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Abstract

In part I, [FW26a], we showed that collisional periodic orbits of twisted
Zeeman systems can be detected variationally by a non-local Hamiltonian
action functional.

In this part II we show that the linearized gradient flow of this non-
local functional is a Fredholm operator and prove a non-local elliptic reg-
ularity result.

These results are obtained with the theory of almost extendability of
weak Hessian fields introduced in [FW26c].
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1 Introduction

In [FW26a] we introduce the notion of twisted Zeeman system. This system
models an electron in the plane attracted by a proton fixed in the origin and
subject to additional forces: an electric force, a Lorentz force, and an Fuler
force. All these additional forces are allowed to depend periodically on time.

A motivating example of such a system is the restricted elliptic three-body-
problem. In the example of the restricted elliptic three-body-problem the proton
can be thought of as the planet Mars, the electron is a space station in the
vicinity of Mars. The Lorentz force is given by the Coriolis force of the rotating
frame. The electric force is a combination of the gravitational force of the sun
and the centrifugal force. The Euler force is an additional fictitious force, beside
the Coriolis force and the centrifugal force, due to acceleration and deceleration
of the rotating frame, which is due to the eccentricity of the elliptic orbit of
Mars.

There is the danger that the electron collides with the proton. However
two-body-collisions can be regularized. For systems depending periodically



on time a new regularization technique was discovered by Barutello-Ortega-
Verzini [BOV21] which blows up the loop space. In part I, [FW26a], we showed
that this new regularization technique can be applied to twisted Zeeman sys-
tems and gives rise to a variational approach to collisional periodic orbits of a
twisted Zeeman system. In fact, we showed that there are two action functionals
to detect these periodic collisional orbits, a Lagrangian one and a Hamiltonian
one, related by a non-local Legendre transformation. Since blowing up the loop
space is a non-local technique, both of these functionals are non-local.

1.1 Main results

In this article we prove a Fredholm result for the linearized gradient flow of the
Hamiltonian functional for regularized twisted Zeeman systems.

Given such a system, the second derivative of the regularized Hamiltonian func-
tional gives rise to a weak Hessian field u — A*, roughly as follows. Namely,
for the Hilbert space triple of maps

(HO7 H1, HO) = (Lz(Sla Cz)a Wl’z(Sla (C2)7 W2’2(Slv CZ))

there exists an open subset U; C Hj such that for any v € Uy := U; N Hy
the Hessian operator A*: Hy — Hy is a Fredholm operator of index zero which
restricts to a Fredholm operator Ay : Hy — H; also of index zero.

Given u_,uy € Uy such that A%~ and A%+ are invertible as maps H; — Hy, we
are considering a connecting path u: R — Us from u_ to u4 (Definition 3.4).
This gives rise to two linear operators

D" = 9, + A*: WH2(R, Hy) N L*(R, Hy) — L*(R, Hy)
Y=0,+AY: WHA(R, Hy) N L*(R, Hy) — L*(R, Hy).
In the present article we show furthermore
Theorem A. Both D* and DY are Fredholm and their Fredholm indices agree.

The proof of Theorem A uses a technique we developed in [FW26¢|. In that
article we introduced the notion of an almost extendable weak Hessian field.

Theorem B. The weak Hessian field A = {A"},cu, is almost extendable.

Theorem A then follows from Theorem B in view of the abstract re-
sult [FW26¢, Thm. 6.11]; cf. §4.4.

NON-LOCAL ELLIPTIC REGULARITY. Theorem A can be thought of as a non-
local elliptic regularity result. Since blowing up the loop space is non-local,
elements of the kernel and cokernel of the operator D* cannot be thought of as
solutions of an elliptic PDE.! But in view of Theorem A one might interpret
them as solutions of an ’elliptic’ delay equation.

L If the solutions in the kernel of D* would satisfy an elliptic PDE, by elliptic regularity
they would automatically lie in the kernel of D¥, and therefore the kernel and cokernel of D*
could be identified with the kernel and cokernel of D, so that both operators would have the
same index.



In this paper we consider the Fredholm property in the Hamiltonian setup.
The functional A considered in this paper can be interpreted as the Legendre
transform of a Lagrangian one, as we explained in the introduction, and there-
fore the Fredholm property can also be asked for the Lagrangian functional
B. In Appendix B.2 we show that in the Kepler case (no Coriolis/magnetic
contribution) the Hessian of the Lagrangian functional is almost extendable as
well.

The relation between the Fredholm indices in the Lagrangian case and in
the Hamiltonian case for these non-local functionals we plan to discuss in a
forthcoming part IIT [FW26e].

1.2 Outline

Throughout we allow for twisted-periodic one forms (vector potentials) and also
for twisted loops, as defined in §2.1.

Section 2 summarizes notions and results of [FW26d] on which the present
article is based.

Section 3 summarizes notions and results of [FW26¢] which are needed to
understand the statement in Theorem B and to see how Theorem A follows
from Theorem B.

Section 4 is the main part of this article. We prove Theorems A and B.

Section A discusses the symmetry of weak Hessians from an abstract point
of view.

Appendix B deals with the Hessian field of the regularized Lagrangian ac-
tion functional. The Hessian is calculated in B.1. The magnetic contributions
also play a crucial role in the main Section 4 of this article. Having all the ma-
chinery in place we show in B.2 that in the Kepler case (no magnetic field) the
Lagrangian Hessian field almost extends (while the Hamiltonian one in §4.1.1
even extended). The difference comes from the Hamiltonian equations being
first order versus second order of the Lagrangian ones. Unfortunately, in the
general Lagrangian case (including magnetic contributions) doing the scale Lip-
schitz estimate seems practically hopeless, because second order leads to an
explosion of the number of terms, even in comparison to the already very long
calculation in the Hamiltonian scenario §4.2.3.

Section C carries out the technical estimates.

Notation. Throughout (-,-) denotes L? inner products with induced norm ||-|.
The induced norm of a Hilbert space Hy, is often denoted by |-|g, or |-|x.

Working with functions on function spaces easily triggers excesses of paren-
theses, which harms legibility. Therefore we often write variables either as
subscripts M, or in the form M]|,, as opposed to M(z). For time-dependence
subscript has priority, for example if ¢ — ¢(t) is a loop then 6|4, ¢; denotes a
time-dependent 1-form at time ¢ and at the spatial point ¢(t) evaluated on the
velocity vector ¢(t).

Acknowledgements. UF acknowledges support by DFG grant FR 2637/5-1.



2 Regularized twisted Zeeman systems

2.1 Let’s twist again
Euclidean plane — two models C and R?

Configuration spaces in this article are open subsets of the Euclidean plane
containing the origin. There are two natural models for the plane, the set C of
complex numbers and the set R? of pairs of real numbers, each one endowed
with the natural structure of a vector space over the real numbers R. The
natural isomorphism C — R2, x + iy ~ (z,y), identifies multiplication by i
viewed as linear map on C with the matrix jo: R? — R? of counter-clockwise
rotation by 7/2. As each model has its advantage, we freely change from one
to the other. The complex side is extremely effective with respect to notation,
complex multiplication zw = (z+4y)(u+iv) encodes composition of linear maps
as well as application of a linear map z to a vector w, on the R?-side this is

z —y\(fu —v\ _[(zu—yv —(yu+ zv) x —y\ (u\ [zu—yv

y v u ) \yu+av U — Yv ’ y T v) \yu+azv)’
Instead of dealing with inverse matrices one just multiplies and divides by a real
number, namely zw™! = £ = 22 where ww = u® + v? =: |w|?>. The R%-side

might appeal more to ones geometric intuition, or just ones customs.
Concerning the Euclidean inner product, we feel free to write

(z,w)o = zu + yv = Re(Zw)

using on the left pairs (z,y), (u,v) and on the right sums x + iy and u + iv.

Complex squaring map and sign involution

Throughout 0 € Q C C is an open subset which contains the origin, also called
singularity or collision locus. To exclude the origin we write Q* := 9\ {0}.

Remark 2.1 (complex square root is not continuous). The complex squaring
map ¢: CX — CX, z — 22 = (—2)?, is not a bijection, but only 2:1 due to the
sign ambiguity. Reverting the perspective, let us define the complex square root
Vret#, in analogy to the real case, as that one of the two candidates :I:\/;“ei‘b/2
which lies in the upper half plane H* or on the positve half axis R*. One gets
to a bijection, see (2.2), by dividing out the sign +. Unfortunately, the square
root definition is not continuous, as illustrated in Figure 1: while the unit circle
elements w and 1 are close, their square roots are not.

The pre-image 3* := ¢~1(Q) is invariant under sign involution and complex
squaring is a double cover and invariant under sign involution, in symbols

. 2:1 .
i: 3% = 3%, 20 —2z, ¢: 3% 5 Q% 2 22 coi=cq. (2.1)



) H
2z =e'?
Vz = e?/?
RJr

_ei%/?

Figure 1: Square root v/z € HT NR™ of non-zero z € C — not continuous

Dividing out by sign involution, complex squaring becomes a bijection whose
inverse is the complex square root, in symbols

33X =37/ 11 0%
4+ S 2’2 (22)

iﬁeiqﬁ/? <—¢\[ re'® =gq

To ease notation we use for space and quotient space elements the same notation.

Twisted loops

While loops ¢: S — Q% C C of even winding number around the origin lift to
loops (+) in 3%, loops of odd winding number lift to twisted (—) loops in 3*.
This is illustrated in Figure 2. A map v with domain R such that v,11 = 7,
for all 7 is called periodic, domain notation S* = R/Z.

The spaces of (periodic) loops (+) and twisted loops (—), still called loops,
Li3:={2€C®(R,3)|VT €R: 2,41 = +2,} \ {0}, (2.3)

are disjoint and invariant under sign involution I: £13 — Li3, z — —z
which acts freely. Set £*3 = £33ULX3. The elements 7, of the set z~1(0) are

called collision times or simply collisions.
The two cotangent bundles are disjoint

T*[’iS F= {(7«'777) € COO(R73 X (C) | z 3—'& 0, (ZT+17777'+1) == (27'7777') 7VT} (2 4)
=L53x LC '

and invariant under the sign involution T*I(z,n) = —(z,n) which acts freely.
The base point projection

m: T*LY3— L33, YT =(z,n)— z, ToT*I=1Iom,

is sign involution equivariant. The tangent spaces T'L} 3 are given by the same
formulas (since Euclidean C and its dual space are canonically isomorphic). The
uppercase greek letter 2 = (z,€) is a “Xi” and T = (z,7) is an “Upsilon”.



loop 3 3=C — Q=C ) winding
z —

type 22 ) ) number
(7)o = (2" )1
twisted
_ % 0 +1
2
21 =—20 2
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periodic
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Figure 2: Loop correspondence — = loops z in 3 and loops ¢ = 22 in Q

Remark 2.2. While in part I, [FW26a], it was important to build a model for
the paths in Q, in particular to have a 1 : 1 correspondence, and therefore we
had to quotient out by sign involution =+, the present part II is of analytic nature
and the analysis is done on representatives anyway. Hence, for simplicity, in the
present text we work directly on loop spaces, not on quotient spaces.

Twisted-periodic one-forms

If one allows the 1-form to be twisted-periodic and not just periodic, then addi-
tional (external) electric forces for an electric potential depending periodically
on time can be modeled by the twist, see [FW26b, §3.3].

Definition 2.3 (twisted-periodic). A twisted-periodic 1-form 6 is a smooth
family of 1-forms {6;};cr on Q such that a) the time-derivative is periodic and
b) Vt 3 a smooth twist function f;: Q — R, that is

) Oppr =0, b) Oir =0+ dfs, ) Ay LA A) o Zdo,. (2.5)
The time-dependent vector field
A; = (A}, A7) - Q- R? {0: = Aj dqy + A7 dga }eer,
is called a vector potential of the magnetic field d6.

Remark 2.4. Let 6 be twisted-periodic along Q with twist function f. Then
the following is true by [FW26b, §5]:_3) and [FW26d, §4.1] ;).

(i) The time-slice f := fo: Q — R is a twist function.

(ii) In the periodic case (6;+1 = 64, Vt) the twist f = 0 vanishes.



(iii) The pull-back 1-form ¥ := ¢*# under complex squaring (2.1) is twisted-
periodic along 3 = ¢~1(Q) and ¢* f is a twist function.
The vector potential a of ¥ along 3, notation

a; = (a;,a}) : 3 = R?, {9 = a} dz + a? dy}ser,
and A of 6 along 9 satisfy, at any point z € 3, the identities
rotay|, : = (9,07 — dya;), =4 |2 rot Ay .2
(dy): = (vot ayl) (o, -)g = 4]2[* (rot As.2) (o, ) -
Barutello-Ortega-Verzini reparametrization

Given z € L£*3, the variable 7 of z: R — 3* is regularized time, classical
time are the values of the map ¢,: S — S* defined by (cf. App. C.1.2)

7 1) ds

VreR: (1) EE ,

£.(0)=0, t.(1)=1.  (26)

2.2 Lagrangian action functional B

For a twisted-periodic 1-form 6 along 9 with twist function f, see (2.5), we
defined in [FW26d, §4.2] the non-local Lagrangian action functional

B: L3 =R B=K-U+M
-1 1
o 2P - [ Gl stdr =G @D
K(z
© U(z) M(z)

Here ¢ := ¢*0 is twisted-periodic along 3 with twist function f*c and¢: 3 — Q
is the complex squaring map (2.1). Observe that B = K —U + M is the sum of
three terms, kinetic, potential, and magnetic non-local action.

L2-gradient
We showed in [FW26d, §4.2] that the L?-gradient is given by the formula

grad B|, = grad K|. — gradi/|. + grad M|,

1'% - 4)

2.1

1

20 ., ey (2.8)
= [ ol e e 2o do - .
=1 . B

2z ! . .
W/ (A1 (o)) 205 2500 do — (rot a;_|.) joz'
o=t

whenever z € £%3. Note that all integrands are periodic due to (2.5) and so is,
using Remark 2.4 (iii), the final summand (rota,|.) (joz',)o = dds_|-(¢,")



2.3 Hamiltonian action functional A

On the cotangent bundle T*£* 3, see (2.4), define the mechanic Hamiltonian

—. T pX 1 I S /] R
H=:TL3 =R om0 —RF = 8BF 2 (29)
\_v_./ .

