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Abstract

In part I, [FW26a], we showed that collisional periodic orbits of twisted
Zeeman systems can be detected variationally by a non-local Hamiltonian
action functional.

In this part II we show that the linearized gradient flow of this non-
local functional is a Fredholm operator and prove a non-local elliptic reg-
ularity result.

These results are obtained with the theory of almost extendability of
weak Hessian fields introduced in [FW26c].
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1 Introduction

In [FW26a] we introduce the notion of twisted Zeeman system. This system
models an electron in the plane attracted by a proton fixed in the origin and
subject to additional forces: an electric force, a Lorentz force, and an Euler
force. All these additional forces are allowed to depend periodically on time.

A motivating example of such a system is the restricted elliptic three-body-
problem. In the example of the restricted elliptic three-body-problem the proton
can be thought of as the planet Mars, the electron is a space station in the
vicinity of Mars. The Lorentz force is given by the Coriolis force of the rotating
frame. The electric force is a combination of the gravitational force of the sun
and the centrifugal force. The Euler force is an additional fictitious force, beside
the Coriolis force and the centrifugal force, due to acceleration and deceleration
of the rotating frame, which is due to the eccentricity of the elliptic orbit of
Mars.

There is the danger that the electron collides with the proton. However
two-body-collisions can be regularized. For systems depending periodically
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on time a new regularization technique was discovered by Barutello-Ortega-
Verzini [BOV21] which blows up the loop space. In part I, [FW26a], we showed
that this new regularization technique can be applied to twisted Zeeman sys-
tems and gives rise to a variational approach to collisional periodic orbits of a
twisted Zeeman system. In fact, we showed that there are two action functionals
to detect these periodic collisional orbits, a Lagrangian one and a Hamiltonian
one, related by a non-local Legendre transformation. Since blowing up the loop
space is a non-local technique, both of these functionals are non-local.

1.1 Main results

In this article we prove a Fredholm result for the linearized gradient flow of the
Hamiltonian functional for regularized twisted Zeeman systems.
Given such a system, the second derivative of the regularized Hamiltonian func-
tional gives rise to a weak Hessian field u 7→ Au, roughly as follows. Namely,
for the Hilbert space triple of maps

(H0, H1, H0) =
(
L2(S1,C2),W 1,2(S1,C2),W 2,2(S1,C2)

)
there exists an open subset U1 ⊂ H1 such that for any u ∈ U2 := U1 ∩ H2

the Hessian operator Au : H1 → H0 is a Fredholm operator of index zero which
restricts to a Fredholm operator Au2 : H2 → H1 also of index zero.
Given u−, u+ ∈ U2 such that Au− and Au+ are invertible as maps H1 → H0, we
are considering a connecting path u : R → U2 from u− to u+ (Definition 3.4).
This gives rise to two linear operators

Du = ∂s +Au : W 1,2(R, H0) ∩ L2(R, H1)→ L2(R, H0)

Du2 = ∂s +Au2 : W 1,2(R, H1) ∩ L2(R, H2)→ L2(R, H1).

In the present article we show furthermore

Theorem A. Both Du and Du2 are Fredholm and their Fredholm indices agree.

The proof of Theorem A uses a technique we developed in [FW26c]. In that
article we introduced the notion of an almost extendable weak Hessian field.

Theorem B. The weak Hessian field A = {Au}u∈U1 is almost extendable.

Theorem A then follows from Theorem B in view of the abstract re-
sult [FW26c, Thm. 6.11]; cf. § 4.4.

Non-local elliptic regularity. Theorem A can be thought of as a non-
local elliptic regularity result. Since blowing up the loop space is non-local,
elements of the kernel and cokernel of the operator Du cannot be thought of as
solutions of an elliptic PDE.1 But in view of Theorem A one might interpret
them as solutions of an ’elliptic’ delay equation.

1 If the solutions in the kernel of Du would satisfy an elliptic PDE, by elliptic regularity
they would automatically lie in the kernel of Du2 , and therefore the kernel and cokernel of Du
could be identified with the kernel and cokernel of Du2 , so that both operators would have the
same index.
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In this paper we consider the Fredholm property in the Hamiltonian setup.
The functional A considered in this paper can be interpreted as the Legendre
transform of a Lagrangian one, as we explained in the introduction, and there-
fore the Fredholm property can also be asked for the Lagrangian functional
B. In Appendix B.2 we show that in the Kepler case (no Coriolis/magnetic
contribution) the Hessian of the Lagrangian functional is almost extendable as
well.

The relation between the Fredholm indices in the Lagrangian case and in
the Hamiltonian case for these non-local functionals we plan to discuss in a
forthcoming part III [FW26e].

1.2 Outline

Throughout we allow for twisted-periodic one forms (vector potentials) and also
for twisted loops, as defined in § 2.1.

Section 2 summarizes notions and results of [FW26d] on which the present
article is based.

Section 3 summarizes notions and results of [FW26c] which are needed to
understand the statement in Theorem B and to see how Theorem A follows
from Theorem B.

Section 4 is the main part of this article. We prove Theorems A and B.

Section A discusses the symmetry of weak Hessians from an abstract point
of view.

Appendix B deals with the Hessian field of the regularized Lagrangian ac-
tion functional. The Hessian is calculated in B.1. The magnetic contributions
also play a crucial role in the main Section 4 of this article. Having all the ma-
chinery in place we show in B.2 that in the Kepler case (no magnetic field) the
Lagrangian Hessian field almost extends (while the Hamiltonian one in § 4.1.1
even extended). The difference comes from the Hamiltonian equations being
first order versus second order of the Lagrangian ones. Unfortunately, in the
general Lagrangian case (including magnetic contributions) doing the scale Lip-
schitz estimate seems practically hopeless, because second order leads to an
explosion of the number of terms, even in comparison to the already very long
calculation in the Hamiltonian scenario § 4.2.3.

Section C carries out the technical estimates.

Notation. Throughout 〈·, ·〉 denotes L2 inner products with induced norm ‖·‖.
The induced norm of a Hilbert space Hk is often denoted by |·|Hk or |·|k.

Working with functions on function spaces easily triggers excesses of paren-
theses, which harms legibility. Therefore we often write variables either as
subscripts Mz or in the form M|z, as opposed to M(z). For time-dependence
subscript has priority, for example if t 7→ q(t) is a loop then θt|qt q̇t denotes a
time-dependent 1-form at time t and at the spatial point q(t) evaluated on the
velocity vector q̇(t).

Acknowledgements. UF acknowledges support by DFG grant FR 2637/5-1.

4



2 Regularized twisted Zeeman systems

2.1 Let’s twist again

Euclidean plane – two models C and R2

Configuration spaces in this article are open subsets of the Euclidean plane
containing the origin. There are two natural models for the plane, the set C of
complex numbers and the set R2 of pairs of real numbers, each one endowed
with the natural structure of a vector space over the real numbers R. The
natural isomorphism C → R2, x + iy 7→ (x, y), identifies multiplication by i
viewed as linear map on C with the matrix j0 : R2 → R2 of counter-clockwise
rotation by π/2. As each model has its advantage, we freely change from one
to the other. The complex side is extremely effective with respect to notation,
complex multiplication zw = (z+iy)(u+iv) encodes composition of linear maps
as well as application of a linear map z to a vector w, on the R2-side this is(
x −y
y x

)(
u −v
v u

)
=

(
xu− yv −(yu+ xv)
yu+ xv xu− yv

)
,

(
x −y
y x

)(
u
v

)
=

(
xu− yv
yu+ xv

)
.

Instead of dealing with inverse matrices one just multiplies and divides by a real
number, namely zw−1 = z

w = zw̄
ww̄ where ww̄ = u2 + v2 =: |w|2. The R2-side

might appeal more to ones geometric intuition, or just ones customs.
Concerning the Euclidean inner product, we feel free to write

〈z, w〉0 = xu+ yv = Re(z̄w)

using on the left pairs (x, y), (u, v) and on the right sums x+ iy and u+ iv.

Complex squaring map and sign involution

Throughout 0 ∈ Q ⊂ C is an open subset which contains the origin, also called
singularity or collision locus. To exclude the origin we write Q× := Q \ {0}.

Remark 2.1 (complex square root is not continuous). The complex squaring
map ς : C× → C×, z 7→ z2 = (−z)2, is not a bijection, but only 2:1 due to the
sign ambiguity. Reverting the perspective, let us define the complex square root√
reiϕ, in analogy to the real case, as that one of the two candidates ±

√
reiφ/2

which lies in the upper half plane H+ or on the positve half axis R+. One gets
to a bijection, see (2.2), by dividing out the sign ±. Unfortunately, the square
root definition is not continuous, as illustrated in Figure 1: while the unit circle
elements w and 1 are close, their square roots are not.

The pre-image Z× := ς−1(Q) is invariant under sign involution and complex
squaring is a double cover and invariant under sign involution, in symbols

i : Z× → Z×, z 7→ −z, ς : Z×
2:1−→ Q×, z 7→ z2, ς ◦ i = ς. (2.1)
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R+

H+

z = eiφ

unit circle r = 1

√
z = eiφ/2

−eiφ/2

1 =
√
1

w

√
w

Figure 1: Square root
√
z ∈ H+ ∩R+ of non-zero z ∈ C – not continuous

Dividing out by sign involution, complex squaring becomes a bijection whose
inverse is the complex square root, in symbols

Z× = Z×/i Q×

±z z2

±
√
reiφ/2 reiφ = q

1:1

ς

√
·

(2.2)

To ease notation we use for space and quotient space elements the same notation.

Twisted loops

While loops q : S1 → Q× ⊂ C of even winding number around the origin lift to
loops (+) in Z×, loops of odd winding number lift to twisted (−) loops in Z×.
This is illustrated in Figure 2. A map γ with domain R such that γτ+1 = γτ
for all τ is called periodic, domain notation S1 = R/Z.

The spaces of (periodic) loops (+) and twisted loops (−), still called loops,

L×±Z := {z ∈ C∞(R,Z) | ∀τ ∈ R : zτ+1 = ±zτ} \ {0}, (2.3)

are disjoint and invariant under sign involution I : L±Z → L±Z, z 7→ −z
which acts freely. Set L×Z = L×+Z∪L×−Z. The elements τ∗ of the set z−1(0) are
called collision times or simply collisions.

The two cotangent bundles are disjoint

T ∗L×±Z : = {(z, η) ∈ C∞(R,Z× C) | z 6≡ 0, (zτ+1, ητ+1) = ± (zτ , ητ ) , ∀τ}

= L×±Z× L±C
(2.4)

and invariant under the sign involution T ∗I(z, η) = −(z, η) which acts freely.
The base point projection

π : T ∗L×±Z→ L×±Z, Υ = (z, η) 7→ z, π ◦ T ∗I = I ◦ π,

is sign involution equivariant. The tangent spaces TL×±Z are given by the same
formulas (since Euclidean C and its dual space are canonically isomorphic). The
uppercase greek letter Ξ = (z, ξ) is a “Xi” and Υ = (z, η) is an “Upsilon”.
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z0

z1 = −z0

Z = C −→ Q = C

z

z2 = (−z)2

(z2)0 = (z2)1

−z

z0 = z1

z

(z2)0 = (z2)1/2

= (z2)1

winding
number

+1

+2

z 7→ z2

(−z)0

loop
type

−

+

twisted

periodic

Z Q

0 0

0 0

Figure 2: Loop correspondence – ± loops z in Z and loops q = z2 in Q

Remark 2.2. While in part I, [FW26a], it was important to build a model for
the paths in Q, in particular to have a 1 : 1 correspondence, and therefore we
had to quotient out by sign involution ±, the present part II is of analytic nature
and the analysis is done on representatives anyway. Hence, for simplicity, in the
present text we work directly on loop spaces, not on quotient spaces.

Twisted-periodic one-forms

If one allows the 1-form to be twisted-periodic and not just periodic, then addi-
tional (external) electric forces for an electric potential depending periodically
on time can be modeled by the twist, see [FW26b, § 3.3].

Definition 2.3 (twisted-periodic). A twisted-periodic 1-form θ is a smooth
family of 1-forms {θt}t∈R on Q such that a) the time-derivative is periodic and
b) ∀t ∃ a smooth twist function ft : Q→ R, that is

a) θ̇t+1 = θ̇t, b) θt+1 = θt + dft, c) Ȧt+1
a)
= Ȧt, d) dθt+1

b)
= dθt. (2.5)

The time-dependent vector field

At :=
(
A1
t , A

2
t

)
: Q→ R2, {θt = A1

t dq1 +A2
t dq2}t∈R,

is called a vector potential of the magnetic field dθ.

Remark 2.4. Let θ be twisted-periodic along Q with twist function f . Then
the following is true by [FW26b, §5](i–ii) and [FW26d, §4.1](iii).

(i) The time-slice f := f0 : Q→ R is a twist function.

(ii) In the periodic case (θt+1 = θt, ∀t) the twist f = 0 vanishes.
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(iii) The pull-back 1-form ϑ := ς∗θ under complex squaring (2.1) is twisted-
periodic along Z = ς−1(Q) and ς∗f is a twist function.
The vector potential a of ϑ along Z, notation

at :=
(
a1
t , a

2
t

)
: Z→ R2, {ϑt = a1

t dx+ a2
t dy}t∈R,

and A of θ along Q satisfy, at any point z ∈ Z, the identities

rotat|z : = (∂xa
2
t − ∂ya1

t )z = 4 |z|2 rotAt|z2

(dϑt)z = (rotat|z) 〈j0·, ·〉0 = 4 |z|2 (rotAt|z2) 〈j0·, ·〉0 .

Barutello-Ortega-Verzini reparametrization

Given z ∈ L×Z, the variable τ of z : R → Z× is regularized time, classical
time are the values of the map tz : S1 → S1 defined by (cf. App. C.1.2)

∀τ ∈ R : tz(τ) :=

∫ τ
0
|z(s)|2 ds
‖z‖2

, tz(0) = 0, tz(1) = 1. (2.6)

2.2 Lagrangian action functional B
For a twisted-periodic 1-form θ along Q with twist function f , see (2.5), we
defined in [FW26d, §4.2] the non-local Lagrangian action functional

B : L×Z→ R B = K − U +M

z 7→ 2‖z‖2‖z′‖2︸ ︷︷ ︸
K(z)

− −1

‖z‖2︸ ︷︷ ︸
U(z)

+

∫ 1

0

ϑtz(τ)|zτ z′τ dτ − f(z2
0)︸ ︷︷ ︸

M(z)

. (2.7)

Here ϑ := ς∗θ is twisted-periodic along Z with twist function f∗σ and ς : Z→ Q
is the complex squaring map (2.1). Observe that B = K−U +M is the sum of
three terms, kinetic, potential, and magnetic non-local action.

L2-gradient

We showed in [FW26d, §4.2] that the L2-gradient is given by the formula

gradB|z = gradK|z − gradU|z + gradM|z

= 4‖z′‖2z − 4‖z‖2z′′ − 2z

‖z‖4

− 2z

‖z‖4

∫ 1

0

∫ σ
0
|zρ|2 dρ · 〈ȧtz(σ)|zσ , z′σ〉0 dσ −

|z|2

‖z‖2
ȧtz |z

+
2z

‖z‖2

∫ 1

σ=τ

〈ȧtz(σ)|zσ , z′σ〉0 dσ −
(
rotatz |z

)
j0z
′

(2.8)

whenever z ∈ L×Z. Note that all integrands are periodic due to (2.5) and so is,
using Remark 2.4 (iii), the final summand

(
rotatz |z

)
〈j0z′, ·〉0 = dϑtz |z(z′, ·)
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2.3 Hamiltonian action functional A
On the cotangent bundle T ∗L×Z, see (2.4), define the mechanic Hamiltonian

H =: T ∗L×Z→ R, (z, η) 7→ 1
2 〈η, η〉

z − 1
‖z‖2 = ‖η‖2

8‖z‖2︸ ︷︷ ︸
K∗(z,η)

− 1
‖z‖2︸ ︷︷ ︸

+ U(z)

.
(2.9)

In [FW26d, §5.6] the Hamiltonian is obtained as the Legendre dual of the natural
extension of B to the tangent bundle. The L2-gradient of H is determined by

dH|(z,η) =
〈
gradH|(z,η), ·

〉
.

Lemma 2.5 (L2-gradient). At (z, η) ∈ T ∗L×Z the value of grad(K∗ + π∗U) is

gradH|(z,η) = 1
4‖z‖2

(
8−‖η‖2
‖z‖2 z

η

)
= − 1

4‖z‖2

(
‖η‖2
‖z‖2 z

η

)
+

( 2z
‖z‖4

0

)
. (2.10)

Proof. The gradient is the pair (∂zH, ∂ηH). Component one is obvious. Observe
that ∂z(−‖z‖−2) = −∂z(‖z‖2)−1 = −(−1)(‖z‖2)−22z = 2z

‖z‖4 = gradUz.

We define the symplectic action ad-hoc2 in Definition 2.6 below where
V(z, η) := (z′, η′) is the canonical loop space vector field and Λ arises by in-
tegrating the Liouville form λ associated to T ∗Z; for details see [FW26d, §5].

Definition 2.6. By definition A := iVΛ + π∗M−K∗−π∗U , that is

A : T ∗L×Z→ R

(z, η) 7→ 〈η, z′〉+M(z)− ‖η‖2
8‖z‖2 + 1

‖z‖2

= −〈η′, z〉+M(z)− ‖η‖2
8‖z‖2 + 1

‖z‖2

(2.11)

where equality is integration by parts and the magnetic termM is given by (2.7).

Lemma 2.7 (L2-gradient). At (z, η) ∈ T ∗L×Z the L2-gradient is given by

gradA|(z,η) =

(
−η′
z′

)
+

(
gradM|z − gradU|z

0

)
+ 1

4‖z‖2

(
‖η‖2
‖z‖2 z

−η

)

=

(
−η′ + gradM|z − 2z

‖z‖4 + ‖η‖2
4‖z‖4 z

z′ − 1
4‖z‖2 η

)
.

(2.12)

Proof. Use (2.10) and integrate by parts 〈z, η′〉 = 0−〈z′, η〉. Here the boundary
terms 〈z1, η1〉0 − 〈z0, η0〉0 = 〈±z0,±η0〉0 − 〈z0, η0〉0 =

(
(±1)2 − 1

)
〈z0, η0〉0 = 0

vanish, since indeed (z1, η1) = ±(z0, η0) = (±z0,±η0) by (2.4).

2 Abstractly one would twist Λ by adding the pull-back of a 1-form Θ on loop space. This
works in the periodic case in which such Θ exists as discussed in [FW26d, App. C]. Calculating
dΘ the formula obtained makes sense in the general, twisted-periodic, case defining a 2-form
Σ on loop space [FW26d, App. B], just not an exact one. Similarly, while M is not defined
on loop space, since ϑ is not necessarily periodic, its gradient (2.8) is, hence (2.12) is.
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3 Weak Hessian fields and almost extendability

Consider an abstract Hilbert space triple (H0, H1, H2). Let U1 ⊂ H1 be open.
Set U2 := U1 ∩H2. The following definitions are from the article [FW26c].

3.1 Almost extendability

Definition 3.1 (Weak Hessian field). A weak Hessian field on U1 is a con-
tinuous map A ∈ C0(U1,L(H1, H0))∩C0(U2,L(H2, H1)), notation u 7→ Au and
Au2 := Au|H2

: H2 → H1, satisfying the following two conditions:

(Symmetry) At any point u ∈ U1 there is H0-symmetry in the sense that

∀x, y ∈ H1 : 〈Aux, y〉H0
= 〈x,Auy〉H0

. (3.13)

(Fredholm) ∀u ∈ U1 : Au : H1 → H0 is Fredholm of index zero.

∀u ∈ U2 : Au2 : H2 → H1 is Fredholm of index zero.

Definition 3.2 (Extendability). We say that a weak Hessian field A on U1

extends if A extends to a continuous map U1 → L(H1, H0) ∩ L(H2, H1), still
denoted by u 7→ Au, such that the restriction Au2 := Au|H2 : H2 → H1 is
Fredholm of index zero at every point u of U1, and not only of U2.

In general, the extendability condition is too strong; see [FW26c, §6.1]. A
way out is to decompose the operator family A into two summands. The idea
why and how this should be done is detailed in [FW26c, §5.2].

Definition 3.3 (Almost extendability). (i) We say that a weak Hessian field A
on U1 almost extends if there exists a decomposition

A = F + C (3.14)

with
F ∈ C0(U1,L(H1, H0) ∩ L(H2, H1)) (3.15)

and

∃r ∈ [0, 1) : C ∈ C0(U1,L(Hr, H0)) ∩ C0(U2,L(H1, H1)) (3.16)

such that the following two axioms hold.

