quantized charge, so it can
be compared across weak and strong coupling. The D-brane BPS bounds and the N = 2 formula
Mgps = |qr X! — p! F;| used later are realizations of this same positivity argument. [5,167,174].

A.2.6 Supersymmetry in d = 2

In two dimensions a Majorana spinor can also be Weyl. In light-cone coordinates * = 2% 4+ 2!,

supersymmetry naturally splits into left-moving and right-moving charges. For (N, N ) super-
symmetry,

{Qﬁv Qf} = 26ABP+> {Qi‘, Qlj} = 25ABP*7 {Qﬁ7 Qf} = Z45. (A9>
The mixed central term is not an antisymmetric matrix in one set of identical indices; it carries
one left index and one right index. For real supercharges the anticommutator is symmetric as
an operator product, so the allowed central extensions are fixed by Lorentz weights and by the
internal R-symmetry representations. In worldsheet applications, these chiral algebras are the
spacetime analogues of the left /right split used throughout the CFT chapters. [5,10].

A.3 Differential forms and generalized gauge fields

A p-form gauge potential A, has field strength F,.; = dA, and gauge symmetry
A, — Ay +dA, . (A.10)
It couples electrically to a (p — 1)-brane through fzp A, and magnetically to a (D — p — 3)-brane
through the dual field strength. Dirac quantization is the statement that electric and magnetic
charges pair integrally,
QeGm € 277 (A.11)

The appendix language behind Ramond-Ramond charges, D-brane couplings, and the earlier
BPS charge algebra. [101].
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A.4 Thirty two supersymmetries

Thirty-two real supercharges are maximal for ordinary supergravity with spins no higher than
two. The massless little-group construction above explains why: too many creation operators
would force helicities beyond £2. The maximal theories that appear in string/M-theory are
organized as

dimension | theory | origin
11 M theory low energy unique D = 11 supergravity (A.12)
10 type ITA opposite chiralities, reduction of D = 11 '
10 type 11B same chiralities, SL(2,Z) duality

String perturbation theory chooses these spectra by GSO projection, but the supergravity mul-
tiplet itself is fixed by the number and chirality of the supercharges. [5,162,353].

A.4.1 d =11 supergravity

The unique eleven-dimensional supergravity multiplet contains a metric gpy, a three-form
Cynp, and a Majorana gravitino v,,. Counting physical polarizations with the massless lit-
tle group SO(9) gives
9-10 9 .
bosons : —5 1)+ 5) = 44 + 84 = 128, fermions: 9-16 —16 =128. (A.13)
The subtraction in the graviton count removes the trace of a symmetric SO(9) tensor; the
subtraction in the gravitino count removes the gamma-trace/gauge redundancy. The bosonic

action has the characteristic Chern—Simons term

1 1o 1
S D ﬂ/\/—g (R— §|G4| ) — 125%1 /03/\G4/\G4. (A14)

Reducing this theory on a circle gives type ITA supergravity, which is why strong-coupling I1TA
reveals an eleventh dimension. [162,353].

A.4.2 d=10II A supergravity

Type ITA has two ten-dimensional Majorana—Weyl supersymmetry parameters of opposite chi-
rality. Reducing eleven-dimensional fields along a circle coordinate y gives the NS-NS and R-R
fields

gMN = (guua AER7 q))7 CMNP — C}}VF}) @ Blljl,s (A15>

Thus the ITA R-R potentials are odd forms C7, (3 in the democratic language, while the fun-
damental string couples to By. The opposite chirality of the two supercharges is the spacetime
counterpart of the left-right GSO choice in perturbative type ITA. [352,353].

A.4.3 d =10 II B supergravity

Type IIB has two ten-dimensional Majorana—Weyl supersymmetry parameters of the same chi-
rality. Its bosonic fields are

NS—NS: Guv, BQ, (I), R—R: Co, 02704, F5 = *F5. (A16)

The self-duality of F5 halves the apparent degrees of freedom of C;, making the bosonic and
fermionic counts match. The scalar 7 = Cy + ie~? is the field acted on by the nonperturbative
SL(2,7) duality used in Chapter 13. [167,352].

A.4.4 d < 10 supergravity

Lower-dimensional supergravities arise by compactifying ten- or eleven-dimensional supergravity
and dualizing p-form fields when useful. Scalars parametrize moduli spaces, vectors come from
metric and form components on internal cycles, and duality groups act on the resulting charge
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lattice. Schematically,

metric/form fields on internal cycles ——  scalars, vectors, and higher forms in d < 10.
(A.17)

The effective-field-theory counterpart of the U-duality table in Eq. (13.28). [157,162].

