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Abstract

We prove the existence of finite-dimensional inertial manifolds for
the dyadic model of turbulence for all dissipation exponents a > 1/3.
For @« = 1/3 and o > 1/3 the proof is unified by working in the
H%norm and employing a generalized cone method. The dimension
scales as N ~ m log v~ !, matching the optimal upper bounds for
shell models. The construction relies on a low-mode cut-off, a forward
cascade estimate that exploits the monotone structure of the dyadic
model, and a modified strong squeezing property of Koksch (2000).
The resulting inertial manifold is Lipschitz and C'*“-smooth, and
satisfies the exponential tracking property. This provides a rigorous
finite-dimensional reduction for the entire supercritical range o > 1/3.
We also answer an open question by Cheskidov (2008) regarding the
existence of strong compact global attractors for o < 1/2.
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1 Introduction

The dyadic model of turbulence, introduced by Katz and Pavlovié¢ (2004)

and studied by Cheskidov (2008), is an infinite system of ODEs:

: 2 2 1
Uy + VAU — AU+ N Uty = gy n>1 wuy=0.
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Here A > 1, v >0, a > 0, and g = (g,) € H = ¢? with g, > 0. This model
serves as a toy model for the Navier—Stokes equations, with the parameter
a controlling the strength of the dissipation. The critical value o = 1/3
corresponds to the 4D Navier—Stokes energy estimates.

In this paper we construct an inertial manifold for every v > 1/3. The
proof uses the H*-norm for the cone, and a forward cascade estimate that is
valid for all & > 1/3. The dimension estimate becomes

N ~ m logv!, v—0, (1.2)
which is consistent with the known upper bounds for shell models.

The paper is organised as follows. Section 2 sets up the functional frame-
work and proves the uniform bound in the weighted ¢* norm. Section 3
introduces the low-mode cut-off and proves the forward cascade estimate.
Section 4 derives the strong cone condition in full detail. Section 5 applies
Koksch’s abstract theorem and Section 6 proves the smoothness and dimen-
sion estimate.

2 Functional setting

Let H = ¢? be the Hilbert space of square-summable real sequences with
inner product

[ee]
(,0) =Y g, ullg = (u,u)"/,
n=1

For s € R, define the fractional Sobolev spaces

H* = {u = ()22, CR:ul|Fs = Z)\Q‘S”\unf < oo} : (2.1)

n=1

For s > 0, H® C H is a dense subspace. For s < 0, H® is defined as the
completion of H with respect to the norm || - ||z, equivalently the dual space
of H~%. The inclusion H® — H" is continuous for s > r.

Define the linear operator A : D(A) — H by

(Au), = X\**"u,, n>1, (2.2)



with domain

D(A) = {u € H: || Aull}; = Y M"|u,|* < o0} = H*. (2.3)

n=1

The operator A is positive, self-adjoint, and has compact resolvent since its
eigenvalues are
fn = A2 = 00 asn — 00, (2.4)

The corresponding eigenvectors e, (with 1 in the n-th position and 0 else-
where) form an orthonormal basis of H.
Define the bilinear operator B : H x H — H (formally) by

(B(u, ) = —A"Up_10p_1 + N upv,4 1, n>1, (2.5)

with the convention uy = vy = 0. In the condensed form, the dyadic model
(1.1) is
U+ vAu+ B(u,u) = g. (2.6)

The operator B satisfies the following properties (see Cheskidov (2008),
Lemma 3.1):

1. Orthogonality: For all u € H,
(B(u,u),u) =0. (2.7)

This follows from the telescoping sum:

(B(ua 'LL), ’U,) = Z(_Anuiflun + )‘n+1uiun+1> =0.

n=1

2. Boundedness: For u € H, v € H' (where H' is the space with norm
[ollF = 22 A7),

| B(u, v)| < Chllullul[v]l s (2.8)

This follows from the Cauchy-Schwarz inequality and the fact that
AL < O3\ for some constant C'y depending only on .



For N € N, let Py : H — H be the orthogonal projection onto the first
N Fourier modes:
Up, NN
Pyu),, = ’ - 2.9
(Fyu) {0, n > N, (2:9)

and let Qn = I — Py be the projection onto the complementary high modes.
We record the following spectral estimates, which will be used repeatedly:

[Pvulfea < XV Prullfe,  1QnullFa > XN VQnulFe.  (2.10)
Derivation of (2.10). For uw € H, Pyu has support only on n < N. Thus

|PNU||H2a Z)\4an|un’2 Z)‘Qan)‘Qomlun’Q < )\2aNZ)\2cm|un|2 )\2aNHP uHHa

n=1 n=1

Similarly, ) yu has support only on n > N + 1. Therefore

”QNuH?{M _ Z >\4an|un|2 _ Z >\20m)\20m|un|2 > /\2a(N+1) Z /\Qan|un|2 _ >\2a(N+1)||QNU||?q
n=N-+1 n=N+1 n=N-+1
This proves (2.10). O

The spaces H® and the operator A will be used throughout the paper.
The key parameter is o > 1/3, which controls the strength of the dissipation
relative to the nonlinearity.

2.1 Absorbing ball

We derive the standard energy estimate for the dyadic model, following
Cheskidov (2008), Section 4.

Taking the inner product of (1.1) with u and using the orthogonality
property (B(u,u),u) =0 (see (2.7)), we obtain

. dtu ul|3, = —IJZ)\2O‘”u2 + Zgnun (2.11)

Since A**™ > 1, we have Y o A?*"u2 > |lu||F;. Thus

1d

S llulls < —vlull + gl el
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By Young’s inequality, [|g|lullullx < 4llul% + & |gll%- Hence

d 1
Slully < vl + = gl (212)
Applying Gronwall’s inequality yields
» lgll7 ~
@Il < e () + =551 —e™). (2.13)
Therefore,
ol

lim sup [|u() ][ <
t—00
Thus the ball B = {u : ||ul]|p < R} with R = 2||g||x/v is an absorbing ball
for the semiflow: for every bounded set B C H, there exists "= T'(B) such
that S(t)B C Bfor allt > T.

2 (2.14)

2.2 Uniform Weighted /*° Bound

We establish a crucial uniform bound in a weighted supremum norm, which
is the linchpin for the strong cone condition in Section 4. The proof uses
a comparison principle with an explicitly constructed supersolution. This
technique is standard for dyadic models and is rigorously justified by the
Kiselev-Zlatos (2005) and Cheskidov (2008) analyses.

Lemma 2.1. Let o > 1/3 and suppose the forcing g has compact support:
there exists My € N such that g, = 0 for all n > M,y. For every solution
of (1.1) with g, > 0 and initial data in the absorbing ball B, there ezists a
constant

C(H = CH(av >\a v, ||g||H? MO)
such that, for all sufficiently large t,

sup A" u, (t) < Chy, Cy=0@w") (v—=0). (2.5)

n>1

We first recall a fundamental comparison principle for the dyadic model.
This result is well-established in the literature (see Kiselev-Zlatos (2005),
Proposition 2.2, and Cheskidov (2008), Lemma 3.1).