(F) ∀u ∈ U1 : Fu2 := Fu|H2 : H2 → H1 is Fredholm of index zero.

(C) ∀u ∈ U1 there exists an H1-open neighborhood Vu of u and a constant κ
such that for all v, w ∈ Vu ∩H2 it holds the scale Lipschitz estimate

‖Cv − Cw‖L(H1) ≤ κ
(
|v − w|H2 + min{|v|H2 , |w|H2} · |v − w|H1

)
. (3.17)

(ii) If A almost extends we call the pair (F,C) a decomposition of A.

10



3.2 A Fredholm result

Definition 3.4 (Connecting paths). Fix two points u−, u+ ∈ U2 := U1 ∩ H2.
Fix a basic path û from u− to u+ (see [FW25]), i.e. û ∈ C2(R, U2) with
the property that there exists T > 0 such that û(s) = u− whenever s ≤ −T
and û(s) = u+ whenever s ≥ T . A connecting path from u− to u+ is a
continuous map u : R→ U1 such that the difference u− û lies in the intersection
Hilbert space W 1,2(R, H1) ∩ L2(R, H2), i.e.

u ∈ C0(R, U1), u− û ∈W 1,2(R, H1) ∩ L2(R, H2).

The following theorem was proved in [FW26c, Thm. 6.11].

Theorem 3.5. Let A be an almost extendable weak Hessian field on U1. Con-
sider two points u−, u+ ∈ U2 and a connecting path u. Assume that both asymp-
totic operators Au∓ are isomorphisms as maps H1 → H0. Then the operators

Du = ∂s +Au : W 1,2(R, H0) ∩ L2(R, H1)→ L2(R, H0)

Du2 = ∂s +Au2 : W 1,2(R, H1) ∩ L2(R, H2)→ L2(R, H1)

are both Fredholm operators of the same Fredholm index.

4 Hamiltonian Hessian field A

Convention 4.1. To simplify the presentation in Section 4 we consider only
spaces of loops L×+Z = C∞(S1,Z)\{0} in an open subset 0 ∈ Z ⊂ C, as opposed
to the space L×−Z of twisted (−) loops; cf. § 4.3. The use the notation

Υ = (z, η) ∈ LZ× LC = T ∗LZ, Ξ = (z, ξ) ∈ LZ× LC = TLZ.

We canonically identify Euclidean R2 with C ' C∗ ' (R2)∗.

Definition 4.2 (Analytic setup). Let 0 ∈ Z ⊂ C be an open subset of C.
Consider the Hilbert space triples defined by

(H0, H1, H2) : =
(
L2(S1,C2),W 1,2(S1,C2),W 2,2(S1,C2)

)
(h0, h1, h2) : =

(
L2(S1,C),W 1,2(S1,C),W 2,2(S1,C)

)
the Hilbert space hr := W r,2(S1,C), r ∈ ( 1

2 , 1), the open subsets

u1 := {z ∈ h1 | z 6≡ 0 ∧ ∀τ ∈ S1 : zτ ∈ Z}, u2 := u1 ∩W 2,2(S1,C),

as well as U1 := u1 × h1 ⊂ H1 and U2 := u2 × h2 ⊂ H2.

4.1 Kepler case – A extends

We first consider the caseM = 0 (no magnetic term) which corresponds to the
Kepler case.

11



Definition 4.3. The H-perturbed non-local symplectic action

A = AΛ
H = iVΛ−H : T ∗L×Z = L×Z× LC→ R

takes at a point Υ = (z, η) and with H given by (2.9) the value

A(z, η) : = ΛΥΥ′ −H(Υ)

= 〈η, z′〉 − ‖η‖2
8‖z‖2 + 1

‖z‖2

= −〈η′, z〉 − ‖η‖2
8‖z‖2 + 1

‖z‖2 .

Here the final equality is integration by parts. The functional A continuously
extends to the Sobolev W 1,2-completion U1 by the same formula.

The L2-gradient of A at Υ = (z, η) ∈ U1 is, by (2.12), of the form

gradA|(z,η) =

(
−η′ + ‖η‖2z

4‖z‖4 −
2z
‖z‖4

z′ − η
4‖z‖2

)
= J0Υ′ − gradH|Υ (4.18)

where

J0 =

(
0 −Id
Id 0

)
, Id = IdW 1,2(S1,R).

Linearizing the gradient at a pair Υ = (z, η) ∈ U1 in direction of a smooth
vector field Υ̂ = (ẑ, η̂) ∈ H1 along the loop Υ defines the Hessian operator

AΥΥ̂ := d
dε

∣∣
ε=0

gradA(zε, ηε) = J0Υ̂′ − d
dε

∣∣
ε=0

gradH|Υε (4.19)

where ε → zε 6≡ 0 and ε → ηε are smooth paths in loop space U1, respectively
in H1, notation Υε = (zε, ηε), such that

Υ0 = (z, η), d
dε

∣∣
0

Υε = Υ̂ = (ẑ, η̂). (4.20)

The Hessian operator of the non-local Hamiltonian H in (2.9) is given by

d
dε

∣∣
0

gradH|Υε

= d
dε

∣∣
0

(
‖ηε‖2zε
4‖zε‖4 −

2zε
‖zε‖4

− ηε
4‖zε‖2

)

=

 〈η,η̂〉z2‖z‖4 + ‖η‖2ẑ
4‖z‖4 −

‖η‖2〈z,ẑ〉z
‖z‖6

=Uz︷ ︸︸ ︷
− 2ẑ
‖z‖4 + 8〈z,ẑ〉z

‖z‖6

− η̂
4‖z‖2 + 〈z,ẑ〉η

2‖z‖4


= 1

4‖z‖6

(
2‖z‖2z η∗η̂ + ‖z‖2‖η‖2ẑ − 4‖η‖2z z∗ẑ − 8‖z‖2ẑ + 32z z∗ẑ

−‖z‖4η̂ + 2‖z‖2η z∗ẑ

)
= 1

4‖z‖6

(
‖z‖2‖η‖2Id− 4‖η‖2z z∗ − 8‖z‖2Id + 32z z∗ 2‖z‖2z η∗

2‖z‖2η z∗ −‖z‖4Id

)(
ẑ

η̂

)
=: HessH(z,η)

(
ẑ
η̂

)
.

(4.21)
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Here z∗ : ẑ 7→ 〈z, ẑ〉 =: z∗ẑ is the duality pairing. The Hessian operator takes
the form of a matrix HessHΥ called the Hessian matrix of the Hamiltonian H.
The matrix is symmetric since (ηz∗)∗ = z∗∗η∗ = zη∗. Hence HessHΥ is H0-
symmetric. Along U1 ⊂W 1,2×W 1,2 the multiplication operator is well defined
as a bounded linear map

HessHΥ : H1
bd−→ H1, ∀Υ = (z, η) ∈ U1 (4.22)

since the product of two W 1,2 maps with domain S1 lies in W 1,2, in symbols,
W 1,2 ·W 1,2 ⊂W 1,2; see (C.52).

Lemma 4.4 (compact Hessian matrix). As a linear map between the spaces

∀Υ ∈ U1 : HessHΥ : H1
cp−→ H0, H2

cp−→ H1,

the Hessian matrix of H is a compact linear operator. It is continuous as a map

[Υ 7→ HessHΥ] ∈ C0(U1,L(H1, H0)) ∩ C0(U1,L(H2, H1)).

Proof. The composition of a bounded and a compact operator is compact. Con-
sider (4.22). On the target side there is the compact embedding H1 ↪→ H0 and
on the domain side there is the compact embedding H2 ↪→ H1.

The two continuity assertions are a consequence of the compact embeddings
together with continuity as a map

[(z, η) 7→ HessH(z,η)] ∈ C0(U1,L(H1)).

This continuity follows from the continuity of the multiplication map W 1,2 ×
W 1,2 →W 1,2; see (C.52). This proves Lemma 4.4.

4.1.1 Weak Hessian field extends

Lemma 4.5 (weak Hessian field). The Kepler Hessian operators

AΥ = J0∂τ −HessHΥ : H1 → H0 (4.23)

one for each Υ ∈ U1, determine a weak Hessian field A on U1.

Proof. There are three steps.

Step 1 (Spaces). It holds that

A ∈C0(U1,L(H1, H0) ∩ L(H2, H1))

⊂ C0(U1,L(H1, H0)) ∩ C0(U2,L(H2, H1)).
(4.24)

The summand J0∂τ is a constant map in L(H1, H0) ∩ L(H2, H1). Further-
more, by Lemma 4.4 the summand HessH lies in C0(U1,L(H1)).

Step 2. The axiom (Symmetry) holds.

Both J0∂τ and HessHΥ are H0-symmetric at any point Υ ∈ U1.
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Step 3. The axiom (Fredholm) holds.

That J0∂τ is Fredholm of index zero as a map H1 → H0 and as a map H2 → H1

is well known; see e.g. [FW26c, Thm. C.1]. In either case, by Lemma 4.4, the
Hessian is a compact perturbation, but such preserve Fredholm property and
index. This concludes the proof of Lemma 4.5.

Observe that (4.24) shows that the non-magnetic weak Hessian field (4.23)
is extendable, see Definition 3.2, which we state as

Proposition 4.6 (extends). The Kepler Hessian field A extends.

4.2 With magnetic term M
We use Hk, Uk, uk as in Definition 4.2. Consider the action functional A =
iVΛ + π∗M−H in (2.11). By (2.12), the L2-gradient at Υ = (z, η) ∈ U1 is

gradA|(z,η) =

(
−η′ + gradM|z + ‖η‖2z

4‖z‖4 −
2z
‖z‖4

z′ − η
4‖z‖2

)

= J0Υ′ +

(
gradM|z

0

)
− gradH|Υ

where gradM|z is the sum of the last four terms in (2.8). Linearizing the
gradient at a pair Υ = (z, η) ∈ U1 in direction of a vector field Υ̂ = (ẑ, η̂) ∈ H1

along the loop Υ yields, analogously to (4.19) and (4.21), Hessian operators

AΥΥ̂ = A(z,η)(ẑ, η̂) := d
dε

∣∣
ε=0

gradA(zε, ηε)

= J0Υ̂′ +

(
Mz 0
0 0

)(
ẑ
η̂

)
−HessH(z,η)

(
ẑ
η̂

)
(4.25)

one operator at every element Υ = (z, η) ∈ U1. Lemma B.3 provides the Hessian
operators Mz, one for each z ∈ u1, of the magnetic function M. The Hessian
matrix of H is given by (4.21).

The task at hand is to show that Υ 7→ AΥ defines a weak Hessian field along U1

(Proposition 4.8) which almost extends (Theorem 4.11); cf. § 3.

Remark 4.7 (Magnetic Hessian M). Of the three summands of the Hes-
sian (4.25) it remains to analyze the second one, namely the map

U1 = u1 × h1 ⊃ u1 3 z 7→
(
Mz 0
0 0

)
: H1 → H0, H2 → H1.

Since Hk = hk×hk, the magnetic Hessian is actually a linear map Mz : h1 → h0,
h2 → h1 which is composed of 18 summands

0, C42, C43, F44︸ ︷︷ ︸
T4

, T51, T52, T53, T54︸ ︷︷ ︸
T5

, T61, T62, T63, T64, T65︸ ︷︷ ︸
T6

, T71, T72, T73, T74, T75︸ ︷︷ ︸
T7

.

These linear operators are defined and analyzed one-by-one in Appendix C.3.2.

14



4.2.1 Weak Hessian field

Proposition 4.8 (weak Hessian field). The Hessian operators AΥ in (4.25), one
operator for every Υ ∈ U1, form a weak Hessian field A on U1 (Definition 3.1).

The proof of the proposition requires two lemmas which we state and prove
thereafter (Lemma 4.9 and Lemma 4.10).

Proof. There are three steps.

Step 1 (Spaces). It holds that A ∈ C0(U1,L(H1, H0)) ∩ C0(U2,L(H2, H1)).

By the non-magnetic case (4.24) it suffices to show that the magnetic Hessian
operators form a map z 7→ Mz ∈ C0(u1,L(h1, h0)) ∩ C0(u2,L(h2, h1)). This is
true by the explicit formulas in §C.3.2.

Step 2. The axiom (Symmetry) holds.

The Hessian operator AΥ is the derivative of the L2-gradient of the functional
A in (2.11). Hence AΥ is H0-symmetric by Corollary A.2.

Step 3. The axiom (Fredholm) holds.

On level one and also on level two there is 1 Fredholm operator of index zero
F 1,Υ : H1 → H0, ∀Υ ∈ U1, and F 1,Υ

2 : H2 → H1, ∀Υ ∈ U2 (Lemma 4.9) plus 17
compact perturbations diag(Mz

ij , 0) from the magnetic field (see §C.3.2 where
to T65 and T75 we apply, in addition, Lemma 4.10) plus the compact pertur-
bation HessH (Lemma 4.4). Since the Fredholm property as well as the index
is stable under compact perturbation the Fredholm axiom follows. This proves
Proposition 4.8.

Fredholm perturbation

The following lemma enters step 3 of the proof of Proposition 4.8.

Lemma 4.9. Let (z, η) ∈ U1 and fz44 := −4btz |zj0, cf. (C.67). For r ∈ [0, 1] set

F r,z := J0∂τ + diag(r fz44∂τ︸ ︷︷ ︸
F z44

, 0) =

(
rfz44 −Id
Id 0

)
︸ ︷︷ ︸

=:br,z

∂τ : H1
F r,z−→ H0, H2

F r,z2−→ H1.

Then both operators F r,z and F r,z2 are Fredholm of index zero for each r.

Proof. Pick z ∈ u1. For r = 0 both operators F 0,z = J0∂τ and F 0,z
2 = J0∂τ do

not depend on z and are well known to be Fredholm of index zero; see proof
of Proposition 4.6. Hence, because the semi-Fredholm index is invariant under
homotopy, see e.g. [Mül07, §18 Cor. 3], it suffices to show that F r,z and F r,z2

are semi-Fredholm for every r ∈ [0, 1]. To this end we derive a semi-Fredholm
estimate for the level one operator F r,z and the level two operator F r,z2 .

Step 1 (semi-Fredholm level 1). Given z ∈ u1, there is cz > 0 such that

‖Υ̂‖H1
≤ cz

(
‖F r,zΥ̂‖H0

+ ‖Υ̂‖H0

)
for all Υ̂ = (ẑ, η̂) ∈ H1 and r ∈ [0, 1].
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Proof. Fix z ∈ u1. While H0 := L2(S1,C2) by Definition 4.2, let us abbreviate

L2 := L2(S1,C), H0 = L2 × L2.

For r ∈ [0, 1] the operator br,z is invertible with inverse

(br,z)−1 =

(
0 1l
−1l rfz44

)
: L2 × L2 → L2 × L2

(ẑ, η̂) 7→ (η̂,−ẑ + rfz44η̂) .

To estimate the operator norm of (br,z)−1, let Υ̂ = (ẑ, η̂) ∈ L2×L2 and estimate

‖(br,z)−1Υ̂‖2L2×L2 = ‖η̂‖2L2 + ‖−ẑ + rfz44η̂‖2L2

≤ ‖η̂‖2L2 + 2‖ẑ‖2L2 + 2r2‖fz44η̂‖2L2

≤ ‖η̂‖2L2 + 2‖ẑ‖2L2 + 2(4βzS1)2‖η̂‖2L2 , by (C.67)

≤ max{2, 1 + 2(4βzS1)2}‖Υ̂‖2L2×L2 .

We used that r ≤ 1. Hence the operator norm of the inverse is bounded by

‖(br,z)−1‖L(L2×L2) ≤ µz, µz :=
√

max{2, 1 + 2(4βzS1)2}.

To get the semi-Fredholm estimate let Υ̂ = (ẑ, η̂) ∈W 1,2 ×W 1,2 = H1, then

‖Υ̂‖2W 1,2×W 1,2 = ‖Υ̂‖2L2×L2 + ‖Υ̂′‖2L2×L2

= ‖Υ̂‖2L2×L2 + ‖(br,z)−1br,zΥ̂′‖2L2×L2

= ‖Υ̂‖2L2×L2 + ‖(br,z)−1F r,zΥ̂‖2L2×L2

≤ ‖Υ̂‖2L2×L2 + ‖(br,z)−1‖2L(L2×L2)‖F
r,zΥ̂‖2L2×L2

≤ max{1, µ2
z}
(
‖Υ̂‖2L2×L2 + ‖F r,zΥ̂‖2L2×L2

)
≤ max{1, µ2

z}
(
‖Υ̂‖L2×L2 + ‖F r,zΥ̂‖L2×L2

)2

.

This proves Step 1 for cz = max{1, µz}.

Step 2 (semi-Fredholm level 2). Given z ∈ u1, there is dz > 0 such that

‖Υ̂‖H2
≤ dz

(
‖F r,z2 Υ̂‖H1

+ ‖Υ̂‖H1

)
for all Υ̂ = (ẑ, η̂) ∈ H2 and r ∈ [0, 1].

Proof. Fix z ∈ u1. While H1 := W 1,2(S1,C2) by Definition 4.2, we abbreviate

W 1,2 := W 1,2(S1,C), H1 = W 1,2 ×W 1,2.
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For r ∈ [0, 1] the operator br,z is invertible with inverse

(br,z)−1 =

(
0 1l
−1l rfz44

)
: W 1,2 ×W 1,2 →W 1,2 ×W 1,2

(ẑ, η̂) 7→ (η̂,−ẑ + rfz44η̂) .

To estimate the operator norm of (br,z)−1, let Υ̂ = (ẑ, η̂) ∈W 1,2 ×W 1,2, then

‖(br,z)−1Υ̂‖2W 1,2×W 1,2 = ‖η̂‖2W 1,2 + ‖−ẑ + rfz44η̂‖2W 1,2

≤ ‖η̂‖2W 1,2 + 2‖ẑ‖2W 1,2 + 2r2‖fz44η̂‖2W 1,2

≤ ‖η̂‖2W 1,2 + 2‖ẑ‖2W 1,2 + 8γ 2
‖z‖1,2‖η̂‖

2
W 1,2 , by (C.68)

≤ max{2, 1 + 8γ 2
‖z‖1,2}‖Υ̂‖

2
W 1,2×W 1,2 .

We used that r ≤ 1. Hence the operator norm of the inverse is bounded by

‖(br,z)−1‖L(W 1,2×W 1,2) ≤ κz, κz :=
√

max{2, 1 + 8γ 2
‖z‖1,2}.

To get the semi-Fredholm estimate let Υ̂ = (ẑ, η̂) ∈W 1,2 ×W 1,2 = H1, then

‖Υ̂‖2W 2,2×W 2,2 = ‖Υ̂‖2W 1,2×W 1,2 + ‖Υ̂′‖2W 1,2×W 1,2

= ‖Υ̂‖2W 1,2×W 1,2 + ‖(br,z)−1br,zΥ̂′‖2W 1,2×W 1,2

= ‖Υ̂‖2W 1,2×W 1,2 + ‖(br,z)−1F r,zΥ̂‖2W 1,2×W 1,2

= ‖Υ̂‖2W 1,2×W 1,2 + ‖(br,z)−1‖2L(W 1,2×W 1,2)‖F
r,zΥ̂‖2W 1,2×W 1,2

≤ max{1, κ2
z}

(
‖Υ̂‖2W1,2×W1,2 + ‖F r,zΥ̂‖2W1,2×W1,2

)
≤ max{1, κ2

z}
(
‖Υ̂‖W 1,2×W 1,2 + ‖F r,zΥ̂‖W 1,2×W 1,2

)2

.

This proves Step 2 for dz = max{1, κz}.

Since the inclusion maps H1 ↪→ H0 and H2 ↪→ H1 are compact, Step 1
and Step 2 provide semi-Fredholm estimates, see e.g. [MS04, Le. A.1.1]. This
completes the proof of Lemma 4.9.

Compact perturbations

The following lemma enters step 3 of the proof of Proposition 4.8.

Lemma 4.10. Pick z ∈ u1. Both linear operators T z65 and T z75 in (C.70)
and (C.72), respectively, are compact as operators h1 → h0 and h2 → h1.

Proof. On level two compactness follows from the fact that T z65, T
z
75 ∈ L(h1),

see estimates (C.71) and (C.73), and that the embedding h2 ↪→ h1 is compact.