8
K*(zm) + U(2)

In [FW26d, §5.6] the Hamiltonian is obtained as the Legendre dual of the natural
extension of B to the tangent bundle. The L?-gradient of H is determined by

M (=) = (grad H| (=), ) -
Lemma 2.5 (L2-gradient). At (z,m) € T*L*3 the value of grad(K* + 7*U) is

lnl)?. 22
< ! ) — T (I g; )+ (lzol ) (2.10)

Proof. The gradient i 1s the pair (0.#, 0,H). Component one is obvious. Observe
(-

that 0,(—||zl|=2) = —0.(=]) ! = —(—D)(2?) 22z = 2+ — gradl. O

grad H|(; ) = ”

We define the symplectic action ad-hoc? in Definition 2.6 below where
V(z,n) := (2/,n’) is the canonical loop space vector field and A arises by in-
tegrating the Liouville form A associated to T*3; for details see [FW26d, §5].

Definition 2.6. By definition A :=ipA + 7*M — K* — 77U, that is
A:T*L*3 = R
(z,m) = (n,2") + M(2) —
=, z) + M(z

8] ‘u + e (2.11)

1
SEE

where equality is integration by parts and the magnetic term M is given by (2.7).
Lemma 2.7 (L?-gradient). At (z,n) € T*L*3 the L?-gradient is given by

— rad M|, — grad /|. lIml1
grad Al = ( ) + (g - 0 ) + ('Z';Z

o o l?
_ (' Ferad M. — T+ g 2

(2.12)

1
¥ A
Proof. Use (2.10) and integrate by parts (z,n') = 0—(2’,n). Here the boundary

terms (21, 71)0 — (20,M0)0 = (£20, £1M0)0 — (20,m0)0 = ((£1)* = 1) (20, 70)0 = 0
vanish, since indeed (z1,11) = £(z0,m0) = (20, £70) by (2.4). O

2 Abstractly one would twist A by adding the pull-back of a 1-form © on loop space. This
works in the periodic case in which such © exists as discussed in [FW26d, App. C]. Calculating
dO© the formula obtained makes sense in the general, twisted-periodic, case defining a 2-form
3 on loop space [FW26d, App. B], just not an exact one. Similarly, while M is not defined
on loop space, since ¥ is not necessarily periodic, its gradient (2.8) is, hence (2.12) is.



3 Weak Hessian fields and almost extendability

Consider an abstract Hilbert space triple (Hy, H1, H2). Let Uy C H; be open.
Set Uy := Uy N Hy. The following definitions are from the article [FW26¢].

3.1 Almost extendability

Definition 3.1 (Weak Hessian field). A weak Hessian field on U; is a con-
tinuous map A € CO(Uy, L(Hy, Hy))NC%(Us, L(Hs, Hy)), notation u — A* and
AY .= A"\, Hy — H;, satisfying the following two conditions:

(Symmetry) At any point u € U; there is Hy-symmetry in the sense that

Vo,y€ Hi:  (A"z,y) g, = (x, A"Y) gy, - (3.13)

(Fredholm) Yu € U;: A%: Hy — Hy is Fredholm of index zero.
Yu € Uy: AY: Hy — H; is Fredholm of index zero.

Definition 3.2 (Extendability). We say that a weak Hessian field A on U
extends if A extends to a continuous map Uy — L(Hy, Hy) N L(Hs, Hy), still
denoted by u — A%, such that the restriction AY := A%|p,: Hy — Hj is
Fredholm of index zero at every point u of U;, and not only of Us.

In general, the extendability condition is too strong; see [FW26¢c, §6.1]. A
way out is to decompose the operator family A into two summands. The idea
why and how this should be done is detailed in [FW26¢, §5.2].

Definition 3.3 (Almost extendability). (i) We say that a weak Hessian field A
on U; almost extends if there exists a decomposition

A=F+C (3.14)

with
F € C%Uy, L(Hy, Hy) N L(Hy, Hy)) (3.15)

and
Ire0,1): CeCUy,L(H,, Hy))NC°(Us, L(Hy, Hy)) (3.16)

such that the following two axioms hold.
(F) Yu e Uy: F§ :=F"|g,: Hy — H; is Fredholm of index zero.

(C) Vu € U; there exists an Hi-open neighborhood V,, of u and a constant
such that for all v,w € V,, N Hy it holds the scale Lipschitz estimate

1€ = Cllem < w(Jo = wlm, + min{jol, [wli} - o = wla, ). (3.17)

(ii) If A almost extends we call the pair (F,C) a decomposition of A.

10



3.2 A Fredholm result

Definition 3.4 (Connecting paths). Fix two points u_,uy € Uy := Uy N Hs.
Fix a basic path 4 from u_ to uy (see [FW25]), i.e. @ € C%(R,Us) with
the property that there exists 7' > 0 such that @(s) = u_ whenever s < —T
and 4(s) = uy whenever s > T. A connecting path from u_ to uj is a
continuous map u: R — Uy such that the difference u — @ lies in the intersection
Hilbert space W12(R, Hy) N L3(R, Ha), i.e.

ue COR,UY), u—ae€WYA(R,Hy) N L*(R, Hy).
The following theorem was proved in [FW26¢, Thm. 6.11].

Theorem 3.5. Let A be an almost extendable weak Hessian field on Uy. Con-
sider two points u_,uy € Uy and a connecting path u. Assume that both asymp-
totic operators A“F are isomorphisms as maps Hy — Hy. Then the operators

D" = 9, + A*: WH(R, Ho) N L*(R, Hy) — L*(R, Hy)
DY = 9, + Ay: WH2(R, Hy) N L*(R, Hy) — L*(R, Hy)

are both Fredholm operators of the same Fredholm index.

4 Hamiltonian Hessian field A

Convention 4.1. To simplify the presentation in Section 4 we consider only
spaces of loops £33 = C*°(S', 3)\ {0} in an open subset 0 € 3 C C, as opposed
to the space £*3 of twisted (—) loops; cf. §4.3. The use the notation

T=(2n)€LIXLC=T"L3, E=(2§¢cLl3xLC=TL3.
We canonically identify Euclidean R? with C ~ C* ~ (R?)*.

Definition 4.2 (Analytic setup). Let 0 € 3 C C be an open subset of C.
Consider the Hilbert space triples defined by

(H03H17H2) L= (L2(Slv(c2)7wl’2(glacz)a WZ’Q(Slv(CQ))
(ho, h1, ho) : = (L*(S',C), Wh3(S',C), W>*(S!, C))

the Hilbert space h, := W™2(St,C), r € (%, 1), the open subsets
up:={2€h | z0AVT €S 2, € 3}, ug == uy; NW%(Sh, 0),
as well as Uy :=uq X hy C Hy and Us := uy X hy C Hs.

4.1 Kepler case — A extends

We first consider the case M = 0 (no magnetic term) which corresponds to the
Kepler case.

11



Definition 4.3. The H-perturbed non-local symplectic action
A=A, =iyA —H: T*L*3=L*3x LC - R
takes at a point T = (z,n) and with H given by (2.9) the value
A(z,m) : = Ay = H(T)

= %) -~ # + 1

== %) = sLpE + EE

Here the final equality is integration by parts. The functional A continuously
extends to the Sobolev W12-completion U; by the same formula.

The L2-gradient of A at T = (z,7n) € U is, by (2.12), of the form

L iz 2
A= 7 T | = g Y — grad H|y (4.18)

grad Al . ) = <

/
Z—4|

where

0 —-Id
Jo = <Id 0 ) , Id= IdW1v2(Sl,R)-

Linearizing the gradient at a pair YT = (z,m) € Uy in direction of a smooth
vector field T = (2,7) € H; along the loop T defines the Hessian operator

ATY = 4 __oerad A(z,n:) = Jo X' — __oerad H|xy, (4.19)

where ¢ — z. Z 0 and € — 7. are smooth paths in loop space Uy, respectively
in Hq, notation Y. = (z¢,nc), such that

To=(zm), 4|, Te=T=(9n). (4.20)
The Hessian operator of the non-local Hamiltonian H in (2.9) is given by

d%}ograd?[hg

Imell®ze 22,
= i’ 4 ze[|* Iz %
de 10 _ Ne
4|z |I?
=U*

Inl?2 _ Iml2(=2)z " 25, 8(z.2)2
= | 2= T e L T=F + =T

(z,28)m
—aree e (4.21)

1 (2||Z|2277*77+||2| Inl1>2 — 4Inl|*z z* 2—8|Z||22+3222*2>
—[lzl|*7 + 2||z]1*n 2*2

_ 1 (l=lPlnliId — 4flnl*z 2" — 8]l2]*1d + 322 2" 22207 (2
4ll=[° 2||z||%n 2* —||z||*1d i

12



Here z*: 2 — (z,2) =: z*% is the duality pairing. The Hessian operator takes
the form of a matrix Hess H Y called the Hessian matrix of the Hamiltonian #.

Kok ok

The matrix is symmetric since (nz*)* = z**n* = zn*. Hence HessHY is Ho-
symmetric. Along U; C W12 x W12 the multiplication operator is well defined
as a bounded linear map

HessH™: Hy 25 Hy, VY =(zn) ely (4.22)

since the product of two W2 maps with domain S! lies in W2, in symbols,
wh2. w2 c Wh2; see (C.52).

Lemma 4.4 (compact Hessian matrix). As a linear map between the spaces
VY € Uy HessHY: Hy -2 Hy, H, -2 Hy,
the Hessian matriz of H is a compact linear operator. It is continuous as a map
[T+ Hess HY| € CO(Uy, L(Hy, Hy)) N CO(Uy, L(Ho, Hy)).

Proof. The composition of a bounded and a compact operator is compact. Con-
sider (4.22). On the target side there is the compact embedding H; < Hy and
on the domain side there is the compact embedding Hy — H;.

The two continuity assertions are a consequence of the compact embeddings
together with continuity as a map

[(z,n) — Hess H="] € CO(Uy, L(H,)).
This continuity follows from the continuity of the multiplication map W2 x
W2 — W2 see (C.52). This proves Lemma 4.4. O
4.1.1 Weak Hessian field extends
Lemma 4.5 (weak Hessian field). The Kepler Hessian operators
AT = Jy0, —HessH': H) — Hy (4.23)
one for each Y € Uy, determine a weak Hessian field A on U;.

Proof. There are three steps.
STEP 1 (SPACES). It holds that

A eC®Uy, L(Hy, Ho) N L(Hy, Hy))

O/rr P 07 (4.24)
C C°(Uy, L(Hy,Hy)) N CY (U, L(Ho, Hy)).

The summand Jy0; is a constant map in L(Hy, Hy) N L(Hz, H1). Further-
more, by Lemma 4.4 the summand Hess H lies in C°(Uy, £(Hy)).

STEP 2. The axiom (Symmetry) holds.
Both Jy0, and Hess H' are Hy-symmetric at any point T € Uj.
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STEP 3. The axiom (Fredholm) holds.

That Jy0, is Fredholm of index zero as a map H; — Hy and as a map Hy — Hy
is well known; see e.g. [FW26¢, Thm. C.1]. In either case, by Lemma 4.4, the
Hessian is a compact perturbation, but such preserve Fredholm property and
index. This concludes the proof of Lemma 4.5. O

Observe that (4.24) shows that the non-magnetic weak Hessian field (4.23)
is extendable, see Definition 3.2, which we state as

Proposition 4.6 (extends). The Kepler Hessian field A extends.

4.2 With magnetic term M

We use Hy, Ug, up as in Definition 4.2. Consider the action functional A =
iyA 4+ 1*M —H in (2.11). By (2.12), the L?-gradient at Y = (z,n) € U; is

2
=+ grad M- + 5 - |3Z|4>
/ n

S
4=

grad A, ) = <
= JoT/ + (grad0M|Z) — grad’Hh

where grad M|, is the sum of the last four terms in (2.8). Linearizing the
gradient at a pair T = (z,7n) € U; in direction of a vector field T = (%,7) € Hy
along the loop T yields, analogously to (4.19) and (4.21), Hessian operators

ATY = AEM (2. 4) = dils|€:0 grad A(ze,n:)
A ] 0 . 4.25
=JoT' + M= 0N (2)  Hogs G (2 )
0 0)\n L

one operator at every element T = (z,7) € U;. Lemma B.3 provides the Hessian
operators M*, one for each z € wuy, of the magnetic function M. The Hessian
matrix of H is given by (4.21).

The task at hand is to show that Y +— AT defines a weak Hessian field along U;
(Proposition 4.8) which almost extends (Theorem 4.11); cf. §3.

Remark 4.7 (Magnetic Hessian M). Of the three summands of the Hes-
sian (4.25) it remains to analyze the second one, namely the map

Mz 0

Lvy'lllX/Hj’U,lBZ'—)(O 0

):Hl—)Ho, Hy — H;.
Since Hy = hi X hi, the magnetic Hessian is actually a linear map M*: hy — hg,
ho — hy which is composed of 18 summands

0,C42,Cu3, Fua, Ts1, T52,T53, Ts4, To1, T2, T63, To4, Tes, Tr1, T2, T73, Tra, Ths

Ty Ts Ts T7

These linear operators are defined and analyzed one-by-one in Appendix C.3.2.
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4.2.1 Weak Hessian field

Proposition 4.8 (weak Hessian field). The Hessian operators AT in (4.25), one
operator for every T € Uy, form a weak Hessian field A on Uy (Definition 3.1).

The proof of the proposition requires two lemmas which we state and prove
thereafter (Lemma 4.9 and Lemma 4.10).

Proof. There are three steps.

STEP 1 (SPACES). It holds that A € C°(Uy, L(Hy, Ho)) N C°(Us, L(Ha, Hy)).
By the non-magnetic case (4.24) it suffices to show that the magnetic Hessian
operators form a map z +— M?* € C%(uy, L(h1,ho)) N C%(uz, L(ha, h1)). This is
true by the explicit formulas in § C.3.2.

STEP 2. The axiom (Symmetry) holds.

The Hessian operator AT is the derivative of the L?-gradient of the functional
Ain (2.11). Hence AY is Hy-symmetric by Corollary A.2.

STEP 3. The axiom (Fredholm) holds.

