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Abstract: - Consider an instance of the shifted Lonely Runner Conjecture (shifted-LRC) where n runners (except the
stationary runner 0) have integer speeds and start from real values in [0,1] at time t=0. We show that one can derive
an alternative vector of starting points that can be made to be arbitrarily close to the initial vector of starting points.
The alternative starting point of each runner i is a rational in [0,1] and is expressible as (q; / P) where P is a large
prime and q; is an integer in [0, P-1]. We then introduce a new LRC variant called the equi-split-LRC. The LRC
instance allows a minimal loneliness gap of f for runner 0 from the remaining n-1 runners, if and only if, the
equi-split-LRC instance with the same vector of speeds and alternative vector of starting points simultaneously allows
a minimal loneliness gap of f/P for the arc-center of each of P sectors into which the circle is divided from the
remaining n-1 runners. Here, f is a desired fraction in ]0,1[. This finding is important in the light of recent
counter-examples to the shifted-LRC.

1. Introduction

The reader is referred to papers [1][2] for a literature survey on the shifted-LRC (where the n-1 moving runners are allowed
to have arbitrary starting points on the circumference of the circle at time t=0) and LRC (where the n-1 moving runners have
the same starting point as the stationary runner O at time t=0). Recently, counter-examples [1] have been found to the
shifted-LRC (with as low as 6 runners), in which certain vectors of rational starting points of the runners prevent the minimal
1/n gap. The aim of this paper is to derive a new LRC variant from the shifted-LRC called the equi-split-LRC with the same
vector of speeds, but with a different loneliness criterion. The equi-split-LRC is interesting, because the “danger-zone” for all
three LRCs - the non-shifted LRC (referred to simply as the LRC), the shifted-LRC, and the equi-split-LRC, is the same and
equal to 2f.

2. The approach
Theorem 1 below talks about approximating the given vector of real starting points with a vector of rational starting points.

Theorem 1: Denote the initial given vector of n-1 real starting points in the shifted-LRC instance as A =<a, a,, ...,
a,;>. There exists an alternative vector of n-1 rational starting points denoted as B =<(q,/ P), (q,/ P), ... , (qn1 / P)>,
where P is an arbitrarily large prime number, and where each q; is an integer in [0, P-1] such that MAX(absolute((q; /
P) - a)), over integers i in [1,n-1]) is arbitrarily small.

Proof: We know from well-known theories on prime numbers that if {P,, P,, ... Py} is the set of prime numbers below (P, +
1), then the number P = ((P, P,... Py)) + 1) is also prime. We are thus able to choose a larger prime number P, for which we
can keep obtaining an optimum value of integer g; in [0,P-1] such that absolute((q; / P) - a;) will tend to decrease from the
earlier value of absolute((q; / P) - a;) calculated from the earlier and smaller prime P. There will be exceptions to the statement
that absolute((q; / P) - a;) will keep decreasing if we choose larger values of P, for example if a; is a rational whose
denominator is a prime constant in which case absolute((q; / P) - a;) will be 0 when P is that prime constant and will increase
momentarily for a higher value of P. But it is true that there exists an optimum value of integer q; in [0,P-1] such that
absolute((q; / P) - a;) will tend to 0 as P tends to infinity.

Hence Proved

Definitions: -
For all the 3 three LRC variants, we are given n-1 moving runners with non-zero integer speeds. The LRC variants differ
mainly in the starting points of the runners, and in their aims.
1. LRC: The n-1 moving runners start from 0 (the stationary runner 0) at time t=0. The aim is to find the time t=T . at
which every runner is separated by atleast f from 0.
2. Shifted-LRC (SLRC): The n-1 moving runners start from points given by vector A at time t=0. The aim is to find



the time t=Tg ¢ at which every runner is separated by atleast f from 0.

3. Equi-Split-LRC (ESLRC): The n-1 moving runners start from points given by vector B at time t=0. The aim is to
find the time t=Tyg ¢ at which every runner is separated by atleast f/P from the centers of arcs of P sectors on the
circle numbered from 0 to P-1, where the arc of sector j is in [(j-0.5)/P, (j+0.5)/P].

It is evident that in all three LRC variants, the total unoccupied length of the circle should be 2f, by all n-1 runners.

We now state the main result of this paper in Theorem 2, where the symbol <> denotes “if and only if”.

Theorem 2: (T rc/P)=Tesire

Proof: This result comes from the joint application of Theorem 1 and Theorem 5 of our previous paper [2]. We remark that
since the non-zero speeds of the runners are integers, the positions of the runners in the LRC, SLRC and ESLRC, are
periodic, irrespective of the real values in A. This remark is crucial since it establishes a finite amount of time in which the
minimal loneliness gap needs to be checked. We observe the following situations.

Situation at t=0: From Theorem 1, it is clear that each alternative starting point in B is actually the center of the arc of some
sector, so the position of each runner i for the ESLRC is given by q;/P where q; is an integer. The equivalent situation for the
LRC is that the position of each runner i is 0, which is also the center of Sector 0. For the SLRC, of course, the starting point
is given by a; that is arbitrarily close to q;/P.

Situation at =T, yc: In the LRC instance, each runner i is separated by atleast f from the stationary runner R,, so it would
mean that its position is given by ;+y; , where -f >y, > f, where absolute(y;) < 1, where [; is some integer.

Situation at time =T, p/P for the LRC: In the LRC instance, the position of runner i would be (I/P +y;/P), where I;/P is the
center of some sector and -f/P > y;/P > f/P, and where absolute(y;/P) < 1/P.

Situation at =T,y /P for the ESLRC: In the ESLRC instance, the position of runner i would be ((Ii+q;)/P + y;/P), where
(I-+q;)/P is again the center of some sector and -f/P > y;/P > /P, and where absolute(y;/P) < 1/P. It is clear that this is the time
defined as Tgg re-

Hence Proved
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