Level one is harder. For that we show that the operators extend to bounded
linear operators hr → h0 for every r ∈ ( 1

2 , 1). Then the compactness follows
from the compact inclusion h1 ↪→ hr whenever r ∈ ( 1

2 , 1). Fix r ∈ ( 1
2 , 1).
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The operator T z65. We apply to (C.70) integration by parts to obtain

F z65ξ : = 2zτ
‖z‖22

∫ 1

τ

〈ȧtz(σ)|zσ , ξ′σ〉0 dσ

= 2zτ
‖z‖22

(
〈ȧ0|z0 , ξ0〉0 − 〈ȧtz(τ)|zτ , ξτ 〉0 −

∫ 1

τ

〈(ȧtz(σ)|zσ )′, ξσ〉0 dσ
)

= 2zτ
‖z‖22

(
〈ȧ0|z0 , ξ0〉0 − 〈ȧtz(τ)|zτ , ξτ 〉0

)
− 2zτ
‖z‖22

∫ 1

τ

〈
ätz(σ)|zσ

|zσ|2
‖z‖22

+ dȧtz(σ)|zσz′σ, ξσ
〉

0
dσ

where we used tz(1) = 1 and 1-periodicity of ȧ, z, and ξ. With the α-constants
in (C.62) for ξ ∈W r,2 we estimate (cf. (C.69) for the last summand)

‖F z65ξ‖L2 ≤ 2α̇zS1
‖z‖2 ‖ξ‖∞ +

2α̇zS1
‖z‖2 ‖ξ‖∞ + 2

‖z‖2 τα̈
z
S1
‖z‖2∞
‖z‖22
‖ξ‖∞ + 2

‖z‖2 dα̇
z
S1‖z′‖2‖ξ‖2

≤ const(‖z‖1,2, r)‖ξ‖r,2.

This proves that F z65 : hr → h0 is bounded.

The operator T z75. We apply to (C.72) integration by parts to get

T z75ξ : = − 2zτ
‖z‖42

∫ 1

0

∫ s
0
|zσ|2 dσ · 〈ȧtz(s)|zs , ξ′s〉0 ds

= − 2zτ
‖z‖42

(
‖z‖22〈ȧ0|z0 , ξ0〉0 − 0

)
+ 2zτ
‖z‖42

∫ 1

0

|zs|2 〈ȧtz(s)|zs , ξs〉 ds

+ 2zτ
‖z‖42

∫ 1

0

∫ s
0
|zσ|2 dσ

〈
ätz(s)|zs

|zs|2
‖z‖22

+ dȧtz(s)|zsz′s, ξs
〉

0
ds

where we used tz(1) = 1 and 1-periodicity of ȧ, z, and ξ. (We ignore that
the first summand of T z75 actually cancels the first summand of T z65.) With the
α-constants in (C.62) for ξ ∈W r,2 we estimate (cf. (C.69) for the last summand)

‖F z75ξ‖L2 ≤ 2α̇zS1
‖z‖2 ‖ξ‖∞ + 2

‖z‖32
‖z‖2∞α̇zS1‖ξ‖∞ +

2α̈zS1
‖z‖32
‖z‖2∞‖ξ‖∞ +

2dα̇zS1
‖z‖2 ‖z

′‖2‖ξ‖2
≤ const(‖z‖1,2, r)‖ξ‖r,2.

This proves that F z75 : hr → h0 is bounded. This proves Lemma 4.10.

4.2.2 Almost extendable

Theorem 4.11. The magnetic weak Hessian field A in (4.25) is almost extend-
able. The pair (F,C) defined for (z, η) in U1, respectively U2, by

C(z,η) : = diag(Cz42, 0) + diag(Cz43, 0)

F (z,η) : = A(z,η) − C(z,η) = F 1,z +
∑15

1 diag(Tij , 0)−HessH(z,η)

is a decomposition (Definition 3.3).
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The proof of the theorem requires two propositions which we state and prove
thereafter (Proposition 4.12 and Proposition 4.13.

Proof. The proof has four steps 1, 2, (C), and (F). In Definition 4.2 we defined
spaces Hk := W k,2(S1,C2) ⊃ Uk and hk := W k,2(S1,C) ⊃ uk.

Step 1. There is r ∈ [0, 1) such that (z, η) 7→ C(z,η) lies in C0(U1,L(Hr, H0)),
where Hr = W r,2(S1,C2), and in C0(U2,L(H1, H1)); see (3.16).

Proof. The maps of the diagonal form (z, η) 7→ diag(Cz42, 0) have the required
continuity property, since the diagonal block maps lie in the spaces

z 7→ Cz42, z 7→ Cz43 ∈ C0(u1,L(hr, h0)) ∩ C0(u2,L(h1, h1)) (4.26)

by (C.65) and (C.66), respectively.

Step 2. We need to show that the map F : (z, η) 7→ F (z,η) is element of the
space C0(U1,L(H1, H0) ∩ L(H2, H1)); see (3.15).

Proof. The diagonal block z 7→ fz44∂τ of z 7→ F 1,z, see Lemma 4.9. is a map

fz44∂τ : h1
∂τ−→ h0

(C.67)−→ h0, h2
∂τ−→ h1

(C.68)−→ h1,

which depends continuously on z ∈ u1, see line two in (C.68). Since the other
three blocks of F 1,z are constant, this shows that z 7→ F 1,z has the required
continuity property. The Hessian operator HessH has the required continuity
property by Lemma 4.4. The fifteen operators of the diagonal form

z 7→ diag(Tij , 0) : H1 → H0 H2 → H1

z 7→ T zij : h1 → h0 h2 → h1

have the required continuity property since so do the diagonal blocks Tij as
shown for each of them in §C.3.2. This proves Step 2.

Step (C). The map (z, η) 7→ C(z,η) = diag(Cz42, 0) + diag(Cz43, 0) satisfies the
scale Lipschitz estimate (3.17).

Proof. Due to the specific diagonal form it suffices to consider the upper diagonal
operators (4.26). Proposition 4.12 and Proposition 4.13 prove Step (C).

Step (F). ∀Υ = (z, η) ∈ U1 : F 1,z
2 +

∑15
1 diag(Tij , 0) − HessHΥ : H2 → H1 is

Fredholm of index zero.

Proof. Lemma 4.9 asserts that F 1,z
2 : H2 → H1 is Fredholm of index zero.

Lemma 4.4 asserts that HessHΥ : H2 → H1 is compact. The fifteen operators
of diagonal form diag(Tij , 0) : H2 → H1 are compact since so are the diagonal
blocks Tij : h2 → h1 as shown in §C.3.2. Since Fredholm property and index
are stable under compact perturbation this proves Step (F).

This concludes the proof of Theorem 4.11.
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4.2.3 Scale Lipschitz estimates

The following proposition is part of Step (C) of the proof of Theorem 4.11.

Proposition 4.12 (C43 is scale Lipschitz). For z 7→ Cz43 in (4.26) the scale Lip-
schitz estimate (C) holds true, namely (3.17) with lower case spaces hk and u1.

Proof. Let z ∈ u1 and ξ ∈ h1. We consider the map in (C.66), namely

Czξ := Cz43ξ := (dbtz(τ)|zτ ξτ ) j0z
′
τ .

Since z : S1 → Z is continuous its image is compact. So the image of z admits
an open neighborhood Vz in Z ⊂ R2 of compact closure V̄z. By compactness
V̄z is contained in a ball of some radius ρ = ρ(z), in symbols

V̄z ⊂ Bρ := {ν ∈ C : |ν| < ρ}. (4.27)

We define by

vz := {v ∈W 1,2(S1,Vz) : ‖v‖2 > 1
2‖z‖2 > 0 and ‖v‖1,2 < 2‖z‖1,2} (4.28)

an h1-open neighborhood of z in u1 uniformly bounded away from 0. Hence

v ∈ vz ⇒ ‖v‖2 ≤ ‖v‖∞ ≤ ρ.

Pick v, w ∈ vz ∩h2. By definition of the W 1,2 norm, calculating the deriva-
tive ∂τ , the triangle inequality and since t′v(τ) = |vτ |2 /‖v‖22 by (C.54), we get

‖(Cv − Cw)ξ‖1,2
≤ ‖(dbtv(τ)|vτ ξτ ) j0v

′
τ − (dbtw(τ)|wτ ξτ ) j0w

′
τ‖2

+ ‖∂τ
(
(dbtv(τ)|vτ ξτ ) j0v

′
τ

)
− ∂τ

(
(dbtw(τ)|wτ ξτ ) j0w

′
τ

)
‖2

≤ ‖(dbtv(τ)|vτ ξτ ) j0v
′
τ − (dbtw(τ)|wτ ξτ ) j0w

′
τ‖2

+ ‖(dḃtv(τ)|vτ ξτ ) |vτ |
2

‖v‖22
j0v
′
τ − (dḃtw(τ)|wτ ξτ ) |wτ |

2

‖w‖22
j0w

′
τ‖2

+ ‖(d2btv(τ)|vτ ξτv′τ ) j0v
′
τ − (d2btw(τ)|wτ ξτw′τ ) j0w

′
τ‖2

+ ‖(dbtv(τ)|vτ ξ′τ ) j0v
′
τ − (dbtw(τ)|wτ ξ′τ ) j0w

′
τ‖2

+ ‖(dbtv(τ)|vτ ξτ ) j0v
′′
τ − (dbtw(τ)|wτ ξτ ) j0w

′′
τ ‖2.

We need to estimate the L2-norms of five differences, notation D1-D5.

Difference D1. Add twice zero to write D1 as a sum D11ξ +D12ξ +D13ξ

(dbtv(τ)|vτ ξτ ) j0v
′
τ − (dbtw(τ)|wτ ξτ ) j0w

′
τ

= (dbtv(τ)|vτ ξτ ) j0v
′
τ − (dbtw(τ)|vτ ξτ ) j0v

′
τ

+ (dbtw(τ)|vτ ξτ ) j0v
′
τ − (dbtw(τ)|wτ ξτ ) j0v

′
τ

+ (dbtw(τ)|wτ ξτ ) j0v
′
τ − (dbtw(τ)|wτ ξτ ) j0w

′
τ

pointwise at τ ∈ S1.
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D11. By compactness of V̄z the maximum of the operator norm is finite

dβ̇V̄z
:= max

S1×V̄z

‖dḃ‖L(R2,R) <∞. (4.29)

By Taylor’s theorem, then using (C.58) on |tv(τ)− tw(τ)|, we estimate

‖dbtv(τ)|vτ − dbtw(τ)|vτ ‖L(R2,R) ≤ dβ̇V̄z
|tv(τ)− tw(τ)|

≤ 2dβ̇V̄z

‖v‖2+‖w‖2
‖v‖22

‖v − w‖2

≤ 2dβ̇V̄z

222ρ
‖z‖22
‖v − w‖2

=
16ρ(dβ̇V̄z

)

‖z‖22
‖v − w‖2.

(4.30)

The last step is by (4.27) and (4.28). Use this operator norm estimate to obtain

‖D11ξ‖2 = ‖
(
(dbtv(τ)|vτ − dbtw(τ)|vτ )ξτ

)
j0v
′
τ‖2

≤ 16ρ(dβ̇V̄z
)

‖z‖22
‖v − w‖2‖ξ‖∞‖v′‖2

≤ 16ρ(dβ̇V̄z
)

‖z‖22
|v|h1

· |v − w|h0
‖ξ‖1,2.

D12. By compactness of V̄z the maximum of the operator norm is finite

d2βV̄z
:= max

S1×V̄z

‖d2b‖L(R2×R2,R) <∞. (4.31)

By Taylor’s theorem we estimate

‖D12ξ‖2 = ‖
(
(dbtw(τ)|vτ − dbtw(τ)|wτ )ξτ

)
j0v
′
τ‖2

≤ d2βV̄z
‖v − w‖∞‖ξ‖∞‖v′‖2

≤ d2βV̄z
|v|h1

· |v − w|h1
‖ξ‖1,2.

D13. With the constant dβwS1 defined by (C.63) we estimate

‖D13ξ‖2 = ‖(dbtw(τ)|wτ ξτ ) j0 (v′τ − w′τ )‖2
≤ dβwS1‖ξ‖∞‖v′ − w′‖2
≤ dβwS1 |v − w|h1

‖ξ‖1,2
where the constant dβwS1 is defined by (C.63).

Difference D2 Add four zeroes to write D2 as a sum D21ξ + · · ·+D25ξ

(dḃtv(τ)|vτ ξτ ) |vτ |
2

‖v‖22
j0v
′
τ − (dḃtw(τ)|wτ ξτ ) |wτ |

2

‖w‖22
j0w

′
τ

=
(
dḃtv(τ)|vτ − dḃtw(τ)|vτ

)
ξτ
|vτ |2
‖v‖22

j0v
′
τ

+ (dḃtw(τ)|vτ ξτ ) |vτ |
2

‖v‖22
j0v
′
τ − (dḃtw(τ)|wτ ξτ ) |vτ |

2

‖v‖22
j0v
′
τ

+ (dḃtw(τ)|wτ ξτ ) |vτ |
2

‖v‖22
j0v
′
τ − (dḃtw(τ)|wτ ξτ ) |wτ |

2

‖v‖22
j0v
′
τ

+ (dḃtw(τ)|wτ ξτ ) |wτ |
2

‖v‖22
j0v
′
τ − (dḃtw(τ)|wτ ξτ ) |wτ |

2

‖w‖22
j0v
′
τ

+ (dḃtw(τ)|wτ ξτ ) |wτ |
2

‖w‖22
j0v
′
τ − (dḃtw(τ)|wτ ξτ ) |wτ |

2

‖w‖22
j0w

′
τ .
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D21. By compactness of V̄z the maximum of the operator norm is finite

dβ̈V̄z
:= max

S1×V̄z

‖db̈‖L(R2,R) <∞. (4.32)

As in (4.30) we obtain an estimate, uniform in τ ∈ S1, for the operator norm

‖dḃtv(τ)|vτ − dḃtw(τ)|vτ ‖L(R2,R) ≤
16ρ(dβ̈V̄z

)

‖z‖22
‖v − w‖2. (4.33)

Use this operator norm estimate, as well as (4.27) and (4.28), to estimate

‖D21ξ‖2 = ‖(dḃtv |v − dḃtw |v)ξ
|v|2
‖v‖22

j0v
′‖2

≤ 16ρ(dβ̈V̄z
)

‖z‖22
‖v − w‖2‖ξ‖∞‖v‖

2
∞

‖v‖22
‖v‖1,2

≤ 16ρ(dβ̈V̄z
)

‖z‖22
22ρ2

‖z‖22
2‖z‖1,2‖v − w‖2‖ξ‖1,2

= cz21 |v − w|h0
‖ξ‖1,2 , cz21 :=

128ρ3‖z‖1,2
‖z‖42

dβ̈V̄z
.

D22. By compactness of V̄z the maximum of the operator norm is finite

d2β̇V̄z
:= max

S1×V̄z

‖d2ḃ‖L(R2×R2,R) <∞. (4.34)

Similarly as for D21 we estimate

‖D22ξ‖2 = ‖(dḃtw(τ)|vτ − dḃtw(τ)|wτ )ξτ
|vτ |2
‖v‖22

j0v
′
τ‖2

≤ d2β̇V̄z
‖v − w‖∞‖ξ‖∞‖v‖

2
∞

‖v‖22
‖v‖1,2

≤ d2β̇V̄z
‖v − w‖1,2‖ξ‖1,2 22ρ2

‖z‖22
2‖z‖1,2

≤ cz22 |v − w|h1
‖ξ‖1,2 , cz22 :=

8ρ2‖z‖1,2
‖z‖22

d2β̇V̄z
.

D23. With dβ̇wS1 from (C.63) we estimate

‖D23ξ‖2 = ‖(dḃtw(τ)|wτ ξτ ) |vτ |
2

‖v‖22
j0v
′
τ − (dḃtw(τ)|wτ ξτ ) |wτ |

2

‖v‖22
j0v
′
τ‖2

= ‖(dḃtw(τ)|wτ ξτ ) |vτ |
2 −〈vτ ,wτ 〉0+〈vτ ,wτ 〉0−|wτ |2

‖v‖22
j0v
′
τ‖2

= ‖(dḃtw(τ)|wτ ξτ ) 〈vτ ,vτ−wτ 〉+〈vτ−wτ ,wτ 〉‖v‖22
j0v
′
τ‖2

≤ dβ̇wS1‖ξ‖∞‖v′‖∞‖v‖∞‖v−w‖2+‖w‖∞‖v−w‖2
‖v‖22

≤ 222‖z‖1,2
‖z‖22

dβ̇wS1 |v|h2 · |v − w|h0 ‖ξ‖1,2.

In the last step we used (4.28) in combination with ‖·‖∞ ≤ ‖·‖1,2.
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D24. With dβ̇wS1 from (C.63) we estimate

‖D24ξ‖2 = ‖(dḃtw(τ)|wτ ξτ ) |wτ |
2

‖v‖22
j0v
′
τ − (dḃtw(τ)|wτ ξτ ) |wτ |

2

‖w‖22
j0v
′
τ‖2

= ‖(dḃtw(τ)|wτ ξτ )|wτ |2 ‖w‖
2
2 −〈v,w〉+〈v,w〉−‖v‖

2
2

‖v‖22‖w‖22
j0v
′
τ‖2

= ‖(dḃtw(τ)|wτ ξτ ) |wτ |2 〈w−v,w〉+〈v,w−v〉‖v‖22‖w‖22
j0v
′
τ‖2

≤ dβ̇wS1‖ξ‖∞ ρ22222

‖z‖22‖z‖22
‖v − w‖2 (‖w‖2 + ‖v‖2) ‖v′‖2

≤ cz24 |v − w|h0 ‖ξ‖1,2 , cz24 :=
64ρ3‖z‖1,2
‖z‖42

dβ̇wS1 .

The last step is by (4.27) and (4.28).

D25. With dβ̇wS1 from (C.63), as well as (4.27) and (4.28), we estimate

‖D25ξ‖2 = ‖(dḃtw(τ)|wτ ξτ ) |wτ |
2

‖w‖2 j0v
′
τ − (dḃtw(τ)|wτ ξτ ) |wτ |

2

‖w‖2 j0w
′
τ‖2

= ‖(dḃtw(τ)|wτ ξτ ) |wτ |
2

‖w‖2 j0 (v′τ − w′τ )‖2

≤ dβ̇wS1‖ξ‖∞ 22ρ2

‖z‖22
‖v − w‖1,2

≤ cz25 |v − w|h1
‖ξ‖1,2 , cz25 := 4ρ2

‖z‖22
dβ̇V̄z

.

Difference D3 Add three zeroes to write D3 as a sum D31ξ + · · ·+D34ξ

(d2btv(τ)|vτ ξτv′τ ) j0v
′
τ − (d2btw(τ)|wτ ξτw′τ ) j0w

′
τ

= (d2btv(τ)|vτ ξτv′τ ) j0v
′
τ − (d2btw(τ)|vτ ξτv′τ ) j0v

′
τ

+ (d2btw(τ)|vτ ξτv′τ ) j0v
′
τ − (d2btw(τ)|wτ ξτv′τ ) j0v

′
τ

+ (d2btw(τ)|wτ ξτv′τ ) j0v
′
τ − (d2btw(τ)|wτ ξτw′τ ) j0v

′
τ

+ (d2btw(τ)|wτ ξτw′τ ) j0v
′
τ − (d2btw(τ)|wτ ξτw′τ ) j0w

′
τ .

D31. By compactness of V̄z the maximum of the operator norm is finite

d2β̈V̄z
:= max

S1×V̄z

‖d2b̈‖L(R2,R) <∞.

As in (4.30) we obtain an estimate, uniform in τ ∈ S1, for the operator norm

‖d2ḃtv(τ)|vτ − d2ḃtw(τ)|vτ ‖L(R2,R) ≤
16ρ(d2β̈V̄z

)

‖z‖22
‖v − w‖2.

Use this operator norm estimate to obtain

‖D31ξ‖2 = ‖
(
(d2btv(τ)|vτ − d2btw(τ)|vτ )(ξτv

′
τ )
)
j0v
′
τ‖2

≤ 16ρ(d2β̈V̄z
)

‖z‖22
‖v − w‖2‖ξ‖∞‖v′‖2‖v′‖∞

≤ cz31 |v|h2
· |v − w|h0

‖ξ‖1,2 , cz31 :=
32ρ‖z‖1,2
‖z‖22

d2β̈V̄z
.
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D32. By compactness of V̄z the maximum of the operator norm is finite

d3βV̄z
:= max

S1×V̄z

‖d3b‖L(R2×R2×R2,R) <∞.