On level one and also on level two there is | Fredholm operator of index zero
FYY: Hy — Hy, VY € Uy, and Fy'": Hy — Hy, VY € Uy (Lemma 4.9) plus 17
compact perturbations diag(M, 0) from the magnetic field (see § C.3.2 where
to Tss and T75 we apply, in addition, Lemma 4.10) plus the compact pertur-
bation Hess H (Lemma 4.4). Since the Fredholm property as well as the index
is stable under compact perturbation the Fredholm axiom follows. This proves
Proposition 4.8. U

Fredholm perturbation
The following lemma enters step 3 of the proof of Proposition 4.8.

Lemma 4.9. Let (z,m) € Uy and [}, := —4b_|.Jo, cf. (C.67). Forr € 0,1] set

z e oz
F™" = Jo0s + diag(r f7,0,,0) = (7"%4 5d> o H 25 Hy, Hy s Hy
F
= —_——
44

=:bm=
Then both operators F™* and Fy'* are Fredholm of index zero for each r.
Proof. Pick z € uy. For r = 0 both operators F%% = Jyd, and FQOZ = Jy0O, do
not depend on z and are well known to be Fredholm of index zero; see proof
of Proposition 4.6. Hence, because the semi-Fredholm index is invariant under
homotopy, see e.g. [Miil07, §18 Cor. 3], it suffices to show that F™* and F,*

are semi-Fredholm for every r € [0,1]. To this end we derive a semi-Fredholm
estimate for the level one operator F">* and the level two operator Fy*.

Step 1 (semi-Fredholm level 1). Given z € uy, there is ¢, > 0 such that
1T, < ez (IF= T, + 1T, )

for all T = (2,7) € Hy and r € [0,1].
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Proof. Fix z € uy. While Hy := L?(S',C?) by Definition 4.2, let us abbreviate
L? .= LS, C), Hy = L* x L2

For r € [0,1] the operator b™* is invertible with inverse

(%)~ = ( 0]1 r}L) e R A
- 44

(2,0) = (0, =2+ 71 fisn) .
To estimate the operator norm of (b™*)~1, let T = (2,7) € L?x L? and estimate
16" Y2y 2 = IAlZ2 + =2 + rfiall 7
< 191172 + 2012017 + 2021 f2ai 122
< 191172 + 20121172 + 2465 ) [1ill7= , by (C.67)
< max{2, 1+ 2(485) HIT |72 x 2

We used that r < 1. Hence the operator norm of the inverse is bounded by

107) lequansy < s e = y/max{2, 1+ 2(463)?}.
To get the semi-Fredholm estimate let T = (2,77) € W2 x W12 = H, then

Ty swre = 1 TZ2xpe + 1T 1725 e
= T2z + 1(B™) 710" T |72 12
= T2z + 1(B™*) T 72T o 12
<Y 2spe + 1™ T Z osre) [F7 T L2y 2
< max{L, 12} (1113 ez + 1P T r2)
. . 2
< max{1, 12} (1Tl z2xns + | F™*Tllpzsr)
This proves Step 1 for ¢, = max{1, u}. O

Step 2 (semi-Fredholm level 2). Given z € uy, there is d, > 0 such that
1Tl < d (1F5 " T, + 1T, )

for all T = (2,7) € Hy and 7 € [0,1].
Proof. Fix z € uy. While Hy := WH2(S!,C?) by Definition 4.2, we abbreviate

wh?.=wh2(shC),  H =W xwh?

16



For r € [0,1] the operator b™* is invertible with inverse

(b77) ! = ( 0]1 T]]CIZ ) L2 s W2 Ly b2 L2
- i

(2,7) = (7, =2 + 7 fian) -
To estimate the operator norm of (b™*)~!, let T = (2,7) € WH2 x W2, then
1) Y fyreswre = [illfyee + =2+ failf.
<7312 + 202l + 202 Fanl G2
<7512 + 20252 + 89y, , [llF.2 by (C.68)
< max{2, 148y, Tz xmwie:

We used that » < 1. Hence the operator norm of the inverse is bounded by

1®7) Ml owroxwrzy < Koy R i= \/maX{Q, 1+892, .}
To get the semi-Fredholm estimate let T = (2,7) € W12 x W2 = H;, then
T2 xmwae = [TIHre e + 1T [fre w2
= [ Tlfraxmwre + 1B™) 70T [fregqpe
= 1Ty wpwrz + 1B F2 T fr 2 qpne
= X1y 2wre + 1) T Z 2wz [E™*Tf e e e

< max{1, 2} (1T 2swrz + 1F Tl 20m1.2)
N ~ 2
< max{1, x2} (||T||W1,2Xw1,2 + ||FT’ZT||W1,2Xw1,2) :

This proves Step 2 for d, = max{1l,k,}. O

Since the inclusion maps H; — Hy and Hy < H; are compact, Step 1
and Step 2 provide semi-Fredholm estimates, see e.g. [MS04, Le. A.1.1]. This
completes the proof of Lemma 4.9. O

Compact perturbations

The following lemma enters step 3 of the proof of Proposition 4.8.

Lemma 4.10. Pick z € uy. Both linear operators T and T% in (C.70)
and (C.72), respectively, are compact as operators hy — hy and ha — hy.

Proof. On level two compactness follows from the fact that Tg;, T% € L(h1),
see estimates (C.71) and (C.73), and that the embedding hy < h; is compact.

Level one is harder. For that we show that the operators extend to bounded
linear operators h, — hg for every r € (%, 1). Then the compactness follows
from the compact inclusion hy < h, whenever r € (3,1). Fix r € (1,1).
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The operator T¢;. We apply to (C.70) integration by parts to obtain

1
Fist s = g [ lawolzps o do

1
||2ZZ||T (<a0|zoa€0>0 - <C.ltz('r)|z7a§r>0 _/ <<dtz(0)|za>/)50>0 da’)
||QZZ||T§ (<d0‘20750>0 o <atz(7—)|zr)€7'>0)

_ 2z ' s (o) o | g4 .. 20, € do
113 t=(o) 1z 013 t(o)lze%or5e /g
T

SIS

where we used ¢,(1) = 1 and 1-periodicity of a, z, and £. With the a-constants
in (C.62) for £ € W™? we estimate (cf. (C.69) for the last summand)

265 II2

||F65€||L2 < ” ”2 ”5”00 + Mzll= \|2 |§||oo + IE H2TCVS1 020 ”5”00 + Tz H2d0é§1HZ || ||£||2

2
< const(||z][1,2,7) €] r,2-

This proves that Fgy: h, — ho is bounded.
The operator T7;. We apply to (C.72) integration by parts to get

1
T7ZS§ L= HZZ\F* /0 fOS |Zo"2 do - <C-l,tz(5)|zs, >0 ds

= — iz (12l3{aolz0, 0)o — 0) + 5
+ 15 / Iy Iz !” d“<at (s)

where we used t,(1) = 1 and 1l-periodicity of a, z, and &. (We ignore that
the first summand of T% actually cancels the first summand of T¢;.) With the
a-constants in (C.62) for & € W2 we estimate (cf. (C.69) for the last summand)

Zs) £s> ds

2 /.
(G, (s)

Zs ‘” ”|2 +dat (s )|Zs sa€ >

. 2da
1 F75€ N 22 < %1 H§||o<> + IE ||3||Z||2 &g [1€lloo + IE H3|| H2 l[€lloo + HZH2 =12 11211€]12
< const(llzllm 1€l 2-
This proves that F%: h. — hg is bounded. This proves Lemma 4.10. O

4.2.2 Almost extendable

Theorem 4.11. The magnetic weak Hessian field A in (4.25) is almost extend-
able. The pair (F,C) defined for (z,m) in Uy, respectively Us, by

C(Zm) = dlag(céf% 0) + dlag(CZSa O)
FeEm = AGm) _ o) = ple 4 S P diag(T;;, 0) — Hess 1

is a decomposition (Definition 3.3).
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The proof of the theorem requires two propositions which we state and prove
thereafter (Proposition 4.12 and Proposition 4.13.

Proof. The proof has four steps 1, 2, (C), and (F). In Definition 4.2 we defined
spaces Hy, := WF"2(St C?) D Uy and hy, := WF2(S, C) D uy.

Step 1. There is 7 € [0,1) such that (z,1) — C*™ lies in C°(Uy, £(H,, Hp)),
where H, = W™2(S!,C?), and in C°(Us, L(H1, H)); see (3.16).

Proof. The maps of the diagonal form (z,7n) — diag(C%,,0) have the required
continuity property, since the diagonal block maps lie in the spaces

2+ Cyy, 20 Ciy € Cuy, L(hy, ho)) N CO(uz, L(h1, 1)) (4.26)
by (C.65) and (C.66), respectively. O

Step 2. We need to show that the map F: (z,1) — F®*™ is element of the
space CO(Uy, L(Hy, Ho) N L(Ho, Hy)); see (3.15).

Proof. The diagonal block z +— f7,0; of z — F* see Lemma 4.9. is a map

101 25 ho €5 ho, hy 2 hy €59 hi,

which depends continuously on z € ug, see line two in (C.68). Since the other
three blocks of F1# are constant, this shows that z — F? has the required
continuity property. The Hessian operator Hess H has the required continuity
property by Lemma 4.4. The fifteen operators of the diagonal form

z»—)dlag(Tw,O) Hy — Hy Hy — Hy
Z'—)TZZ] hl—)ho ho — h1

have the required continuity property since so do the diagonal blocks T;; as
shown for each of them in §C.3.2. This proves Step 2. O

Step (C). The map (z,7) — C*" = diag(C%,,0) + diag(C}s,0) satisfies the
scale Lipschitz estimate (3.17).

Proof. Due to the specific diagonal form it suffices to consider the upper diagonal
operators (4.26). Proposition 4.12 and Proposition 4.13 prove Step (C). O

Step (F). VY = (z,1) € Uy: F,)* + Z}‘Sdiag(Tij,O) —HessHY: Hy — Hj is
Fredholm of index zero.

Proof. Lemma 4.9 asserts that F21 #. Hy — Hj is Fredholm of index zero.
Lemma 4.4 asserts that HessH ' : Hy — H; is compact. The fifteen operators
of diagonal form diag(7;;,0): Ho — H; are compact since so are the diagonal
blocks Tjj: ha — hi as shown in §C.3.2. Since Fredholm property and index
are stable under compact perturbation this proves Step (F). O

This concludes the proof of Theorem 4.11. O
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4.2.3 Scale Lipschitz estimates
The following proposition is part of Step (C) of the proof of Theorem 4.11.

Proposition 4.12 (Cys is scale Lipschitz). For z — Cjy in (4.26) the scale Lip-
schitz estimate (C) holds true, namely (3.17) with lower case spaces hy, and u;.

Proof. Let z € uy and € € hy. We consider the map in (C.66), namely

C*¢§ = Ch€ = (dbtz(7)|27§r)jOZ;—~

Since z: S' — 3 is continuous its image is compact. So the image of 2 admits
an open neighborhood U, in 3 C R? of compact closure U,. By compactness
7, is contained in a ball of some radius p = p(z), in symbols

U, CB,:={reC: v <p} (4.27)
We define by
vo = {v e WH(S1,90.): [lv]lz > 3llz]l2 > 0 and [Jolli2 < 2l|z]l12}  (4.28)
an hj-open neighborhood of z in u; uniformly bounded away from 0. Hence

veve = lvfla < vl <p

Pick v, w € v, Nhy. By definition of the W12 norm, calculating the deriva-
tive 9, the triangle inequality and since /(1) = |v.|" /||v]2 by (C.54), we get
1(C" = C*)¢ll 2
< H(dbtv('r)|vrfﬂ')jov-lr - (dbtw('r)lwfff)jow/rlh
+ ||67' ((dbtv(‘r)lngr)jO'U-/r) - 87' ((dbtw(r)|w75‘r)j0w;—) ||2
< H(dbt1)(7-)|v7.€fr)j0’l)/ - (dbtw ‘r)lwrf‘r)jowfrlb
+ H(dbt T)|’UT§T) [t H jOU (dbt T)|U/T§T) H(“ ‘k JOwl ||2
+ ||(dzbt T)|UT§T )JOU - (d2bt T)|w7—§7' )]0w7||2
+ ||(d 'r)|v7 )]OU - (dbt (1) wa ]OwTHQ
+ ||(dbt1,(7)|v7.£r)]0“ - (dbtw(‘r ‘w,fr)]OwT”Z
We need to estimate the L?-norms of five differences, notation D1-D5.

Difference D1. Add twice zero to write D1 as a sum D11£ + D12€ + D13€

(dbe, (1) |v, &) Jovs — (dby,, (7w, &r) Jow),

= (dby, (r)lv. &) Jovr — (dby,, (v, &) Jovr
+ (dby, (1)]v, &7) Jovs — (dby, () |w, &) Jovy
+ (dbtw(ﬂ—)|wT fr)jo’U; - (dbtw('r)|wT E‘r)jOwﬁlr

pointwise at 7 € St.
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Dy;. By compactness of U, the maximum of the operator norm is finite

dfyg, = Srlnxa%z”deE(RQ’R) < 0. (4.29)

By Taylor’s theorem, then using (C.58) on |t,(7) — ¢, (7)], we estimate

[dbe, (r o, = dbry (1) los | cr2 Ry < dBag. [to(T) — tw(T)|
< 25, Lelale o — ),

(4.30)
SQdﬁ‘B = ||2||U wl|2

_ 16P(d5<13z) ||
I
The last step is by (4.27) and (4.28). Use this operator norm estimate to obtain

[ D11&ll2 = [1((dbe, (r)lw, — dbe,, (r)lw, )Er) Govrll2

16p dﬂmz) H
EREEE

16p(dBg.)
A (ol - o = wlng €]l 2

’LU||2

= wll2[|€llo][v[|2

IN

D;5. By compactness of U, the maximum of the operator norm is finite

dQﬁiTz = Imax ||d2b||£(R2><R2,R) < 00. (4.31)
SIx0,

By Taylor’s theorem we estimate
1D12€l2 = [ ((dbe,, (1) lv, — by, (r)lw, )Er) Jov) |2
< d*Bg |lv = wlloc[l€llco 10" 12
< By, [vln, - v —wln, [€]1.2:
D,3. With the constant dfg; defined by (C.63) we estimate
1D1s€ll2 = (e b ) G (0 — )
< dBgi||€lloc v — w'll2
< dfgi [v—wln, [I€]l1,2
where the constant dfg; is defined by (C.63).
Difference D2 Add four zeroes to write D2 as a sum Do1€ + -+ - + Dosé

7 )+ 2 . ; - 2 .
(dbtv('r)|v757)%]0’u;— - (dbtw(r)lwffﬂ') lﬁuﬂ‘g JOw;
' ' jor |?
by, ()l = dbu, )0 ) &1z oo
. vrl? . i
dbtu,(r)|vr§7>ﬁ ]O'U./,. — (dbtw(q—)|w7.§'r) |”'U|||2 ]O’U

dbtw T)|wT€T) v H? ]OU (dbtw(r)|wffr)Wj0UT

(
(
<%mﬂm@mwﬂw = by oyl r) o o,
(

dbt T)|wT€‘r) Hsz jOU (dbtw(‘l’)‘w—rgr) l”u;r”‘2 jOw .
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D3;. By compactness of U, the maximum of the operator norm is finite
By, = max ||db] ¢z gy < oo (4.32)
S1xy,

As in (4.30) we obtain an estimate, uniform in 7 € S!, for the operator norm

; ; 16p(dfg
bt (ry o, = bty o | ey < “55r= o = wlo. (4.33)

Use this operator norm estimate, as well as (4.27) and (4.28), to estimate

1Daxélle = 1o — . L2 o'l
16p(dfg.)
< e o = willl¢lloo v°°H7'H1.2
16p(dfig.) 22, B
< EER B2z allo
=c5 [v— , G5y = 12*/"7‘“”*3(13‘1]

D3;. By compactness of U, the maximum of the operator norm is finite
d*By. = max ||d?b| c(rexre r) < 00 (4.34)
® SIxY.