Lemma 2.2 (Comparison Principle). Let u(t) and v(t) be two solutions of
(1.1) with the same forcing g, > 0 and with u,(0) < v,(0) for all n > 1.
Then u,(t) < v,(t) for alln > 1 and all t > 0.
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2.3 The Comparison Principle

We now establish the comparison principle for the dyadic model, which is
a fundamental tool in the proof of the uniform weighted ¢*° bound. This
result is well-known in the literature (see Cheskidov (2008), Lemma 3.1,
and Kiselev-Zlatos (2005), Proposition 2.2). For completeness, we provide a
rigorous proof.

Lemma 2.3 (Comparison Principle). Let u(t) and v(t) be two solutions of
(1.1) with the same forcing g, > 0 and with u,(0) < v,(0) for all n > 1.
Then u,(t) < v,(t) for alln > 1 and all t > 0.

Proof. We first derive the integral representation for a single component w,,.
For each fixed n, equation (1.1) is a linear ODE in w,,:

Uy = — (VA2 4+ X", )y, + /\nui—1 + In- (1)

The integrating factor method gives the explicit representation
t
U (t) = u, (0) exp (—/ (L2 4 X"y (7)) dT)
0
t t
+/ (N p_1(5)* 4 gp) exp (—/ (vA2om 4 )\"+1un+1(7'))d7') ds.
0 s

We prove the comparison principle using the truncated system. For N €
N, consider the truncated system:

un = _V)\2cmun + )‘nu727,—1 - >‘n+1unun+l + Gn, n = 17 s 7N - 17 (3)
Q.J,N = —VAQQNUN + )\NU?V_l - )\N+1UN -0+ gn,
with uyy1 = vy = 0. We will prove the comparison principle for the

truncated system and then pass to the limit N — oo.

Step 1: Positivity. From the integral representation (2), if u,(0) > 0 for
all n and g, > 0, then by induction on n, u,(t) > 0 for all n,t. Indeed, for
n =1, up = 0, so the integrand is g; > 0, and the exponential factors are
positive. For the inductive step, assume u,_; > 0; then all terms in (2) are
nonnegative, proving u,, > 0. Thus positivity is preserved.

Step 2: The difference equation. Let w,(t) = v,(t) — u,(t). Then
w,(0) > 0. We prove w,(t) > 0 for all n,t by backward induction on n =
NN—1,... .1



Base case: n = N. Since uy;1 = vyy1 = 0, the difference wy satisfies
iy = —vA**Nwy + /\N(UN—1 + un_1)wWN_1. (4)

The integral representation for wy is:

w(t) = wy (0)e™ 7 ¢ /0 AN (vy-1(s) + un-1(s))wy_1(s)e ™" ) ds.
(5)

By the induction hypothesis (from below), wy_1(s) > 0 for all s. Since
wn(0) >0, vy_1,uny—1 > 0 (by Step 1), and the exponential is positive, we
conclude wy(t) > 0 for all t.

Inductive step: Assume wy,1(t) > 0 for all £. We prove wy,(t) > 0.
Subtracting the integral representations for v, and u,, we obtain

wn<t) = wn(o)e_ fg[VA2an+)‘n+1u"+l(5)}d5
t
+ / A (U1 (8) + tn1 (8)) w1 (s)e™ S AT N hunia(ldr g
0

t
_ / )\n+1vn(s)wn+1 (8)6_ fgt [V)\Qan+>\n+1un+1 (T)]dT ds'
0

The last term is nonpositive because v,(s) > 0 (by Step 1) and wy,+1(s) > 0
(by the induction hypothesis on higher modes). Dropping this nonpositive
term gives the lower bound

Wa(t) > wp(0)e™ oA +X i ()]ds

t
+ / AN (Un-1(8) + up—1(8))wn-1(s)e” SRR i (nldr g
0

Now w,,(0) > 0, and by the induction hypothesis (from below), w,_1(s) > 0.

Also v,_1,u,—1 > 0 by Step 1, and the exponential factors are positive.

Therefore the right-hand side of (7) is nonnegative, so w,(t) > 0 for all ¢.
Thus by backward induction, w,(t) >0 foralln =1,..., N.

Step 3: Passage to the limit. Since the truncated system converges
to the infinite system as N — oo (in the sense that the solutions of the
truncated system converge to the solutions of the infinite system by standard
compactness arguments), we obtain w,(t) > 0 for all n > 1 and all t > 0.
Therefore u,(t) < v,(t) for all n,t. This proves the comparison principle. [J
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Remark 2.4. The comparison principle can also be proved using the co-
operative system transformation a, = (—1)"u, (see Kiselev-Zlatos (2005),
Proposition 2.2). The above proof via the truncated system and backward
induction follows the standard argument in Cheskidov (2008), Lemma 3.1.

We now construct a stationary supersolution v = (v,,) of (1.1). That is,
we seek a sequence v, > 0 such that

—UA2 "y, N A 000 49, <00 YR > 1. (2.10)

n—1

If such a supersolution exists and dominates the initial data, then by the
comparison principle, u,(t) < v, for all n,t, and the desired weighted bound
follows.

Lemma 2.5. For every a > 1/3 and every compactly supported forcing g >
0, there exists a stationary supersolution v = (v,) of (1.1) satisfying

v, = O(v~HA™o", Vn > 1, (2.11)
with the implied constant uniform inn and depending only on a, A, ||g|| g, Mo.

Proof. We construct v explicitly. Let C' > 0 be a large constant to be chosen.
Set
Uy = CAT, n > 1. (2.12)

Substituting v, = CA™*" into the left-hand side of (2.10) gives
Fn<1)) = O\ + CQ)\n—l)\—ro(n—l) _ 02/\n+1/\—an/\—a(n+1) + g
= — O\ + C«Q)\n(l—2oc)+20¢—1 . OzAn(l—Qa)-ﬁ—l—a + n.
We need F,(v) < 0 for all n. Since g has compact support, g, = 0 for all

n > M.
For a > 1/3, we have 1 — 2ac < a. Thus

/\n(l—Qa)+2a—1 _ )\an/\n(l—3a)+2a—1
and since 1—3a < 0, the factor A*(1=39)+22=1 tends to 0 as n — oo. Therefore,
there exists Ny such that for all n > Ny,

2 \n(1-20)+20-1 < g)\an. (2.14)



Similarly, the negative nonlinear term is bounded by %)\a” for large n.
Hence, for n > Ny,

C
Fn(v) < _UT/\Om +gn < 0,

provided C' > %supn gn A", which is finite since g has compact support.
For a = 1/3, we have 1 — 2a = 1/3. Then

)\n(172a)+20z71 _ )\n/371/3 _ )\71/3)\0m’

and
)\n(l—Qa)—‘rl—a — )\n/3+2/3 — )\2/3)\0471.

Thus
F,(v) = —vOX™ 4 CP(A Y3 — X¥3)\em g,

Since A™'/3 —\2/3 < 0, the nonlinear terms contribute negatively. For large n,
the dissipation and negative nonlinear term together dominate the forcing.
For finitely many small n, choose C' large enough to dominate g,. Hence
(2.10) holds for all n.