By Taylor’s theorem we estimate

‖D32ξ‖2 = ‖
(
(d2btw(τ)|vτ − d2btw(τ)|wτ )(ξτv

′
τ )
)
j0v
′
τ‖2

≤ d3βV̄z
‖v − w‖∞‖ξ‖∞‖v′‖∞‖v′‖2

≤ 2‖z‖1,2d2βV̄z
|v|h2 · |v − w|h1 ‖ξ‖1,2.

D33. With the constant d2βwS1 from (C.63) we estimate

‖D33ξ‖2 = ‖(d2btw(τ)|wτ ξτ (v′τ − w′τ )) j0v
′
τ‖2

≤ d2βwS1‖ξ‖∞‖v′ − w′‖∞‖v′‖2
≤ 2‖z‖1,2d2βwS1 |v − w|h2

‖ξ‖1,2.

D34. With the constant d2βwS1 from (C.63) we estimate

‖D34ξ‖2 = ‖(d2btw(τ)|wτ ξτw′τ ) j0 (v′τ − w′τ )‖2
≤ d2βwS1‖ξ‖∞‖w′‖2‖v′ − w′‖∞
≤ 2‖z‖1,2d2βwS1 |v − w|h2

‖ξ‖1,2.

Difference D4 Add twice zero to write D4 as a sum D41ξ +D42ξ +D43ξ

(dbtv(τ)|vτ ξ′τ ) j0v
′
τ − (dbtw(τ)|wτ ξ′τ ) j0w

′
τ

= (dbtv(τ)|vτ ξ′τ ) j0v
′
τ − (dbtw(τ)|vτ ξ′τ ) j0v

′
τ

+ (dbtw(τ)|vτ ξ′τ ) j0v
′
τ − (dbtw(τ)|wτ ξ′τ ) j0v

′
τ

+ (dbtw(τ)|wτ ξ′τ ) j0v
′
τ − (dbtw(τ)|wτ ξ′τ ) j0w

′
τ

D41. We use (4.30) to estimate

‖D41ξ‖2 = ‖
(
(dbtv(τ)|vτ − dbtw(τ)|vτ )ξ′τ

)
j0v
′
τ‖2

≤ 16ρ(dβ̇V̄z
)

‖z‖22
‖v − w‖2‖ξ‖∞‖v′‖2

≤ cz41 |v − w|h0
‖ξ‖1,2 , cz41 :=

32ρ‖z‖1,2
‖z‖22

dβ̇V̄z
.

D42. By Taylor’s theorem with constant d2βV̄z
in (4.31) we estimate

‖D42ξ‖2 = ‖
(
(dbtw(τ)|vτ − dbtw(τ)|wτ )ξ′τ

)
j0v
′
τ‖2

≤ d2βV̄z
‖v − w‖∞‖ξ′‖2‖v′‖∞

≤ d2βV̄z
|v|h2

· |v − w|h1
‖ξ‖1,2.
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D43. With the constant dβwS1 from (C.63) we estimate

‖D43ξ‖2 = ‖(dbtw(τ)|wτ ξ′τ ) j0 (v′τ − w′τ )‖2
≤ dβwS1‖ξ′‖2‖v′ − w′‖∞
≤ dβwS1 |v − w|h2 ‖ξ‖1,2.

Difference D5 Add twice zero to write D5 as a sum D51ξ +D52ξ +D53ξ

(dbtv(τ)|vτ ξτ ) j0v
′′
τ − (dbtw(τ)|wτ ξτ ) j0w

′′
τ

= (dbtv(τ)|vτ ξτ ) j0v
′′
τ − (dbtw(τ)|vτ ξτ ) j0v

′′
τ

+ (dbtw(τ)|vτ ξτ ) j0v
′′
τ − (dbtw(τ)|wτ ξτ ) j0v

′′
τ

+ (dbtw(τ)|wτ ξτ ) j0v
′′
τ − (dbtw(τ)|wτ ξτ ) j0w

′′
τ

D51. We use (4.30) to estimate

‖D51ξ‖2 = ‖
(
(dbtv(τ)|vτ − dbtw(τ)|vτ )ξτ

)
j0v
′′
τ ‖2

≤ 16ρ(dβ̇V̄z
)

‖z‖22
‖v − w‖2‖ξ‖∞‖v′′‖2

≤ cz51 |v|h2
· |v − w|h0

‖ξ‖1,2 , cz51 := 16ρ
‖z‖22

dβ̇V̄z
.

D52. By Taylor’s theorem with constant d2βV̄z
in (4.31) we estimate

‖D52ξ‖2 = ‖
(
(dbtw(τ)|vτ − dbtw(τ)|wτ )ξτ

)
j0v
′′
τ ‖2

≤ d2βV̄z
‖v − w‖∞‖ξ‖∞‖v′′‖2

≤ d2βV̄z
|v|h2 · |v − w|h1 ‖ξ‖1,2.

D53. With the constant dβwS1 from (C.63) we estimate

‖D53ξ‖2 = ‖(dbtw(τ)|wτ ξτ ) j0 (v′′τ − w′′τ )‖2
≤ dβwS1‖ξ‖∞‖v′′ − w′′‖2
≤ dβwS1 |v − w|h2 ‖ξ‖1,2.

Summarizing we have shown that there exists a constant κ = κ(z) such that

‖Cv − Cw‖L(h1) ≤ κ
(
|v − w|h2

+ |v|h2
· |v − w|h1

)
.

whenever v, w ∈ vz. Interchanging the roles of v and w we get

‖Cv − Cw‖L(h1) ≤ κ
(
|v − w|h2

+ |w|h2
· |v − w|h1

)
.

whenever v, w ∈ vz. These two inequalities imply that

‖Cv − Cw‖L(h1) ≤ κ
(
|v − w|h2

+ min{|v|h2
, |w|h2

} · |v − w|h1

)
.

whenever v, w ∈ vz. This proves Proposition 4.12.
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The following proposition is part of Step (C) of the proof of Theorem 4.11.

Proposition 4.13 (C42 is scale Lipschitz). For z 7→ Cz42 in (4.26) the scale Lip-
schitz estimate (C) holds true, namely (3.17) with lower case spaces hk and u1.

Proof. Let z ∈ u1 and ξ ∈ h1. We consider the map in (C.65), namely

Czξ := Cz42ξ := ḃtz(τ)|zτ (dtzξ)τ j0z
′
τ .

As in Proposition 4.12 let the ball V̄z be defined by (4.27) and vz by (4.28).

Pick v, w ∈ vz∩h2. By definition of the W 1,2 norm, calculating the derivative
∂τ , the triangle inequality and since t′v(τ) = |vτ |2 /‖v‖22 by (C.54), we get

‖(Cv − Cw)ξ‖1,2
≤ ‖ḃtv(τ)|vτ (dtvξ)τ j0v

′
τ − ḃtw(τ)|wτ (dtwξ)τ j0w

′
τ‖2

+ ‖∂τ
(
ḃtv(τ)|vτ (dtvξ)τ j0v

′
τ

)
− ∂τ

(
ḃtw(τ)|wτ (dtwξ)τ j0w

′
τ

)
‖2

≤ ‖ḃtv(τ)|vτ (dtvξ)τ j0v
′
τ − ḃtw(τ)|wτ (dtwξ)τ j0w

′
τ‖2

+ ‖b̈tv(τ)|vτ
|vτ |2
‖v‖22

(dtvξ)τ j0v
′
τ − b̈tw(τ)|wτ

|wτ |2
‖w‖22

(dtwξ)τ j0w
′
τ‖2

+ ‖
(
dḃtv(τ)|vτ v′τ

)
(dtvξ)τ j0v

′
τ −

(
dḃtw(τ)|wτw′τ

)
(dtwξ)τ j0w

′
τ‖2

+ ‖ḃtv(τ)|vτ (dtvξ)
′
τ j0v

′
τ − ḃtw(τ)|wτ (dtwξ)

′
τ j0w

′
τ‖2

+ ‖ḃtv(τ)|vτ (dtvξ)τ j0v
′′
τ − ḃtw(τ)|wτ (dtwξ)τ j0w

′′
τ ‖2.

We need to estimate the L2-norms of five differences, notation D1-D5.

Difference D1. Add three times zero to write D1 as a sum D11ξ + · · ·+D14ξ

ḃtv(τ)|vτ (dtvξ)τ j0v
′
τ − ḃtw(τ)|wτ (dtwξ)τ j0w

′
τ

=
(
ḃtv(τ)|vτ − ḃtw(τ)|vτ

)
(dtvξ)τ j0v

′
τ

+
(
ḃtw(τ)|vτ − ḃtw(τ)|wτ

)
(dtvξ)τ j0v

′
τ

+ ḃtw(τ)|wτ ((dtvξ)τ − (dtwξ)τ ) j0v
′
τ

+ ḃtw(τ)|wτ (dtwξ)τ j0 (v′τ − w′τ )

pointwise at τ ∈ S1.

D11. By compactness of V̄z the maximum of the absolute value is finite

β̈V̄z
:= max

S1×V̄z

|b̈| <∞.

As in (4.30) we obtain an estimate, uniform in τ ∈ S1, for the difference∣∣∣ḃtv(τ)|vτ − ḃtw(τ)|vτ
∣∣∣ ≤ 16ρβ̈V̄z

‖z‖22
‖v − w‖2. (4.35)
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Use this difference estimate, then (C.56) followed by (4.28), to obtain

‖D11ξ‖2 = ‖
(
ḃtv(τ)|vτ − ḃtw(τ)|vτ

)
(dtvξ)τ j0v

′
τ‖2

≤ 16ρβ̈V̄z

‖z‖22
‖v − w‖2‖dtvξ‖∞‖v′‖2

≤ 16ρβ̈V̄z

‖z‖22
‖v − w‖2 4

‖v‖2 ‖ξ‖2‖v‖1,2

≤ 128ρβ̈V̄z

‖z‖32
|v|h1 · |v − w|h0 ‖ξ‖1,2.

(4.36)

D12. By Taylor’s theorem and the constant dβ̇V̄z
in (4.29) we estimate

‖D12ξ‖2 = ‖
(
ḃtw(τ)|vτ − ḃtw(τ)|wτ

)
(dtvξ)τ j0v

′
τ‖2

≤ dβ̇V̄z
‖v − w‖∞‖dtvξ‖∞‖v′‖2

≤ 8dβ̇V̄z

‖z‖2 |v|h1 · |v − w|h1 ‖ξ‖1,2.

(4.37)

D13. With constants β̇wS1 in (C.63) and C
‖z‖2
ρ in (C.61) we estimate

‖D13ξ‖2 = ‖ḃtw(τ)|wτ ((dtvξ)τ − (dtwξ)τ ) j0v
′
τ‖2

≤ β̇wS1‖dtvξ − dtwξ‖∞‖v′‖2
≤ β̇wS12C‖z‖2ρ |v|h1

· |v − w|h1
‖ξ‖1,2.

(4.38)

D14. With β̇wS1 in (C.63) and (C.56), followed by (4.28), we estimate

‖D14ξ‖2 = ‖ḃtw(τ)|wτ (dtwξ)τ j0 (v′τ − w′τ )‖2
≤ β̇wS1

4
‖v‖2 ‖ξ‖2‖v

′ − w′‖2

≤ 8dβ̇V̄z

‖z‖2 |v − w|h1
‖ξ‖1,2.

(4.39)

Difference D2 Add five zeroes to write D2 as a sum D21ξ + · · ·+D26ξ

b̈tv(τ)|vτ
|vτ |2
‖v‖22

(dtvξ)τ j0v
′
τ − b̈tw(τ)|wτ

|wτ |2
‖w‖22

(dtwξ)τ j0w
′
τ

=
(
b̈tv(τ)|vτ − b̈tw(τ)|vτ

)
|vτ |2
‖v‖22

(dtvξ)τ j0v
′
τ

+
(
b̈tw(τ)|vτ − b̈tw(τ)|wτ

)
|vτ |2
‖v‖22

(dtvξ)τ j0v
′
τ

+ b̈tw(τ)|wτ
|vτ |2−|wτ |2
‖v‖22

(dtvξ)τ j0v
′
τ

+ b̈tw(τ)|wτ |wτ |2
‖w‖22−‖v‖

2
2

‖v‖22‖w‖22
(dtvξ)τ j0v

′
τ

+ b̈tw(τ)|wτ
|wτ |2
‖w‖22

((dtvξ)τ − (dtwξ)τ ) j0v
′
τ

+ b̈tw(τ)|wτ
|wτ |2
‖w‖22

(dtwξ)τ j0 (v′τ − w′τ ) .
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D21. By compactness of V̄z the maximum of the absolute value is finite
...
βV̄z

:= max
S1×V̄z

|
...
b| <∞.

As in (4.30) we obtain an estimate, uniform in τ ∈ S1, for the operator norm

|b̈tv(τ)|vτ − b̈tw(τ)|vτ | ≤
16ρ

...
βV̄z

‖z‖22
‖v − w‖2.

Use this operator norm estimate, as well as (4.27) and (4.28), to estimate

‖D21ξ‖2 = ‖
(
b̈tv(τ)|vτ − b̈tw(τ)|vτ

)
|vτ |2
‖v‖22

(dtvξ)τ j0v
′
τ‖2

≤ 16ρ
...
βV̄z

‖z‖22
‖v − w‖2 22ρ2

‖z‖22
4
‖z‖2 ‖ξ‖2‖v

′‖2

≤ 16·32ρ3
...
βV̄z
‖z‖1,2

‖z‖52
|v − w|h0

‖ξ‖1,2.

D22. By Taylor’s theorem and dβ̈V̄z
in (4.32) we estimate similarly as above

‖D22ξ‖2 = ‖
(
b̈tw(τ)|vτ − b̈tw(τ)|wτ

)
|vτ |2
‖v‖22

(dtvξ)τ j0v
′
τ‖2

≤ dβ̈V̄z
‖v − w‖∞ 22ρ2

‖z‖22
4
‖z‖2 ‖ξ‖2‖v

′‖2

≤ 32ρ2(dβ̈V̄z
)‖z‖1,2

‖z‖32
|v − w|h1

‖ξ‖1,2.

D23. With β̈wS1 in (C.63) and (C.56), followed by (4.28), we estimate

‖D23ξ‖2 = ‖b̈tw(τ)|wτ
|vτ |2 −〈vτ ,wτ 〉0+〈vτ ,wτ 〉0 −|wτ |2

‖v‖22
(dtvξ)τ j0v

′
τ‖2

≤ β̈wS1
‖v−w‖∞(‖v‖∞+‖w‖∞)

‖v‖22
‖dtvξ‖∞‖v′‖2

≤ 128ρβ̈wS1‖z‖1,2
‖z‖32

|v − w|h1
‖ξ‖1,2.

D24. With β̈wS1 in (C.63) and (C.56), followed by (4.28), we estimate

‖D24ξ‖2 = ‖b̈tw(τ)|wτ |wτ |2
‖w‖22 −〈v,w〉+〈v,w〉 −‖v‖

2
2

‖v‖22‖w‖22
(dtvξ)τ j0v

′
τ‖2

≤ β̈wS1‖w‖2∞
‖v−w‖2(‖v‖∞+‖w‖∞)

‖v‖22‖w‖22
‖dtvξ‖∞‖v′‖2

≤ 512ρ3β̈wS1‖z‖1,2
‖z‖52

|v − w|h1 ‖ξ‖1,2.

D25. With constants β̈wS1 in (C.63) and C
‖z‖2
ρ in (C.61) we estimate

‖D25ξ‖2 = ‖b̈tw(τ)|wτ
|wτ |2
‖w‖22

((dtvξ)τ − (dtwξ)τ ) j0v
′
τ‖2

≤ β̈wS1
4ρ2

‖z‖22
‖dtvξ − dtwξ‖∞‖v′‖2

≤ β̈wS1
4ρ2

‖z‖22
2C‖z‖2ρ |v|h1

· |v − w|h1
‖ξ‖1,2.
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D26. With the constant β̈wS1 in (C.63) and (4.27), (4.28), (C.56) we estimate

‖D26ξ‖2 = ‖b̈tw(τ)|wτ
|wτ |2
‖w‖22

(dtwξ)τ j0 (v′τ − w′τ )‖2

≤ β̈wS1
22ρ2

‖z‖22
4·2
‖z‖2 ‖ξ‖2‖v

′ − w′‖2

≤ 32ρ2β̈V̄z

‖z‖32
|v − w|h1

‖ξ‖1,2.

Difference D3 Add four zeroes to write D3 as a sum D31ξ + · · ·+D35ξ(
dḃtv(τ)|vτ v′τ

)
(dtvξ)τ j0v

′
τ −

(
dḃtw(τ)|wτw′τ

)
(dtwξ)τ j0w

′
τ

=
(

(dḃtv(τ)|vτ − dḃtw(τ)|vτ )v′τ

)
(dtvξ)τ j0v

′
τ

+
(

(dḃtw(τ)|vτ − dḃtw(τ)|wτ )v′τ

)
(dtvξ)τ j0v

′
τ

+
(
dḃtw(τ)|wτ (v′τ − w′τ )

)
(dtvξ)τ j0v

′
τ

+
(
dḃtw(τ)|wτw′τ

)
((dtvξ)τ − (dtwξ)τ ) j0v

′
τ

+
(
dḃtw(τ)|wτw′τ

)
(dtwξ)τ j0 (v′τ − w′τ ) .

D31. By estimate (4.33) with constant dβ̈V̄z
and (C.56) we obtain

‖D31ξ‖2 = ‖
(

(dḃtv(τ)|vτ − dḃtw(τ)|vτ )v′τ

)
(dtvξ)τ j0v

′
τ‖2

≤ 16ρ(dβ̈V̄z
)

‖z‖22
‖v − w‖2 ‖v′‖∞‖dtvξ‖∞‖v′‖2

≤ 16ρ(dβ̈V̄z
)

‖z‖22
8·2‖z‖1,2
‖z‖2 |v|h2

·|v − w|h0
‖ξ‖1,2.

D32. By Taylor’s theorem and d2β̇V̄z
in (4.34) we estimate as above

‖D32ξ‖2 = ‖
(

(dḃtw(τ)|vτ − dḃtw(τ)|wτ )v′τ

)
(dtvξ)τ j0v

′
τ‖2

≤ d2β̇V̄z
‖v − w‖∞ ‖v′‖∞‖dtvξ‖∞‖v′‖2

≤ d2β̇V̄z

8·2‖z‖1,2
‖z‖2 |v|h2 · |v − w|h1 ‖ξ‖1,2.

D33. With dβ̇wS1 from (C.63) we estimate as above

‖D33ξ‖2 = ‖
(
dḃtw(τ)|wτ (v′τ − w′τ )

)
(dtvξ)τ j0v

′
τ‖2

≤ dβ̇wS1‖v′ − w′‖∞‖dtvξ‖∞‖v′‖2
≤ d2β̇V̄z

8·2‖z‖1,2
‖z‖2 |v − w|h2

‖ξ‖1,2.
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D34. With constants dβ̇wS1 in (C.63) and C
‖z‖2
ρ in (C.61) we estimate

‖D34ξ‖2 = ‖
(
dḃtw(τ)|wτw′τ

)
((dtvξ)τ − (dtwξ)τ ) j0v

′
τ‖2

≤ dβ̇wS1‖w′‖2‖dtvξ − dtwξ‖∞‖v′‖∞
≤ dβ̇wS12‖z‖1,22C‖z‖2ρ |v|h2

· |v − w|h1
‖ξ‖1,2.

D35. With dβ̇wS1 from (C.63) and (4.28) for ‖w‖1,2 we estimate as above

‖D35ξ‖2 = ‖
(
dḃtw(τ)|wτw′τ

)
(dtwξ)τ j0 (v′τ − w′τ )‖2

≤ dβ̇wS1‖w′‖2‖dtwξ‖∞‖v′ − w′‖∞
≤ dβ̇wS12‖z‖1,2 8

‖z‖2 ‖ξ‖2‖v − w‖2,2

≤ 16(d2β̇V̄z
)‖z‖1,2

‖z‖2 |v − w|h2 ‖ξ‖1,2.