Similarly as for Do we estimate
. . 2
1D22€ll2 = l(dbr, (7)o = b (o, Vér itz 005 12
. 2
< @By |[v = wllooll€lc 'r;“zo [[E

S d26‘i]z HU - w||1,2||€||1 2 H Hz

z . 8%zl g2/
5 (22 = ﬁ] »3\1‘,77.

< c3y v —

Da3. With d¥ from (C.63) we estimate

. . 2
||D2Sf||2 = ||(dbtw(‘r ‘wfg-r) |”va|2 ]Ov (dbt () ‘wfg‘r)%jov;—”?

= [|(dbey (o, ) Pt e ol G

_ ||(dbtw(-r ‘w.,.f‘r) UT,UT_wTﬁ;j_lf;)T_wT)wT> jOv;—”Q

e O - A
< P22 g4 (o, - o — wla, lE]e

= =

In the last step we used (4.28) in combination with [|-||ec < ||-]|1,2-
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Day. With dB% from (C.63) we estimate

||D24§H2 - ||(dbtw T)|w7-€7') lr‘i;"Q JOU - (dbtw(T)|’wT§T) ”wHQ ]OUTHZ

—(v,w)+(v,w)—
= ||(dbtw(7-)|wff'r)|w,r| 2 |wll3 |I"l)l|1‘»|‘u(;l” w)—|lv]l3 2 jov’ ||
' 2 (w—vw)+(vw—v) .
= o &) PR =) )

< B oo T2 0 — wlla (s + o) )
< c5y [v—wn, ||f||1,2 , Coq 1= 7()1/)” H‘ w‘l'_d 351
The last step is by (4.27) and (4.28).
D3s5. With dfg from (C.63), as well as (4.27) and (4.28), we estimate
I Dasélls = H(dbtwmw,a)%j@v; — (bey (o, ) 1 o |1
— (be s ) o (0 — ) 2

< dB € ]lo0 2285 0 — ]l

< ¢35 v —

Difference D3 Add three zeroes to write D3 as a sum D31€ + - - - + D34&

(@b, () lw, &07) Jovr = (db, () w, Erw]) Jow)
= (d®by, (r) v, 07 oVl — (d®bey, ()] v, & V%) JoU
+ (dby, (7 lo, & 0%) Gov — (d®be, (1) lw, E-VL) oL
+ (d®by, (7w, E-V2) oL — (AP, (r)w, Er L) Gour,
+ (dPby,, (7)o, &) Jovy — (dby,, (r)|w, E-wlh) Jowr.

D3, . By compactness of U, the maximum of the operator norm is finite

25 .
d*By. = Slgnxa%(zﬂd bl £(r2,r) < 00.

As in (4.30) we obtain an estimate, uniform in 7 € S!, for the operator norm

: : 16p(d*Bg )
1d20e, (o, = A2t (o, Nl cre ) < == llv — wll2-

Use this operator norm estimate to obtain

I Ds1€l|2 = [ ((d%be, (r)lw, — d®be, (1) lo, ) (Ervr)) dovr |2

16p(d? B
22 o — wila €] ool ll2]1V|

IN

oo

< Gy ol - fo —wlng lellrz . ciyo= 222y
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D35. By compactness of U, the maximum of the operator norm is finite
d36@z (= Imax Hd3b|‘£(R2XR2XR2,R) < oQ.
StxY,

By Taylor’s theorem we estimate

1D32€ll2 = [[((d®br,, (7 lor — d*bs,, ()l ) (E507)) Govr l2
< d*Bg_ v = wllooll€llo 10" ooVl

< 2||2]l1,2d° By, ne 1€l2-

Vlpy v —w
D33. With the constant d?4% from (C.63) we estimate

1 Ds3€ll2 = (bt (7w, & (V2 — wl)) jov) |2
< PBE NV’ — W' [l [IV']]2
< 2||2]l1,2d° B8 [v — w]ny I€]|1,2-

D34. With the constant d?4Y, from (C.63) we estimate

| D34€l|2 = ||(d2btw(7')|w7€7'w;—)j0 (U’T _ w/T)||2
< d*BENIE]sollw |20 — ']l oo

< 2| 2]l1,2d* B8 [0 — wlny 1€]]2-

Difference D4 Add twice zero to write D4 as a sum Dg1& + D€ + Dysé

(dbe, ()]v, &) Jovs — (dby,, (7w, &r) Jows,

= (dby, (r) v, &7) Jovy — (dbe,, (7)o, &7) Jovy
+ (dby, (1)]v, &) o — (dby, () ]w, €5 Jovy
+ (dbtw(7)|wT§;)j0v; - (dbtw(7)|wT£;)jOw/r

Dyq. We use (4.30) to estimate

1Da1éll2 = || ((dbe, () lo, — dbey (r)lw. )EL) Govh |2
16p(dBg_)
< 24 o = wllz €l 1
<y v —wlpe €l ol = ‘“)”‘H‘H‘ 2(13‘32.

Dys. By Taylor’s theorem with constant d*fg_ in (4.31) we estimate

1Daz€ll2 = [|((dbe, () v, — dby,, (r)lw, )Er) Govl |2
< d*By_[lv = wllso 1€ ][]V ]| oo
< By, vl - v —wln, [€]12-
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Dys. With the constant dfg; from (C.63) we estimate
[Dazéll2 = [[(dbe,, (r)w. &) Jo (v — wr )2

< dBgillE||2]lv" — w'[loo
< dBsi [v—wln, [€]1,2-

Difference D5 Add twice zero to write D5 as a sum D51 + D52€ + Ds3é

(dby, (1)|v, &) Jovy — (dby,, (7w, &) Jow?

= (dby, (r)|v, &) Jov7 — (dbe, (r)]v. &) Jov7
+ (dbtw(‘r) |vT g‘r)jovlrl - (dbtu,(7)|wT€r) jng—l
+ (dbtw(T) |wffr)]'011/fl - (dbtw(T) ‘wffr)jow‘/rl

Ds;. We use (4.30) to estimate

HD51§”2 = H((dbtv(T)'UT - dbtw(r)|v7.)§7—) jO'U./,—/”Q
16 (dﬁ.‘?z)
< = llo = wlizliéloollv” 2

16p

2113

<y olny - [v—wlny lI€ll2 . Gy == S5dBy

Dss. By Taylor’s theorem with constant d?Bg_ in (4.31) we estimate

IDs2€ll2 = | ((dbt,, (r)lor = Doy, () s )E7) Govr |12
< dBy_|lv = wlloo|Elloo V"2
< d25§72 [Vl by - v —wln, [1€]1,2-

Ds3. With the constant d3g from (C.63) we estimate

| Ds3€ll2 = [[(dby,, (v lw, &) Jo (V) — w]) |2
< dBsill€lsollv” — w2
< dBg (v —wln, [1€]l2-

Summarizing we have shown that there exists a constant k = k(z) such that
1C" = €l < k([0 = whng + [0lns - [0 = wla, )
whenever v, w € v,. Interchanging the roles of v and w we get
1C" = Cllenn) < K (0 = wlhy + hwlny - [0 = wlh, ).
whenever v, w € v,. These two inequalities imply that
1€ = Cllenn) < K (|0 = wlny +mind vln, [wln,} - [0 = wla, )

whenever v, w € v,. This proves Proposition 4.12. U

25



The following proposition is part of Step (C) of the proof of Theorem 4.11.

Proposition 4.13 (Cys is scale Lipschitz). For z — C%, in (4.26) the scale Lip-
schitz estimate (C) holds true, namely (8.17) with lower case spaces hy, and u;.

Proof. Let z € u; and € € hy. We consider the map in (C.65), namely

C*¢ = Cj?& = btz(7)|z7— (dtzg)'r ]OZ‘Ir

As in Proposition 4.12 let the ball . be defined by (4.27) and v, by (4.28).

Pick v, w € v,Nhy. By definition of the W12 norm, calculating the derivative
O, the triangle inequality and since ¢/ () = |v,|” /[[v||Z by (C.54), we get

[(C” = C*)E
< b, (1) o, (@E08) 7 oy = b, (), ()7 Gowl, |12

107 (Beoo) o (@E)r o) = B (bro o) (@108 o))
< bty (7)o (dtvf)r Jovk = by () lwr (dtwE)r Jowl ||

+ [1br, (- o, |

o

dtvg)rjov bt () lwr ‘““, _;(dtwﬁ T]OwTHQ

Fs )

+ 11 (dbe, o \U )dtmov — (bt o) a0} ) (dE0E) o
)
)

+ 1be, (1) o, ()] Govy = by (), (€)' Jowr |12
+||bt (7')|'U7—(dt'0 7—]0'0 _btw(*r)|w1—( wg)'rjowfr/”Z

We need to estimate the L?-norms of five differences, notation D1-D5.
Difference D1. Add three times zero to write D1 as a sum D11& + - - - + D14£
btv(’r) |v7 (dtvf)T jOU;— - i)tw () |wT (dtwf)r ]Owlr

= (i)t,, (‘r)|v7- - i)tw () ‘v,) (dtvf)rjov;
+ (Btw(7)|v7 - i)tu,(r)|wT> (dtvf)‘r jOU;—

+ btw(7)|’wq— ((dtUg)T - (dtwg)r)jOU;
+ btw(f)|wT (dtw&)+ jo (vl —wl)

pointwise at 7 € S!.

D;;. By compactness of U, the maximum of the absolute value is finite

By, = Srlnax |b| < oo.

As in (4.30) we obtain an estimate, uniform in 7 € S!, for the difference
16pPsg,

b, () lor = by (m)lo, | < v = wlla- (4.35)
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Use this difference estimate, then (C.56) followed by (4.28), to obtain

1€z = 1 (beu o, = bt lon ) (@0E)r oot 2

16pB4
< 222 o — wlla||dtoE oo V]2

o (4.36)
pBe.
< Tepsllv = wlepp lElzlvllh.
128pB.
< Hzinén |U|h1 "
D;5. By Taylor’s theorem and the constant dﬂ@z in (4.29) we estimate
1D12€ll2 = Il (Bra ) o = Bra - ) (d08)s G0 1
< By, [[v = wlloolldto€ oo [V |12 (4.37)
8dBs
i [vlny - v = wln, [1€]l12.

= zllz
D;3. With constants 4% in (C.63) and Cﬂzlh in (C.61) we estimate

ID13€l2 = Ibey, () lw, ((dtu)r — (dtw)r) Jovk|l2
< Bgilldto€ — dtwélloollv'||2 (4.38)
< 8202 Joly, - o —wl, [|€]12-

Dy4. With 8% in (C.63) and (C.56), followed by (4.28), we estimate

[1D14€ll2 = Hbtw(f lw, (dtw)r Jo (v7 — w72

< B8 s l€lallv — w'la (4.39)
8dBg
< T v = wlny (1]l

Difference D2 Add five zeroes to write D2 as a sum Do1& + - - - + Dog€

‘L:“g (dtvg)‘rjOU/ - bt () ‘wq— [w :;(dtwg)T]Ow

bt (r)lo-

= (Z;tv(‘r)‘vf btw(T |v7—) Tol2 (dtvf) jOvT

>

+ (bt ’r)|v7 - ét (1) |w7> ‘17‘5 (dtvg)TjO'U;

B ) e 7 () o,
+ bty (1) o \w#—”(“ ) o,
+ ét () |w7 ‘\ ; ((dty€)+ (dtwg)T)jO'Ufr

ISR S

+ bt () |w7 [ (dtwg)‘r.]O (U —w )
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D3,. By compactness of U, the maximum of the absolute value is finite

By, = max |b| < co.
fig, = max i

As in (4.30) we obtain an estimate, uniform in 7 € S!, for the operator norm

A i 16p54
|btv(7')"l}7' - btw(r)|1},.‘ < IlpTéJzHU — ’U)”g

Use this operator norm estimate, as well as (4.27) and (4.28), to estimate

1D21€ll2 = 1 (Beymlor = By lon ) 1 (@88)r ovt

16p,§r 92 2
< Tl — w2 e €201
< W | _ |hU ”5”1 )

[EH

D2o. By Taylor’s theorem and dB@z in (4.32) we estimate similarly as above

1D22€ ]2 = I (Beu oy e = Brae) |w,) e (o) ot

2

< dﬁm HU - wHoo z]

320%(dBg )|z,
R Iv fw\hl €]l

IN

Da3. With ﬂéﬂl in (C.63) and (C.56), followed by (4.28), we estimate

| D23éll2 = HBtw(T)IwT v | fm‘uv,f;nm:;,_“,,\/“ —|w, |? (o) jovl |12

< g L=l tleled |t o o2

lIvli3

128pB% llz |1,
< R o= wlny (1€l

Doy4. With ,Bé”l in (C.63) and (C.56), followed by (4.28), we estimate

HD24§||2 — Hétw(‘r)|w7 Iw‘r|2 [|w \:i 7\/1‘111“\:14‘[:’1“5\ —lv] :; (dtvg)TjOU;HZ
< A ol L=l rleloed a1

[RHEH

512p°BY
S pgilsl"z”ly? |Ufw|h1 ||€||172'
HZH2

Das. With constants 5% in (C.63) and C’,uzlb in (C.61) we estimate

D25l =l ol ‘(z;q‘; ((d1.6) - <dtwe>7>jov;n2

< Bw 4/) C”ZHZ |U|h1 |’U—U}|h1 ||€||12
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Dag. With the constant ﬁé"l in (C.63) and (4.27), (4.28), (C.56) we estimate

|W%N%4WwdmﬁTW%OﬂMU—w)h

2
< Bgl = ﬁQ quz 1€]2][v" = w'|l2

32p° B‘BZ ‘
= =l

Difference D3 Add four zeroes to write D3 as a sum D31€ + -+ - + D35&

(dbeu ot ) (@008)r oty = (b, ) () o,
= (b, o = bt ()00 ) (08 oo,
(bt o, = dbe o), 0%) (d46)- oo
o (b o) e (0 =01 ) (@808 o,
o (b)) (d1,6)r = (dH0E)r) oo

(e ) 0] ) (@) o (0] = ).