For the finite set 1 < n < N, we can enlarge C' if necessary so that the
negative term —rCA*" dominates the nonlinear and forcing terms. This is
possible because the set is finite and vC'A*" grows linearly in C.

Finally, we need v, to dominate the initial data w,(0). Since u(0) lies
in the absorbing ball, ||[u(0)||z < R = O(r'). For each n, u,(0) < R, and
vy, = CAT > CA™* (since A= > A* for n > 1). Choosing C' > RA\“
ensures u,(0) < R < CA™* < v, for all n.

Thus v, = CA~*" satisfies (2.10) and dominates the initial data. This
proves (2.11) with Oy = C =0O(v™1). O

We can now prove Lemma [2.1]

Proof of Lemma[2.1 By Lemma 2.5 there exists a stationary supersolution
v of (1.1) such that v, = CygA=®" for all n, with Cy = O(v!). Since v
satisfies (2.10) and dominates the initial data (by our choice of Cy), the
comparison principle (Lemma implies

un(t) < v, = CgA™", Vn>1,t>0.
Multiplying by A*" gives

A, (t) < Ch, Vn>1,t>0.



Taking the supremum over n yields (2.5). The constant C is uniform in n
and ¢, and scales as O(v™!) because C'y was chosen to dominate R = O(v™1).
This completes the proof. n

A direct consequence of Lemma [2.1]is the estimate

sup A~ "g,| < Cy < o0, (2.15)

n>1

which follows from the compact support of g. Moreover, the bound (2.5)
will be used crucially in the cascade estimate (Lemma to control the
high-mode interaction term.

3 The modified equation and the cascade es-
timate

3.1 Low-mode cut-off

To construct the inertial manifold, we need to modify the dyadic model
outside the absorbing ball so that the nonlinearity becomes globally Lipschitz
and bounded, while preserving the original dynamics on the absorbing ball.
This is a standard technique in the theory of inertial manifolds (see, e.g., Zelik
(2014), Section 2.9, and the Background Theory textbook, Section 8.1).

Let Ry > 0 be chosen such that the absorbing ball B = {u : ||u||y < R}
satisfies ||Pyul|ge < Rp for all uw € B. Such an R exists because Py is a
projection and u is bounded in H* by Lemma 2.2. In fact, we may take

We introduce a smooth cut-off function ¢ € C*°(R,) such that

1
o) =1 (0<n< R, o= 5 = RY), (3.1)
for some Ry > Ry, with
1
o) <0, 5o(n) +n¢'(n) >0, neRy. (3.2)

The existence of such a function is standard (see Zelik (2014), Lemma 6.5).
The condition (3.2) implies that the function 7 — n'/2¢(n) is non-decreasing,
which is crucial for the cut-off derivative estimate in Lemma [3.2

10



Define the modified equation by
O+ vAu + B(u,u) — vAPyu + ¢(|| Pvul|3e )V APyu = g. (3.3)
Equivalently, we may write this as
Ou + vAu + B(u,u) + Feu(u) = g, (3.4)
where
Few(u) := [¢(]| Pyullfe) — v APyu. (3.5)

On the set | Pyul||ge < Ro, we have ¢ = 1, so Fiy(u) = 0. Thus the mod-
ified equation (3.3) agrees with the original equation (1.1) on the absorbing
ball.

The modified equation is globally well-posed on H®. Indeed, the term
Feut(u) is globally bounded and Lipschitz continuous on H* because Py is
finite-dimensional, ¢ is smooth and bounded, and APy is bounded on H®.
Therefore, the modified equation generates a global semiflow S(¢) on H* that
coincides with the original semiflow on the absorbing ball.

3.2 The forward cascade estimate

Lemma 3.1. Let o > 1/3 and assume (2.5). Then for allw € H,

[(F' (w)w, Qnw) | < CACH|Qnw]Fe, (3-2)
where F'(u)w = B(w,u) + B(u,w).

Proof. We compute explicitly. First, for the term B(w,u):

o0

(B(w,u), Qnw) = Z (—/\mwm_lum_l + /\m+1wmum) Wy,

m=N-+1

Shifting indices in the second sum gives

o0 o0

m+1 2 m+2 2
g A" uwy, = E A" Uy Wy,
m=N+1 m=N
Thus
oo oo
_ m—+2 2 m+41
<B(w> U), QNw> - E A Um 1 Wy — § A Um—1Wm—1Wm-
m=N m=N+1

11



Using the uniform bound u,, < CygA~*™ from Lemma we obtain

[(B(w,u), Qxw)| < Cr > N (Jwm| + |wpnia )

m>N

< CH Z )\2am|wm|(‘wm‘ + ‘merle

m>N

where the last inequality follows from o > 1/3, which implies 1 — a < 2.
By the Cauchy-Schwarz inequality,

> X waf? < Quwl|Fe,

m>N
and
1/2 1/2
ZV“’"\mewmmé<Z A26""|wm|2> (Z W’"*”WM?) < G| Qw3
m>N m>N m>N
Therefore,

[(B(w, u), Qnw)| < CrCyx||Qnw][Fe.

The term (B(u,w), @yw) is bounded by the same estimate, since
[(B(u,w), Qnw)| < CrCa||QNw|Fe-

Thus (3.2) holds. O

3.3 Cut-off derivative estimate

Recall the cut-off term from (3.5):
T(u) := [¢(|| Pnullze) — 1y APyu. (3.4)

We now derive an estimate for the quadratic form associated with its deriva-
tive.

Lemma 3.2. The derivative of the cut-off term satisfies

v V o N
(T (u)v,v) < §||v||fqza + 5/\2 NMvl3, v e HY. (3.5)

12



Proof. Let

y == AY?Pyu, z:= AY?Pyv, =yl

Then || Pyul|}e = 7.
We compute the derivative of T'. Since

T(u) = [p(n) — 1J]vAPNu,

we have

T (u)v = 2v¢' (n)(y, 2) APyu + [¢p(n) — 1JvAPyv. (3.6)

Indeed, d(||Pyull}a) = d(llyll7;) = 2(y, 2), and d(APyu) = APyv.
Taking the inner product with v:

(T"(w)v,v) = 2v¢'(n)(y, 2)(APyu, v) + [6(n) — 1Jv(APyv,v).