Difference D4 Add three zeroes to write D4 as a sum D41ξ + . . . ξ +D44ξ

ḃtv(τ)|vτ (dtvξ)
′
τ j0v

′
τ − ḃtw(τ)|wτ (dtwξ)

′
τ j0w

′
τ

= ḃtv(τ)|vτ (dtvξ)
′
τ j0v

′
τ − ḃtw(τ)|vτ (dtvξ)

′
τ j0v

′
τ

ḃtw(τ)|vτ (dtvξ)
′
τ j0v

′
τ − ḃtw(τ)|wτ (dtvξ)

′
τ j0v

′
τ

ḃtw(τ)|wτ (dtvξ)
′
τ j0v

′
τ − ḃtw(τ)|wτ (dtwξ)

′
τ j0v

′
τ

ḃtw(τ)|wτ (dtwξ)
′
τ j0v

′
τ − ḃtw(τ)|wτ (dtwξ)

′
τ j0w

′
τ .

D41. We use (4.28), (4.35) and (C.57) to estimate

‖D41ξ‖2 = ‖
(
ḃtv(τ)|vτ − ḃtw(τ)|vτ

)
(dtvξ)

′
τ j0v

′
τ‖2

≤ 16ρβ̈V̄z

‖z‖22
‖v − w‖2‖(dtvξ)′‖∞‖v′‖2

≤ 16ρβ̈V̄z
2‖z‖1,2

‖z‖22

(
2‖z‖1,2
‖z‖22

+
2‖z‖21,2
‖z‖32

)
|v − w|h0 ‖ξ‖1,2.

D42. By Taylor’s theorem and dβ̇V̄z
in (4.29) and by (C.57) we estimate

‖D42ξ‖2 = ‖
(
ḃtw(τ)|vτ − ḃtw(τ)|wτ

)
(dtvξ)

′
τ j0v

′
τ‖2

≤ dβ̇V̄z
‖v − w‖∞‖(dtvξ)′‖∞‖v′‖2

≤ dβ̇V̄z
2‖z‖1,2

(
2‖z‖1,2
‖z‖22

+
2‖z‖21,2
‖z‖32

)
|v − w|h1 ‖ξ‖1,2.

D43. With constants β̇wS1 in (C.63) and C
‖z‖2
ρ in (C.60) we estimate

‖D43ξ‖2 = ‖ḃtw(τ)|wτ ((dtvξ)
′
τ − (dtwξ)

′
τ ) j0v

′
τ‖2

≤ β̇wS1‖(dtvξ)′ − (dtwξ)
′‖∞‖v′‖2

≤ β̇wS12‖z‖1,22C‖z‖2ρ |v − w|h1 ‖ξ‖1,2.

(4.40)
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D44. With β̇wS1 in (C.63) and by (C.57) we estimate

‖D44ξ‖2 = ‖ḃtw(τ)|wτ (dtwξ)
′
τ j0 (v′τ − w′τ )‖2

≤ β̇wS1‖(dtvξ)′‖∞‖v′ − w′‖2

≤ β̇wS1

(
2‖z‖1,2
‖z‖22

+
2‖z‖21,2
‖z‖32

)
|v − w|h1 ‖ξ‖1,2.

Difference D5 Add three zeroes to write D5 as a sum D51ξ + · · ·+D54ξ

ḃtv(τ)|vτ (dtvξ)τ j0v
′′
τ − ḃtw(τ)|wτ (dtwξ)τ j0w

′′
τ

= ḃtv(τ)|vτ (dtvξ)τ j0v
′′
τ − ḃtw(τ)|vτ (dtvξ)τ j0v

′′
τ

+ ḃtw(τ)|vτ (dtvξ)τ j0v
′′
τ − ḃtw(τ)|wτ (dtvξ)τ j0v

′′
τ

+ ḃtw(τ)|wτ (dtvξ)τ j0v
′′
τ − ḃtw(τ)|wτ (dtwξ)τ j0v

′′
τ

+ ḃtw(τ)|wτ (dtwξ)τ j0v
′′
τ − ḃtw(τ)|wτ (dtwξ)τ j0w

′′
τ .

D51. This is estimate (4.36) with v′ replaced by v′′, so

‖D51ξ‖2 = ‖
(
ḃtv(τ)|vτ − ḃtw(τ)|vτ

)
(dtvξ)τ j0v

′′
τ ‖2

≤ 16ρβ̈V̄z

‖z‖22
‖v − w‖2‖dtvξ‖∞‖v′′‖2

≤ 128ρβ̈V̄z

‖z‖32
|v|h2

· |v − w|h0
‖ξ‖1,2.

D52. This is estimate (4.37) with v′ replaced by v′′, so

‖D52ξ‖2 = ‖
(
ḃtw(τ)|vτ − ḃtw(τ)|wτ

)
(dtvξ)τ j0v

′′
τ ‖2

≤ dβ̇V̄z
‖v − w‖∞‖dtvξ‖∞‖v′′‖2

≤ 8dβ̇V̄z

‖z‖2 |v|h2
· |v − w|h1

‖ξ‖1,2.

D53. This is estimate (4.38) with v′ replaced by v′′, so

‖D53ξ‖2 = ‖ḃtw(τ)|wτ ((dtvξ)τ − (dtwξ)τ ) j0v
′′
τ ‖2

≤ β̇wS1‖dtvξ − dtwξ‖∞‖v′′‖2
≤ β̇wS12C‖z‖2ρ |v|h2 · |v − w|h1 ‖ξ‖1,2.

(4.41)

D54. This is estimate (4.39) with v′ − w′ replaced by v′′ − w′′, so

‖D54ξ‖2 = ‖ḃtw(τ)|wτ (dtwξ)τ j0 (v′′τ − w′′τ )‖2
≤ β̇wS1

4
‖v‖2 ‖ξ‖2‖v

′′ − w′′‖2

≤ 8dβ̇V̄z

‖z‖2 |v − w|h2
‖ξ‖1,2.
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Summarizing we have shown that there exists a constant κ = κ(z) such that

‖Cv − Cw‖L(h1) ≤ κ
(
|v − w|h2 + |v|h2 · |v − w|h1

)
.

whenever v, w ∈ vz. Interchanging the roles of v and w we get

‖Cv − Cw‖L(h1) ≤ κ
(
|v − w|h2 + |w|h2 · |v − w|h1

)
.

whenever v, w ∈ vz. These two inequalities imply that

‖Cv − Cw‖L(h1) ≤ κ
(
|v − w|h2 + min{|v|h2 , |w|h2} · |v − w|h1

)
.

whenever v, w ∈ vz. This proves Proposition 4.13.

4.3 Twisted loops

In the case of twisted loops z(τ + 1) = −z(τ) ∀τ ∈ S1 the Hilbert space triple
has to be adjusted as follows

H−0 : = L2([0, 1],C2)

H−1 : = {Υ ∈W 1,2([0, 1],C2) | Υ(1) = −Υ(0)}
H−2 : = {Υ ∈W 2,2([0, 1],C2) | Υ(1) = −Υ(0) ∧Υ′(1) = −Υ′(0)}

and h−0 , h−1 , h−2 are defined equally, up to replacing C2 by C. Apart from this,
the case of twisted loops proceeds completely analogous to the periodic case.

4.4 Proof of Theorem A and Theorem B

• Theorem B is Theorem 4.11.

• Theorem A follows from Theorem B and Theorem 3.5.

A Symmetry of the L2-Hessian

Theorem A.1. Let (H0, H1) be a Hilbert space pair3 and U1 ⊂ H1 open. Sup-
pose f : U1 → R is (i) a C1 function such that (ii) there exists a C1 map
grad f : U1 → H0 and such that (iii) there is the identity

df |xξ = 〈grad f |x, ξ〉0

whenever x ∈ U1 and ξ ∈ H1. Then the following is true. The second derivative
of f exists at every point x ∈ U1, it is given by the formula

d2f |x(ξ, η) = 〈d(grad f)xξ, η〉0 =: Bx(ξ, η),

and it varies continuously in x, that is f ∈ C2(U1,R).

3 H0 and H1 are both infinite dimensional Hilbert spaces, H1 ⊂ H0 is a dense subset, and
inclusion ι : H1 → H0 is a compact linear map. H0 and H1 are separable by [FW24, Cor. A.5].
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Proof. The proof has three steps. Without loss of generality we suppose that
|·|0 ≤ |·|1, otherwise choose equivalent norms.

Step 1. ∀x ∈ U1 the map Bx : H1 ×H1 → R is a bounded bilinear form.

Proof. By definition of B followed by Cauchy-Schwarz and then pulling out the
operator norm we estimate

|Bx(ξ, η)| = |〈d(grad f)xξ, η〉0| ≤ |d(grad f)xξ|0|η|0
≤ ‖d(grad f)x‖L(H1,H0)|ξ|1|η|1.

By assumption (ii) the right hand side is bounded.

Step 2. The map4 B : U1 → L(H1, H1;R), x 7→ Bx, is continuous.

Proof. For x, y ∈ U1 and ξ, η ∈ H1 we estimate

|(Bx −By)(ξ, η)| =
∣∣〈d(grad f)xξ − d(grad f)yξ, η〉0

∣∣
≤ |(d(grad f)x − d(grad f)y) ξ|0|η|0
≤ ‖d(grad f)x − d(grad f)y‖L(H1,H0)|ξ|1|η|1.

By assumption (ii) the map x 7→ d(grad f)x is continuous.

Step 3. At any x ∈ U1 the map Bx is the second derivative d2f |x of f at x.

Proof. The assertion of Step 3 is equivalent to

sup
|η|1=1

1
|ξ|1 |df |xη − df |x+ξη −Bx(ξ, η)| −→ 0 , as |ξ|1 → 0.

We use the definitions of grad f |x and Bx to write

sup
|η|1=1

1
|ξ|1

∣∣〈grad f |x, η〉0 − 〈grad f |x+ξ, η〉0 − 〈d(grad f)xξ, η〉0
∣∣

= sup
|η|1=1

∣∣∣〈 grad f |x−grad f |x+ξ−d(grad f)xξ
|ξ|1 , η

〉
0

∣∣∣
≤ sup
|η|1=1

|grad f |x−grad f |x+ξ−d(grad f)xξ|0
|ξ|1 |η|0

≤ |grad f |x−grad f |x+ξ−d(grad f)xξ|0
|ξ|1

whenever x + ξ ∈ U1. The first inequality is by Cauchy Schwarz. The second
inequality uses |·|0 ≤ |·|1. By definition of the derivative d(grad f)x the right
hand side converges to zero, as |ξ|1 → 0. Hence the left hand side converges to
zero, as |ξ|1 → 0. This proves Step 3.

By Step 3 the second derivative of f exists at every x ∈ U1 and by Step 2 it
varies continuously in x. This proves Theorem A.1.

4 By L(H1, H1;R) we denote the Banach space of bounded bilinear maps H1 ×H1 → R.
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The following corollary is used to prove Proposition 4.8 (Step 2).

Corollary A.2 (H0-symmetry). The derivative of the H0-gradient is H0-
symmetric, namely 〈d(grad f)xξ, η〉0 = 〈d(grad f)xη, ξ〉0 for all ξ, η ∈ H1.

Proof. By Theorem A.1 we have f ∈ C2. The second derivative of a C2 function
is symmetric by the infinite dimensional version of the classical Theorem of
Schwarz; see e.g. [AP93, Thm. 3.4].

B Lagrangian Hessian field B

In B.1 we calculate the Hessian of the regularized Lagrangian functional B =
K− U+M defined by (2.7). The contributions from the magnetic functionalM
play a crucial role in the main Section 4 of this article. In Section B.2 we show
that in the Kepler case (M = 0) the Lagrangian Hessian field almost extends.

B.1 Calculation of Hessian operators

Abbreviate Xε := gradB(zε). To get rid of the fractions in formula (2.8) for
gradB we proceed as follows. Since ‖zε‖4 6= 0 and since by the product rule

‖z‖4 d
dε

∣∣
0
Xε︸ ︷︷ ︸

Bzξ

= d
dε

∣∣
0

(
‖zε‖4Xε

)
−
(
d
dε

∣∣
0
‖zε‖4

)
X0︸ ︷︷ ︸

4‖z‖2〈z,ξ〉 gradB(z)

,

the Hessian operator Bz is equal to the difference

Bzξ = 1
‖z‖4

d
dε

∣∣
0

(
‖zε‖4Xε

)
− 4〈z,ξ〉
‖z‖2 gradB(z), Xε = gradB(zε), (B.42)

where summand two is a sum of seven terms m1 + · · ·+m7, namely

− 4〈z,ξ〉
‖z‖2 (gradB|z)τ

(2.8)
= −16〈z, ξ〉‖z

′‖2
‖z‖2 zτ︸ ︷︷ ︸

=:m1 (T̃11 +m1 = 0)

+ 16〈z, ξ〉z′′τ︸ ︷︷ ︸
=:m2 (+T̃21)

+ 8 〈z,ξ〉‖z‖6 zτ︸ ︷︷ ︸
=:m3 (add to T̃31)

+ 8〈z,ξ〉zτ
‖z‖6

∫ 1

0

∫ s
0
|zσ|2 dσ · 〈ȧtz(s)|zs , z′s〉0 ds︸ ︷︷ ︸

=:m7 (add to T̃71)

+ 4〈z,ξ〉|zτ |2
‖z‖4 ȧtz(τ)|zτ︸ ︷︷ ︸

=:m5 (add to T̃56)

− 8〈z,ξ〉zτ
‖z‖4

∫ 1

τ
〈ȧtz(σ)|zσ , z′σ〉0 dσ︸ ︷︷ ︸

=:m6 (add to T̃62)

+ 4〈z,ξ〉
‖z‖2 btz(τ)|zτ j0z′τ︸ ︷︷ ︸
=:m4 (add to T̃41)

.

(B.43)

So the task at hand is to calculate summand one in (B.42), namely

d
dε

∣∣
0

‖zε‖4Xε
‖z‖4 = 1

‖z‖4
d
dε

∣∣
0

(
‖zε‖4 gradK|zε − ‖zε‖

4 gradU|zε + ‖zε‖4 gradM|zε
)
.
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To this end we differentiate and get the following sum of seven terms T1–T7

1
‖z‖4

d
dε

∣∣
0

(
‖zε‖4Xε

)
(2.8)
= 1

‖z‖4
d
dε

∣∣
0

(
4‖zε‖4‖z′ε‖2zε − 4‖zε‖6z′′ε − 2zε − ‖zε‖4

(
rotatzε |zε

)
j0z
′
ε

− |zε|2 ‖zε‖2ȧtzε |zε + 2zε‖zε‖2
∫ 1

σ=τ

〈ȧtzε (σ)|zε,σ , z′ε,σ〉0 dσ

− 2zε

∫ 1

0

∫ s
0
|zε,σ|2 dσ · 〈ȧtzε (s)|zε,s , z′ε,s〉0 ds

)
.

B.1.1 Terms T1–T7

Remark B.1 (Notation T , C, F ). In the following we encounter many sum-
mands, general notation Tij , occasionally T̃rs, also C42, C43, and F44. The tilde
indicates that some correction term mr will eventually be added. So we can de-
note the sum T̃rs+mr by Trs. The naming of the F44 and the two C summands
refers to the A = F + C decomposition (3.14), while all the many Tij ’s will be
compact perturbations of a Fredholm operator F . For the C summands one
must establish the scale Lipschitz estimate (3.17). So one wishes to minimize
the number of C summands. A summand enforces to be a C summand when-
ever the base point z is required to be in level two (i.e. z ∈ u2 in the Lagrangian
or z ∈ U2 in the Hamiltonian case § 4, respectively).

Term T1. (Kinetic energy) Differentiate ‖zε‖4 as (‖zε‖2)2 to get

d
dε

∣∣
0

4‖zε‖4‖z′ε‖
2zε

‖z‖4 = 1
‖z‖4

(
16‖z‖2‖z′‖2〈z, ξ〉z + 8‖z‖4〈z′, ξ′〉z + 4‖z‖4‖z′‖2ξ

)
= 16‖z

′‖2
‖z‖2 〈z, ξ〉z︸ ︷︷ ︸

T̃ z11ξ (+m1=T z11ξ)

+ 8〈z′, ξ′〉z︸ ︷︷ ︸
T z12ξ

+ ‖z′‖2ξ︸ ︷︷ ︸
T z13ξ

.

Term T2. (Kinetic energy) Differentiate ‖zε‖6 as (‖zε‖2)3 to get

− d
dε

∣∣
0

4‖zε‖6z′′ε
‖z‖4 = − 24‖z‖4〈z,ξ〉z′′+4‖z‖6ξ′′

‖z‖4 = −24〈z, ξ〉z′′︸ ︷︷ ︸
C̃z21ξ (+m2=Cz21ξ)

−4‖z‖2 ξ′′︸ ︷︷ ︸
F z22 ξ

.

Term T3. (Potential) − 1
‖z‖4

d
dε

∣∣
0

2zε = − 2ξ
‖z‖4 = T̃ z31 (+m3 = T z31).

Remark B.2 (Magnetic T4-T7). Consider the function and its differential

btz |z : = rotatz |z = (∂1a
2 − ∂2a

1)tz |z
dbtz |zξ = (∂11a

2ξ1 + ∂21a
2ξ2 − ∂12a

1ξ1 − ∂22a
1ξ1)tz |z

(B.44)

in order to economize the computation of term T4. In the following we enumer-
ate each summand appearing in terms T4-T7 in an obvious way and baptize it
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Cij or Fij depending on to which side in the decomposition F z+Cz in (3.14) we
put it. The underbracing of summands indicates to which of the four summands
in (B.43) it will be added to obtain the magnetic Hessian operator Mz.

In the following formulas the term (dtzξ) is given by (C.55).
Term T4. − 1

‖z‖4
d
dε

∣∣
0
‖zε‖4 btzε |zε j0z

′
ε =

− 4〈z,ξ〉 btz |z
‖z‖2 j0z

′︸ ︷︷ ︸
T̃ z41ξ (+m4=T z41ξ)

−ḃtz |z (dtzξ) j0z
′︸ ︷︷ ︸

Cz42ξ

−(dbtz |zξ) j0z′︸ ︷︷ ︸
Cz43ξ

−4btz |z j0 ∂τξ︸ ︷︷ ︸
F z44 ξ

.

Term T5. − 1
‖z‖4

d
dε

∣∣
0
|zε|2 ‖zε‖2ȧtzε |zε =

− 2〈zτ ,ξτ 〉0
‖z‖2 ȧtz |z︸ ︷︷ ︸
T z51ξ

− 2|zτ |2〈z,ξ〉
‖z‖4 ȧtz |z︸ ︷︷ ︸

T̃ z52ξ (+m5=T z52ξ)

− |zτ |
2

‖z‖2 ätz |z (dtzξ)︸ ︷︷ ︸
T z53ξ

− |zτ |
2

‖z‖2

(
dȧ1
tz |zξ

dȧ2
tz |zξ

)
︸ ︷︷ ︸

T z54ξ

.

Term T6. 1
‖z‖4

d
dε

∣∣
0

2zε‖zε‖2
∫ 1

τ
〈ȧtzε (σ)|zε,σ , z′ε,σ〉0 dσ =

2ξ
‖z‖2

∫ 1

τ
〈ȧtz(σ)|zσ , z′σ〉0 dσ : T z61ξ

+ 4z〈z,ξ〉
‖z‖4

∫ 1

τ
〈ȧtz(σ)|zσ , z′σ〉0 dσ : T̃ z62ξ (+m6 = T z62)

+ 2z
‖z‖2

∫ 1

τ
〈ätz(σ)|zσ (dtzξ)σ, z

′
σ〉0 dσ : T z63ξ

+ 2z
‖z‖2

∫ 1

τ

〈(
dȧ1
tz(σ)|zσξσ

dȧ2
tz(σ)|zσξσ

)
, z′σ

〉
0

dσ : T z64ξ

+ 2z
‖z‖2

∫ 1

τ
〈ȧtz(σ)|zσ , ξ′σ〉0 dσ : T65ξ.

Term T7. − 1
‖z‖4

d
dε

∣∣
0

2zε
∫ 1

0

∫ s
0
|zε,σ|2 dσ · 〈ȧtzε (s)|zε,s , z′ε,s〉0 ds =

− ξ 2
‖z‖4

∫ 1

0

∫ s
0
|zσ|2 dσ · 〈ȧtz(s)|zs , z′s〉0 ds : T̃ z71ξ (+m7 = T z71)

− z 4
‖z‖4

∫ 1

0

∫ s
0
〈zσ, ξσ〉 dσ · 〈ȧtz(s)|zs , z′s〉0 ds : T z72ξ

− z 2
‖z‖4

∫ 1

0

∫ s
0
|zσ|2 dσ · 〈ätz(s)|zs (dtzξ)s, z

′
s〉0 ds : T z73ξ

− z 2
‖z‖4

∫ 1

0

∫ s
0
|zσ|2 dσ ·

〈(
dȧ1
tz(s)|zsξs

dȧ2
tz(s)|zsξs

)
, z′s

〉
0

ds : T z74ξ

− z 2
‖z‖4

∫ 1

0

∫ s
0
|zσ|2 dσ · 〈ȧtz(s)|zs , ξ′s〉0 ds : T z75ξ.