A.5 Sixteen supersymmetries

Sixteen supercharges are “half-maximal.” They occur in ten-dimensional N = 1 supergravity
coupled to Yang-Mills, and in compactifications such as heterotic on 7% or type II on K3. The
protected content is a gravity multiplet, vector multiplets, and a charge lattice:

Fd—l—lG,d or Heven(Kg’ Z) ~ F4’20 (AIS)

het

depending on the duality frame. This is why half-maximal compactifications are ideal for testing
duality: many quantities are constrained by supersymmetry, while the theory is still rich enough
to contain nonabelian enhancement and brane charges. [353,355].

A.5.1 d=10,N =1 (type I) supergravity

Ten-dimensional N = 1 supergravity by itself is chiral, so coupling it to Yang—Mills is constrained
by anomaly cancellation. The Green—Schwarz mechanism requires the gauge group and trace
identities to make the twelve-form anomaly polynomial factorize:

1
112 = X4X8, X4 = tr R2 - %TI' F2, G = 50(32) or Eg X Eg. (Alg)

The type-1 string realizes the SO(32) case with open strings and orientifolds; the heterotic
string realizes both allowed gauge groups through a left-moving current algebra. This is the
supergravity version of the trace-convention warnings in the heterotic anomaly section. [167,352].

A.5.2 d < 10 supergravity

Lower-dimensional half-maximal supergravity is obtained by compactifying ten-dimensional
fields and then dualizing forms when convenient. On a torus, the scalar moduli take the Narain
form
O(10 — d,26 — d

( O Y 6 ) < RJ’_,
O(10 — d) x O(26 — d)
where RT is the lower-dimensional dilaton. The vectors come from the metric, B-field, and
gauge fields with one internal index. This is the effective-field-theory counterpart of the heterotic

Narain lattice discussion: the same scalar moduli determine the masses and electric/magnetic
charges of BPS states. [350,355].

ML — 010 — d, 26 — d; Z)\ (A.20)

A.5.3 d=6,N =2 supersymmetry

Six-dimensional notation is convention-dependent: what some string texts call N = 2 may mean
sixteen supercharges, either nonchiral (1,1) or chiral (2,0). The unambiguous invariant is the
chirality split:

(1,1) : 8. + 8g supercharges, (2,0) : 16, supercharges. (A.21)
Type ITA on K3 gives a nonchiral six-dimensional theory with sixteen supercharges, while type

I1B on K3 gives a chiral theory. Chiral six-dimensional theories require anomaly checks, so the
label N = 2 should always be accompanied by the (p, ¢) chirality notation. [162,355].

A.5.4 d=4,N =4 supersymmetry

Four-dimensional N' = 4 supersymmetry has one vector multiplet containing
(A,, 4 gauginos, 6 real scalars), (A.22)
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all in the adjoint representation for Yang-Mills theory. The field theory living on a stack of
D3-branes at low energy, and its electric-magnetic duality is the worldvolume form of type IIB
S-duality discussed in Eq. (13.27). [5,167].

A.6 Eight supersymmetries

Eight supercharges are the amount of supersymmetry in four-dimensional N = 2, five-
dimensional N = 1, and six-dimensional (1,0) theories. This amount is small enough to allow
nontrivial hypermultiplet geometry and chiral six-dimensional matter, but large enough to
protect vector-multiplet special geometry:

4d N =2: vector multiplet couplings «+ F(X), Mgps = |t X' — p' Fyl. (A.23)

This is the formal reason conifold singularities, Seiberg—Witten periods, and wrapped-brane
central charges are computable in many compactifications. [5,355].

A.6.1 d=6,N =1 supersymmetry

Six-dimensional N = 1 usually means (1,0), i.e. eight real supercharges of one chirality. This
theory is chiral, so gravitational, gauge, and mixed anomalies are central consistency conditions.
For a single tensor multiplet, the familiar gravitational anomaly count is

H —V 4 29T = 273. (A.24)

Here H,V,T count hypermultiplets, vector multiplets, and tensor multiplets. String compact-
ifications to six dimensions must satisfy this equation together with factorization of the full
anomaly polynomial. Thus the multiplet count is not cosmetic; it is a hard consistency check
on any proposed spectrum. [155,162].

A.6.2 d=4,N =2 supersymmetry

Four-dimensional N’ = 2 theories separate vector multiplets from hypermultiplets. The vector-
multiplet couplings are controlled by a holomorphic prepotential F(X), and BPS particle masses
are determined by a central charge:

MBPS = |Z|, Z = qIXI —pI./T"]. (A25)
The effective-language version of the protected charge/mass relations used throughout the D-
brane and duality chapters. [5,6,167].
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