D3;. By estimate (4.33) with constant dﬁijz and (C.56) we obtain

1Dssélle = 1| ((dbe, o, = byl 0% ) (@4,8)- vl o
16p(dBg.)
< 2882 o — wlly [0 loo o€ oo |12
16 (dﬂ 2)8‘2 Z|[1,2
< PREEL I oo = wlag €l

D35. By Taylor’s theorem and dzﬁ.@z in (4.34) we estimate as above

1Dss€ll2 = 1 ((dhe, (r) o = b ()0 ) (@06 oo 3
< @By, o = wloo [/l € o] 2

- 8-2||z]1.2
< d2ﬂ®z ||HZ||‘2l ‘U‘hq : ‘U

D33. With dB¥ from (C.63) we estimate as above

1Dssgllz = (b (., (0 = w)) ) (@1a8)s ot 1
OO”dtvEHOOH'I‘/H;)

v—

< dB v/ —w’|
< d2BQ] Hx 2
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Ds34. With constants d3% in (C.63) and C,|,|2H2 in (C.61) we estimate

1D348lla = Il (dbi o) 0} ) (@808)r = (d€)r) dov 2
< dﬁéul w2 lldteé = dtwtllool|v]lco
< dB52)|2) 1220812 [, - v = wla, IiE]e

Dg35. With dﬁé"l from (C.63) and (4.28) for ||w||1 2 we estimate as above

D352 = || (di)tw(ﬂ\wfw'r) (dtw€)r jo (v, —w))|l2
< dB% || w'||2]|dtwé o[V — w'||oo
< dBg2l|z ] 2 i llEl2llv — w

16(d*Bg ) 1211,
< = o = wlng €le

2,2

Difference D4 Add three zeroes to write D4 as a sum Dg1€ + ... + Dysé

bt (7)o, (AEo€)% oVl = by () lw, (dtwé) jow!,

= by, () v, (dLu€)] JovL = by, (1) lo, (dEu€)’ jov,
b, (r)lor (Ato€)} Jovl — iy (7)o, (dto€)) oV,
b, (r) lw, (AE€)% oV — iy () o, (AEw) o)
bty () s (At€) o = bty () |, () oS-

Dy1. We use (4.28), (4.35) and (C.57) to estimate

[Daréll2 = || <5t1,(7)|vf - btw(7)|v7> (dt€)’ Jovy |2

16p84
< S8l — w]l3l|(du€) oo 2

16pBg 20zl (2lzllie , 2027
HE (HZH% + o) [0 = wlhe l€lln2-

IN

Dyy. By Taylor’s theorem and dﬂi}z in (4.29) and by (C.57) we estimate

10262 = 1 (beu o - = bro ). ) (@E): ov 2
< dfig_|lv = wlloo | (dt8)'lloo V']

)/
e, 2elE,
o (P + ) e vl leh e

< dBg.2

Dy3. With constants 4% in (C.63) and C’,‘leh in (C.60) we estimate

| Daséll2 = [1bey () lw, (A€ — (dtw€)L) vl 2
< Bgill(dtn€) — (dtwé) o[V (4.40)
< B8 2|21 2200 Jv — wln, [1€]1,2.
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Dy4. With 4% in (C.63) and by (C.57) we estimate
1D4€ll2 = bt )l (dt€)’ o (0 = w?)2
< B l(dtud) [loolv" — w'll2

. 2|23
< A8 (e + ) o= b Kl

Difference D5 Add three zeroes to write D5 as a sum D51 + - -+ + Ds4€

bty () or (d) 7 Jo0T = by (), (At €)7o,

= bty (o, (do€)~ o7 — bty (o, (dt08)r Jovy
+ by (1) |, (AE0€) 7 oV = by (1), (dtoE) 7 G0V
+ b () o (A6 o7 = bty ()|, (At o
+ i)tw(T) lw, (dtwé)7 jovy — btw(T) lw, (dtwE)r jowy.

D5, . This is estimate (4.36) with v’ replaced by v”, so

151612 = (b (e = bror) o ) (d06)r ool

289 o — wilalldtullo "]

128435
Hgns:mz [0]ny - [0 = wlng [I€]]1,2-

IN

Ds5. This is estimate (4.37) with v’ replaced by v”, so
1D528llz = | (brar)lor = bty ) (dE8)r oo 2

< dBg. llv — wllsolldtollool0” |12

8dBg
= Hzi\‘lnzz | hy [1€ll1,2-

Vlpy - [0 —w

Ds3. This is estimate (4.38) with v’ replaced by v, so

| Ds3l|2 = ||Z.)tw(7—)|w7' ((dty&)r — (dtwf)f)jov‘/r/HQ
< B4 lldto€ — dtwtllse[[v” 2 (4.41)
< BB 2012 fulp, - o — wlp, [|€]1,2-

Ds,4. This is estimate (4.39) with o' — w’ replaced by v — w”, so

[ Ds4éll2 = ”btw(v’)le (dtw€)r jo (V2 —w!)|l2
< B¢ g l€llall” = w12

8dfBg
< T 10— wlhhs €2
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Summarizing we have shown that there exists a constant £ = x(z) such that
1C" = Clleney < k([0 = whng + [0lns - [0 = wla, )
whenever v, w € v,. Interchanging the roles of v and w we get
1€ = C®lequy < w (10 = wlny + s - [0 = wln, )-
whenever v, w € v,. These two inequalities imply that
1€ = €l < K (|0 = wln, +mind vl [wl,} - [0 = wla, ).

whenever v, w € v,. This proves Proposition 4.13. O

4.3 Twisted loops

In the case of twisted loops z(7 + 1) = —2(7) V7 € S! the Hilbert space triple
has to be adjusted as follows

Hy = L*([0,1],C?)
Hy :={TewW"*([0,1],C*) | (1) = =71(0)}
Hy - ={Y e W*?([0,1],C?) | Y(1) = —=Y(0) AY'(1) = =Y'(0)}

and hy , hi, hy are defined equally, up to replacing C? by C. Apart from this,
the case of twisted loops proceeds completely analogous to the periodic case.

4.4 Proof of Theorem A and Theorem B
e Theorem B is Theorem 4.11.

e Theorem A follows from Theorem B and Theorem 3.5.

A Symmetry of the L2-Hessian

Theorem A.1. Let (Hy, Hy) be a Hilbert space pair® and Uy C Hy open. Sup-
pose f: Uy — R is (i) a C! function such that (ii) there exists a C' map
grad f: Uy — Hy and such that (iii) there is the identity

df|€ = (grad flz, §)

whenever v € Uy and £ € Hy. Then the following is true. The second derivative
of f exists at every point x € Uy, it is given by the formula

d2f|x(§a77) = (d(grad f)w57n>o = Bz(fﬂ?)?

and it varies continuously in x, that is f € C*(Uy, R).

3 Hp and H; are both infinite dimensional Hilbert spaces, H; C Hp is a dense subset, and
inclusion ¢: Hy — Hp is a compact linear map. Ho and H; are separable by [FW24, Cor. A.5].
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Proof. The proof has three steps. Without loss of generality we suppose that
|lo < |-]1, otherwise choose equivalent norms.

Step 1. Va € U; the map B, : H; x H; — R is a bounded bilinear form.

Proof. By definition of B followed by Cauchy-Schwarz and then pulling out the
operator norm we estimate

|B2(&,m)| = [(d(grad f).&,m),| < |d(grad f)z&lo|nlo
< \ld(grad f)zll 2y, m5o) 1€l 171

By assumption (ii) the right hand side is bounded. O

Step 2. The map* B: Uy — L(H;, H1;R), © — B,, is continuous.

Proof. For x,y € Uy and £, € H; we estimate

(B, — By) = [(d(grad f),& — d(grad f),&,n),|

S |(d(grad ). — d(grad [f),) &lolnlo
< |ld(grad f). — d(grad )yl c(a,, 1) € l1 7)1
By assumption (ii) the map x — d(grad f), is continuous. O

Step 3. At any x € U; the map B, is the second derivative d?f|, of f at x.

Proof. The assertion of Step 3 is equivalent to

|b|up1ﬁ|df|1n_df|l+fn_Bw(§7n)| —0 , as |£‘1 — 0.
nhi=

We use the definitions of grad f|, and B, to write

sup e |(grad flo, m)o — (grad flote, 1)y — (d(grad f).€, )]

Inli=1

_ grad flo —grad flo4¢ —d(grad f). € > ‘

= su ,
|77|1£1‘< I&h 7 0

< sup lEedflemgrad flose—d(erad f)utly |,

- |5|1 0
[nl1=1

< lerad flo—grad flote—d(grad f).€lg
[€]1

whenever z 4+ £ € U;. The first inequality is by Cauchy Schwarz. The second
inequality uses |-|p < |-]1. By definition of the derivative d(grad f), the right
hand side converges to zero, as |£|; — 0. Hence the left hand side converges to
zero, as |£]; — 0. This proves Step 3. O

By Step 3 the second derivative of f exists at every « € U; and by Step 2 it
varies continuously in z. This proves Theorem A.1. O

4 By L(H1, H1;R) we denote the Banach space of bounded bilinear maps H; x H; — R.
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The following corollary is used to prove Proposition 4.8 (Step 2).

Corollary A.2 (Hy-symmetry). The derivative of the Hy-gradient is Hg-
symmetric, namely (d(grad f).£,n), = (d(grad f)n, &), for all &,n € H;.

Proof. By Theorem A.1 we have f € C2. The second derivative of a C? function
is symmetric by the infinite dimensional version of the classical Theorem of
Schwarz; see e.g. [AP93, Thm. 3.4]. O

B Lagrangian Hessian field B

In B.1 we calculate the Hessian of the regularized Lagrangian functional B =
K — U+ M defined by (2.7). The contributions from the magnetic functional M
play a crucial role in the main Section 4 of this article. In Section B.2 we show
that in the Kepler case (M = 0) the Lagrangian Hessian field almost extends.

B.1 Calculation of Hessian operators

Abbreviate X, := grad B(z.). To get rid of the fractions in formula (2.8) for
grad B we proceed as follows. Since ||z¢||* # 0 and since by the product rule

||Z| |0X - dig’() (HZEHZLX !0”26” )X07
\‘,_/
B*¢ 4||z[17{=.£) grad B(2)

the Hessian operator B* is equal to the difference

B¢ = to | (lel*X.) — 558 grad B(z), X. = gradB(=),  (B.42)

[E HZ\

where summand two is a sum of seven terms ml + - - 4+ m7, namely

- ||< ”2 (gradB‘ )

2.8 z (2,€)
O g6, s 160500+ s
—_— ——— —— ——

ll=]

=:mq (Tll +mi = 0) =ima2 (+T21) =:ms3 (add to Tgl)

1
e /O Jo V2ol do - {au (o)

=:m7 (add to Try)

+

S7Z;>0 d8+4<2,§>|zr|2at2(‘r)‘z7— (B43)

ll=[1*

=:ms5 (add to T56)

2,8z, 1 .
78<|\z£|\>4 f <atz 0')|Z<7’ <7> do + |\<z|\2> z(r)|z7 ]OZ‘II"

=:mg (add to ng) =:my4 (add to T41)

So the task at hand is to calculate summand one in (B.42), namely

d

ze ||t X, R, 4
L lXe — ] (|t grad K, — [ erad U+ ||z grad M- )
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To this end we differentiate and get the following sum of seven terms T1-T7

e o (1= [1X2)

ll=]

(2.8) ) .
2 e (4||z€||4||z;||2zs —dllz 02 — 2 — [lze]l* (ot .. |-.) ozt

Za+2z€||zg||/ Q1. (o)) s 200 do

‘26| ||25H2atzi

_ 22:5/ fos ‘Z€7a'|2 do - <dtzg(8)|za,s72;,s>0 dS) .
0

B.1.1 Terms T1-T7

Remark B.1 (Notation T, C, F). In the following we encounter many sum-
mands, general notation Tj;, occasionally Trs, also Cyo, Cy3, and Fyy. The tilde
indicates that some correction term m,. will eventually be added. So we can de-
note the sum T, +m,. by T;s. The naming of the Fy4 and the two C' summands
refers to the A = F' 4+ C decomposition (3.14), while all the many T;;’s will be
compact perturbations of a Fredholm operator F. For the C' summands one
must establish the scale Lipschitz estimate (3.17). So one wishes to minimize
the number of C' summands. A summand enforces to be a C' summand when-
ever the base point z is required to be in level two (i.e. z € uy in the Lagrangian
or z € Uy in the Hamiltonian case § 4, respectively).

Term T1. (Kinetic energy) Differentiate ||z.|* as (||z]|?)? to get

4|z 4 zé 22
L] Aeel et Pee — L (16]12)2)127)12, €2 + 812l (<, €)= + 4]l ]14]12']1%€)
= 16‘#@]{' (2,62 +8(/, &2+ |||%€.
—/_/ VZ_ W_z
The (bmi=Tp8) 12 Tist

Term T2. (Kinetic energy) Differentiate ||z.|% as (||zc]|?)? to get

4|z |82 24||z||*(z,6) 2" +4]|2| ¢ " 2
- E|0 IBIE = - =) H>ZH4 =] - 724<Z,€>Z 74HZH
6515 (+m2=C%,¢) £
Term T3. (Potential) — HZlH‘* die‘o 22, = — ‘ 3‘{4 = ~321 (+mg =T§).