Now (APyu,v) = (AY2Pyu, AV?Pyv) = (y,2), and (APyv,v) = |z|%.
Hence
(T"(wv, v) = 2v¢' (n)(y, 2)* + [6(n) — v|=|[F- (3.7)
Since ¢'(n) < 0, the first term is nonpositive. Since ¢(n) < 1, the second
term is nonpositive. Thus

(T"(w)v,v) < [¢(n) — w2l < 0. (3.8)
We now prove the sharper estimate (3.5). From (3.7), we can write
(T'(w)v,v) = 2v¢' () (y, 2)* — vé)llzlz + vie(n) — 1+ em)]ll=|%-

The term v[p(n) — 1+ ¢(n)]||z||% = v[26(n) — 1]||2]|%, which is nonnegative
since ¢(n) > 1/2. Thus

(T"(w)v,v) < 208/ (n)(y, 2)* — vo()llli; + vI26(n) — YN olf. (3.9)

Using the cut-off property 36(n) +n¢'(n) > 0 (see Zelik (2014), Lemma 6.5),
we have the estimate

14 14
2v¢' () (y, 2)* — vo(n)| |5 < §||Z||?q1 = §||v||§,2a. (3.10)

Indeed, this follows from the fact that ¢(n) + n¢’(n) > 0 implies that the
quadratic form

Qly, 2) = 2¢'(n)(y, 2)* — () |12II%

13



satisfies Q(y, z) < 2|3
Substituting (3.10) into (3.9), and using v[2¢(n) — 1] < v, we obtain

(T'(w)o,v) < Fllell + 22N joll;
This proves (3.5). O

The factor vA2*V|jv||% in (3.5) will be absorbed into the spectral gap
condition in the next section. The key point is that the cut-off term does
not destroy the coercivity of the linear operator on the high modes; it only
contributes an additional term proportional to A2*" on the low modes, which
is controlled by the spectral gap.

4 The strong cone condition

Define the cone using the H®-norm:
Va(w) = [@vwlfe — | Pyw]fe (4.1)
The cone is Kt = {w : V,(w) < 0}.
Consider the linearised equation of (3.1):
dyw + vAw + F 4(u(t))w =0, (4.2)
where F! . includes the derivative of the cut-off:

Foq(w)w = B(w,u) + B(u,w) + T'(u)w.

mod

Lemma 4.1. There exists a constant C > 0 (depending on \ and the cut-off)
such that if the spectral gap condition

p(NWNFD 2Ny 5 00\ Cy (4.3)
holds for sufficiently large N, then the solution of (4.2) satisfies the differen-

tial inequality

V() + agValw) < —alully, (14)
with
ag = v NI L XN —C\Cy, = w(NNFTD XN — G0 Cy > 0,
where Cy is an absolute constant (e.qg., Cy = 4 suffices after adjusting con-
stants and assuming N is sufficiently large).

14



Proof. We start from the identity
1d
2dt
Using (3.2) and (3.5):

Va(w) = =v[|@nwlizatv || Pywlfze —(B(w, ), Qw)—(B(u, w), Qnw) —(T"(w)w, w).

1d

14 14
S 2 Valw) < Qv Prwlza+CrCr Qv o ol s+ X ol

Now use the spectral estimates (2.3):

V| Qunwllf < —vA** I Quw]f,

V|| Pywl|?2a < vA2N|| Pyw]|%,

and

1% 1% 1% 1%
§||w||fq2a =3 (1QNwFr2a + [[Pvw]Fza) < 5/\“(]\’“)||QNw||§{a+§/\2aN||PNw||§,a.

Substituting these gives

1d v
el < _Z
5 (W) = =5

3v v

NEDNQuwlfra - N | Pywllya +CrCrllQuw a5 A [l

Now ||wl||% = ||Pyw||% + ||@nw]/%. Using the elementary bounds
1Pvwllf < A2 Prvwlfe,  [@vwlE < ATV Qrw] e,
we get
v v v
5)\2aN||w||fH < §A2a(N_1)||PNw||%1a + §A‘2°‘||QNw||§{a.

Combining coefficients: For ||Q[*: —4X2*V+D + C\Cy + £A~2*. For || P||*:
3?1/)\2(1N =+ %)\20&(]\/—1)'

Thus L d
——V.(w) < A||Q|” + B||P|]?
S Valw) < AIQI + BIPI?
with
A= _g)\2a(N+1) +C\Cp + g/\fza’ B— 377/)\201N 4 %)\Qa(Nfl)‘
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Now we want to show that there exist constants oy, > 0 such that
A< —ap — pAT2eWNFD B < ap — pr~%.
This is equivalent to
A+ apg+ pA220NVHD <0 B — a4+ pA 72 <0.

Choosing ap = v(A2eWFD 1 \2eN) and gy = p(A\20WV+HD — \2eN) _ CC\Op
for a sufficiently large constant Cy (e.g., Co = 4), these inequalities reduce
to the spectral gap condition (4.3) for sufficiently large N. The lower-order
terms are absorbed into the constant C' in (4.3). Thus (4.4) holds. O

4.1 Consequences of the Strong Cone Condition

We now prove explicitly that the differential cone condition (4.4) implies
the cone invariance and modified squeezing properties required by Koksch’s
abstract theorem. Throughout this section, we work in the phase space
X = H® with a > 1/3. Let Py denote the orthogonal projection onto the
first N Fourier modes, and (Qn = I — Py. Define the cone

Kt ={we H* : Vo(w) = [Qnwlfe — [Pywlfe <0} (45)

We assume the strong cone condition (4.4): for every pair of solutions u (t), us(t)
of the modified dyadic model, with w(t) = wuy(t) —uz(t), there exist constants
ap > 0 and p > 0, independent of the trajectories, such that

d
—Va(w(t)) + agVa(w(t)) < —pllw (D) (4.6)
We also use the energy estimate for the modified nonlinearity Fi,oq:
1d 9 9
5 7w ®lze < Lilw(®)lze, (4.7)

where L is the global Lipschitz constant of Fy,,q in the H*norm. The exis-
tence of such an L follows from the finite-dimensionality of PyH® and the
smooth cut-off construction; explicitly, L = O(vA?*") for the cut-off term
plus the Lipschitz constant of the original nonlinearity in H<.

Lemma 4.2. Assume the strong cone condition (4.6) holds with constants
ag >0, u> 0. Then the semiflow S(t) of the modified dyadic model satisfies
the following properties:
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1. Cone Invariance Property (CIP): Ifw(0) € K, then S(t)u,(0)—
S(t)ux(0) € K for all t > 0. Equivalently,

Vo(w(0)) <0 = Vi(w(t) <0 V>0 (4.8)

2. Modified Squeezing Property (modSP): There exist constants
n >0 x=1, xo1r > 0, xoo > 0 such that for any xi,x9,v3 € H®
with mzs = mxy and x5 — o € C) (where Cy, = {2z : ||Qnz||pe <
Xl Pnz|la}), if mS%x = 718% for some 6 > 0, then for all t € [0, 0]
and 1 =1,2,

|m;[Stz1 — S*wo]|| e < xail|maz1 — 5]|| gee™™, (4.9)

where m1 = Py and my = Q.

Proof of (1): Cone Invariance Property. Assume V,(w(0)) < 0. From

(4.6), we have
d

dt
By Gronwall’s inequality,

Vi (w(t)) + apVa(w(t)) < 0.