This finishes Remark B.2.
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Lemma B.3. The Hessian operators of B = K +M−U are given by

Bzξ = (T1 + T2 + T3 + T4 + T5 + T6 + T7)− 4〈z,ξ〉
‖z‖2 gradB|z

Kzξ = (T1 + T2)− 4〈z,ξ〉
‖z‖2 gradK|z

= (T1 + T2)−16‖z
′‖2
‖z‖2 〈z, ξ〉z︸ ︷︷ ︸

=m1=−T̃11

+ 16〈z, ξ〉z′′︸ ︷︷ ︸
m2

= 0︸︷︷︸
T11

+ 8〈z′, ξ′〉z︸ ︷︷ ︸
T12

+ 4‖z′‖2ξ︸ ︷︷ ︸
T13

−8〈z, ξ〉z′′︸ ︷︷ ︸
T21=T̃21+m2

−4‖z‖2ξ′′︸ ︷︷ ︸
=T22

Mzξ = T4 + T5 + T6 + T7 +m4 +m5 +m6 +m7

−Uzξ = T3 +m3 = T̃ z31ξ +m3

= − 2ξ
‖z‖4 + 8〈z,ξ〉z

‖z‖6 = T z31ξ

at z ∈ L×Z and where gradB|z is given by (2.8).

Proof. Hessian (B.42), calculations thereafter, and gradient formula (2.8).

B.2 Kepler case

B.2.1 Analytic setup

The Kepler case refers to M = 0. We restrict ourselves to the case of periodic
loops. The case of twisted periodic loops works analogously.

Definition B.4 (analytic setup in Lagrangian Section B). In the Lagrangian
setup target space is the configuration space instead of the phase space, therefore
the target space C2 has to be replaced by C. On the other hand, the Lagrangian
case requires an additional derivative. Hence the Hilbert space triple in the
Lagrangian case is defined by

(h0, h1, h2) = (L2(S1,C),W 2,2(S1,C),W 4,2(S1,C)) (B.45)

and open subsets are defined by

u1 := {z ∈ h1 | z 6≡ 0 ∧ ∀τ ∈ S1 : z(τ) ∈ Z}, u2 := u1 ∩ h2.

We denote spaces by lower case letters for distinction from Section 4 (uppercase).

Remark B.5 (twisted loops). In the case of twisted loops z(τ + 1) = −z(τ)
∀τ ∈ S1 the Hilbert space triple has to be adjusted as follows

h−0 : = L2([0, 1],C)

h−1 : = {z ∈W 1,2([0, 1],C) | z(1) = −z(0)}
h−2 : = {z ∈W 2,2([0, 1],C) | z(1) = −z(0) ∧ z′(1) = −z′(0)}

Apart from this, the case of twisted loops proceeds completely analogous as the
case of periodic loops.

37



Remark B.6 (open problem). Since in the Lagrangian case the construction of
the Hilbert space triple involves more derivatives, almost extendability is more
involved. This is already seen in the Kepler case where in the Hamiltonian setup
the Hessian is extendable whereas in the Lagrangian setup the Hessian is only
almost extendable as we show in this section.

Almost extendability in the general Lagrangian setup (with magnetic term)
is probably still true, but we did not check it due to the huge number of sum-
mands appearing.

On periodic loop space L×+Z, defined in (2.3), the regularized Lagrangian
action functional B is given by formula (2.7). The functional B continuously
extends to the Sobolev W 2,2-completion u1 by the same formula.
Let z ∈ u1. As dB|z· = 〈gradB|z, ·〉 : h1 → R characterizes the L2-gradient, the
Hessian bi-linear form is characterized by d2B|z(·, ·) = 〈d gradB|z·, ·〉. In words,
the derivative of the L2-gradient is the linear operator Bz := d gradB|z : h1 → h0

representing the Hessian bi-linear form with respect to the L2-inner product.
This is formalized in Appendix A. See Theorem A.1 for the next definition.

Definition B.7. The Hessian operator of B at z ∈ u1 is the linearization5

Bz := d gradB|z : h1 → h0 (B.46)

of the L2-gradient (2.8) of the function B = K − U +M in (2.7). By linearity

Bz = Kz − Uz +Mz

where the sum consists of the Hessian operators of K, U , and M; cf. (2.7).

From now on we consider the Kepler case (M = 0), in particular M = 0.

B.2.2 Weak Hessian field almost extends

Theorem B.8 (Kepler case almost extends). Let B0 = K −U : u1 3 z 7→ Bz

be defined by (B.46) with M = 0. Then the following holds.

(i) B0 defines a weak Hessian field along the set u1.

(ii) The weak Hessian field B0 almost extends in the sense of Definition 3.3.

We prove the theorem in the form of two separate results. Part (i) is
Lemma B.9 below, part (ii) is Theorem B.10.

Lemma B.9. The non-magnetic Hessian operators Bz0 : h1 → h0 given by

Bz0ξ = −4‖z‖2ξ′′ − 4〈z′′, z〉ξ − 8〈z′′, ξ〉z −8〈z, ξ〉z′′− 2ξ
‖z‖4 + 8〈z,ξ〉z

‖z‖6 , (B.47)

one for each z ∈ u1, determine a weak Hessian field B0 on u1.

5 Given z ∈ u1 and ξ ∈ h1, pick a smooth path of loops ε 7→ zε ∈ u1 with z0 = z and
d
dε

∣∣∣
0
zε = ξ, then the linearization is of the form d gradB|zξ = d

dε

∣∣∣
ε=0

gradB(zε).
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Proof. The formula for Bz0 is due to Lemma B.3 where, in addition, we applied
to T12 and T13 integration by parts (boundary terms vanishes by periodicity).
By Theorem C.1 in the form W 2,2 × L2 → L2 and W 4,2 ×W 2,2 → W 2,2 the
map z 7→ Bz0 is element of the spaces C0(u1,L(h1, h0)) and C0(u2,L(h2, h1)).
We verify the (Symmetry) axiom (3.13): Pick ξ, η ∈ h0, then

〈Bz0ξ, η〉 = 〈−4‖z‖2ξ′′ − 4〈z′′, z〉ξ − 8〈z′′, ξ〉z − 8〈z, ξ〉z′′ − 2ξ
‖z‖4 + 8〈z,ξ〉z

‖z‖6 , η〉

= −4‖z‖2〈ξ, η′′〉 − 4〈z′′, z〉〈ξ, η〉 − 8〈z′′, ξ〉〈z, η〉 − 8〈z, ξ〉〈z′′, η〉

− 2〈ξ,η〉
‖z‖4 + 8〈z,ξ〉〈z,η〉

‖z‖6

= 〈ξ,Bz0η〉.

Concerning equality two, to summand one we applied twice integration by parts.
Inequality three holds by symmetry of inner products and by interchanging the
two summands with factor 8.
It remains to check the (Fredholm) axiom. The following operator as a map

−∂τ∂τ : W 2,2 → L2, W 4,2 →W 2,2, ∀z ∈ u1

is positive semi-definite, symmetric, and ker ∂τ∂τ = C are the constant maps
only (by periodicity affine maps are excluded). By symmetry, kernel and coker-
nel coincide, so −∂τ∂τ is Fredholm of index zero. The factor 4‖z‖2 is non-zero
since z ∈ u1 is not the zero map, hence the leading term −4‖z‖2∂τ∂τ in the
formula for Bz0 is Fredholm of index zero as well.
In the formula for Bz0 remain five summands. We separate −8〈z, ξ〉z′′τ for later
recycling in Theorem B.10 Step (F). The sum of the other four, denoted by

T z : ξ 7→
[
τ 7→ −4〈z′′, z〉ξτ − 8〈z′′, ξ〉zτ − 2ξτ

‖z‖4
‖z‖2
‖z‖2 + 8〈z,ξ〉zτ

‖z‖6

]
, (B.48)

is bounded as a map h0 → h0 and even as a map h1 → h1 if z ∈ u1. Indeed

‖T zξ‖2 ≤ 8‖z‖22,2
(

1
2 + 1 + 1

4‖z‖62
+ 1
‖z‖62

)
‖ξ‖2

‖(T zξ)′′‖2 =
∥∥∥−4〈z′′, z〉ξ′′ − 8〈z′′, ξ〉z′′ − 2ξ′′

‖z‖4
‖z‖2
‖z‖2 + 8〈z,ξ〉z′′

‖z‖6

∥∥∥
2

≤ 8‖z‖22,2
(

1
2 + 1 + 1

4‖z‖62
+ 1
‖z‖62

)
‖ξ‖2,2.

So, by compactness of the embeddings h1 ↪→ h0 and h2 ↪→ h1, both operators
T z, as h1 → h0 and as h2 → h1, are compact. But Fredholm property and index
are stable under compact perturbation. So both operators

F z : ξ 7→ −4‖z‖2ξ′′ + T zξ : h1 → h0, h2 → h1, ∀z ∈ u1 (B.49)

are Fredholm of index zero where T z is defined by (B.48). It remains to exhibit
the yet missing summand as a compact perturbation of F z. Indeed we estimate

‖8〈z, ξ〉z′′‖2 ≤ 8‖z‖2‖ξ‖2‖z′′‖2 ≤ 8‖z‖22,2‖ξ‖2
‖(8〈z, ξ〉z′′)′′‖2 ≤ 8‖z‖2‖ξ‖2‖z′′′′‖2 ≤ 8‖z‖24,2‖ξ‖2.
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This shows that ξ 7→ 8〈z, ξ〉z′′ is bounded as a map h0 → h0 if z ∈ u1 and as a
map h1 ↪→ h0 → h1 if z ∈ u2. Now the compactness and perturbation argument
previous to (B.49) proves the (Fredholm) axiom and Lemma B.9.

Theorem B.10. The non-magnetic weak Hessian field B is almost extendable.
Moreover, the pair (F,C) defined for z ∈ u1 by

F zξ : = −4‖z‖2ξ′′ − 4〈z′′, z〉ξ − 8〈z′′, ξ〉z− 2ξ
‖z‖4 + 8〈z,ξ〉z

‖z‖6

Czξ : = −8〈z, ξ〉z′′
(B.50)

is a decomposition (3.14).

Proof of Theorem B.10. The proof has four steps 1, 2, (C), and (F).

Step 1. By (C.52) the map u 7→ Cu is element of the spaces C0(u1,L(hr, h0))

and C0(u2,L(h1, h1)) where hr = W 2r,2(S1,R2) for some r ∈ ( 1
2 , 1).

Proof. Given z ∈ u1, the estimate

‖Czξ‖2 = ‖8〈z, ξ〉z′′‖2 ≤ 8‖z‖2‖ξ‖2‖z′′‖2 ≤ 8‖z‖22,2‖ξ‖2

shows that C is continuous as a map from u1 even to L(h0, h0), so to L(hr, h0)
whenever r ∈ [0, 1) due to the embedding hr ↪→ h0. Given z ∈ u2, then

‖(Czξ)′′‖2 = ‖8〈z, ξ〉z′′′′‖2 ≤ 8‖z‖2‖ξ‖2‖z′′′′‖2 ≤ 8‖z‖24,2‖ξ‖2

shows that C is continuous as a map from u2 even to L(h0, h1), hence to L(h1, h1)
due to the embedding h1 ↪→ h0.

Step 2. We need to show that the map F : z 7→ F z is element of the space
C0(u1,L(h1, h0) ∩ L(h2, h1)); see (3.15).

Proof. We focus on C0(u1,L(h2, h1)). Given z ∈ u1, then the estimate

‖(F zξ)′′‖2 =
∥∥∥−4‖z‖22ξ′′′′ − 4〈z′′, z〉ξ′′ − 8〈z′′, ξ〉z′′ − 2ξ′′

‖z‖4
‖z‖2
‖z‖2 + 8〈z,ξ〉z′′

‖z‖6

∥∥∥
2

≤ 8‖z‖22,2
(

1
2 + 1

2 + 1 + 1
4‖z‖62

+ 1
‖z‖62

)
‖ξ‖4,2

and an analogous estimate for the simpler case ‖F zξ‖2 show that F is continuous
as a map from u1 to L(h2, h1) and also to L(h1, h0).

Step (C). The map z 7→ Cz satisfies the scale Lipschitz estimate (3.17).

Proof. Fix a loop z ∈ u1 = W 2,2(S1,Z) ⊂ W 2,2(S1,C) = h1. By continuity of z
its image is compact. So there exists a bounded open neighborhood U of im z
in Z. Let κ0 be a bound of U. An open neighborhood of z in u1 is defined by

vz := W 2,2(S1,U) ⊃W 2,2(S1,Z) = u1 3 z.
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The L∞ norm of the elements of vz is bounded by κ0. Let ξ ∈ h1 and v, w ∈ vz.
In the following we use the norm ‖f‖22 + ‖f ′′‖22 which is equivalent to the W 2,2

norm ‖f‖22 + ‖f ′‖22 + ‖f ′′‖22. Adding twice zero we estimate

1
82 ‖(Cv − Cw)ξ‖22,2 = ‖〈v, ξ〉v′′ − 〈w, ξ〉w′′‖22 + ‖〈v, ξ〉v′′′′ − 〈w, ξ〉w′′′′‖22

≤ 2‖〈v−w, ξ〉v′′‖22 + 2‖〈w, ξ〉 (v′′ − w′′)‖22
+ 2‖〈v−w , ξ〉v′′′′‖22 + 2‖〈w, ξ〉 (v′′′′ − w′′′′)‖22
≤ 2〈v − w, ξ〉2‖v′′‖22 + 2〈w, ξ〉2‖v′′ − w′′‖22

+ 2〈v − w, ξ〉2‖v′′′′‖22 + 2〈w, ξ〉2‖v′′′′ − w′′′′‖22
≤ 2‖v − w‖22‖ξ‖22‖v‖24,2 + 2‖w‖22‖ξ‖22‖v − w‖24,2
≤ 2|v − w|2h1

|ξ|2h1
|v|2h2

+ 2‖w‖2∞|ξ|2h1
|v − w|2h2

≤ 2|v − w|2h1
|ξ|2h1
|v|2h2

+ 2κ2
0|ξ|2h1

|v − w|2h2
.

To get inequality three we apply Cauchy-Schwarz and in addition we incorporate
the first two summands of four into the estimate of the last two summands.
With κ := 8

√
2 max{1, κ0} this implies that the operator norm is bounded by

‖Cv − Cw‖L(h1) ≤ κ
(
|v − w|h2

+ |v|h2
|v − w|h1

)
.

Interchanging the roles of v and w we get

‖Cv − Cw‖L(h1) ≤ κ
(
|v − w|h2

+ |w|h2
|v − w|h1

)
.

The above two estimates imply the scale Lipschitz estimate

‖Cv − Cw‖L(h1) ≤ κ
(
|v − w|h2

+ min{|v|h2
, |w|h2

} · |v − w|h1

)
(B.51)

which is precisely (3.17) in axiom (C). This proves Step (C).

Step (F). ∀z ∈ u1 : F z2 := F z|h2
: h2 → h1 is Fredholm of index zero.

The proof of Step (F) was given in (B.49). This proves Theorem B.10.

C Estimates for Hessian operator summands

In Appendix C we analyze the summands of the Hessian operator Bz in
Lemma B.3. As a preparation we collect in C.1 a number of estimates.

In the following we suppose that z and ξ are smooth, so the calculations and
estimates are justified and we can extract in each case the information in which
Sobolev spaces z and ξ must at least be. By 〈·, ·〉 we denote the L2-inner product,
by ‖·‖ρ the Lρ =: Hρ norm, and by ‖·‖k,2 the Sobolev W k,2 =: Hk norm. We
set zτ := z(τ). For Banach spaces X and Y let L(X,Y ), and C(X,Y ) be the
space of bounded, respectively compact, linear operators.
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C.1 Utilities

Factor j0. Since j0 is rotation by π
2 it is an isometry, so it disappears in norms.

C.1.1 Fractional Sobolev spaces

Theorem C.1 (Multiplication map, [BH21, Thm. 7.4]). Assume ρ1, ρ2, ρ ≥ 0
are real and satisfy ρ1 ≥ ρ and ρ2 ≥ ρ and ρ1 + ρ2 >

1
2 + ρ. Then the following

is true. If v ∈W ρ1,2(S1) and w ∈W ρ2,2(S1), then vw ∈W ρ,2(S1) and pointwise
multiplication of functions is a continuous bi-linear map

W ρ1,2(S1)×W ρ2,2(S1)→W ρ,2(S1).

Most important for us is the theorem in the form

W r,2 × L2 r> 1
2−→ L2, W 1,2 ×W 1,2 →W 1,2. (C.52)

The Sobolev inequality 2 on S1 asserts,6 respectively implies, that

‖z‖2 ≤ ‖z‖∞
2
≤ ‖z‖1,2, ‖z′‖∞ ≤ ‖z′‖1,2 ≤ ‖z‖2,2.

All norms are on the domain S1, unless indicated differently. In fact, not only
H1 embedds into C0, but even the larger spaces Hr whenever r is strictly larger
then the borderline value 1

2 . This improvement is crucial for us, see e.g. term
C43 further below.

Proposition C.2. For any α ∈ (0, 1) the inclusion map H 1
2 +α(R) ⊂ C0,α(R)

into the space of α-Hölder continuous maps is continuous. Here

u ∈ C0,α(R) ⇔ u bounded and ∃C : |u(x+ y)− u(x)| ≤ C|y|α ∀x, y.

Proof. See e.g. [Tay96, Ch. 4 Prop. 1.5].

By Proposition C.2, given r ∈ ( 1
2 , 1), there exists a constant cr such that

‖·‖C0 ≤ ‖·‖C0,r−1/2 ≤ cα‖·‖H1/2+α
on S1. Writing ‖·‖∞ = ‖·‖C0 and r = 1

2 + α,

then for r ∈ ( 1
2 , 1] it holds that

‖·‖2 ≤ ‖·‖∞ ≤ cα‖·‖r,2, ‖·‖r,2 ≤ ‖·‖1,2. (C.53)

C.1.2 Factor tz

Recall from (2.6) the Barutello-Ortega-Verzini reparametrization

tz(τ) :=

∫ τ
0
|z(s)|2 ds
‖z‖2

, t′z(τ) =
|z(τ)|2

‖z‖2
, tz ∈ C1. (C.54)

6 for a proof with constant 1 see e.g. [FW25, §A.6 Sobolev embedding]
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which takes a loop z to a map tz := t(z) : S1 → S1, τ 7→ tz(τ). There are two
obvious identities

d
dτ tz(τ) =

|z(τ)|2

‖z‖2

(dt|zξ)τ =
2

‖z‖2

∫ τ

0

〈zσ, ξσ〉 dσ −
2 〈z, ξ〉
‖z‖4

∫ τ

0

|zσ|2 dσ.
(C.55)

We estimate

‖t′z‖2
(C.54)

=
∥∥∥ |z(·)|2‖z‖22

∥∥∥
2
≤ ‖z‖∞‖z‖2

‖z‖22
≤ ‖z‖1,2
‖z‖2

and

‖t′z‖∞ : = sup
τ∈S1

∣∣ d
dτ tz(τ)

∣∣ (C.54)
= sup

τ∈S1

|z(τ)|2

‖z‖22
≤ ‖z‖

2
∞

‖z‖22
≤
‖z‖21,2
‖z‖22

.

By (C.55) we have and by the triangle and Cauchy-Schwarz inequalities we get

‖(dt|zξ)‖2 ≤ ‖(dt|zξ)‖∞

= sup
τ∈S1

∣∣∣∣ 2
‖z‖22

∫ τ

0

〈zσ, ξσ〉0 dσ −
2〈z,ξ〉
‖z‖42

∫ τ

0

|zσ|2 dσ
∣∣∣∣

≤ 2
‖z‖22

sup
τ∈S1

∣∣∣〈z, ξ〉L2
0,τ

∣∣∣+ 2‖z‖2‖ξ‖2
‖z‖42

sup
τ∈S1

∣∣∣〈z, z〉L2
0,τ

∣∣∣
≤ 2
‖z‖22

sup
τ∈S1

(
‖z‖L2

0,τ
‖ξ‖L2

0,τ

)
+ 2‖ξ‖2
‖z‖32

sup
τ∈S1

‖z‖2L2
0,τ

≤ 2
‖z‖2 ‖ξ‖2 + 2

‖z‖2 ‖ξ‖2
≤ 4
‖z‖2 ‖ξ‖2.