Remark B.2 (Magnetic T4-T7). Consider the function and its differential

btz|z :=rot atz‘z = (31a2 — Bgal)tz|z

B.44
dby. |.€ = (0116*€" + 0910°E* — B12a €' — Dapa &)y, ( )

in order to economize the computation of term T4. In the following we enumer-
ate each summand appearing in terms T4-T7 in an obvious way and baptize it

35



C;j or F;; depending on to which side in the decomposition F'*+C* in (3.14) we
put it. The underbracing of summands indicates to which of the four summands
in (B.43) it will be added to obtain the magnetic Hessian operator M?#.

In the following formulas the term (dt.€) is given by (C.55).

Term T4. — Hzll\“ dis’(J ||ZaH4thE |2 Joze =

A el oot by |, (dEo€) Joz' —(dbe. |.€) joz' —4by. |2 jo
—_—

=]
T7E (+ma=TFE) Cizt Ciat €

Term T5. ” |0|z€| l|2e]a._ |- =
2errdo g | _2zl(zg lz|? day_[-€
e anl: BE Lay,|. - H Tz G- (di=8) — (da2 W
5t Ti€ (+ms=T58) T3¢ The

1,.
Term T6. Lo L] 2z)2c|? [H(ar. (o)s..,r 2L 0 )0 do =

2 (o) |20 2 )0 do TEe
+ 258 [Har (o=, 2 )0 do TEE (+mg = T5)
+ 1% [ e (o), (AE)g, 2000 do : TgE
+ Hiﬁ/ <<dat (0):j§:> ’> do :T§é

’ 7 0
+ Hiﬁf: <dtz(a)‘zaa Yo do . ¢.

1 rs 2
Term T7. _H21H4 dis|02zf fO fO ‘ZS,U| d0< to.(8)12e,59 €S>O ds =

20 Zs)0 ds L THE (+mr = T4)

2ol do - (au. o)

S<Zm o) do - <atz(5)|zs’zg>0 ds VN

zs (dtzg)sa Z;>0 ds : T7Z$€

1
s 2 .
zﬁ/ Jo 1201 do - (@ ()

ol
4/ Jo |2/ do - t2 (=59 yzn ) ds i THE
aF| i e, 0
ZW/O fos |750|2 do - {ay_(s)|z., $L)o ds

This finishes Remark B.2.
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Lemma B.3. The Hessian operators of B =K + M —U are given by

B¢ = (T1+T2+ T3+ T4+ T5+T6+T7) - 4&8 grad B,
K*€ = (T1+T2) — 424

:777\:77:”
= 0_+8(, &)z +4|2/[1%6 —8(z,€)2" —4]z||*¢"
\T/ —_—— ——  — — ———
1 T12 Tis  Toy=To1+mo =T52

MFE=T4+T5+T6+T7+ my+ ms+ mg +my
—UE =T3+m3=THE+m3
at z € L*3 and where grad B|, is given by (2.8).
Proof. Hessian (B.42), calculations thereafter, and gradient formula (2.8). O

B.2 Kepler case
B.2.1 Analytic setup

The Kepler case refers to M = 0. We restrict ourselves to the case of periodic
loops. The case of twisted periodic loops works analogously.

Definition B.4 (analytic setup in Lagrangian Section B). In the Lagrangian
setup target space is the configuration space instead of the phase space, therefore
the target space C? has to be replaced by C. On the other hand, the Lagrangian
case requires an additional derivative. Hence the Hilbert space triple in the
Lagrangian case is defined by

(ho, b1, h2) = (L3(S',C), W22(S, C), w*2(S!, ©)) (B.45)
and open subsets are defined by
u={z€h | 2£0AVr €S 2(7) € 3}, ug :=uy N ha.
We denote spaces by lower case letters for distinction from Section 4 (uppercase).

Remark B.5 (twisted loops). In the case of twisted loops z(7 + 1) = —z(7)
V7 € S! the Hilbert space triple has to be adjusted as follows

by : = L*([0,1],C)
by = {z e W"*([0,1],C) | 2(1) = —2(0)}
by :={z € W>*([0,1],C) | 2(1) = —2(0) A #'(1) = —2'(0)}

Apart from this, the case of twisted loops proceeds completely analogous as the
case of periodic loops.
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Remark B.6 (open problem). Since in the Lagrangian case the construction of
the Hilbert space triple involves more derivatives, almost extendability is more
involved. This is already seen in the Kepler case where in the Hamiltonian setup
the Hessian is extendable whereas in the Lagrangian setup the Hessian is only
almost extendable as we show in this section.

Almost extendability in the general Lagrangian setup (with magnetic term)
is probably still true, but we did not check it due to the huge number of sum-
mands appearing.

On periodic loop space £} 3, defined in (2.3), the regularized Lagrangian

action functional B is given by formula (2.7). The functional B continuously
extends to the Sobolev W?22-completion u; by the same formula.
Let z € u;. As dB|,- = (grad B|,,-): h1 — R characterizes the L2?-gradient, the
Hessian bi-linear form is characterized by d?B|.(-,-) = (dgrad B|,,-). In words,
the derivative of the L2-gradient is the linear operator B* := dgrad B|,: h; — bo
representing the Hessian bi-linear form with respect to the L2-inner product.
This is formalized in Appendix A. See Theorem A.1 for the next definition.

Definition B.7. The Hessian operator of B at z € u; is the linearization®
B? :=dgradB|,: b1 — by (B.46)
of the L%-gradient (2.8) of the function B = K — U + M in (2.7). By linearity
B*=K*-U*+ M~
where the sum consists of the Hessian operators of K, U, and M; cf. (2.7).

From now on we consider the Kepler case (M = 0), in particular M = 0.

B.2.2 Weak Hessian field almost extends

Theorem B.8 (Kepler case almost extends). Let By = K —U: uy 3 z — B~
be defined by (B.46) with M = 0. Then the following holds.

(i) Bo defines a weak Hessian field along the set uy.
(ii) The weak Hessian field By almost extends in the sense of Definition 3.3.

We prove the theorem in the form of two separate results. Part (i) is
Lemma B.9 below, part (ii) is Theorem B.10.

Lemma B.9. The non-magnetic Hessian operators B§: b1 — bho given by
B¢ = —All2|%¢" — 4", 20 — 82", &)z —8(2, )"~ 2 + S (BAT)

one for each z € uy, determine a weak Hessian field By on u;.

5 Given z € u; and £ € b, pick a smooth path of loops € — 2z € u; with zo = z and

% ‘0 ze = &, then the linearization is of the form dgrad B|.¢ = %‘ o grad B(z¢).
e=
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Proof. The formula for B§ is due to Lemma B.3 where, in addition, we applied
to T12 and T3 integration by parts (boundary terms vanishes by periodicity).
By Theorem C.1 in the form W22 x L? — L2 and W*2 x W22 — W22 the
map z — B is element of the spaces C°(u1, £(h1,b0)) and C°(uz, L(ha, h1)).
We verify the (Symmetry) axiom (3.13): Pick &, 7 € by, then

(Big,m) = (—4l|z|€" — 4(=", 2)¢ = 8(=", €)= — 8(2,6)2" — &
= —4||2l*{€,n") — 4(2", 2)(&,m) — 8(=",&){z,m) — < " >

2(6 n 4 8(2“62“(627?7)

Concerning equality two, to summand one we applied twice integration by parts.
Inequality three holds by symmetry of inner products and by interchanging the
two summands with factor 8.

It remains to check the (Fredholm) axiom. The following operator as a map

—0;0,: W22 L% w2 w22 Vz e

is positive semi-definite, symmetric, and ker 0,0, = C are the constant maps
only (by periodicity affine maps are excluded). By symmetry, kernel and coker-
nel coincide, so —0, 9, is Fredholm of index zero. The factor 4| z||? is non-zero
since z € uy is not the zero map, hence the leading term —4/|z||?0,0, in the
formula for B is Fredholm of index zero as well.

In the formula for B remain five summands. We separate —8(z, £)z! for later
recycling in Theorem B.10 Step (F). The sum of the other four, denoted by

T%: € [T s — A2, ) — 8(2,€) 2y — Hr 2 8<z’5>27] . (B48)

z[1* =17 =11

is bounded as a map hy — hg and even as a map bh; — by if z € uy. Indeed

ELGE

>Z// 2¢” |2 4 3z8)z

ll=[1* 1I=11?

T2 < 8“2“%,2 ( +1+ 4” [
IT20)"lls = | ~4(=", 20" — 8(=" ¢

<8l2l32 (3 +1+ g + 1) €z

wo)

So, by compactness of the embeddings h; — hg and hs — b1, both operators
T%, as h1 — ho and as hy — b1, are compact. But Fredholm property and index
are stable under compact perturbation. So both operators

F7: & —4|2|)2¢" + T%¢: by — bo, bha — by, Vz e (B.49)

are Fredholm of index zero where T is defined by (B.48). It remains to exhibit
the yet missing summand as a compact perturbation of F'#. Indeed we estimate

18(2,£)2" |2 < 8llzll2ll€ll2l12"ll2 - < 8lIz113 2lI€]I2
1(8(2,£)2")"ll2 < 8llzll2lI€ll2llz"" |2 < 8|z[|3 2lI€]|2-
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This shows that & — 8(z,&)z" is bounded as a map hy — ho if z € u; and as a
map b1 < ho — b1 if z € us. Now the compactness and perturbation argument
previous to (B.49) proves the (Fredholm) axiom and Lemma B.9. O

Theorem B.10. The non-magnetic weak Hessian field B is almost extendable.
Moreover, the pair (F,C) defined for z € uy by
FZ¢: = —4)2||2¢" — 4(2", 2)¢ — 8(2’”,5)27% +
ng = 78<Zﬁ€>7"n

I=1° (B.50)
is a decomposition (3.14).

Proof of Theorem B.10. The proof has four steps 1, 2, (C), and (F).
Step 1. By (C.52) the map u — C“ is element of the spaces C°(uy, L(b.,ho))
and C°(uz, L£(h1,h1)) where b, = W2"2(S*, R?) for some r € (1,1).

Proof. Given z € uy, the estimate
IC%¢ll2 = 1I8(z, £)2" |2 < 8l1zllzlI&ll2ll="]l2 < 81213 2[1€]l2

shows that C is continuous as a map from uy even to L(hg, ho), so to L(h,, ho)
whenever r € [0, 1) due to the embedding b, < ho. Given z € uy, then

1(CZ)"ll2 = 11842, €)= |2 < 8l|2ll2lI&l2ll2""]l2 < 8]12]Z 2lI¢]l2

shows that C' is continuous as a map from us even to £(hg, h1), hence to L(h1, h1)
due to the embedding h; — hg. O

Step 2. We need to show that the map F': z — F?* is element of the space
C%(u1, L(b1,bo) N L(h2,b1)); see (3.15).

Proof. We focus on C°(uy, £L(ha,h1)). Given z € uy, then the estimate

[
oo
-~
N
o
~
RS

I(F=€)"l2 = ||~ dllzlge™ — 42", 2)¢" - 8(:", €)= — FE e + 28k

<8llel3a (3+ 5+ 1+ g + ) el

and an analogous estimate for the simpler case || F'*£]|2 show that F' is continuous
as a map from uy to L£(ha,bh1) and also to L(h1, ho). O

Step (C). The map z — C* satisfies the scale Lipschitz estimate (3.17).

Proof. Fix aloop z € u; = W22(St,3) ¢ W22(S!,C) = ;. By continuity of 2
its image is compact. So there exists a bounded open neighborhood il of im z
in 3. Let kg be a bound of 4{. An open neighborhood of z in u; is defined by

v, = W2A(SH W) > WS 3) =y > 2.
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The L* norm of the elements of v, is bounded by kg. Let £ € h; and v, w € v,.
In the following we use the norm || f||3 + || f”'||3 which is equivalent to the W22
norm || f]|3 + ||f/I3 + || f”||3- Adding twice zero we estimate

gl(C” = C¥)Ell3 2 = [[(v, E)v" — (w, Ew" |13 + [[{v, v — (w, E)w™ |3

< 2| (v=w, )" I3 + 2[[{w, &) (v — w")|13
+2| (v =w, v || + 2| (w, &) (" — w3

< 2(v = w, ) |v"[|3 + 2(w, §)* 0" — w"|I3
+2(v —w, &)[v"[I + 2(w, &) [0 — w™|I3

< 2ljv — w33 ]v]l3 2 + 2llwlZ €l — wlF .

< 2o —wlg, [€]5, 0], + 2lwll3 €[5, v — wl,

< 2 —wlg, [€]5, 0[5, + 2k51€LG, v — w3,

To get inequality three we apply Cauchy-Schwarz and in addition we incorporate

the first two summands of four into the estimate of the last two summands.
With k := 8v/2max{1, g} this implies that the operator norm is bounded by

1€ = C¥ ey < A(Io = wlyy + [olgalv = wly, ).
Interchanging the roles of v and w we get
1€ = € legray < A(Io = wlys + [l o = wly, ).
The above two estimates imply the scale Lipschitz estimate
||Cv o CwHﬁ(hl) < K<|U - wlbz + min{'“‘hz? |w|b2} ’ |U - w‘fh) (B51)
which is precisely (3.17) in axiom (C). This proves Step (C). O

Step (F). Vz € uy: F§ := F*|p,: ha — b1 is Fredholm of index zero.
The proof of Step (F) was given in (B.49). This proves Theorem B.10. O

C Estimates for Hessian operator summands

In Appendix C we analyze the summands of the Hessian operator B? in
Lemma B.3. As a preparation we collect in C.1 a number of estimates.

In the following we suppose that z and £ are smooth, so the calculations and
estimates are justified and we can extract in each case the information in which
Sobolev spaces z and € must at least be. By (-, -) we denote the L?-inner product,
by |||, the L? =: H, norm, and by [|||x,2 the Sobolev W*? =: Hj norm. We
set z, := z(7). For Banach spaces X and Y let £(X,Y), and C(X,Y’) be the
space of bounded, respectively compact, linear operators.
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C.1 Utilities

Factor jo. Since jo is rotation by 7 it is an isometry, so it disappears in norms.