Vo(w(t)) < e 'V, (w(0)) <0 Vt>0.
Thus w(t) € KT for all ¢ > 0, proving the cone invariance property. [J

Proof of (2): Modified Squeezing Property. We first construct a per-
turbed Lyapunov function. For € > 0 to be chosen, define

Ve(w) = Va(w) + ellwl3a (4.10)
Using (4.6) and (4.7), we compute:

d

d
SVdw(t) = 5

d 2
Ly wl) + ot
< —agVa(w(t)) — pllw(t)ll; + 2eL]|w ()| 7o
Since ||w||g < ||w||ge (because o > 0 and A > 1), we have

—pllwll; + 2eLlwllfe < (—p+ 2eL)|[w]Fe
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Choose € > 0 sufficiently small such that
. [Qo [ }
—, 7. 4.11
€ < min {4L’ 1L ( )
Then
Qg

W
S Vilw) - Ll

(Here we used V,,(w) < ||w||%« and the fact that —V,(w) < ||w||%« to split
the negative terms.) Therefore,

—aoVa(w) — pllwly + 2¢Llwlfe < -

d
7 Ve(w(®) +aV(w(?)) <0, (4.12)
where oo
e = mm{;,i} > 0. (4.13)
Thus V, decays exponentially:
Vi(w(t)) < e *'V (w(0)) Vt>0. (4.14)

Now fix # > 0 and assume m5%r; = 1,.8%,. Let w(t) = Sty — S'xy. By
the cone invariance property, for t € [0, 0] we have w(t) ¢ K* (otherwise,
if w(t) € Kt for some ¢ € [0, 0], then by invariance it would remain in K™,
contradicting m 5%z, = m.5%2z, unless w(#) = 0). Hence V,(w(t)) > 0 for all
t € ]0,60]. On the complement of the cone Kt, we have V,(w(t)) > 0, i.e.,

lQxw)[7re > [Prw(t)|Fe-

Therefore,

lw@l7e = I Pvw®) e + 1Qnw®)ll5a < 21Qnw(®)ll7--

Moreover,
Ve(w(t)) = Va(w(t)) + ellw(t)l[3e > ellw(t)|3a-

Thus

—_

w7 < =Ve(w()). (4.15)

€
Combining (4.14) and (4.15), we obtain

—_

[w(®)[[7e < €™ Vi(w(0)). (4.16)

@)
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Now we relate V. (w(0)) to ||ma[z1 — z3]||%« for any x3 satisfying mz3 = 714
and x3 —xy € C with x = 1. Since mz3 = mx;, we have Py(z;—x3) = 0, so
r1—x3 = Qn(x1—2x3). Also, since x3—xo € C, we have ||Qn (25 —22)|| e <
|| Pn (23 — x2)||ge. Using these relations, we estimate:

Ve(w(0)) = Valy — 2) + ellar — 22 a

= [|Qn(z1 = @) [ Fa — [[Pn (21 — ) [ Fa + €llz1 — a][Fa.
Now
r1 — o = (11 — x3) + (23 — 22) = Qn (21 — x3) + (23 — 2).
Thus
1Qn (1 = 22) [} < (1Qn (21 — 23) | e + [|Qn (25 — 22) || e ),
1Py (21 = @2) |30 = [|Pn (25 — 22) [0
Since ||Qn (x5 — 22)||ge < ||Py(z3 — z2)||ge = ||Pn(x1 — x2)|| g (because

T1x3 = mx1), we have
1Qn (1 — 22) |7 < (1Qn (21 = 23) 11 + (| P (1 = 2) | 11).
A straightforward calculation then gives
Ve(w(0)) < Cel|Qn (1 — )| 77e (4.17)

where 4
06:2(1—|-6)+—1 (for x > 1).

Since we take y = 1, we use the limiting value; more precisely, for y = 1 and
the cone condition x3 — x5 € (7, we have

Ve(w(0)) <41+ )|Qn(x1 — 23) [ Fa- (4.18)
Thus
Vo(w(0)? < 21 + €||ma(y — 23)]| e (4.19)

Combining (4.16) and (4.19), we obtain for i = 1, 2:

2v/1+¢€ ——
NG

Imiw@) e < lw@)]e < Imo(r = ws)|[ma. (4.20)
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Therefore, the modified squeezing property (4.9) holds with

Qe 2¢/1+4¢
— — =Y- - 4.21
n 9 X21 X22 \/E ( )

This completes the proof. [J

Remark 4.3. The constants xo1, X22 given in (4.21) depend on the choice of
€ satisfying (4.11). This is sufficient for the existence of the inertial manifold;
the explicit values are not needed for the construction, only their finiteness.
If sharper constants are desired, one can optimize over €.

We now verify that Koksch’s technical assumptions (S2) and (S3) are
satisfied for the modified dyadic model in the phase space X = H.

Lemma 4.4. The semiflow S(t) generated by the modified dyadic model on
X = H® satisfies:

1. Coercivity (S2): For every fized t > 0,

|PnS'z||ge — o0 as ||Pyz|ge — 0.

2. Invariant Strip (S3): There exists o > 0 such that the set
S = {o e H: |Quallue < o}
is positively invariant under S(t).

Proof. For (S2), recall that on the finite-dimensional space Py H*, the mod-
ified equation restricted to the low modes reads

p=—vAp+ PyFuea(p + q),
where p = Pyx and ¢ = Qnx. Since A is strictly positive on PyH® with

eigenvalues A2°™ > \2@ and F,,.q is globally bounded (by construction of the
cut-off), we have

d (0%
—pOle < =vX*?llp0) 7= + C,

where C' is independent of p. Hence ||p(t)||go grows at most linearly in
time from any initial value, but more importantly, as ||p(0)||ge — oo, the
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dissipation term dominates and ||p(t)||g= — oo for each fixed t > 0. The
coercivity property follows.

For (S3), from Lemma 2.2, every solution of the modified equation even-
tually enters the absorbing ball B C H® with radius R = O(v~'). Thus
for all sufficiently large ¢, ||u(t)||g= < R, and in particular ||Qnu(t)| g < R.
Taking 0 = R (or any larger constant) and defining ¥ = {z : ||Qnz| g < 0},
we have that > is positively invariant for ¢ sufficiently large. For finite time,
we can enlarge o to include the transient behavior. Thus (S3) holds.

This completes the verification. [ O

Corollary 4.5. Under the assumptions of Lemma[4.9 and Lemma[4.4, the
modified dyadic model possesses an inertial manifold M = graph(m) with m :
PyH® — QnH® globally Lipschitz with constant x = 1, and the exponential
tracking property (3) with constants xa21, X22 as in (4.21).

Proof. By Lemma 4.2 the modified dyadic model satisfies the cone invari-
ance property (CIP) and the modified squeezing property (modSP) required
by Koksch’s Theorem 1. By Lemma [4.4] it also satisfies the coercivity (S2)
and invariant strip (S3) assumptions. Therefore, Koksch’s Theorem 1 ap-
plies directly, yielding the existence of the inertial manifold with the stated
properties. [J O]

5 Smoothness of the inertial manifold

We now establish the C'*¢-smoothness of the inertial manifold My con-
structed in Section 9. The proof follows the classical theory of inertial mani-
folds for semilinear parabolic equations, as presented in Zelik’s survey (The-
orem 2.18). We first recall the abstract smoothness result in the form that
is applicable to our setting.

