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Abstract

In the first part, we introduce several notions of graph dimensions. These concepts
are inspired by the classical idea of a ‘dimension’ which was introduced around 60
years ago. We provide simple examples to illustrate them.

In the second part, we define new types of graph colorings, derived from the Chro-
matic Number and the Chromatic Index. We apply coloring to both the vertices
and the the edges.

Finally, we generalize the concept of the ‘Chromatic Number of the Plane’.
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1 Introduction

We assume that the reader is familiar with graphs. They should be acquainted with the concept
of the ‘dimension’ of a Graph; otherwise, refer to [1].

Furthermore, the reader should understand the terms Chromatic Index and Chromatic Num-
ber. If not, see the chapter Colorings of a Graph.

Two edges are said to be neighboring if and only if they are distinct and share a common
vertex.

An edge e and a vertex @ are incident if and only if @ is one of the two endpoints of e.

Two distinct vertices ¥ and W are adjacent if and only if they are endpoints of the same edge.

A graph G is said to be connected if and only if, for every pair of vertices ¥ and % in G,
there exists a sequence of edges S1, S S3, ... Sk_1, Sk such that:
Each consecutive pair S; and S;41 (for 1 < ¢ < k — 1) shares a common vertex, i.e., they are
neighboring, and both pairs # and S; and ¢ and Sy are incident.

In the paper [2], the mathematicians Erdés, Harary, and Tutte introduced in 1965 a con-
stant called ‘dimension’ for every graph.
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We believe that it is useful to repeat this definition.

First, we define a display of a graph G as an isomorphic graph H in R" for some n, such
that H has only a finite number of intersection points.

The dimension of a graph GG, abbreviated as dim, is the smallest number k such that G can be
represented by an isomorphic graph H C RK where all the edges of H are straight lines of equal
length. See [1].

The concept of Fuclidean dimension, abbreviated as Edim, is closely related to dim. In an iso-
morphic graph H, adjacent vertices have equal Euclidean distances, while non adjacent vertices
have different distances. See also [1].

2 Dimensions and Distances

Let ¢ and j be natural numbers or zero, and let G be an arbitrary graph.

We define the (i,7) dimension of G as the smallest natural number n such that there ex-
ists a display of an isomorphic graph H, in which there are at least i pairs of adjacent vertices
with equal distances and at least j pairs of non adjacent vertices with equal distances. (These
two distances may differ from each other.)

If no such H exits, we write (¢, j) dimension (G) = oc.

Now, we assume that G is a connected graph. The following definitions are applicable to
both abstract and concrete graphs, where a concrete graph is a graph H such that H is a
subset of R™ for any n.

From the vertices, the edges, or both, we construct metric spaces.

For different vertices p’ and ¢ of G we define dyertices(D,q) = dvertices, edges(D>s @) = K, if
S1U Sy US3U...USkg_1 U Sk is away from p to ¢, where S; is an edge for 1 <i < K, and
there is no shorter way. (K = 1 is possible.) It follows that p'and S; and also ¢ and Sk are
incident pairs.

For different edges e and f of G we define degges(e, f) := dyertices, edges(e, f) = L — 1, if
S1 U Sy US3U...USp_1 USL connect e and f, where S; is an edge for 1 < ¢ < L, and
S1 =eand Sy = f, and there is no shorter way. (L = 1 is not possible.)

For every edge g, we define dedges (gag) = dvertices, edges (ga g) = 0.

For a vertex & and an edge e of G we define dyertices, edges(Z,€) := M, if S U So U S3 U ... U
Sy—1 U Sy connect £ and e , where S7 is confined by & and another vertex, i.e. & and Sy are
incident, Sy = e, and S; is an edge for 1 < ¢ < M, and there is no shorter way from Z to e.
(M =1 is possible.)

Remark 2.1. It holds that dyertices(P, @) = 1 if and only if p and ¢ are adjacent. It holds that
dedges(e, f) = 1 if and only if e and f are neighboring. It holds that dyertices, edges(Z,€) = 1 if
and only if Z and e are incident.

— —

To complete the metrics we define that dyertices, edges(Vs ¥) and dyertices(U, V) are 0, where ' is a
vertex. Note that the triangle equalities are fulfilled.



In addition, we determine that dyertices, dedgess and dyertices, edges are symmetric.

We get three metric spaces (The vertices of G, dyertices), (The edges of G, degges), and (G,

dvertices, edges) .

