A Proof of Three Integral Representation of Riemann ¢-function

Using Divergent Series without using partial integration
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Abstract: In this paper,we proved that for classic integral representation
of Riemann §—functi0n E(s) = 14 Sl 100 (@) (2527 4 20902 N dy =
—4' (1) + [T (2)(1—s)x 8/2+sx(1 )2 dy = 2f1 (z) + 2" (2)) (/% +
r(1=9)/2)dg | the common lower limitation 1 of the three divergent series e-
quals each other (including St for the first and (—4)¢’(1) for the second).This
provides a new approach to prove the three integral representation without

using partial integration.
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1. Introduction

We start from the equality of Titchmarsh [10.1.1] and dividing the nominator —1 to (5) x 8
for the right side to obtain

26(s) 1 P /2—1 (1—s)/2—1
— n-mx S S d
(s — 1) 3(3—1)+/1 ;e (x +x )dx

1 00
=8 S 2
— 8 E —nrx(,.s/2—1 (1-s)/2—1 d
3(1—S)+/1 nZIe (@ I Jdz

Now differentiation of
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n=1 n=1
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easily gives

1 = 2 1
< = Z e " (—ntr + Z_L) (3)
n=1
Using the Taylor series-expansion e = "> (k?fl# to obtain
1 K : ()™ (—nT 4 1)
T 22 o (4)
n=1 m=0

0000(2

—1 2T = (—n27) (—nPr
5t I (t)— 1()! ) (6)

—1 e (—nzﬂ)mi i —n2g\m
?—i_(_l);z_o m! :;Zzl((m—l))! (7)

Multiplying both the nominator and the denominator by m because of m # 0 (the basic
property of two equal terms) for the right side to obtain

-1 e (P X e (—n?m)m
— -1 A A
8 i ( ) n=1 m=0 m' ; mzzl m' <8)

Transforming m > 1 to m > 0 because of m = 0 ensures the nominator is zero for the right

side to obtain

Ly Err sy G 9)

1 = (—nPm)™(m+ §)
= -2 | (10)
Using Equation (10) to replace %1 of Equation (1) to obtain

26(s) _ — o (-7 w)m(m—ki) 8 * - o2 (15/2=1 | (1-8)/2-1) 1.,
3(3—1)—22 5(1_8)+/1 ; ( + )dz (11)
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Using the Taylor series-expansion ef* = NN (k:;# to obtain

26(s) _ i — (=n’m)™(m + zll) 8 i > i i (—n?m)™ (xs/2—1+m X m(l—s)/2—1+m)dx

m! s(1—s) 1 m!

(12)

Zht1

#—+(—1)57 and making

Using the power functional integral formula [~ 2%dz = lim,_, o
a reduction to obtain

2¢(s) L e (—nEm)m s/ gl
—1) 1

(13)

Taking the common denominator for the right side to obtain

25(5,) ‘ > > (_n2ﬂ.)m xs/?—i—m 2(1=8)/2+m
———+(-1) 1
5(5—1)+( )x—lgloo;n;) m! (g—i-m 54+ m (14)
_ 0o 00 (_n27r)m(m+;1l) 8 n (_1> 8 )
! (s +2m)(1 — s+ 2m)

Taking the common denominator for the right side to obtain

oo 0

26() | (g g SO0 R

m! S+mo SE4m

p(1=5)/2+m

)
(15)

2 = (=)™ (m + %) 32(m? + %m)
=2

m! s(1—s)(s+2m)(1l —s+2m)

S o e Do+ Y) (16)
(_16>ZZ(—n7r) m(m+ 7)(m+ 3

m!  (s+2m)(l — s+ 2m)

v

Transforming m > 0 to m > 1 because of the nominator is zero when m = 0 for the right

side
S(S— 1) © > —Tl27'(')m xs/Q—l—m x(l—s)/2+m

- (
|
xﬁlrfoozz m! (§+m+ %—I—m)

(—16)22 (=n?m)™ m(m+ 3)(m+ 3)

m! (s+2m)(1 — s+ 2m)

(17)
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Dividing by m for both the nominator and the denominator because of m # 0 (basic property

of two equal terms) and splitting the index for the right side to obtain

s(s—1) QN (ot a2t gz
§(s) +(=1)— wirfwz;z:o o §+m+ %ij)
0o oo n=Lm= (18>
(_n27T)mfl(_n27r) (m + l)(m + l)
:<_16) Z Z — | 4 — 2
Sz =Dt (s2m)-s+2m)
Taking m — 1 =t for the right side to obtain
f( ) + ( 1)8(8 — 1) i i i (—nQﬂ-)m(xs/Zer N x(lfs)/2+m)
—l)———— lm