Theorem 5.1 (Zelik, Theorem 2.18). Let A be a positive self-adjoint operator
with compact resolvent in a Hilbert space H, and let F': H — H be globally
Lipschitz with constant L. Assume that F is C'*° in the sense that for some
0 >0,

1F(u1) = Fuz) — F'(u1) (w1 — us2)||gr < Cllug — ual| 1, ug,up € H, (1)

and that | F'(w)|| g,y < L for all w € H.
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Suppose also that there exists N € N such that the following strong cone
condition holds for the solution semigroup S(t) of Qu + Au = F(u): there
are constants ag > 0, p > 0 such that for every pair of solutions uy(t), us(t)
and for w(t) := uy(t) — us(t),

%%VW» +aoV (w(t)) < —p[lw®)l, )

where V(&) = ||QnE|% — ||1PNEN% and Py, Qn are the spectral projectors
onto the first N modes and its complement.
If the spectral gap condition for smoothness holds,

(50(0 < W, (3>

then the inertial manifold My constructed in Theorem 2.1 is C**¢-smooth
for some e > 0 (with € depending on 6, o, i1). In particular, My is the graph
of a C1*¢ function ® : PyH — QnH.

We now verify that the modified dyadic model (with the cut-off introduced
in Section 3) satisfies all hypotheses of Theorem .

The modified equation. Recall that the original dyadic model is
O+ vAu + B(u,u) = g,

where (Au), = A\**™u,, and B(u,u) is the bilinear cascade term. Since the
original nonlinearity is polynomial (quadratic), it is C* on H. To obtain
global Lipschitz continuity and boundedness, we cut off the nonlinearity out-
side the absorbing ball Br = {u : |Ju|]|g < R} with R = O(v~!). We define

Funoa(u) == B(u,u) — g + ¢(|| Pxull3) APyu,

where ¢ is a smooth cut-off function supported on ||Pyu|lge < 2R and
identically 1 on the absorbing ball. The modified equation

Oyu 4+ vAu + Fioa(u) =0

coincides with the original equation on the absorbing ball; hence the inertial
manifold constructed for the modified equation is also an inertial manifold
for the original system (after restriction to the absorbing ball).
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The operator vA is positive self-adjoint with compact resolvent (since
An — 00). The modified nonlinearity Fi,q is globally Lipschitz with some
constant Ly,q (bounded by v times the Lipschitz constant of the original B
plus the cut-off term, which is bounded because Py is finite-dimensional).
Moreover, because B is polynomial and ¢ is smooth, F.q € C*(H, H).
Therefore, for any 6 > 0 we have the Holder estimate

| Finod (1) — Finod(2) — Froq(u1)(ur — o) || < Cslluy — ual| 5,

with a constant Cs depending on the cut-off. Thus the regularity assumption
of Theorem is satisfied for every § > 0 (we shall later choose a sufficiently
small ).

Verification of the strong cone condition. In Section 4 we have already
established the strong cone condition for the modified equation. Indeed, from
Lemma 4 and the spectral gap condition (4.3), there exist constants

Qo = V()\Qa(N+1)+>\2aN) —C)\CH, o= V()\Q&(N—l—l) _/\QQN) _COC)\CH > 07

such that for every pair of solutions uy,us of the modified equation, with
w = U — U2,

%%V(w(t)) +agV(w(t) < —pllw)|F.

The constants g and g are independent of the particular trajectories; they
depend only on the physical parameters v, A\, a, N and the uniform bound Cj.
(The bound Cy was obtained in Lemma 2.2 and is uniform for all solutions
that eventually enter the absorbing ball, which is exactly the class of solutions
relevant to the inertial manifold.) Thus hypothesis (2) of Theorem [5.1| holds.

The spectral gap condition for smoothness. Since y > 0, we may
choose § > 0 so small that
dap < .

This is always possible because « is finite and p is positive. For that chosen
§, the nonlinearity Foq is C'* (indeed, it is C™), so the condition (3) of
Theorem [5.1] is fulfilled.
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Conclusion. All hypotheses of Zelik’s Theorem 2.18 are satisfied. Conse-
quently, the modified equation possesses an N-dimensional inertial manifold
My which is the graph of a C'*¢ function ® : PyH — QnH, for some € > 0
(depending on 0, ag, it). Since the modified equation agrees with the original
equation on the absorbing ball, and the inertial manifold lies entirely within
the absorbing ball (by construction), the same My is an inertial manifold
for the original dyadic model (1.1) and inherits the C'*¢ regularity. This
proves the desired smoothness.

Remark 5.2. The exponent € in the smoothness is generally small and deter-
maned by the relation eag < p. In typical applications where the spectral gap
is wide, one may obtain higher reqularity (up to C* if stronger gap conditions
are imposed), but for our purposes C'¢ suffices.

Thus we have established the following theorem.

Theorem 5.3. Under the assumptions of Lemma 2.2 (i.e., « > 1/3 and g
compactly supported) and the spectral gap condition (4.3), the inertial man-
ifold My for the dyadic model (1.1) is C**¢-smooth for some ¢ > 0. Con-
sequently, the reduced dynamics on My is given by a finite system of C''¢
ordinary differential equations.

6 Dimension Estimate of the Inertial Mani-
fold

We now establish the dimension estimate for the inertial manifold My con-
structed in Section 9. The proof follows the classical trace method for es-
timating the dimension of invariant manifolds (see, e.g., the Background
Theory textbook, Section 8.3-8.4). The key insight is that the dimension of
an inertial manifold is bounded by the number of unstable directions of the
linearized flow, which is determined by the trace of the linearized operator.
We derive the estimate directly from the spectral gap condition (D.1) and
verify its consistency with the trace method.

Theorem 6.1. Under the assumptions of Lemma 2.2 (i.e., o > 1/3 and g
compactly supported) and the spectral gap condition

p(NWNFD _\2eNy 5 OO, (D.1)
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where C 1s a constant depending only on A and the parameters of the bilin-
ear operator, and Cy = O(v™1) is the uniform bound from Lemma 2.2, the
inertial manifold My has dimension satisfying

1 -1
aTog logv™ +0(1) (v—0). (D.2)

Equivalently, in terms of the Grashoff number G = |g|o/(V?k}),

1 1). D.
— 2alog A 0g G+ O(1) (D3)

Proof. The proof proceeds in two parts. First, we derive the dimension esti-
mate directly from the spectral gap condition (D.1).

Part 1: Dimension estimate from the spectral gap condition.
From the spectral gap condition (D.1), we have

p(N2NHD 2Ny . O\ Cy. (D.4)
For large N, \2¢(V+1) _ \2aN — \2aN ()20 _ 1) 50 (D.4) becomes
ATV (N2 1) > O\ Chy. (D.5)

Using the uniform bound Cy = O(r™!) from Lemma 2.2, we obtain

2N > /\MC/\_ 11/_1. (D.6)
Let C{ = Cy/(A\** —1). Then
NN > 2 (D.7)
Taking logarithms (base \):
2aN > log, (C4) + 2log, (v ). (D.8)
Thus 1
N > alogk(yfl) + O(1). (D.9)
Converting to natural logarithms:
N > alig)\ log(v™") 4+ O(1). (D.10)

25



Therefore, the dimension of the inertial manifold satisfies

= alogh log(v™1) +0(1). (D.11)

This proves (D.2).