Remark 2.2. We have dyertices = duertices, edges|vertices and dedges = dyertices, edges|edges.

We call ‘dyertices, edges’ the Graph distance.

Proposal

In the usual triangle inequality in the definition of metric spaces we can replace the ‘<’ sign by
the ‘<’ sign in the case of three pairwise different elements.

We mean that in a metric space (5, dg) for all pairwise different elements z,y,z € S it holds

ds(ﬂ?7 y) < dS(xv Z) + dS(ya Z)'
An edge-vertex is defined as a vertex that is part of an edge, i.e. it is incident to this edge.
We introduce three additional types of ‘dimensions’ for finite connected graphs:

The metric dimension, abbreviated as mdim, is defined as the minimum cardinality of a resolv-
ing set R. This is a set of vertices with the following property: For any two distinct vertices @
and b of G there exits a vertex 7 € R such that the Graph distance between a@ and 7 is different
to the Graph distance between b and 7.

The edge metric dimension (edim) is defined similarly, but we now consider Graph distances
between vertices and edges. The constant edim(G) is the minimum cardinality of a resolving
set R, which is again a set of vertices. For every pair of distinct edges (e, f), there exits a vertex
7 € R such that the Graph distance between e and 7 differs from the Graph distance between
f and 7. See [3].

The edge edge metric dimension (e - e dim) is defined by considering Graph distances between
edges only. It is the minimum cardinality of a resolving set E, where E is a set of edges. For
every pair of distinct edges in G there exits an edge e € E such that e distinguishes the pair by
having different Graph distances to each.

In all cases where no resolving set exits, we denote the corresponding dimension by the symbol
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We now introduce additional types of ‘dimensions’. They are applicable to to finite graphs
with at least one edge (except the first one, where no edge is necessary).

The vertex number dimension (vert numb dim) is defined as the number of vertices of a graph.
The edge-vertexr number dimension (edge-vert numb dim) is defined as the number of edge-
vertices of the graph.

The edge number dimension (edge numb dim) is defined as the number of edges in the graph.

Note that in a connected graph, the vertex number dimension is equal to the edge-vertex
number dimension.

For more information about graphs, see, for instance, [1] or [4].

See Figure 1 and Figure 2. Vertices are represented by the symbol ‘x’.



The graph I has 5 vertices and 6 edges.

It holds that vertex number dimension(Il) = edge — vertex number dimension(l) = 5, edge
number dimension(I) = 6, dim(I) = Edim(I) = 3, and further mdim(I) = edim(I) = 3,
e—edim(l)=2.

The graph J has 3 vertices and 3 edges.

It holds that dim(J) = Edim(J) = mdim(J) = edim(J) = 2, edge number dimension(J) =
vertex number dimension(J) = edge — vertex number dimension(J) = 3, and last not least
e—edim(J)=2.

Hints:
For Edim(I) = 3 use a rhombus that is not a square. For dim(J) = Edim(J) = 2 use an
equilateral triangle.

Figure 1:
The graph I is a square.

It consists of 5 vertices and 6 edges.

Figure 2:
The graph J consists

of 3 vertices and 3 edges.

It is an isosceles triangle. s

The vertical s is not a part of J. It is a symmetry line.

3 Colorings of a Graph

In the second part, the reader should be familiar with the terms ‘Chromatic Number’ and
‘Chromatic Index’ of a graph. For clarity, we repeat their definitions.

The Chromatic Index of a graph is the minimum number of colors needed to color the inte-
rior of all edges such that neighboring edges have different colors.

The Chromatic Number is the minimum number of colors needed to color all the vertices such
that adjacent vertices have different colors.

We define the Thuerey Index as the minimum number of colors needed to color both the vertices
and the interior of the edges such that adjacent vertices, neighboring edges, and a vertex and
the interior of its incident edge receive different colors.

If no natural numbers satisfies these conditions, we denote the Chromatic Index or the Chro-
matic Number or the Thuerey Index, respectively, by co.



The Chromatic Index of I is 3, its Chromatic Number is 2, and the Thuerey Index of I is 4.
The Chromatic Index and the Chromatic Number and the Thuerey Index of J are 3.

Let T be any subset of the natural numbers, i.e. T'C N:={1,2,3,...}.