—(—16) ii (=n’m)™* (E+ D+ P(E+1) +5)
B th (s+2(t+1)(1—s+2(m+1))
Dividing ((t+ 1)+ 1) into t and 2 and using m to replace t for convenience for the right side
to obtain
s/2+m x(lfs)/2+m

o)+ () Sy " n

—+m 524+ m

=(-16)Y Y (Com)™ (m - 3)m (20)

m! (s+2m+2)(1 —s+2m+2)

)

n=1 m=0
2 \m+l m + 2)3
HECDMIE e
e it m! (s+2m+2)(1 —s+2m+2)
Making a reduction to obtain
-1 1
ct)+ (- i 375 L S T

m! (s+2m+2)(1 —s+2m+2)

—-163 % (—n?m)m (m+{)m

m! (s+2m+2)(1 —s+2m+2)




Transforming m > 0 to m > 1 because of the nominator is zero when m = 0 for the right

side
s(s—1) . s=x= (—nPm)m p/Fm p(lme)/24m
-1 |
&)+ (=) 2 x—lgloo;n;) m! (§+m+ $+m)

+ (—1)(—16) Z Z (—7’L ﬂ—)er (m + 4_1)5 (22)

m! (s+2m+2)(1 —s+2m+2)

130> Sl

m! (s+2m+2)(1 —s+2m+2)

Dividing both the nominator and the denominator by m because of m # 0 (basic property

of two equal terms) and splitting the index for the right side to obtain

s(s—1) X &, (—n2r)m gs/2m g(1=s)/24m
)05 m > ) G =)
(o) ) (_n2,ﬂ_)m+1 (m_'_ %)%
—-1)(—16 5
e );;o ml (s+2m+2)(1-s+2m+2) (23)
( 16) 0o 00 (—nQ’]T)m_l(—nzﬂ')z m + %
- n=1m=1 (m —1)! (s+2m+2)(1 —s+2m+2)
Taking m — 1 =t for the right side to obtain
s(s—1) . 0o oo (_n2ﬂ_)m p8/2m L (1-8)/24m
£(s) + (=1) wgglm;;) G =)

2
+ (—1)(—16) Z Z (_n W)m+ (m + 4_1)5 (24)

m! (s+2m+2)(1 —s+2m+2)

—(-16Y % —”;!T)H t+1)+7

(s+2(t+1)+2)(1—s+2(t+1)+2)

—1 1
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< & D
—1)(—16

+ (=1 )nzz:unz::o m! (s+2m+2)(1 —s+2m+2) (25)

2 o (—n2r)mt2 m+ 2
=(—16 -
( );WLZ:O m! (s+2m+4)(1 —s+2m+4)



Making a reduction and taking the common factor ("+) for the right side to obtain

§@H4)klg&;;% f2+21j3
~16) g mi;(] N W. = [(s +2m +(273L(_1|——Z)3§+ 2m + 2) (26)
+(-n'm N eTamt 47;;&1+—93 o d)
Observing that it is the result of combining two denominators that
£(s) + (-2 gmoofjgj (_ﬁf)mgfz n x(_imm>

o= (—n?m)mtt 3 1 1
—(— 27
(=2 ZZ ml 2 +m+1+$+m+1) 27
1 1

+
S4+m+2 E4m+2

n=1 m=0

+ (—n’m) (5

)]

Observing that the right side is the result of the power functional integral formula floo oFdr =

limg, o ::11 + (— 1),€Jr1 that

S _ 1 s/2+m $(1_S)/2+m

f o0 i 5252 CEIN L ST

n=1 m=0

>3
- / (/@) + 2" () (@ 4 0=
1
—n2 ﬂ. m+1 3 z.s/2+m+1 x(l—s)/2+m+1
(—=2) lim ZZ =[5 + ]
x%Jroon el m! 2§+m+1 T—i—m—i—l
5/24m+2 .\ (=) /2+m+2
S+m+2 Eim42
where (z) = 37°0, e
Edwards [1.8.2] is equivalent to £(s) = 2 [7(2¢/(z) 4+ 2¢"(2)) (22 + 2179/2)dz and it

(28)

+ (—n?m)]

provides a vanishing between the left and the rlght side that
(S . 1) 0o 0o (—Tl27T)m 15/2+m x(l—s)/2+m

s
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2 xi?oozz m! (§+m+ $+m)

. O (—pr)mHl 3 gs/2rmAl p(1-s)/24me
=2 1 99
Jm > B ] (20

$S/2+m+2 x(l—s)/2+m+2
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+
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Rewriting both the left and the right side to the integrand from 0 to +oc because any index

of a power function is zero after substituting x = 0 (lim,_,q+ ™" = 0) that

s/2 1 (1 s)/271>dl,

(30)