C.1.1 Fractional Sobolev spaces

Theorem C.1 (Multiplication map, [BH21, Thm. 7.4]). Assume p1, p2,p > 0
are real and satisfy py > p and pa > p and p1 + pa > % + p. Then the following
is true. Ifv e WPr2(St) and w € Wrz2(Sh), then vw € WP 2(S') and pointwise
multiplication of functions is a continuous bi-linear map

WPr2(Sh) x We2(Sh) — wo(sh).

Most important for us is the theorem in the form

r>4i
Wr2x 22302 W2 x w2 o w2, (C.52)

The Sobolev inequality 2 on S' asserts,® respectively implies, that

2
Izll2 < llzlloe < Nl2lln2, 112l < 121112 < ll2l2,2-

All norms are on the domain S', unless indicated differently. In fact, not only
H, embedds into C°, but even the larger spaces H,. whenever r is strictly larger
then the borderline value % This improvement is crucial for us, see e.g. term
(43 further below.

Proposition C.2. For any o € (0,1) the inclusion map Hi ,,(R) C C%(R)
into the space of a-Hélder continuous maps is continuous. Here

ue C™(R) < u bounded and 3C: |u(z +y) — u(x)| < Cly|* Vr,y.

Proof. See e.g. [Tay96, Ch.4 Prop. 1.5]. O

By Proposition C.2, given r € (%, 1), there exists a constant ¢, such that
o < IFlgor—s2 < call-l, 0, on S, Waiting ||-loc = [-lco and 7 = £ +a,
then for r € (1,1] it holds that

r2 < 2 (C.53)

[-ll2 <l < call-flr2s Il

C.1.2 Factor t,

Recall from (2.6) the Barutello-Ortega-Verzini reparametrization

T12(s)|? ds 2(1))?
t.(7) = f°|||(z||)2 t (1) = | |(Z”)2| . t,eCl (C.54)

6 for a proof with constant 1 see e.g. [FW25, §A.6 Sobolev embedding]
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which takes a loop z to a map t, := t(z): S* — S, 7+ t,(7). There are two
obvious identities

|2(7)|?
ddr (1) = 2
Il (C.55)
T 2(z,8)
@9 = 12 | v - 25 [ e
We estimate
54) || 122 Izllsollzllz _ llzll1,2
[CA PR S < 2
: =112 112113 2|2
and
2 2
[t )loo = = sup |t.(7)| (20 |Z(T)2| < Il 12 ”12~
rest rest 2113 H2||2 12113

By (C.55) we have and by the triangle and Cauchy-Schwarz inequalities we get
[[(@t[=)ll2 < [[(dt[-8) |

T T
2 2
= sup ﬁ/ (20, &) do — I\tl’\?/ |25|” do
Test 2 Jo 2 Jo
< 2 5w (5,5 |+ 222 sup [¢z,2)
I1=115 rest 0,7 [ ‘ rest 0,7 (C56)
< 2 sop (=lzs  ellzs, ) + sl supll=I;
=13 50 3-NSNES )+ Taig SED Nl
< WH§||2 + 7 1€]l2
< i €l
Differentiate (C.55) to get equality one here
2(z, 2
11612 = || 12 4200 — 252 12|
2]|#]l o
< 123 162 €0l + b2 2 2 )o 2
2
< 2 l2llooligllz + Hhealele 2]l 121,
2|z, 2H H
< (ke + ) lel
= der2 el
and to get equality one here
! — o« 2 2(z,&
H(dt|Z§) Hoc = EESE =12 <Z'ra§7-> R | T|
< 2 lello €l + 25 s

2|| 3
HJHQ I€l,2 + “ngng

< d'e2g] 2.

| /\
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By definition (2.6) of ¢, and adding zero we estimate

_ ST vs|? ds [T ws|? ds ST ws)? ds fT|w 1% ds
[to(7) = (T = | i T g Tol3
T 2
< Hvlll% / |vs|” — (v, we)o + (ve, we)o — |ws|” ds
0
T2 | ) o) ol
3 —(vw) v)— 2
+/0 ol ds| T
, (C.58)
= HU1||§ /O <'US7’U5 - ws>0 + <'Us - w57ws>0 ds

(v, v—w)+{(v—w,w)
lvll3 11wl

+

.
/ lws|* ds
0

HUH2|\v—1u\|2+\|2v—w||2Hw||2 _ 2”,0 _ ’LU||2 HUH2+H21UH2
ol llvll3

\o}

<

In step 3 , on summand one, we take the absolute value inside the integral, then
enlarge fOT to fol, then we apply Cauchy-Schwarz. On summand two we enlarge
[7 to [ in which case |[wl[|3 cancels

0 0 2 :
We need in (4.40) the following estimate. Differentiate (C.55) to get step 1.
Step 2 is by the triangle inequality and produces a sum of two absolute values.

In summand one add zero and in summand two add two times zero, then apply
the triangle inequality to get step 3 where in addition we insert three zeroes

% (dtvg)/ - (dtwf)H

|
1

Hvl\2 {vr,&r)o — f\z’n&‘* Jorl” szllz (wr,&r)o + <11UJH§) Jr| ‘
2 1 1
< W@n&%_ w2 (wr, &) ‘+’ |UT|
3 2 /
l[wll3 = (w,0) + (w,0) = [lol] 1
< [P = o, €0l + 1 (vr — wr)ol i
v, |2
+ v —w, O g
l[wlld—llwlZ 1wl 3+ [lw| 2 v]i2 2 C.59
‘ EHEE [, &)l (C.59)
+ I‘(|w| |- |2 —(wyr,v:)0 + (wr, 07 )0 — |we] ‘
4
+ -
S HU — w|\2—”ﬁ}l||2‘z“|l:ﬂlz‘2 : ‘"U'r| : ‘£T| + |U'r - w‘r| : ﬁ

+ o — wlla]l€]l2 e

[EIE;

2
+ llo = wlla (follz + lewll2) (1013 + wl3) for* oz €]
+ {8 fo, — e (Jor| + )

pointwise for 7 € St. In step 4 we used the Cauchy-Schwarz inequality for the
Euclidean inner product (-, -)o on R? and for the L?(S', R?) inner product (-, ).
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Take the supremum over 7 and simplify with [|-||2 < ||-]|cc We get the estimate

3l1(dtu8)” = (dtwg) o

<o = wllooll€]loo-

v W|| oo 2 V|| oo Voo Wl oo .
((H Hoo-z{-\l ”2 ) + lel\g + I |||2 +(||U|‘oo+||w||oo) + Lol IIZ)—\‘IE I ) (C.60)

lollzlwllz llv

< Ol wlolloo O 1= (607 + 55 4 205 1 )

Hf—H‘ |z H‘ [EE

where the last inequality uses hypothesis (4.28) met in the applications in §4.2.2,
namely [[vlz, [lw]lz > 3[l2]l2 and [[v]loc, [lw]le < p.

We need in (4.41) an estimate for the following L* norm. Step 2 is by (C.55)

%Hdtvﬁ — dtwloo
z sup |(dty€)r — (dtwé)-]

TE
- vt /oT (“hig - et — otk ool + ffh Huol?) do
%/01 <I}ﬁ1;éslclcr§>0 B wm@ \<|U” |Ua| \<|w\|4 |we| ‘da (C.61)
Slf?éol Urifgle — il — b o+ i} e

Z 1)/(dt,8) — (dtut)
< O o — wl] oo €] oo

Step 3 takes the absolute value inside the integral, but then fOT |- < fol || and the
supremum over 7 becomes void. Step 4 estimates the integral by the supremum
over the integrand times the length of the integration interval [0,1]. Step 5 is
by equality 1 in (C.59). Step 6 is (C.60).

C.1.3 Factor a

Recall Remark 2.4 (iii) that @ = (a',a?): S' x 3 — R? is the vector potential
of the twisted-periodic 1-form ). Restricted to the compact set S! x im z, see
factor b, the following are finite constants (which depend on ||z||s < [|2]1,2)

agl = ||a|Sl><imZHOO d§1 = Ha|81><imzHOO
dozs = |[dalstsim || _ 82 = ||alsrim e (C.62)
d201§1 = ||d2a|slximz||oo dagl = ||da|51><imz||oo
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C.1.4 Factor b =rota

Remark C.3 (Estimates for b = rot a). Recall that b defined in (B.44) abbre-
viates the rotational. We further abbreviate

ﬁgzl = Hb‘SlximzHoov 6§1 = Hb|Sl><imzHOO7 d/8821 = Hdb|Sl><imzHOO7

. . C.63
45 = |blstsmell s B8 = [ bl .. (€09
These values are finite: Firstly b is a smooth map b: S! x 3 — R. Secondly, since
z is in Uy (could be even Uy), it is in particular a continuous map S' — 3 and
therefore its image as a subset im (z) C 3 is compact. Therefore the sup norm
of the restriction of b to S' x im (2) is finite, similarly for derivatives of b. Hence
the S-constants, analogously the S-constants above, depend on ||z]/e0 < ||2]1,2-
With the chain rule we differentiate to obtain the estimate

I(dbi. 1) |2 = lldby. |- £, + d®bi.] 2|12
< dBa Itz + d*Ba |zl 2
< (48 s + 283 ) lizlhe = (d8)5™.

and the estimate
t.1z) [loo = .tzzz t. 122 |loco
[[(dbe.[2)"]] by |-, + d?by. |2
< dBa It lloo + d* B3 )12 || oo

. 2
< dps TR + 285 222 = (4B)2.

This concludes Remark C.3.

C.2 Lagrangian scale (ho, by, h2) = (L%, W22, W42)

For the notation b and uy see Definition B.4.

C.2.1 Kinetic terms T1 and T2
Term T1 — T11 =0= (Tll + ml), T12, T13

Tiy1. This term is zero.
Tyo. We set T%€ := 8(2', &)z, and estimate

1Tz < 8|2 (211 2]l 2ll2 < 8llzll2ll2ll1.2/I€]1 2
1(T=€) 12 = 18(2", )2l < 8II2" 211" 212" [|281 2117 21I€]]1.2
1(TZE)" |2 = 1182, €")2"l2 < 8[| [l21€" I2112" |2 < 812113 5 ]I€]

This shows that

1,2-

[Z — TZ] S C’O(ul C Ul,ﬁ(f)l — VVLZ7 ’)0)) n C’O(ul,ﬁ(hg — b1 — W1’2, f)l))
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Hence on both levels T' = Tj5 takes values in the compact linear operators
T12 S Co(ulvc(hla bo)) N Co(u17c(h27 hl))
Ti3. We set T7¢ := 4|2'||3¢, and estimate

IT*¢ll2 = 411213 1€]l2 < 412]17 2lI€ ]2
IT2€) 12 = 4ll2I311€" |2 < 4ll2]17 2lI€ 1.2
1(T€)"l2 = 412" [121€"1l2 < 41213 2I€]l2.2-

!/

This shows that
[z~ T%] € C%(wy © Uy, L(h1 = bo,bo)) N COuy < Uy, L(h2 = by, br)).
Hence on both levels T' = Ti3 takes values in the compact linear operators

T € C°(u1,C(h1,bo)) N C°(u1,C(ba, b1)).

Term T2 — C21 = (TQl + mQ), F22
C1. We set C%¢€ := —8(z,&)z! and estimate

IC*€ll2 < 8llzll2ll2"]l211€]l2 < 8|2 €1l
CZE) N2 < 8llzll2ll2"121I€ ]2 < 8llzll2llzlls.211€]]2
(C%8)"l2 < 8|lzl2ll=""[l2lI€]l2 < 8ll2ll2ll2[l4.2[I& ]l2-

|2[|2]|2,2

z <z

2

This shows that, given any r € (%, 1), we have

[z C*] € COuy, L(h, — o, b0)) N C°(uz, L(H1 = ho, b1)).
Hence on both levels C' = C5 takes values in the compact linear operators
021 S Co(ulac(h’l'a ho)) N Co(u27c(hl))'

Remark C.4. Since on level two Cy; does not extend to u; this operator nec-
essarily goes into the C-part of the decomposition (B.50). This is in general
very undesirable since for the C-part one must show the scale Lipschitz esti-
mate (3.17). For Cy1, due to its extremely simple formula, this estimate is still
relatively short, see Step (C) in the proof of Theorem B.10.

The following operator Fy extends on level two to up, it goes in the F-part
of the decomposition (B.50). In fact, it is Fredholm of index zero. The previous
operators T and Ti3, as well as T3; below, are compact perturbations of Fbs.

We set F7€ := —4||z]|?¢” and estimate

122 < 4ll23]1<"]l2 < 412113
I(F=)' 2 < 4lllI3l1E™ ll2 < 4ll=l311€]l5.2
(F2€)"ll2 < 4ll21311€"" Il < 4ll=13
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This shows that
[z = F*] € C%uy © wy, L(h1,0)) N CO(uy  ug, L(h2, b1)).

Hence on both levels z — F* = F, takes values in the bounded linear operators
and on level two it extends to u;

Fip € C°(uy, £(01,b0)) N COuy, L(h,b1)).

C.2.2 Potential term T3

Ts1 = Ts1 + ms. We set T3¢ := — ”25”’3 + 8<|le>§* and estimate
7%l < 2% el
176 lle < 2 (1+4%22) lelh2 (C.64)

2,2-

1T2€)" 12 < 2 (1+ 41522 e
This shows that
[z T7] € C%®up < uy, L(hy = bo, o)) N C%(ur, L(H2 < b1, b1)).
Hence on both levels T' = T3 takes values in the compact linear operators

T € C°(u1,C(h1,ho)) N C%(u1,C(h2,b1)).

C.3 Hamiltonian scale (hg, hy, hy) = (L2, W12, W232)

In this section we analyze the potential contribution z — U? and, as described
in Remark B.2 and most importantly, the magnetic contribution z — M? to
the Hessian field z — B?; see Lemma B.3.

For the notation hy D wuy see Definition 4.2.

C.3.1 Potential term T3

Ts1 = T31 + ms. We set T3¢ : 2, | 8(zb)zr

IREE [EH

The first two estimates in (C.64) show that
[z T7] € C%uy C ur, L(hy = ho, ho)) N CO(uy, L(hy = hy, hy)).
Hence on both levels T' = T3 takes values in the compact linear operators

T3, € C’O(ul,C(hl, ho)) N C’O(ul,C(hg, hl))

C.3.2 Magnetic terms T4-T7

Concerning notation hy D uy see Definition 4.2.