Let &, ¢ be vertices of a graph G. We say that & is near by ¢ with respect to T if and
only if dyertices(Z, ¥) is in T

Let e and f be edges of G. We say that e is near f with respect to T if and only if degges(e, f)
isin T

Let & be a vertex of G and e an edge. We say that & is near e with respect to T if and
only if dyertices, edges(T,€) is in T'.

For every such T, we define coloring constants for all finite graphs (. Specifically, we ask
how many colors are needed as a minimum, to color the vertices, the edges, or both the vertices
and the edges of GG so that all pairs that are near with respect to 1" receive different colors. We
consider either pairs of vertices, or pairs of edges, or pairs consisting of an vertex and edge.

Remark 3.1. For T'= {1} this has already been defined.

Note that to color an edge’ means that we provide the interior of an edge with one color.
We may define three additional constants for finite graphs:

The Chromatic Index of the Edges is the minimum number of colors needed to color both the
vertices and the edges such that neighboring edges receive different colors.

The Chromatic Number of the Vertices is the minimum number of colors needed to color both
the vertices and the edges such that adjacent vertices receive different colors.

The Incident Chromatic Number is the minimum number of colors needed to color both the
vertices and the edges such that every vertex and an incident edge receive different colors.

Remark 3.2. Each of the six constants introduced above may be regarded as a type of
‘dimensions’.

In the following, we assume that we have as many colors as the sum of the number of vertices
and the number of edges. This ensures that all constants are from N.
The in the following defined six constants can also be interpreted as ‘dimensions’.

Let G be a nonempty finite graph with at least one edge.

We define the Vertex dimension (abbreviated vertdim) as the number of possible colorings
of the vertices of G.

We define the Edge dimension (edgedim) as the number of possible colorings of the edges of G.

We define the Graph dimension (graphdim) as the number of possible colorings of both the
vertices and the edges of G.



We define the Adjacent dimension (addim) as the number of possible colorings both of the ver-
tices and the edges such that adjacent vertices receive different colors.

We define the Neighboring dimension (neighdim) as the number of possible colorings of both
the vertices and the edges such that neighboring edges receive different colors.

We define the Incident dimension (indim) as the number of possible colorings of both the vertices
and the edges such that pairs of a vertex and its incident edge receive different colors.

4 Colorings of the Plane

Definition 4.1. Assume two metric spaces (X, dx) and (Y, dy), and a map f between them.
We call f a distance preserving function or Isometry if and only if for all elements a,b €
X it holds that dx(a,b) = dy(f(a),f(b)).

We refer to every finite metric space as a set of vertices.

Definition 4.2. Let (V,dy) be a set of vertices. Let X((V,dy)) denote the minimum number
of colors needed such that every element of f(V) receives a different color, where f : (V,dy) —
(R, ||) ranges over all distance preserving functions, and dy is a metric on V. If no such numbers
exists, or if no distance preserving function exits, we define X((V,dy)) = 0.

Remark 4.3. Note that if V has exactly two elements, this corresponds to the problem of the
‘Chromatic Number of the Plane’, i.e. X((V,dy)) = X.

We now define a subset of the natural numbers. Let n be a natural number.

Definition 4.4. We define N,, as the subset of the first n natural numbers, ie. N, :=
{1,2,3,...n—2,n—1,n}.

Remark 4.5. There is a canonical embedding N,, < R?, k ~ (k,0)

We now define a monotone increasing sequence of coloring constants.

Let Xn be the least natural number of colors needed to color the plane such that every el-
ement of f(N,,) receives a different color, where f : (R,|) — (R?||) ranges over all distance
preserving functions. If no such number exists, we write Xn = oo.

Remark 4.6. It holds X2 = X.

Remark 4.7. If we restrict V to finite subsets of R?, where R? is equipped with the standard
Eculidean metric ||, then the number X((V,dy)) still generalizes the number Xn. For instance,
V could be the set of vertices of a polygon. See [5] p.181 and p.183.

It is easy to generalize Definition 4.2 as follows.

Definition 4.8. Let (V,dy) be a set of vertices, and let k be a natural number. We define
X((V,dy), k) as the minimum number of colors needed such that the points of f(V) receive at
least k different colors, where f : (V,dy) — (R?, ||) ranges over all distance preserving functions,

and dy is a metric on V. If this is impossible, or if no distance preserving function exists, we
write X((V, dy), k) = 0.



If V= {(1,0),(2,0),(3,0)} € R? and dy = || and k = 3 it holds X((V,dy),k) = X3.

The concept can naturally be extended to higher dimensions.
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