—2/0 (5@/)( z) + 2y (2)) (22 + 2172)dx

Titchmarsh [10.1.3] is equivalent to £(s) = 2]0 ) + 2" (2)) (2% + 20792 dr =
2 [y () + 2y (2)) (2 + 2179 /z)d:t and combmmg the two integrands provides £(s) =
fo (y,b’(x) + x@b"(z))(xS/Q + x(lfs)/Q)dx that

2(s) = L~ 2)(@¥2 4 202 N dg (31)

Using Edwards [1.8.1] £(s) = @W*SQF@K(S) and dividing the right side to two parts
that

o —s/2F / w s/2 1 (1 s)/2_1>dl’
-+ / D) (22 4 20792 g (32)

/ w s/2 1 (1 s)/271)dx

Edwards [1.7.3] is 7=*/2T(£)((s) = - + [ (2)(z*/>7' 4+ 2(=9/27)dz provides a van-
2 s(s—1) 1
ishing between the left and the right side that

T (2)((s) = " / (@)@ 4 202 gy (33)

2

where it converges only when Re(s) < 0 and Re(s) > 1



1 Divergent series proof of another integration

Combining Equation (27) with Equation (28) to obtain

—n2 7T m+1 3 x8/2+m+1 x(l—s)/2+m+1
5 —2) lim +
§(s) + z—>+oo;; m) 254 m+1 %+m+1]
s/2+m+2 (1-s)/2+m+2
x x
S
1 = (—n2m)mt 3 1 1
-9 2
;; TR ey R Erp——— |
1 1
+ (—n’m +
( )[§+m+2 $+m+2”
where ih(z) = 3100 e~
Using Equation (26) (Taking the common denominator) to obtain
—n?2 7.[. m+1 3 :L.s/2+m+1 x(lfs)/2+m+1
(—2) 1
§(s) + xigloo;;% m! 2§+m+1+$+m+1]
Is/2+m+2 x(l—s)/2+m+2
+(—n +
( )[§+m+2 b+m+2” (35)
m+1 m + 2)3
D I I (Er
it (s+2m+2)(1 —s+2m+2)
m+ 9
+ (—n’m) ( )

4 (s+2m—|—4)(1—s—|—2m+4)]

Making a reduction to obtain

—n? 7T m+1 3 ps/2+m+l p(1=8)/2+m+1
s)+ (—2) lim +
§(s) + Hm;; m 22 m+1 %+m+1]
8/2+m+2 p(1—8)/2+m+2

+ (—n’m +
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o oo 36
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Taking m =t — 1 to obtain

o0 —n2 7'(' m+1 3 xs/2+m+1 x(lfs)/2+m+1

—9) 1
§(s) + xiﬁloozz m! [2[§+m+1+$+m+1]

n=1 m=0
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+ (—n'm)[ /)

_I_
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16 12
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n=1m=0

((t = 1) + (=n’n)
~16) ZZ | s+2(t—1)+4)(1—5+2(t—1)—|—4)

n=1 t=1

Multiplying both the nominator and the denominator by t because ¢ # 0 (basic property of
two equal terms) and putting the index together for the right side to obtain

—n2 7'(' m+1 3 l.s/2+m+1 x(lfs)/2+m+1

(=2) 1
§s) + xilfoozz ml [2[§+m+1+$+m+1]

n=1 m=0
xs/2+m+2 $(1_8)/2+m+2

2
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38
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+ ;rnz:() (s+2m+2)(1 —s+2m+2)
oYy e e
e ! (s+2t+2)(1 —s+2t+2)

Replacing t with m for convenience and expansing m(m + 2) for the right side to obtain

2 | x© > m+l 3 ps/2+m+l 2 (1=s)/2+m+1
— 1m +
§(s) + ’H“’O;mZ:o ! [2[§+m+1 $+m+1]
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+ (=75 + 1= I
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(nﬁ)

Making a reduction and taking the common factor " to obtain

—n2 7'(' m+1 3 xs/2+m+1 x(lfs)/2+m+1

(—2) 1
§s) + xilfoo;% ml [2[§+m+1+$+m+1]
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+
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)t m2+3m+ (m+2)3
1933 e

(s+2m+2)(1 —s+2m+2)

n=1 m=0
Expansing m? + 2m + (m + 2)3 to obtain

m+1 3 gps/24m+l p(1=8)/2+m+1

(—=2) 1
§ls) + xirfoozz ! [2[§+m+1+$+m+1]

n=1 m=0
l,s/2+m+2 ‘,L‘(lfs)/2+m+2

)
* nﬂ)[§+m+2+5+m+2“
1)§:§: m)mH 47)’L2—|—117n+E
n=1 m=0 ( +m+1)( +m+1)