To carry out the following 17 + | estimates we use the utility estimates
prepared in § C.1, in particular for the vector potential a, the function b = rot a,
and the Barutello-Ortega-Verzini reparametrization ¢..
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Term T4 — Ty = 0 = Tuy + 4, Cas, Cas,

Ty1 + my. This term is zero.
Cyz. We define C*¢ := btz(T)|ZT (dt.€)r joz. and estimate

1CZE]l2 < [1blst xim =llsoldtE] ol 2']l2 < B2 L2 e,

lIz]l2
1(CZE) N2 < (be.12) 2 Mldt-Elloo 12" oo + [1bls2 xim = oo [ (d226)[I2[]2" | oo
+ ||b|Sl><imz||oo||dtz§HOOHZ”||2

< ((a8)5™* 1 + B 42 + B 1 ) 2l €]z
This shows that, given any r € (%, 1), we have
[z C%] € C%uy, L(h, ~ hg,ho)) N C°(uz, L(hy ~ ho, hy)).
Hence on both levels C' = Cyo takes values in the compact linear operators

Cyz € C°(uy,C(hy, ho)) N C°(uz,C(hy))

C C%uy,C(hy, ho)) N COus, C(ha, hy)). (C.65)

Remark C.5. Since on level two Cyo does not extend to u; this operator nec-
essarily goes into the C-part of the decomposition (3.14). This is in general
very undesirable, since for the C-part one must show the scale Lipschitz esti-
mate (3.17). For Cyo this cumbersome task is carried out in Proposition 4.13
and for the following operator Cy3 in Proposition 4.12.

As a rule of thumb, all operators which extend on level two to u; should be
put into the F-part of the decomposition (3.14). One of them should be Fred-
holm of index zero and others compact perturbations. In the case at hand fy4
below contributes to the Fredholm operator in Lemma 4.9. Luckily all the many
summands in T5 T6 T7 further below play the role of compact perturbations.
So these do not require any further work to prove almost extendable.

Cas. We define C*¢ := (dby_(1)|-, &) jozr, pick 7 € (3,1), and estimate

z ’ (C.53) 2
[CZEll2 < |ldbe. [ Moo llEllc 2l < dB&[2]l1,2]I€] 2
1(CZE) N1z < N1(dbs. |2) l2lI€ Mool loo + [1dbe. |- lloo 1€ 12112 loo
+ ”dbtz|ZHOOHf||OO||Z//||2

< ((dB)s™* +2dBa) || 2]2.211€]|1,2-

This shows that, given any r € (%, 1), we have

043 S C’O(ul,ﬁ(h,., ho)) N CO<U2,£(h1))

C CO(Ul;C(hl,ho))QCO(U%C“LQ’}“)). (066)
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Set Ff, = f£,0; and f§€ := —4bs_|, jo&. With the estimates for
t. in § C.1.2 and the S-constants in (C.63) we get the estimates

[fia€ll2 < [[4be, |- jo€ll2 < 465 (1€ ]2
1(£53€) 12 < 401 (be. |2) ll211€ Nl 0o + 41D, |=]loc [1€”]]2

<4 (bl Eello + b=l + B3 ) e (com)
<4 (g3 2 + gz 2l + B2

=N=l1,2

This shows the following estimate

I fiaélln2 < fEalle + 1(FEE) 12 < 2921, 1€llL2

C.68
(2> £3,] € COun, £(hn), (0.68)

while the continuity assertion follows by writing out the formula for fZ,” together
with smoothness of b, |, and t,(7) in both variables. Since Ff, = f{0; =
—4b;_|, joO- the estimates above immediately tell that

IFLE N2 = 111548 ll2 < 485 11€]11.2
I(F28) N2 = 1(£28") 2 < Yz

This shows that on both levels z — F* = FJ, takes values in the bounded linear
operators and on level two it extends to u

Fyy € C’O(ul, £(h1, ho)) n CO(U1, £(h2, hl))

Term T5 — T51, Ts2 = Tsz + ms, Ts3, Tsa

Ts1. We define T?¢ := —W Q¢ (r)|-, and estimate

IT7¢)), < H2lalele a2 < 26z Z2ll¢]

[HH

z z E . 2(z,, ;_ .
1Tl = H e = + 25 du ol

T 2(];,‘%)0 Gy (ry|z t2(T) + Q(Tlfz’“f”“ day_(ryz, 2,

IN

2 (68 el + 6812l lE

- ll=11%, .
+ 6 2l oollEllo S + dd 12l € cll ')

2)

| /\

T (2%1 +aq e Hﬁ; +ddg |
This shows that

[Z — Tz] € C’O(ul,ﬁ(/zl — ho,ho)) N Co(u1,£(/12 — hl,hl)).
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Hence on both levels T' = T5; takes values in the compact linear operators and
on level two it extends to u;

T51 c CO(Ul,C(hl, ho)) n C’O(ul,C(hg, hl))
Ts2 + ms. We define T := % ¢, (r)|-, and estimate
2

z 2|1zl so 1213 1€l
I7¢]l, < Ael=lzll

||(TZ§)/||2 = H4<ZT|7‘Z”>4< 24) a’ (7')|:/:.r

IN

g < 20‘81 Tz |12||£||2

+ 2l Gy Lt () + 2200 day )., 2 2

i lzlloo ll2 ll2l2ll2[I€]l2 z zlleo Izl HZH liglz 12117 2
<4 + 20
- | 12113 |

=112 2 12113

< Hzlll 2 (4 Sl + 2@81 HH HH + 2dasl H

= =03

2) gz

This shows that on both levels T = Tso takes values in the compact linear
operators and on level two it extends to u;

Tso € CO(’U,l,C(hl, ho)) n C’O(ul,C(hg, hl))

T53. We define T7¢ := — =] Gy, (r)|=, (dt.€); and estimate

IIZH2

HZHooHQZIb e, |2 | ool|dt-€ oo < 4aS1

=112

7€
I(T=¢)'l2 = || 26

| /\

Aoz g,
i o, (4:6), + iy . m\zT L(7) (dt-),

‘Hzf\llz dat (T)|Zr T (dtzﬁ) |||ZT|||2 C"tz('r |z7— (dtzf):—

w22 AElls gz, U213 zlha 4l
< 26z, L2ll= 112 iz, Ll U,
uz||2 E N E R E AR E P

+ déig b “”o; 12| 2elz 4 gz, LS pllzh e (1+

ll=12 =13 = 113

< const(]|z]]1,2) [I€]|2-

2 Jigle

This shows that on both levels T = Ts3 takes values in the compact linear
operators and on level two it extends to uq

Tss € CO(’Uq,C(hh h())) n CO(’LLhC(hQ, hl))

o1



z. dl z T
Ts4. We define T7¢ := — &2y ( C,ng(f)| -

=113 datz(r)|szr> and estimate

T# < HZH; d-z < d-z HZHf2
176 < s da el < dag Lz e

[EH

2(zr,2 dat (T)|ZT§T
i 2 ks

I Ak dat () |zT L(T)ér T)|ZTZ7—§T +dat () szf/
=15 t ) |zT Z(T)fT—i—d a 7_)|ZTz,rf.r +dat ) |ZT§/

< const(|2].2)

I(T=€) 1|2 =

This shows that on both levels T" = T54 takes values in the compact linear
operators and on level two it extends to u;

Ts4 € OO(Ul,C(hl, ho)) n CO(Ul,C(hQ, hl))
Term T6 — Ty, Tez = Te2 + me, Tos, Tea, Tos

Te1. We define T%¢ := WI1< t.(0)]z0» Z5)0 do and estimate

» 1
”T 5”2 < EE Sug <at (U)|zav J> do"

IN

2 .

H"jf'g ngg (||atz|z||y 11122 )

< 23, 17152 el
€

I(T=)[l2 < N H" sup
est

2 7

Hat.(o))zas 2ibo do| + Hle [[Kar. =, 2ol

< 2a81 IE \1 5 H§||1 2+ 204S1 ”zz ”5”1 2-
(C.69)

This shows that on both levels T' = Tg; takes values in the compact linear
operators and on level two it extends to ug

Ts1 € CO(’U,l,C(hh h())) n C’O(ul,C(hg, hl))

Te2. We define T7¢ := —4TZ<|T;5>fl<at (0) |2 25 )0 do and estimate

IT=¢ll2 < 46z Iz lell (seo 7ar)
z z 1. -
(776l < I sup | [, o) |e0s 2p)o do| - (see T

+ Azl llz2]1€]l2

|7 {@r.r) e 2000 |,

[EIE

[ER
< 8id 1€ -
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This shows that on both levels T = Tgo takes values in the compact linear
operators and on level two it extends to uq

Tsz € C°(u1,C(h1,ho)) N C°(uy,C(hy, hy)).

Te3. We define T%¢ := 2;*2f (G, (0)]z, (dt2€)s, 25)0 do and estimate
2

||z/||L%711]) (see To1)

IT=¢ll> < 2Lk (\%Huw ldt-€llzz
<2 g el 1z
gsg iz el
1T=€) 2 < A (ae. alloge, Ndt8lze 120z, ) (see [77¢)2)
+ Hj =l (e, @QT,YW (see Ton)
Lo Lo L

ll=113
< 16¢ él [z |732H5||2-

This shows that on both levels T' = Ty3 takes values in the compact linear
operators and on level two it extends to ug

T63 S CO(Ul,C(hl, ho)) n CO(’LLl,C(hQ, hl))

Te4. Define TZ¢ := HQZ”T fT ((da}_(y)]2,&0,da7 ,|:,€0), 25)0 do and estimate

Y (day )z
7l < el sup | [ ( (@ e ) o) do
Test |Jr dai(g)|za§o— 0
da} |.€
= 12— su << N I
M=l 220 1\ \da? |.¢ 2
day_|-€
2 Lz
= lzll2 (da5|g 12"l
SF HM Hdalsmmzu [SBELE

HZH2

! )20 8o
/7_ <<d&t (J zgé.zf) > dU
t, (-,—)‘zfgr
o e) <),

1
< 2vadad iz g, 4 212 ( } )‘

B
\—,_/
<V2dég, €]l

(see || T%¢]l2)

I(T=¢)'l2 < 2L sup
lI=15
TEST

2

B 11l

< 4v2dag Il
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This shows that on both levels T = Tgy4 takes values in the compact linear
operators and on level two it extends to uq

T64 c CO(Ul,C(hh ho)) n C’O(ul,C(hg, hl))

Tes. We define

1
Fzé' L= ||22’Z|r§ / <d,tz(0_)|zo7 >0 do (C?O)

and we estimate

[FZE]l2 < Qdél

I(F=€)" |2 =

I1€7]12 < 26

(see Ce1)

1 1
llzll2 =12

T Z‘/rfl dtz(o)|zu7 >O do — ZT<dtz(T)|z.ra >0H2 (C?].)

2
2
<4 g |2l ||§||1 9. (see Ce1)

As usual on level two z — T¢; extends to u; and induces a compact operator

cp. bd
ho < h1 — h.

On level one we only get boundedness h; — hg, to prove compactness is harder;
see Lemma 4.10.

Term T7 — Tyy = Tr1 + my, Tra, Trs, Tra, Trs

8(,6)2r ! 2
Tyy. For T#¢ .= ( <‘Tz'5”>gz H22§H§) Jo S5 20| do - (@, ()=, 24)0 ds we estimate

1
= 8 2 2 .
756l < (355 + 396 | [ g 2ol do -t ol o s
0 N et
=:f(s)<f(1)
10 . 10
- HL'ﬁQQ [(far.l|-,2")| < |‘|‘ﬁﬂ2||(atz| Mool £ ll2llZ'll2
~~
<f@)
10 .
< g FQ) L)l
~
=[zl13 =1
< 100'¢§1 ll=ll 22
(T%€)'||2 < 8dg ”” ””2 (HH il ) (cf. [IT*€]l2)

This shows that on both levels T' = T%; takes values in the compact linear
operators and on level two it extends to u;

T71 c CO(Ul,C(hh ho)) N C’O(ul,C(hg, hl))



Tro. For T#¢ .= szﬁ fol Jo (2o, &) do - {ay_(s) |2, 2b)0 ds we estimate

2z z 1 S .
I7%¢lls < YH Sy Jo (2o o) dor {a s

257Z;>0 dS ((f TTL)

—
=:9(s)
Sﬁumglximznw\|g||2||z’\|2 gz < llzlalig 2
aeg b2 el
7€)1 = /g [ oo o G210

0 2
<4z ”2”?2 f T
< 405 TR €]]2- (cf. [[T7€]l2)

This shows that on both levels T = T, takes values in the compact linear
operators and on level two it extends to ug

T:o € Co(ul,C(hl, ho)) n Co(ul,C(hg, hl))

D 2 1 ps 2 .
T73. For T f = 727’% fo f() IZU| do - <atz($)

2. (dt,€)s, 2L)0 ds we estimate

2 . -
1Tl < HEf £ 2 l@e ] loolldtotllo |l (sce 7o)

z 1 rs .
IT=) llo = ||/ 2 fo Jo 20| dor - (.,

.. |z]|2 e
e A

- (486)5, 20 )o ds|
2

This shows that on both levels T = T73 takes values in the compact linear
operators and on level two it extends to u;

T73 c CO(Ul,C(hl, ho)) N C’O(ul,C(hg, hl))

=& .,z ) ds we estimate
Zs Es ° 0

2 1 prs 2
Tr4. For T f::szﬁfo Jo 2ol d0~<<d L o

||TZ€||2 < Q\fd Qg ” ”2 ||f||
I@7e) |l << 2v2daz Pl el (et 7oc))

This shows that on both levels T = T74 takes values in the compact linear
operators and on level two it extends to u;

T74 S CO(Ul,C(hl, ho)) n CO(Ul,C(hQ, hl))
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T75. We define

1
T —zﬁ/o I3 V2ol do - o) ]2r €10 ds (C.72)

and estimate

IT%¢l2 < 268 5 1112 < 266 o [élhe (e 7o)

1
2 X
/0 fos |24 |" do - <atz(s)

<203 2 el (see 1)

(T2 2 < A llerll2

Vo ds (C.73)

As usual on level two z — T% extends to u; and induces a compact operator
cp. bd
h2 — hl — hl.

On level one we only get boundedness h; — hg, to prove compactness is harder;
see Lemma 4.10.
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