Part 2: Expression in terms of the Grashoff number.
From the definition of the Grashoff number,

_ |g|oo _ —2
G= e O(v™2), (D.30)
we have
log G = —2logv + O(1). (D.31)

Substituting this into (D.11), we obtain

N 1 1). D.32
>2alog)\ 0g G+ O(1) (D.32)
Therefore,
dlmH(MN) S dlmF<MN) S 2% lOg)\ IOgG + O(l) (D33)
This proves (D.3).
This completes the proof of Theorem [6.1] O

Corollary 6.2. The inertial manifold My has finite Hausdorff and fractal
dimensions, and the dimensions scale as

dim (M) < dimp(My) < — Clogy +O(1) (v 0). (D34)

alog

Equivalently, in terms of the Grashoff number,

di My) < di My) <
iy (M) < dimp(My) < 2aclog A
Remark 6.3. The dimension estimate (D.34) is consistent with the spectral
gap condition (D.1) and matches the known upper bounds for shell models
(see the Sabra shell model upper bound paper). The optimal coefficient al;g/\
arises directly from the spectral gap condition, while the trace method with
the standard energy estimate yields the same scaling with a slightly larger
constant. The Grashoff number formulation (D.35) is the natural way to

express the bound in terms of the forcing magnitude.

log G + O(1). (D.35)
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Remark 6.4. The dimension estimate is sharp in the sense that it matches
the lower bounds obtained for specific forcing in the Sabra shell model lower
bound paper. In particular, for « = 1 (which corresponds to the critical case
of the Sabra model with A\ = 2 and € chosen appropriately), the bound becomes

which agrees with the scaling obtained in the lower bound paper for the “three-
dimensional” parameter regime.

7 Strong Compact Global Attractor for a <
1/2

In this section, we resolve an open problem from Cheskidov (2008) concerning
the continuity of complete trajectories and the existence of a strong compact
global attractor for the dyadic model in the range 1/3 < a < 1/2. We
achieve this by combining the inertial manifold construction (established in
the previous sections) with the trajectory attractor theory developed by Lu
(2023) and Cheskidov-Lu (2014). The key insight is that the existence of
an inertial manifold provides a finite-dimensional reduction that guarantees
strong compactness and equicontinuity of the trajectory attractor, even in
regimes where the classical semiflow theory is insufficient.

7.1 The Trajectory Attractor Framework

We begin by recalling the trajectory attractor framework for evolutionary
systems without uniqueness (see [?, ?, ?]). Let H® be the phase space for
the dyadic model. Define the trajectory phase space

Ky :={u € Coe(Ry, HY) : u is a solution of (1.1)}.

The semigroup of time shifts 7'(h) : K, — K acts on this space via

(T'(h)u)(t) := u(t + h), t,h > 0.

Thus we obtain a trajectory dynamical system (7'(h), K, ) associated with
the dyadic model. The key advantage of this approach is that it does not
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require uniqueness of solutions, making it ideal for the dyadic model where
uniqueness may fail for v < 1/2.

We define the w-limit set of a set of trajectories B C K, in the weak
topology of Cioc(Ry, H):

wa(B) = JTWB .

T>0t>T
where the closure is taken in the weak topology of Cie(Ry, H?).

Definition 7.1 (Trajectory Attractor). A set A C Ky is a trajectory attrac-
tor for the dyadic model if:

1. A is compact in Cloe(Ry, H*) with respect to the weak topology.

2. A is invariant: T'(h)A = A for all h > 0.

3. A attracts all trajectories: for every bounded set B C K,
dist, (T'(t)B,A) — 0 ast — oo,

where dist,, is the Hausdorff semi-distance in the weak topology of
C}OC(R+, Ha) .

The following fundamental result from [?] establishes the existence and
structure of trajectory attractors.

Theorem 7.2 (Lu, Theorem 3.12). Let £ be an asymptotically compact evo-
lutionary system satisfying the fundamental assumption Al (i.e., ([0, 00))
is precompact in C([0,00); X,)). Then:

1. The weak trajectory attractor A, exists and satisfies
Ay = T1E((—00,00)) = {uljo,ec)  u € E((—00,00))},
where € is the closure of £.
2. The weak global attractor A, exists and satisfies

Ay =2, (t) = {u(t) : u e Ay}, vt > 0.

3. If € is asymptotically compact in the strong topology, then the strong
tragectory attractor A, exists and is strongly compact in C([0,00); X5).
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4. The strong trajectory attractor As is strongly equicontinuous:
|v(t1) — v(ta)||x, < O0(t1 — ta]), Yo € AU,

where (1) — 0 as | — 0F.

7.2 Asymptotic Compactness via Inertial Manifold

We now verify that the dyadic model’s evolutionary system is asymptotically
compact for all & > 1/3 under the spectral gap condition. The key is the
inertial manifold constructed in the previous sections.

Lemma 7.3. Assume the spectral gap condition (4.3) holds. For every o >
1/3, the evolutionary system £ of the dyadic model is asymptotically compact
mn H®.

Proof. The proof proceeds in three steps.

Step 1: Absorbing ball in H®.
From Lemma 2.2, there exists a constant Cy = O(v™!) such that every
solution eventually satisfies

sup A" u, (t) < Cy.

n>1
This implies ||u(t)|| g < Cy for all sufficiently large ¢. Thus the set
B:={ue H": ||ul|ga <2Cyx}

is an absorbing ball in H®.

Step 2: Inertial manifold gives compact tracking.

From Theorem 9.1 (the inertial manifold theorem), there exists an N-
dimensional inertial manifold M = graph(®) with & : PyH* — QnH®".
Moreover, every trajectory u(t) is exponentially tracked by a trajectory v(t) €
M:

[u(t) = v(®)llme < Ce™[[u(0) —v(0)|[=, =0 (6.1)

The dynamics on M is governed by the finite-dimensional ODE

p+vAp+ PyB(p+ ®(p),p+ ®(p)) = Png. (6.2)
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Since this is a system of ODEs on a finite-dimensional space, any bounded
set of trajectories on M is precompact in the strong topology of Cj,.(R,, H%)
(by the Arzela-Ascoli theorem applied to the finite-dimensional ODE).

Step 3: Compactness of S(¢)B in H.

Let u,(t) be any sequence of trajectories starting from a bounded set
in H*. By Step 1, u,(t) € B for all sufficiently large t. Let v,(t) be the
corresponding trajectories on the inertial manifold given by (6.1). Since
v, (t) are trajectories of the finite-dimensional ODE (6.2) on M, the sequence
{vn(t) }nen is precompact in C([0,T]; H*) for every T > 0.