Observing that it is equivalent to

—n2 7T m+1 3 xs/2+m+l I(lfs)/2+m+l

—-2) 1
{ls) + xiﬁloo;n;) ml [2[§+m+1+—155+m+1]
s/24+m+2 (1—s)/24+m+2
X Xz
+ (—n” +
( nﬂ)[§+ +2 —1*S+m+2“

m+1

Yy

n=1 m=0

s(g+m+1)+(1—s)($+m+1)+4(§+m+1)(%+m+1)

E+m+1)(5E+m+1)
2 2

Observing that the right side is the result after taking the common denominator that

—n?2 7T m+1 3 :L.s/2+m+1 m(l—s)/2+m+1
(—=2) 1
§(s) + xffoozz m! [2[§+m+1+$+m+1]

n=1 m=0
xs/2+m+2 x(l—s)/2+m+2

2
* nﬂ)[§+ +2+ﬁ+m+2”
m)mtl 1—s5 s
D D e
=1 m—0 §+m+ T+m+1
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Using the Taylor series-expansion e = S >°_ (k:;# to the right side to obtain

m=0

—n2 7T m+1 3 ps/24m+l p(1=8)/2+m+1

(—=2) 1
§(s) + xfiloo;w;) m! [2[§+m+1+%+m+1]
L L @/ p(1=8)/2+m+2
+ (- + 44
( nﬂ)[§+m+2 §+m+2ﬂ (44)

_(_4 Z m+1( 1—s i S )
a S+m+1 E4mtl

n=1 m=0

where h(z) = 3200 e~
Observing that the right side is the result of the power functional integral formula

e} . I.kJrl
f1 oFdr = lim,_, | o T (— )k+1 that

' 0o 0 (_n2ﬂ_)m+1 3 xs/2+m+1 :c(l_s)/2+m+1
-2) 1 =
)+ (=2) lm 30> Gl )

/22 (1—s)/2+m+2

i
+
f+m+2 LE4m42

oo

=(—4)0' (1) + [ (@) (1~ s)a*? + 527 da

+ (—n?m)]

]
(45)

0o (_n2ﬂ.)m+1 (1 —S)$S/2+m+1 Sx(l—s)/2+m+1

_|_
z—+00 m! S+m+1 $+m+1)

Edwards [1.8.1-1.8.2] (the proving process of Equation (1.8.2]) is equivalent to £(s) =
(=D)v'(1) + [7¢'(@)((1 — s)2¥/? + s2179/?)dz and it provides a vanishing between the
left and the right side that

m+1 3 ms/2+m+1 (1-s)/24+m+1

s
(=2) xETooZZ ! [2[§+m+1+$+m+1]

n=1 m=0
x8/2+m+2 x(l—s)/2+m+2

+ (—n?7)]

T 46
s+m+2 E4m+ 2“ (46)
m+1 (1 _ S).Z'S/2+m+1 8w(1—5)/2+m+1

=(-1) 1
xiglmzz ( f+m+1 +%—irm—irl)

n=1m=0

Rewriting both the left and the right side to the integrand from 0 to +00 because any index

of a power function is zero after substituting x = 0 (lim,_o+ 2°°™* = 0) and multiplying
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both the left and the right side by (—1) to obtain
Sw + 2" (2)) (2% + 2179/ dx
2
/ Y'(2)((1 = 8)a*? + 52179/ da

Titchmarsh [10.1.3] is equivalent to £(s) = 2f0 ) + 2" (2)) (2% + 20792 dr =
2[Ry (x) + 2y (z)) (2% + 209/ 2)d:17 and comblnlng the two integrands provides

= [ v = et s (48)

(47)

Dividing the right side to two parts that

26 (s) =(—4)¢(1) + / T @) (1= 8)2? + 52092y
(49)
+49¢'(1 / ' (2)((1 = s)2*? 4 s21 7)) da

Edwards [1.8.1-1.8.2] (the proving process of Equation (1.8.2]) is equivalent to £(s) =
(=D)Y'(1) + [7¢'(2)((1 — s)2¥/? + s21=9/?)dz and it provides a vanishing between the
left and the right side that

£(s) =4¢9'(1 / V'(x 2*? 4 sx1 =9/ dy (50)

where it converges only when Re(s) < 0 and Re(s) >

2 Summary

We proved that for £(s) = l—i—s(s_l) [0 (@) (22 (=02 Ny = — 49 (1)+ [ () ((1—
$)2*/? 4 521792 dy = 2 [ (3¢ (z) + ap” (x)) (x¥/* + 2179/2)dz these three divergent series

1

equals each other (consider 5 and (—4)¢ (1) but don’t consider  — +00) when substituting

the lower limitation 1.
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