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Abstract

This paper introduces a new, highly accurate approximation for the function e, By
differentiating a known error function approximation and optimizing its parameters, we
drastically reduce the maximum absolute error from 1.88% to less than 0.09% without using
any exponential terms.

1 Introduction
The Gaussian function f(z) = e~ is foundational across physics, statistics, and machine
learning. Because its antiderivative — the error function erf(x) — is non-elementary, various
approximations have been proposed. One well-known formulation is the Vedjer (Winitzki) ap-
proximation:
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While this formula is heavily optimized to minimize the error of the integral, its direct derivative
has not been deeply explored as a standalone approximation for the Gaussian curve itself. In this
work, we derive this derivative and optimize its coefficients to fit the exact Gaussian distribution.

2 The Derivative

To obtain an approximation for the Gaussian function, we can take the derivative of the error
function approximation. Recall the following relation:
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By applying the chain rule to the Vedjer approximation, and using the identity % tanh(u)

sech?(u), we differentiate the right-hand side of Equation 1. Let the inner function be u(z) =

%a: +0.14723. Tts derivative is:
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Multiplying the total derivative by 5", we isolate the approximation for the exact Gaussian
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When evaluated across the entire real line against the true Gaussian function, this baseline

configuration yields a maximum absolute error of 0.0188 (1.88%). The maximum divergence

occurs as a noticeable gap around x ~ 0.63.
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3 Parameter Optimization and Results

Let 0.147 = k .Since the parameter k = 0.147 was tuned specifically to minimize error for the
integral (erf), it introduces a predictable mismatch when evaluating the slope (derivative). To
resolve this, we decouple the formula from its historical origins and treat it as a generic:
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By performing optimization to minimize the maximum absolute error across the domain = €

[0,00), we discover the optimal parameter value for the Gaussian curve:

k ~ 0.10307 (6)

Substituting this optimized value back into equation 5 yields the final proposed formula:
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e (1 + 0.274032?) sech? <ﬁx + 0.10307953) (7)

This single parameter adjustment leads to a drastic improvement in accuracy. The maximum

absolute error drops down to just 0.00082 (0.082%), marking a more than 20-fold increase in
precision compared to the baseline derivative. The comparison is summarized in Table 1 below.

Table 1: Comparison of Absolute Error for Different Values of k

Configuration Parameter k¥ Max Absolute Error
Baseline (Vedjer Derivative) 0.14700 0.01880 (1.88%)
This Work (Optimized) 0.10307 0.00082 (0.082%)

To further demonstrate the accuracy and stability of the optimized configuration, we analyze
the behavior across various intervals. Since the Gaussian function decays rapidly, the core
dynamics are contained within the domain x € [0, 2.5]. Table 2 tracking the absolute discrepancy
at specific nodes highlights that the approximation error remains uniformly distributed and
bounded well below the 0.09% threshold.

Table 2: Comparison of Exact and Optimized Approximate Values

Value of z Exact e Optimized Approx. (Eq. 7) Absolute Error

0.0 1.00000 1.00000 0.00000
0.2 0.96079 0.96102 0.00023
0.5 0.77880 0.77953 0.00073
0.8 0.52729 0.52684 0.00045
1.0 0.36788 0.36735 0.00053
1.5 0.10540 0.10609 0.00069
2.0 0.01832 0.01844 0.00012
2.5 0.00193 0.00192 0.00001

4 Conclusion

The proposed formula provides an exceptionally tight fit for the Gaussian distribution using
only basic algebraic operations and a hyperbolic secant, completely eliminating the need for
traditional exponential functions. Due to its remarkable accuracy and computational simplicity,
this could be highly useful in environments requiring rapid Gaussian filtering, probability density
approximations, or high-performance neural network activation modules.