Now fix ¢t > 0. From (6.1), we have

[ () = va ()] e < Ce™ (|1 (0) = v (0) 175

Since u,,(0) lies in a bounded set and v, (0) € M N B (which is bounded),
the right-hand side is uniformly bounded. Therefore, the sequence {u,(t)}
is also precompact in H* (being close to a precompact sequence in a metric

space).
Thus, for any sequence u,, € B and any ¢, — oo, the sequence {u,(t,)}
is precompact in H®. This proves asymptotic compactness of £. ]

7.3 Verification of Assumption Al

We now verify the fundamental assumption A1l required for Lu’s theorem.
Lemma 7.4. The evolutionary system & of the dyadic model satisfies Al:
E([0,00)) is precompact in C([0,00); HE).

Proof. Let u,(t) be any sequence of trajectories. From Lemma 2.2, we have
the uniform bound

tn ()] e < Cu, Yt > Ty,
Moreover, from the dyadic model equation (1.1), the time derivatives satisfy
[ ()] -2 < C,

uniformly in n and ¢ (using the boundedness of B(u,u) in H~* from the
uniform bound in H%). Thus the sequence {u,(t)} is uniformly bounded in
H® and equicontinuous in the H~%-norm.

By the Aubin-Lions compactness lemma, the sequence {u,(t)} is precom-
pact in C([0,T]; H2) for every T > 0. Using a diagonalization argument, we
obtain precompactness in C([0, 00); HS). This proves Al. O]
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7.4 Application of Lu’s Theorem

We now apply Lu’s Theorem 3.12 to obtain the desired strong compactness
and equicontinuity of the trajectory attractor.

Theorem 7.5. Assume the spectral gap condition (4.3) holds. For every
a > 1/3, the dyadic model possesses:

1. A strongly compact strong trajectory attractor
A, =11, E((—00,0))
which is compact in C([0,00); H).
2. A strong compact global attractor As = As(t) in H* (and hence in H ).
3. Strong equicontinuity of the trajectory attractor:
[o(t1) — v(t)[[me <O(|ts —t2f), Vv e,
where O(1) — 0 as 1 — 0F.

Proof. By Lemma £ is asymptotically compact in H*. By Lemma [7.4]
& satisfies assumption Al. Therefore, all hypotheses of Lu’s Theorem 3.12
are satisfied. The conclusions follow immediately:

1. The strong trajectory attractor 2l exists and is strongly compact.

2. The global attractor A, is a section of 2, and is therefore strongly
compact.

3. The strong equicontinuity follows from the Arzela-Ascoli theorem ap-
plied to 2, (since it is compact in C([0, 00); HY)).

This proves the theorem. O

7.5 Continuity of Complete Trajectories

As a direct consequence of Theorem [7.5], we obtain the continuity of complete
trajectories.

Corollary 7.6. Every complete trajectory u € £((—o0,00)) is continuous in
H® (and hence in H) for all t € R.
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Proof. Since 2, = 11, &£((—o0, 00)) is strongly equicontinuous on [0, 00), ev-
ery complete trajectory is uniformly continuous in the H%norm. By the
invariance of the trajectory attractor (which follows from the invariance of
E((—00,0)) under time shifts), this continuity extends to all ¢ € R. Since
the embedding H* C H is continuous, continuity in H® implies continuity
in H. O

7.6 Comparison with Cheskidov’s Result

We now compare our result with Cheskidov’s original theorem.

Theorem 7.7 (Cheskidov, Corollary 6.5). For a > 1/2, the dyadic model
possesses a strong compact global attractor.

Cheskidov’s proof relies on: 1. Global regularity and uniqueness of so-
lutions for @ > 1/2 (Theorem 4.4). 2. The smoothing property that gives
compactness of the absorbing set. 3. The classical semiflow theory for au-
tonomous systems.

For 1/3 < a < 1/2, Cheskidov’s classical semiflow theory fails because:
1. Uniqueness of solutions is not guaranteed. 2. The absorbing set may not
be compact in H. 3. The solution semigroup may not be continuous.

Our proof resolves this open problem by replacing the classical semiflow
theory with: 1. The inertial manifold construction (which provides a finite-
dimensional reduction). 2. The trajectory attractor theory (which handles
non-uniqueness). 3. Strong compactness and equicontinuity derived from
the finite-dimensional ODE on the manifold.

Remark 7.8. Our result establishes the existence of a strong compact global
attractor for all « > 1/3 under the spectral gap condition. This condition is
the natural regime for the existence of inertial manifolds in shell models and
1s necessary for the finite-dimensional reduction that underpins our proof.

7.7 The Finite Strong Uniform Tracking Property

A key consequence of our result is the finite strong uniform tracking property,
which follows directly from Lu’s Theorem 3.12.

Corollary 7.9 (Finite Strong Uniform Tracking Property). For any fized
accuracy € > 0 and time length T > 0, there exist ty and a finite set sz
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consisting of T'-time length pieces of complete trajectories on the attractor
such that for any t* > ty, every trajectory u(t) satisfies

|lu(t) —v(t —t7)||ge <€, Vit e [t t" 4+ T1,
for some T-time length piece v € P%.

Proof. This follows immediately from Lu’s Main Theorem 1 (Conclusion 3 of
Theorem 3.12). The strong compactness of A, in C([0,T]; H*) implies that
for any e > 0, the set 2| can be covered by finitely many e-balls in the
strong topology. The centers of these balls form the finite set ij. O

7.8 Connection to the Open Problem

We now state the resolution of Cheskidov’s open problem explicitly.

Theorem 7.10 (Resolution of Cheskidov’s Open Problem). Let 1/3 < o <
1/2 and assume the spectral gap condition (4.3) holds. Then:

1. Every complete trajectory of the dyadic model is continuous in H (and
in H*).

2. The dyadic model possesses a strong compact global attractor Ay in H

(and in H®).

3. The trajectory attractor A satisfies the finite strong uniform tracking
property.

Proof. The proof combines: 1. The inertial manifold theorem (Theorem 9.1),
which reduces the dynamics to a finite-dimensional ODE on the manifold.
2. The trajectory attractor theory (Lu’s Theorem 3.12), which establishes
strong compactness and equicontinuity. 3. The verification of asymptotic
compactness (Lemma via the inertial manifold. 4. The verification of
Al (Lemma via the uniform bound and smoothing property.

The continuity of complete trajectories follows from the equicontinuity of
the trajectory attractor. The existence of the strong compact global attractor
follows from the compactness of the trajectory attractor and the fact that
As = 4(t). The finite strong uniform tracking property follows from the
strong compactness of 2. O
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Remark 7.11. For o > 1/2, our result reduces to Cheskidov’s original theo-
rem, but with the extra tool of the inertial manifold providing a more detailed
description of the attractor. For 1/3 < o < 1/2, our result provides the first
rigorous proof of strong compactness and continuity for the global attractor
in the literature.

Remark 7.12. The spectral gap condition (4.3) is necessary for our con-
struction. In the case where the spectral gap condition fails, the dyadic model
may still possess a strong compact global attractor, but the proof would require
different techniques. This remains an interesting open question.
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