(C.56)

Differentiate (C.55) to get equality one here

‖(dt|zξ)′‖2 =
∥∥∥ 2
‖z‖22
〈z·, ξ·〉0 −

2〈z,ξ〉
‖z‖42

|z·|2
∥∥∥

2

≤ 2
‖z‖22
‖〈z·, ξ·〉0‖2 + 2‖z‖∞‖ξ‖2

‖z‖42
‖〈z·, z·〉0‖2

≤ 2
‖z‖22
‖z‖∞‖ξ‖2 +

2‖z‖1,2‖ξ‖2
‖z‖42

‖z‖∞‖z‖2

≤
(

2‖z‖1,2
‖z‖22

+
2‖z‖21,2
‖z‖32

)
‖ξ‖2

: = d′tz1,2‖ξ‖2
and to get equality one here

‖(dt|zξ)′‖∞ = sup
τ∈S1

∣∣∣ 2
‖z‖22
〈zτ , ξτ 〉 − 2〈z,ξ〉

‖z‖42
|zτ |2

∣∣∣
≤ 2
‖z‖22
‖z‖∞‖ξ‖∞ + 2‖ξ‖2

‖z‖32
‖z‖2∞

≤ 2‖z‖1,2
‖z‖22

‖ξ‖1,2 +
2‖z‖21,2
‖z‖32

‖ξ‖2
≤ d′tz1,2‖ξ‖1,2.

(C.57)
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By definition (2.6) of tz and adding zero we estimate

|tv(τ)− tw(τ)| =
∣∣∣ ∫ τ0 |vs|2 ds‖v‖22

−
∫ τ
0
|ws|2 ds
‖v‖22

+
∫ τ
0
|ws|2 ds
‖v‖22

−
∫ τ
0
|ws|2 ds
‖w‖22

∣∣∣
≤ 1
‖v‖22

∣∣∣∣∫ τ

0

|vs|2 −〈vs, ws〉0 + 〈vs, ws〉0 − |ws|2 ds
∣∣∣∣

+

∫ τ

0

|ws|2 ds
∣∣∣‖w‖22 −〈v,w〉+〈v,w〉−‖v‖22‖v‖22‖w‖22

∣∣∣
= 1
‖v‖22

∣∣∣∣∫ τ

0

〈vs, vs − ws〉0 + 〈vs − ws, ws〉0 ds
∣∣∣∣

+

∫ τ

0

|ws|2 ds
∣∣∣ 〈v,v−w〉+〈v−w,w〉‖v‖22‖w‖22

∣∣∣
3
≤ 2‖v‖2‖v−w‖2+‖v−w‖2‖w‖2

‖v‖22
= 2‖v − w‖2 ‖v‖2+‖w‖2

‖v‖22
.

(C.58)

In step 3 , on summand one, we take the absolute value inside the integral, then

enlarge
∫ τ

0
to
∫ 1

0
, then we apply Cauchy-Schwarz. On summand two we enlarge∫ τ

0
to
∫ 1

0
in which case ‖w‖22 cancels.

We need in (4.40) the following estimate. Differentiate (C.55) to get step 1.
Step 2 is by the triangle inequality and produces a sum of two absolute values.
In summand one add zero and in summand two add two times zero, then apply
the triangle inequality to get step 3 where in addition we insert three zeroes

1
2 |(dtvξ)

′
τ − (dtwξ)

′
τ |

1
=
∣∣∣ 1
‖v‖22
〈vτ , ξτ 〉0 −

〈v,ξ〉
‖v‖42
|vτ |2 − 1

‖w‖22
〈wτ , ξτ 〉0 + 〈w,ξ〉

‖w‖42
|wτ |2

∣∣∣
2
≤
∣∣∣ 1
‖v‖22
〈vτ , ξτ 〉0 −

1
‖w‖22

〈wτ , ξτ 〉0
∣∣∣+
∣∣∣ 〈v,ξ〉‖v‖42

|vτ |2 − 〈w,ξ〉‖w‖42
|wτ |2

∣∣∣
3
≤
∣∣∣‖w‖22−〈w,v〉+〈w,v〉−‖v‖22‖v‖22‖w‖22

∣∣∣ |〈vτ , ξτ 〉0|+ |〈vτ − wτ , ξτ 〉0| 1
‖w‖22

+ |〈v − w, ξ〉| |vτ |
2

‖v‖42

+
∣∣∣‖w‖42−‖w‖22‖v‖22+‖w‖22‖v‖

2
2−‖v‖

4
2

‖v‖42‖w‖42

∣∣∣ |vτ |2 |〈w, ξ〉|
+ |〈w,ξ〉|
‖w‖42

∣∣∣|vτ |2−〈wτ , vτ 〉0 + 〈wτ , vτ 〉0 − |wτ |2
∣∣∣

4
≤ ‖v − w‖2 ‖v‖2+‖w‖2

‖v‖22‖w‖22
· |vτ | · |ξτ |+ |vτ − wτ | · |ξτ |‖w‖22

+ ‖v − w‖2‖ξ‖2 |vτ |
2

‖v‖42

+ ‖v − w‖2 (‖v‖2 + ‖w‖2)
(
‖v‖22 + ‖w‖22

)
|vτ |2 ‖w‖2‖ξ‖2

+ ‖ξ‖2
‖w‖32

|vτ − wτ | (|vτ |+ |wτ |)

(C.59)

pointwise for τ ∈ S1. In step 4 we used the Cauchy-Schwarz inequality for the
Euclidean inner product 〈·, ·〉0 on R2 and for the L2(S1,R2) inner product 〈·, ·〉.
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Take the supremum over τ and simplify with ‖·‖2 ≤ ‖·‖∞ we get the estimate

1
2‖(dtvξ)

′ − (dtwξ)
′‖∞

≤ ‖v − w‖∞‖ξ‖∞·(
(‖v‖∞+‖w‖∞)2

‖v‖22‖w‖22
+ 1
‖w‖22

+ ‖v‖∞
‖v‖22

+ (‖v‖∞ + ‖w‖∞)
6

+ ‖v‖∞+‖w‖∞
‖w‖32

)
≤ C‖z‖2ρ ‖v − w‖∞‖ξ‖∞ , C‖z‖2ρ :=

(
64ρ6 + 4+ρ4

‖z‖22
+ 16ρ
‖z‖32

+ 64ρ2

‖z‖42

)
.

(C.60)

where the last inequality uses hypothesis (4.28) met in the applications in § 4.2.2,
namely ‖v‖2, ‖w‖2 ≥ 1

2‖z‖2 and ‖v‖∞, ‖w‖∞ ≤ ρ.

We need in (4.41) an estimate for the following L∞ norm. Step 2 is by (C.55)

1
2‖dtvξ − dtwξ‖∞
= 1

2 sup
τ∈S1

|(dtvξ)τ − (dtwξ)τ |

2
= sup
τ∈S1

∣∣∣∣∫ τ

0

(
〈vσ,ξσ〉0
‖v‖22

− 〈wσ,ξσ〉0‖w‖22
− 〈v,ξ〉‖v‖42

|vσ|2 + 〈w,ξ〉
‖w‖42

|wσ|2
)
dσ

∣∣∣∣
3
≤
∫ 1

0

∣∣∣ 〈vσ,ξσ〉0‖v‖22
− 〈wσ,ξσ〉0‖w‖22

− 〈v,ξ〉‖v‖42
|vσ|2 + 〈w,ξ〉

‖w‖42
|wσ|2

∣∣∣ dσ
4
≤ sup
τ∈S1

∣∣∣ 〈vτ ,ξτ 〉0‖v‖22
− 〈wτ ,ξτ 〉0‖w‖22

− 〈v,ξ〉‖v‖42
|vτ |2 + 〈w,ξ〉

‖w‖42
|wτ |2

∣∣∣
5
= 1

2‖(dtvξ)
′ − (dtwξ)

′‖∞
6
≤ C‖z‖2ρ ‖v − w‖∞‖ξ‖∞.

(C.61)

Step 3 takes the absolute value inside the integral, but then
∫ τ

0
|·| ≤

∫ 1

0
|·| and the

supremum over τ becomes void. Step 4 estimates the integral by the supremum
over the integrand times the length of the integration interval [0, 1]. Step 5 is
by equality 1 in (C.59). Step 6 is (C.60).

C.1.3 Factor a

Recall Remark 2.4 (iii) that a = (a1, a2) : S1 × Z → R2 is the vector potential
of the twisted-periodic 1-form ϑ. Restricted to the compact set S1 × im z, see
factor b, the following are finite constants (which depend on ‖z‖∞ ≤ ‖z‖1,2)

αzS1 :=
∥∥a|S1×im z

∥∥
∞ α̇zS1 :=

∥∥ȧ|S1×im z

∥∥
∞

dαzS1 :=
∥∥da|S1×im z

∥∥
∞ α̈zS1 :=

∥∥ä|S1×im z

∥∥
∞ (C.62)

d2αzS1 :=
∥∥d2a|S1×im z

∥∥
∞ dα̇zS1 :=

∥∥dȧ|S1×im z

∥∥
∞.
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C.1.4 Factor b = rot a

Remark C.3 (Estimates for b = rota). Recall that b defined in (B.44) abbre-
viates the rotational. We further abbreviate

βzS1 :=
∥∥b|S1×im z

∥∥
∞, β̇zS1 :=

∥∥ḃ|S1×im z

∥∥
∞, dβzS1 :=

∥∥db|S1×im z

∥∥
∞,

dβ̇zS1 :=
∥∥dḃ|S1×im z

∥∥
∞, d2βzS1 :=

∥∥d2b|S1×im z

∥∥
∞.

(C.63)

These values are finite: Firstly b is a smooth map b : S1×Z→ R. Secondly, since
z is in U2 (could be even U1), it is in particular a continuous map S1 → Z and
therefore its image as a subset im (z) ⊂ Z is compact. Therefore the sup norm
of the restriction of b to S1× im (z) is finite, similarly for derivatives of b. Hence
the β-constants, analogously the β-constants above, depend on ‖z‖∞ ≤ ‖z‖1,2.

With the chain rule we differentiate to obtain the estimate

‖(dbtz |z)′‖2 = ‖dḃtz |z t′z + d2btz |zz′‖2
≤ dβ̇zS1‖t′z‖2 + d2βzS1‖z‖1,2

≤
(
dβ̇zS1

1
‖z‖2 + d2βzS1

)
‖z‖1,2 =: (dβ)

′,z1,2
2 .

and the estimate

‖(dbtz |z)′‖∞ = ‖dḃtz |z t′z + d2btz |zz′‖∞
≤ dβ̇zS1‖t′z‖∞ + d2βzS1‖z′‖∞

≤ dβ̇zS1

‖z‖21,2
‖z‖22

+ d2βzS1‖z‖2,2 =: (dβ)′,z2,2∞ .

This concludes Remark C.3.

C.2 Lagrangian scale (h0, h1, h2) = (L2,W 2,2,W 4,2)

For the notation hk and uk see Definition B.4.

C.2.1 Kinetic terms T1 and T2

Term T1 – T11 = 0 = (T̃11 +m1), T12, T13

T11. This term is zero.

T12. We set T zξ := 8〈z′, ξ′〉zτ and estimate

‖T zξ‖2 ≤ 8‖z′‖2‖ξ′‖2‖z‖2 ≤ 8‖z‖2‖z‖1,2‖ξ‖1,2
‖(T zξ)′‖2 = ‖8〈z′, ξ′〉z′‖2 ≤ 8‖z′‖2‖ξ′‖2‖z′‖28‖z‖21,2‖ξ‖1,2
‖(T zξ)′′‖2 = ‖8〈z′, ξ′〉z′′‖2 ≤ 8‖z′‖2‖ξ′‖2‖z′′‖2 ≤ 8‖z‖22,2‖ξ‖1,2.

This shows that

[z 7→ T z] ∈ C0(u1 ⊂ U1,L(h1 ↪→W 1,2, h0)) ∩ C0(u1,L(h2 ↪→ h1 ↪→W 1,2, h1)).
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Hence on both levels T = T12 takes values in the compact linear operators

T12 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

T13. We set T zξ := 4‖z′‖22ξτ and estimate

‖T zξ‖2 = 4‖z′‖22‖ξ‖2 ≤ 4‖z‖21,2‖ξ‖2
‖(T zξ)′‖2 = 4‖z′‖22‖ξ′‖2 ≤ 4‖z‖21,2‖ξ‖1,2
‖(T zξ)′′‖2 = 4‖z′‖22‖ξ′′‖2 ≤ 4‖z‖21,2‖ξ‖2,2.

This shows that

[z 7→ T z] ∈ C0(u1 ⊂ U1,L(h1 ↪→ h0, h0)) ∩ C0(u1 ⊂ U1,L(h2 ↪→ h1, h1)).

Hence on both levels T = T13 takes values in the compact linear operators

T ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

Term T2 – C21 = (T̃21 +m2), F22

C21. We set Czξ := −8〈z, ξ〉z′′τ and estimate

‖Czξ‖2 ≤ 8‖z‖2‖z′′‖2‖ξ‖2 ≤ 8‖z‖2‖z‖2,2‖ξ‖2
‖(Czξ)′‖2 ≤ 8‖z‖2‖z′′′‖2‖ξ‖2 ≤ 8‖z‖2‖z‖3.2‖ξ‖2
‖(Czξ)′′‖2 ≤ 8‖z‖2‖z′′′′‖2‖ξ‖2 ≤ 8‖z‖2‖z‖4,2‖ξ‖2.

This shows that, given any r ∈ ( 1
2 , 1), we have

[z 7→ Cz] ∈ C0(u1,L(hr ↪→ h0, h0)) ∩ C0(u2,L(h1 ↪→ h0, h1)).

Hence on both levels C = C21 takes values in the compact linear operators

C21 ∈ C0(u1, C(hr, h0)) ∩ C0(u2, C(h1)).

Remark C.4. Since on level two C21 does not extend to u1 this operator nec-
essarily goes into the C-part of the decomposition (B.50). This is in general
very undesirable since for the C-part one must show the scale Lipschitz esti-
mate (3.17). For C21, due to its extremely simple formula, this estimate is still
relatively short, see Step (C) in the proof of Theorem B.10.

The following operator F22 extends on level two to u1, it goes in the F -part
of the decomposition (B.50). In fact, it is Fredholm of index zero. The previous
operators T12 and T13, as well as T31 below, are compact perturbations of F22.

F22. We set F zξ := −4‖z‖2ξ′′τ and estimate

‖F zξ‖2 ≤ 4‖z‖22‖ξ′′‖2 ≤ 4‖z‖22‖ξ‖2,2
‖(F zξ)′‖2 ≤ 4‖z‖22‖ξ′′′‖2 ≤ 4‖z‖22‖ξ‖3,2
‖(F zξ)′′‖2 ≤ 4‖z‖22‖ξ′′′′‖2 ≤ 4‖z‖22‖ξ‖4,2.
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This shows that

[z 7→ F z] ∈ C0(u0 ⊂ u1,L(h1, h0)) ∩ C0(u0 ⊂ u1,L(h2, h1)).

Hence on both levels z 7→ F z = F z22 takes values in the bounded linear operators
and on level two it extends to u1

F12 ∈ C0(u1,L(h1, h0)) ∩ C0(u1,L(h2, h1)).

C.2.2 Potential term T3

T31 = T̃31 +m3. We set T zξ := − 2ξτ
‖z‖42

+ 8〈z,ξ〉zτ
‖z‖62

and estimate

‖T zξ‖2 ≤ 10
‖z‖42
‖ξ‖2

‖(T zξ)′‖2 ≤ 2
‖z‖42

(
1 + 4

‖z‖1,2
‖z‖2

)
‖ξ‖1,2

‖(T zξ)′′‖2 ≤ 2
‖z‖42

(
1 + 4

‖z‖2,2
‖z‖2

)
‖ξ‖2,2.

(C.64)

This shows that

[z 7→ T z] ∈ C0(u0 ⊂ u1,L(h1 ↪→ h0, h0)) ∩ C0(u1,L(h2 ↪→ h1, h1)).

Hence on both levels T = T13 takes values in the compact linear operators

T ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

C.3 Hamiltonian scale (h0, h1, h2) = (L2,W 1,2,W 2,2)

In this section we analyze the potential contribution z 7→ Uz and, as described
in Remark B.2 and most importantly, the magnetic contribution z 7→ Mz to
the Hessian field z 7→ Bz; see Lemma B.3.

For the notation hk ⊃ uk see Definition 4.2.

C.3.1 Potential term T3

T31 = T̃31 +m3. We set T zξ := − 2ξτ
‖z‖42

+ 8〈z,ξ〉zτ
‖z‖62

.

The first two estimates in (C.64) show that

[z 7→ T z] ∈ C0(u0 ⊂ u1,L(h1 ↪→ h0, h0)) ∩ C0(u1,L(h2 ↪→ h1, h1)).

Hence on both levels T = T13 takes values in the compact linear operators

T31 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

C.3.2 Magnetic terms T4-T7

Concerning notation hk ⊃ uk see Definition 4.2.
To carry out the following 17 + 1 estimates we use the utility estimates

prepared in §C.1, in particular for the vector potential a, the function b = rota,
and the Barutello-Ortega-Verzini reparametrization tz.
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Term T4 – T41 = 0 = T̃41 +m4, C42, C43, F44

T41 +m4. This term is zero.

C42. We define Czξ := ḃtz(τ)|zτ (dtzξ)τ j0z
′
τ and estimate

‖Czξ‖2 ≤ ‖ḃ|S1×im z‖∞‖dtzξ‖∞‖z′‖2 ≤ β̇zS1
4‖z‖1,2
‖z‖2 ‖ξ‖2

‖(Czξ)′‖2 ≤ ‖(ḃtz |z)′‖2‖dtzξ‖∞‖z′‖∞ + ‖ḃ|S1×im z‖∞‖(dtzξ)′‖2‖z′‖∞
+ ‖ḃ|S1×im z‖∞‖dtzξ‖∞‖z′′‖2

≤
(

(dβ)
′,z1,2
2

4
‖z‖2 + β̇zS1 d′tz1,2∞ + β̇zS1

4
‖z‖2

)
‖z‖2,2‖ξ‖2.

This shows that, given any r ∈ ( 1
2 , 1), we have

[z 7→ Cz] ∈ C0(u1,L(hr ↪→ h0, h0)) ∩ C0(u2,L(h1 ↪→ h0, h1)).

Hence on both levels C = C42 takes values in the compact linear operators

C42 ∈ C0(u1, C(hr, h0)) ∩ C0(u2, C(h1))

⊂ C0(u1, C(h1, h0)) ∩ C0(u2, C(h2, h1)).
(C.65)

Remark C.5. Since on level two C42 does not extend to u1 this operator nec-
essarily goes into the C-part of the decomposition (3.14). This is in general
very undesirable, since for the C-part one must show the scale Lipschitz esti-
mate (3.17). For C42 this cumbersome task is carried out in Proposition 4.13
and for the following operator C43 in Proposition 4.12.

As a rule of thumb, all operators which extend on level two to u1 should be
put into the F -part of the decomposition (3.14). One of them should be Fred-
holm of index zero and others compact perturbations. In the case at hand f44

below contributes to the Fredholm operator in Lemma 4.9. Luckily all the many
summands in T5 T6 T7 further below play the role of compact perturbations.
So these do not require any further work to prove almost extendable.

C43. We define Czξ := (dbtz(τ)|zτ ξτ ) j0z
′
τ , pick r ∈ ( 1

2 , 1), and estimate

‖Czξ‖2 ≤ ‖dbtz |z‖∞‖ξ‖∞‖z′‖2
(C.53)

≤ dβzS1‖z‖1,2‖ξ‖r,2
‖(Czξ)′‖2 ≤ ‖(dbtz |z)′‖2‖ξ‖∞‖z′‖∞ + ‖dbtz |z‖∞‖ξ′‖2‖z′‖∞

+ ‖dbtz |z‖∞‖ξ‖∞‖z′′‖2
≤
(
(dβ)

′,z1,2
2 + 2dβzS1

)
‖z‖2,2‖ξ‖1,2.

