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Abstract

Abstract: This paper studies the following classical geometric problem: does there
exist a point inside the unit square whose distances to all four vertices are rational?
We first prove that if such a point exists, its coordinates must be rational. Through a
scaling transformation, the original problem is equivalently reduced to a Diophantine
problem involving an integer square with integer coordinates and integer distances.
Based on the parity alignment of common legs, we discuss three cases and derive
contradictions using the parameterization of primitive Pythagorean triples and parity
analysis. Combined with known results for boundary cases, we prove that no such
point exists inside the unit square.
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1 Introduction

In 1976, C.W. Dodge posed the following “square problem” in Mathematical Magazine [1]:
does there exist a point inside the unit square whose distances to all four vertices are rational?
Several special cases have been settled: no such point exists on the diagonals, the medians, or
the edges [2, 4, 5]. Berry [6] proved that no point on the circumcircle can have three rational
distances to the vertices. The problem is also listed in Guy’s Unsolved Problems in Number
Theory [7] and in Brass, Moser, and Pach’s Research Problems in Discrete Geometry [3].

Let P(x,y) be a point inside an integer square of side length z (after scaling), with
vertices A(0,0), B(0, z), C(z,2), D(z,0), satisfying ged(z,y, z) = 1. The distances from P
to the four sides are x, z—y, z—x, y, respectively (see Figure 1). Four integer right triangles
are formed:

2?+y? = PA*,  (z2—x)’+y* = PD?, 2*+(z—y)? = PB* (2—2)*+(z—y)* = PC* (1)



B(0, 2) F C(z,2)

A(0,0) H D(z,0)
Figure 1: Integer square ABCD of side length z with interior point P(z,y)

2 Preliminaries

2.1 Rationality of coordinates

Lemma 2.1. If a point inside the unit square has rational distances to all four vertices, then
its coordinates are rational.

Proof. From PA? = 2*+y? € Q and PB? = 2>+ (1 —y)? € Q, subtracting gives 1 — 2y € Q,
hence y € Q. Similarly z € Q. ]

By Lemma 2.1, any candidate point must have rational coordinates. Write = = p/q and
y = r/s in lowest terms, and let z = lem(q, s). Scaling by z yields an integer square with
integer distances. The problem becomes: does there exist an integer z > 0 and 0 < z,y < 2
such that P(z,y) has integer distances to all four vertices of the square? If a solution exists,
dividing by g = ged(x,y, z) yields a primitive solution with ged(x,y,z) = 1. Henceforth
we always assume this condition.

2.2 Primitive Pythagorean triples

Lemma 2.2 (Parameterization of primitive triples). Let positive integers a,b,c satisfy a® +
b* = % with ged(a,b,c) = 1. Then there exist coprime positive integers m > n of opposite
parity such that a = m* —n?, b =2mn, ¢ = m? + n? (or a,b interchanged).

Corollary 2.1. In an integer right triangle, the even leg is always a multiple of 4.

Proof. For non-primitive triples, the sides are k(m?—n?), k-2mn, k(m?+n?). Since 2mn =0
(mod 4), multiplying by k preserves this property. O

Corollary 2.2. An integer right triangle cannot have both legs odd.

Proof. 1f both legs were odd, the hypotenuse squared would be =1+ 1 = 2 (mod 4), but
squares are only =0 or 1 (mod 4). O



3 Contradiction for interior points

3.1 Three alignment cases

The four equations (1) correspond to four integer right triangles. The common leg y is
shared by APHA and APH D; the common leg x is shared by APEB and APEA. Each
Pythagorean triple has an odd leg a = m? — n? and an even leg b = 2mn (= 0 (mod 4)).
Let k; be positive integer scaling factors with ged(kq, ko) = 1.

Case A (even—even): y = ki - 2myn; = ko - 2mans.

Case B (even—odd): y = k; - 2myn; = ky(m3 — n3).

Case C (odd—odd): y = ki(m? — n?) = ky(m3 — n3).

3.2 Case B: even—odd alignment

Proposition 3.1. The even—odd alignment cannot occur.

Proof. Let y = k1by = koao with by even and as odd. Then y is even, so ky must be even and
k1 odd (since ged(ky, ko) = 1). Now x = kyay is odd, z —x = kobs is even, hence z is odd and
PF = z—yisodd. In APFB, both legs PF and x are odd, contradicting Corollary 2.2. [

3.3 Case A: even—even alignment

Theorem 3.1. The even—even alignment cannot occur.

Proof. Let y = kiby = koby where b; = 2m;n; are even legs. By Corollary 2.1, b; = 0 (mod 4),
soy =0 (mod 4).

Write y = 4Y with Y > 1 (the case Y = 0 corresponds to a point on the boundary,
already excluded). From APHA we have 2% + 16Y?% = PA?, so

(PA — 2)(PA+z) = 16Y2 (2)

Since = kya; with k1 odd and a; odd, z is odd. From (2), PA? = 22 + 16Y? is odd,
hence PA is odd. Write
PA — x = 2s, PA+ x =2t

then s,t are positive integers with st = 4Y2. Since v = t — s is odd, s and ¢ have opposite
parity.

As st = 4Y? = 0 (mod 4), the even factor must be a multiple of 4. Without loss of
generality let s be odd and ¢ = 4r, then

r=t—s=4dr—s, rs =Y? (3)

Applying the same reasoning to APHD: from (z — z)? + 16Y? = PD? both z — x and
PD are odd, so
z—x=4r" -4, r's =Y? (4)

where s’ is odd and r’ is a positive integer.



From (3) and (4):
4’/’—8:1‘:2—(2_1»):Z_(4T/_S/)7

hence 4(r +71') — (s + ') = z.

Let g = ged(r,r’), and write r = gm, r' = gn with ged(m,n) = 1. From rs = r's’ = Y?
we get ms = ns’. Since ged(m,n) =1, we have n | s and m | s'. Write s = nv and s’ = mv
for some positive integer v, so Y2 = gmnuv.

From 4r — s = 41" — §':

dgm —nv = 4gn —mv = 4g(m —n) = —v(m — n).

If m # n, then 49 = —v < 0, contradicting g,v > 0. Hence m = n = 1 (as ged(m,n) = 1),
givingr =r'=gand s = s = .

Substituting into (3) and (4) yields x = 49 — v = z — x, so z = 2x. Thus P lies on the
median z = z/2, contradicting Theorem 2 of Ji [4]. O

3.4 Case C: odd—odd alignment

Theorem 3.2. The odd—odd alignment cannot occur.

Proof. Let y = kia; = keag with y odd, so kq, ke are odd. Then x = k1b; is even, z —x = kobs
is even, so z is even and PF = z — y is odd.

In the horizontal direction, x is the common leg of APEB and APEA. We have EB =
PF odd, FA =y odd, and x even. Thus x forms an even—even alignment across these two
triangles. By Theorem 3.1, the even—even alignment is impossible, so the odd—odd alignment
is also impossible. O

Theorem 3.3. There ezist no integers z > 0 and 0 < x,y < z such that P(z,y) has integer
distances to all four vertices of the square.

Proof. By Proposition 3.1, Theorem 3.1, and Theorem 3.2, all three alignment cases are
impossible. Il

4 Boundary cases and conclusion

Boundary cases have been excluded by prior work: on edges [2], on diagonals [3], on medi-
ans [4], and on the circumcircle [6].

Combining Lemma 2.1 and Theorem 3.3:

There does not exist a point inside (or on the boundary of) the unit square
whose distances to all four vertices are rational.
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