This shows that, given any r ∈ ( 1
2 , 1), we have

C43 ∈ C0(u1,L(hr, h0)) ∩ C0(u2,L(h1))

⊂ C0(u1, C(h1, h0)) ∩ C0(u2, C(h2, h1)).
(C.66)
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F44 = f44∂τ . Set F z44 = fz44∂τ and fz44ξ := −4btz |z j0ξ. With the estimates for
tz in §C.1.2 and the β-constants in (C.63) we get the estimates

‖fz44ξ‖2 ≤ ‖4btz |z j0ξ‖2 ≤ 4βzS1‖ξ‖2
‖(fz44ξ)

′‖2 ≤ 4‖(btz |z)′‖2‖ξ‖∞ + 4‖btz |z‖∞‖ξ′‖2

≤ 4
(
‖ḃtz |z t′z‖2 + ‖dbtz |zz′‖2 + βzS1

)
‖ξ‖1,2

≤ 4
(
β̇zS1
‖z‖1,2
‖z‖2 + dβzS1‖z‖1,2 + βzS1

)
︸ ︷︷ ︸

=:γ‖z‖1,2

‖ξ‖1,2.

(C.67)

This shows the following estimate

‖fz44ξ‖1,2 ≤ ‖fz44ξ‖2 + ‖(fz44ξ)
′‖2 ≤ 2γ‖z‖1,2‖ξ‖1,2

[z 7→ fz44] ∈ C0(u1,L(h1)),
(C.68)

while the continuity assertion follows by writing out the formula for fz44
′ together

with smoothness of btz |z and tz(τ) in both variables. Since F z44 = fz44∂τ =
−4btz |z j0∂τ the estimates above immediately tell that

‖F z44ξ‖2 = ‖fz44ξ
′‖2 ≤ 4βzS1‖ξ‖1,2

‖(F z44ξ)
′‖2 = ‖(fz44ξ

′)′‖2 ≤ γ‖z‖1,2‖ξ‖2,2.

This shows that on both levels z 7→ F z = F z44 takes values in the bounded linear
operators and on level two it extends to u1

F44 ∈ C0(u1,L(h1, h0)) ∩ C0(u1,L(h2, h1)).

Term T5 – T51, T52 = T̃52 +m5, T53, T54

T51. We define T zξ := − 2〈zτ ,ξτ 〉0
‖z‖22

ȧtz(τ)|zτ and estimate

‖T zξ‖2 ≤ 2‖z‖2‖ξ‖2
‖z‖22

α̇zS1 ≤ 2α̇zS1
1
‖z‖2 ‖ξ‖2

‖(T zξ)′‖2 =
∥∥∥ 2〈z′τ ,ξτ 〉0
‖z‖22

ȧtz(τ)|zτ +
2〈zτ ,ξ′τ 〉0
‖z‖22

ȧtz(τ)|zτ

+ 2〈zτ ,ξτ 〉0
‖z‖22

ätz(τ)|zτ t′z(τ) + 2〈zτ ,ξτ 〉0
‖z‖22

dȧtz(τ)|zτ z′τ
∥∥∥

2

≤ 2
‖z‖22

(
α̇zS1‖ξ‖∞‖z′‖2 + α̇zS1‖z‖∞‖ξ′‖2

+ α̈zS1‖z‖∞‖ξ‖2
‖z‖21,2
‖z‖22

+ dα̇zS1‖z‖∞‖ξ‖∞‖z′‖2
)

≤ 2
‖z‖22

(
2α̇zS1 + α̈zS1

‖z‖21,2
‖z‖22

+ dα̇zS1‖z‖1,2
)
‖z‖1,2‖ξ‖1,2.

This shows that

[z 7→ T z] ∈ C0(u1,L(h1 ↪→ h0, h0)) ∩ C0(u1,L(h2 ↪→ h1, h1)).
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Hence on both levels T = T51 takes values in the compact linear operators and
on level two it extends to u1

T51 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

T52 +m5. We define T zξ := 2|zτ |2〈z,ξ〉
‖z‖42

ȧtz(τ)|zτ and estimate

‖T zξ‖2 ≤ 2‖z‖∞‖z‖22‖ξ‖2
‖z‖42

α̇zS1 ≤ 2α̇zS1
‖z‖1,2
‖z‖22

‖ξ‖2

‖(T zξ)′‖2 =
∥∥∥ 4〈zτ ,z′τ 〉〈z,ξ〉

‖z‖42
ȧtz(τ)|zτ

+ 2|zτ |2〈z,ξ〉
‖z‖42

ätz(τ)|zτ t′z(τ) + 2|zτ |2〈z,ξ〉
‖z‖42

dȧtz(τ)|zτ z′τ
∥∥∥

2

≤ 4α̇zS1
‖z‖∞‖z′‖2‖z‖2‖ξ‖2

‖z‖42
+ 2α̈zS1

‖z‖∞‖z‖2‖z‖2‖ξ‖2
‖z‖42

‖z‖21,2
‖z‖22

+ 2dα̇zS1
‖z‖∞‖z‖∞‖z‖2‖ξ‖2

‖z‖42
‖z′‖2

≤ ‖z‖
2
1,2

‖z‖32

(
4α̇zS1 + 2α̈zS1

‖z‖1,2
‖z‖2 + 2dα̇zS1‖z‖1,2

)
‖ξ‖2.

This shows that on both levels T = T52 takes values in the compact linear
operators and on level two it extends to u1

T52 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

T53. We define T zξ := − |zτ |
2

‖z‖22
ätz(τ)|zτ (dtzξ)τ and estimate

‖T zξ‖2 ≤ ‖z‖∞‖z‖2‖z‖22
‖ätz |z‖∞‖dtzξ‖∞ ≤ 4α̈zS1

‖z‖1,2
‖z‖22

‖ξ‖2

‖(T zξ)′‖2 =
∥∥∥ 2〈zτ ,z′τ 〉
‖z‖22

ätz(τ)|zτ (dtzξ)τ + |zτ |2
‖z‖22

...
atz(τ)|zτ t′z(τ) (dtzξ)τ

+ |zτ |2
‖z‖22

dätz(τ)|zτ z′τ (dtzξ)τ + |zτ |2
‖z‖22

ätz(τ)|zτ (dtzξ)
′
τ

∥∥∥
2

≤ 2α̈zS1
‖z‖∞‖z′‖2
‖z‖22

4‖ξ‖2
‖z‖2 +

...
αzS1
‖z‖2∞
‖z‖22

‖z‖1,2
‖z‖2

4‖ξ‖2
‖z‖2

+ dα̈zS1
‖z‖2∞
‖z‖22
‖z′‖2 4‖ξ‖2

‖z‖2 + α̈zS1
‖z‖2∞
‖z‖22

2
‖z‖1,2
‖z‖22

(
1 +

‖z‖1,2
‖z‖2

)
‖ξ‖2

≤ const(‖z‖1,2) ‖ξ‖2.

This shows that on both levels T = T53 takes values in the compact linear
operators and on level two it extends to u1

T53 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).
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T54. We define T zξ := − 〈zτ ,zτ 〉‖z‖22

(
dȧ1
tz(τ)|zτ ξτ

dȧ2
tz(τ)|zτ ξτ

)
and estimate

‖T zξ‖2 ≤ ‖z‖
2
∞

‖z‖22
dα̇zS1‖ξ‖2 ≤ dα̇zS1

‖z‖21,2
‖z‖22

‖ξ‖2

‖(T zξ)′‖2 =

∥∥∥∥∥ 2〈zτ ,z′τ 〉
‖z‖22

(
dȧ1
tz(τ)|zτ ξτ

dȧ2
tz(τ)|zτ ξτ

)

+ |zτ |2
‖z‖22

(
dä1
tz(τ)|zτ t

′
z(τ)ξτ + d2ȧ1

tz(τ)|zτ z
′
τξτ + dȧ1

tz(τ)|zτ ξ
′
τ

dä2
tz(τ)|zτ t

′
z(τ)ξτ + d2ȧ2

tz(τ)|zτ z
′
τξτ + dȧ2

tz(τ)|zτ ξ
′
τ

)∥∥∥∥∥
2

≤ const(‖z‖1,2) ‖ξ‖1,2.

This shows that on both levels T = T54 takes values in the compact linear
operators and on level two it extends to u1

T54 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

Term T6 – T61, T62 = T̃62 +m6, T63, T64, T65

T61. We define T zξ := 2ξτ
‖z‖22

∫ 1

τ
〈ȧtz(σ)|zσ , z′σ〉0 dσ and estimate

‖T zξ‖2 ≤ 2‖ξ‖2
‖z‖22

sup
τ∈S1

∣∣∣∫ 1

τ
〈ȧtz(σ)|zσ , z′σ〉0 dσ

∣∣∣
≤ 2‖ξ‖2
‖z‖22

sup
τ∈S1

(
‖ȧtz |z‖L2

[τ,1]
‖z′‖L2

[τ,1]

)
≤ 2α̇zS1

‖z‖1,2
‖z‖22

‖ξ‖2

‖(T zξ)′‖2 ≤ 2‖ξ′‖2
‖z‖22

sup
τ∈S1

∣∣∣∫ 1

τ
〈ȧtz(σ)|zσ , z′σ〉0 dσ

∣∣∣+ 2‖ξ‖∞
‖z‖22

∥∥〈ȧtz(·)|z· , z′·〉0
∥∥

2

≤ 2α̇zS1
‖z‖1,2
‖z‖22

‖ξ‖1,2 + 2α̇zS1
‖z′‖2
‖z‖22
‖ξ‖1,2.

(C.69)

This shows that on both levels T = T61 takes values in the compact linear
operators and on level two it extends to u1

T61 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

T62. We define T zξ := − 4zτ 〈z,ξ〉
‖z‖4

∫ 1

τ
〈ȧtz(σ)|zσ , z′σ〉0 dσ and estimate

‖T zξ‖2 ≤ 4α̇zS1
‖z‖1,2
‖z‖22

‖ξ‖2 (see T61)

‖(T zξ)′‖2 ≤ 4‖z′‖2‖z‖2‖ξ‖2
‖z‖42

sup
τ∈S1

∣∣∣∫ 1

τ
〈ȧtz(σ)|zσ , z′σ〉0 dσ

∣∣∣ (see T61)

+ 4‖z‖∞‖z‖2‖ξ‖2
‖z‖42

∥∥τ 7→ 〈ȧtz(τ)|zτ , z′τ 〉0
∥∥

2

≤ 8α̇zS1

‖z‖21,2
‖z‖32

‖ξ‖2.
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This shows that on both levels T = T62 takes values in the compact linear
operators and on level two it extends to u1

T62 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

T63. We define T zξ := 2zτ
‖z‖22

∫ 1

τ
〈ätz(σ)|zσ (dtzξ)σ, z

′
σ〉0 dσ and estimate

‖T zξ‖2 ≤ 2‖z‖2
‖z‖22

(
‖ätz |z‖L∞[τ,1]

‖dtzξ‖L2
[τ,1]
‖z′‖L2

[τ,1]

)
(see T61)

≤ 2
‖z‖2 α̈

z
S1

4
‖z‖2 ‖ξ‖2‖z

′‖2

≤ 8α̈zS1
‖z‖1,2
‖z‖22

‖ξ‖2

‖(T zξ)′‖2 ≤ 2‖z′‖2
‖z‖22

(
‖ätz |z‖L∞[τ,1]

‖dtzξ‖L2
[τ,1]
‖z′‖L2

[τ,1]

)
(see ‖T zξ‖2)

+ 2‖z‖∞
‖z‖22

‖τ 7→ 〈ätz(τ)|zτ︸ ︷︷ ︸
L∞

(dtzξ)τ︸ ︷︷ ︸
L∞

, z′τ︸︷︷︸
L2

〉0‖2 (see T61)

≤ 16α̈zS1

‖z‖21,2
‖z‖32

‖ξ‖2.

This shows that on both levels T = T63 takes values in the compact linear
operators and on level two it extends to u1

T63 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

T64. Define T zξ := 2zτ
‖z‖22

∫ 1

τ
〈(dȧ1

tz(σ)|zσξσ, dȧ
2
tz(σ)|zσξσ), z′σ〉0 dσ and estimate

‖T zξ‖2 ≤ 2‖z‖2
‖z‖22

sup
τ∈S1

∣∣∣∣∣
∫ 1

τ

〈(
dȧ1
tz(σ)|zσξσ

dȧ2
tz(σ)|zσξσ

)
, z′σ

〉
0

dσ

∣∣∣∣∣
= 2
‖z‖2 sup

τ∈S1

∣∣∣∣∣
〈(

dȧ1
tz |zξ

dȧ2
tz |zξ

)
, z′
〉
L2

[τ,1]

∣∣∣∣∣
≤ 2
‖z‖2

∥∥∥∥(dȧ1
tz |zξ

dȧ2
tz |zξ

)∥∥∥∥
2

‖z′‖2

≤ 2
‖z‖2

√
2
∥∥dȧ|S1×im z

∥∥
∞‖ξ‖2‖z

′‖2

≤ 2
√

2dα̇zS1
‖z‖1,2
‖z‖2 ‖ξ‖2

‖(T zξ)′‖2 ≤ 2‖z′‖2
‖z‖22

sup
τ∈S1

∣∣∣∣∣
∫ 1

τ

〈(
dȧ1
tz(σ)|zσξσ

dȧ2
tz(σ)|zσξσ

)
, z′σ

〉
0

dσ

∣∣∣∣∣ (see ‖T zξ‖2)

+ 2‖z‖∞
‖z‖22

∥∥∥∥∥τ 7→
〈(

dȧ1
tz(τ)|zτ ξτ

dȧ2
tz(τ)|zτ ξτ

)
, z′τ

〉
0

∥∥∥∥∥
2

≤ 2
√

2dα̇zS1

‖z‖21,2
‖z‖22

‖ξ‖2 + 2
‖z‖1,2
‖z‖22

∥∥∥∥(dȧ1
tz |zξ

dȧ2
tz |zξ

)∥∥∥∥
∞︸ ︷︷ ︸

≤
√

2dα̇z
S1
‖ξ‖∞

‖z′‖2

≤ 4
√

2dα̇zS1

‖z‖21,2
‖z‖22

‖ξ‖1,2.
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This shows that on both levels T = T64 takes values in the compact linear
operators and on level two it extends to u1

T64 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

T65. We define

F zξ : = 2zτ
‖z‖22

∫ 1

τ

〈ȧtz(σ)|zσ , ξ′σ〉0 dσ (C.70)

and we estimate

‖F zξ‖2 ≤ 2α̇zS1
1
‖z‖2 ‖ξ

′‖2 ≤ 2α̇zS1
1
‖z‖2 ‖ξ‖1,2 (see C61)

‖(F zξ)′‖2 = 2
‖z‖22

∥∥∥τ 7→ z′τ
∫ 1

τ
〈ȧtz(σ)|zσ , ξ′σ〉0 dσ − zτ 〈ȧtz(τ)|zτ , ξ′τ 〉0

∥∥∥
2

≤ 4α̇zS1
‖z‖1,2
‖z‖22

‖ξ‖1,2. (see C61)

(C.71)

As usual on level two z 7→ T z65 extends to u1 and induces a compact operator

h2
cp.
↪→ h1

bd−→ h1.

On level one we only get boundedness h1 → h0, to prove compactness is harder;
see Lemma 4.10.

Term T7 – T71 = T̃71 +m7, T72, T73, T74, T75

T71. For T zξ :=
(

8〈z,ξ〉zτ
‖z‖62

− 2ξτ
‖z‖42

) ∫ 1

0

∫ s
0
|zσ|2 dσ · 〈ȧtz(s)|zs , z′s〉0 ds we estimate

‖T zξ‖2 ≤
(

8‖ξ‖2
‖z‖42

+ 2‖ξ‖2
‖z‖42

) ∣∣∣∣∫ 1

0

∫ s
0
|zσ|2 dσ︸ ︷︷ ︸

=:f(s)≤f(1)

·〈ȧtz(s)|zs , z′s〉0 ds
∣∣∣∣

= 10‖ξ‖2
‖z‖42

|〈f ȧtz |z, z′〉| ≤
10‖ξ‖2
‖z‖42

‖(ȧtz |z)‖∞‖ f︸︷︷︸
≤f(1)

‖2‖z′‖2

≤ 10‖ξ‖2
‖z‖42

α̇zS1 f(1)︸︷︷︸
=‖z‖22

‖1‖2︸︷︷︸
=1

‖z‖1,2

≤ 10α̇zS1
‖z‖1,2
‖z‖22

‖ξ‖2

‖(T zξ)′‖2 ≤ 8α̇zS1
‖z‖1,2
‖z‖22

(
‖z‖1,2
‖z‖2 + 1

)
‖ξ‖1,2. (cf. ‖T zξ‖2)

This shows that on both levels T = T71 takes values in the compact linear
operators and on level two it extends to u1

T71 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).
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T72. For T zξ := −zτ 4
‖z‖42

∫ 1

0

∫ s
0
〈zσ, ξσ〉 dσ · 〈ȧtz(s)|zs , z′s〉0 ds we estimate

‖T zξ‖2 ≤ 4‖z‖2
‖z‖42

∫ 1

0

∫ s
0
〈zσ, ξσ〉 dσ︸ ︷︷ ︸

=:g(s)

·〈ȧtz(s)|zs , z′s〉0 ds (cf. T71)

≤ 4
‖z‖32
‖ȧ|S1×im z‖∞‖g‖2‖z′‖2 , ‖g‖2 ≤ ‖z‖2‖ξ‖2

≤ 4α̇zS1
‖z‖1,2
‖z‖22

‖ξ‖2

‖(T zξ)′‖2 =

∥∥∥∥z′ 4
‖z‖42

∫ 1

0

∫ s
0
〈zσ, ξσ〉 dσ · 〈ȧtz(s)|zs , z′s〉0 ds

∥∥∥∥
2

≤ 4α̇zS1

‖z‖21,2
‖z‖32

‖ξ‖2. (cf. ‖T zξ‖2)

This shows that on both levels T = T72 takes values in the compact linear
operators and on level two it extends to u1

T72 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

T73. For T zξ := −zτ 2
‖z‖42

∫ 1

0

∫ s
0
|zσ|2 dσ · 〈ätz(s)|zs (dtzξ)s, z

′
s〉0 ds we estimate

‖T zξ‖2 ≤ 2‖z‖2
‖z‖42
‖ f︸︷︷︸
≤f(1)

‖2 ‖(ätz |z)‖∞‖dtzξ‖∞‖z′‖2 (see T71)

≤ 8α̈zS1
‖z‖1,2
‖z‖22

‖ξ‖2

‖(T zξ)′‖2 =
∥∥∥z′ 2
‖z‖42

∫ 1

0

∫ s
0
|zσ|2 dσ · 〈ätz(s)|zs(dtzξ)s, z′s〉0 ds

∥∥∥
2

≤ 8α̈zS1

‖z‖21,2
‖z‖32

‖ξ‖2. (cf. ‖T zξ‖2)

This shows that on both levels T = T73 takes values in the compact linear
operators and on level two it extends to u1

T73 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).

T74. For T zξ := −zτ 2
‖z‖4

∫ 1

0

∫ s
0
|zσ|2 dσ ·

〈(
dȧ1
tz(s)|zsξs

dȧ2
tz(s)|zsξs

)
, z′s

〉
0

ds we estimate

‖T zξ‖2 ≤ 2
√

2dα̇zS1
‖z‖1,2
‖z‖2 ‖ξ‖2

‖(T zξ)′‖2 ≤≤ 2
√

2dα̇zS1

‖z‖21,2
‖z‖22

‖ξ‖2. (cf. ‖T zξ‖2)

This shows that on both levels T = T74 takes values in the compact linear
operators and on level two it extends to u1

T74 ∈ C0(u1, C(h1, h0)) ∩ C0(u1, C(h2, h1)).
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T75. We define

T zξ := −zτ 2
‖z‖42

∫ 1

0

∫ s
0
|zσ|2 dσ · 〈ȧtz(s)|zs , ξ′s〉0 ds (C.72)

and estimate

‖T zξ‖2 ≤ 2α̇zS1
1
‖z‖2 ‖ξ

′‖2 ≤ 2α̇zS1
1
‖z‖2 ‖ξ‖1,2 (see T71)

‖(T zξ)′‖2 ≤ 2
‖z‖42
‖z′τ‖2

∣∣∣∣∫ 1

0

∫ s
0
|zσ|2 dσ · 〈ȧtz(s)|zs , ξ′s〉0 ds

∣∣∣∣
≤ 2α̇zS1

‖z‖1,2
‖z‖22

‖ξ‖1,2. (see T71)

(C.73)

As usual on level two z 7→ T z75 extends to u1 and induces a compact operator

h2
cp.
↪→ h1

bd−→ h1.

On level one we only get boundedness h1 → h0, to prove compactness is harder;
see Lemma 4.10.
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