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Abstract

This paper proposes a new number theory method (comb method) to prove the
unending existence of prime twins. The natural numbers set is viewed as a union of
two sets that don’t intersect —s elements sets and h elements set. These elements are
selected by a series of combs. By analyzing the distribution of these elements, we get
our result.
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1. Introduction

The twin prime conjecture is a famous unsolved problem in number theory.
This conjecture was formally proposed by Hilbert in the 8th problem of the 1900
International Congress of Mathematicians, and can be described as "the existence
of an infinite number of twin prime numbers". Twin prime numbers are a pair of
prime numbers that differ by 2. For example, 3and 5,5 and 7, 11 and 13,...,,
10016957 and 10016959 are all twin prime numbers. But to this day, no one has
provided a mathematical proof for the infinite existence of twin prime numbers.

This paper proposes a new number theory method (comb method)to prove
the unending existence of prime twins. The natural numbers set is viewed as a
union of two sets that don’t intersect -s elements sets and h elements set. These
elements are selected by a series of combs. By analyzing the distribution of these
elements, It was found that if twin prime numbers do not exist infinitely, the
distribution of these elements is extremely uneven, with differences of different
orders from the theoretical distribution pattern. This identified the focal point of
the contradiction, this paper focuses on resolving this contradiction.

This paper prove the proposition using methods A and B
A: Proof Method 1, (using advanced mathematics, concise)

B: Proof method 2, (using elementary mathematics to understand the
variation pattern of numbers in T)

Firstly, using A to prove the proposition concisely and clearly. Then use B
to transform the problem of double prime numbers into a distance problem, then
transform the distance into an area problem, and finally prove that if double
prime numbers exist in a finite number, they cannot form the area shape they
should theoretically form.



2. Preparatory work

2.1 Definition of s elements and h elements
Denote natural numbers set as N, odd numbers set as Q,
Vq € Q,3!n € N satisfies q =2n+ 1, thatis n= (g —1)/2.

Next, divide the set Q set into two parts:
1) The odd prime number set P,
P={p, =3, p,=5p3=7,p; =2s; + 1}, s; isprime number element.
2) The odd composite number set A,
A={a; =9,a,=15,a3=21,--a; =2h;+1=p;q---} , p; EP,q = 3.

DEF1. s elements and h elements

Set p; = 2s;+ 1, a; = 2h; + 1, then s; is called prime number element, h; is
called compound number element.
p; € P,a; € A. Obviously , PUA=N, PNA=0. #

DEF2. Representation of h elements

Vh € A,3ap € P,q € Q, make A = Pq that 2h+1 = (25 + 1)(2n + 1), [DEF1]
then h=2s+ 1)n+s,n> 1.
we represent h as following: h=pn+s ... (1 #

2.2 Comb Method

LEMMA 1.

VN, € N, Record the set of h elementsin 0~N, as h,, Yh, € A [DEF1]
“ he, = pin + s;, [DEF2]

=~ p; has the maximum value p,,, satisfying pm < /2N, + 1.
Proof
“he < N, ~2h,+1<2N,+1,

“2he +1=p;2n+1),p; <(2n+1), ~ p;<J2N.+1,andp,, < /2 No + 1.#

We denote Py, = {p1P2p3 **Pi = Pm}, P1 = 3,02 = 5,

Pm = max(Py,) < /2N, +1 ,

thenpin +s;,i =1,2,3--,n = 1,2,3--- can represent all the h elements no
larger than N,.

DEF3. s elements prime twins

If pi» p;+ 2 areboth prime numbers, they are called prime twins,



pi=2s;+1,p;+2=2(s;+1)+1, s;, s; +1 are both s elements, we define
them s twins. #

The unending existence proof of prime twins then can be translated into the
unending existence proof of s twins.
LEMMA 2.

Suppose that the twin prime is not infinite, if s;, S;+1 = Sz + 1 are the last s twins,

then for any N, > p3,,/2 satisfying max(py_) > Dz+1, (Pze1 = 2(sz + 1) + 1)

take out all the numbers within 0~N, satisfying pn +s;, pin + s; + 1,p; € py,,
n =0,1,2,3 ..., thereis no remainder.
Proof

If there are remaining elements in 0~N,, set to N,, then thereisn, +# p;n + s,
Nneg# pn+s;+1, “n,+ pn+s;,n,—1+ pn+s;, ~ ngn,—1 isstwins.
Which contradict with the assumption of the lemma 2. Hence there is no element left
within O0~N,. [LEMMAL]  #

DEF4. Comb Method

View prime number p; as a comb with two teeth s;,s; + 1, [Der3] whose length is p;. It
moves on the natural numbers axis starting from point 0 and with a length period of
p;. The natural numbers that the teeth passed through are combed out. The shape of
such combs can be shown as fig.1. #

OI Sil .Sll' +1 pll
figl. a comb with length p;
Thus, the conclusion of lemma2 can be described as: When using elements of set py,

as a series of combs to comb 0~N,, there is no element left within 0~N,. [lemma2]

3. Primary Lemmas and Conclusions
LEMMAS3. (Remainder Elements Lemma)

VN, € N, thereis Py, = { P1,P2,P3, - Pi - Pm} [lemmal]

Let T = pyp2P3 - Pi - Pm = [liz1 Pi, Within set { py,p2, P3, - Pi - Pm} @S a
series of combs to comb 0~T, then the number of remainder elements within 0~T
is ng
gr=(P1—2)(P2—2)(Ps = 2) . (Pm — 2) = [I2:(Pi —2) (2)

gt Is the total number of remaining elements and serves as the basis for future
discussions on the distribution of remaining elements



Proof

If n, are remainder elements, thus n, # s;mod p; and n, # (s; + 1)mod p;,
1 < i < m. Inductively, equation (2) is proved. (¥—no congruence) #

Inference 1:

Let T = pipyp3..-Di - Pm, comb 0~T with pq,0;,03, - Di - Pm
denote that the number of remainder elements within 0~T as gr, the average

distance of these remainder elements as d, then it follows that d < p,,.
Proof

According to the remainder element lemma
d =T/gr = P1P2P3 - Pm/ (01— 2)(P2 = 2)(P3 = 2) - (P — 2)

=[11%, i/ (i — 2).

Pis1 = 22P5 P =0t 2, Py —2=p;, ~d<pp #
d is the average distance of the distribution of remaining elements and is an
important parameter for future discussions on the distribution of remaining
elements

Important notes:

- average distance of these remainder elements as d< p,,, but there is no
element left within 0~N, = (p3, — 1)/2,

“ (P — 1/2>» py, > d.
in gr, the distribution of remaining elements in the T /p; cycle is basically uniform,
but (p2, — 1)/2 and d < p,, is an extremely uneven distribution.

= the contradiction between d < p,, and (p%, —1)/2 > p,, > d is the focus of
our problem-solving efforts.

This article analyzes the distribution of g in T to solve the contradiction,
»* there are phenomena of different orders in the distribution of remaining elements,

~ in the future proof process, there may be some calculations with low accuracy, but
the resulting errors will be borne by the reverse direction that is not conducive to the
proof, therefore, readers do not need to worry about calculation accuracy when
reading.

4. Proposition proof
Prove the proposition using methods A and B

A: Proof Method 1, (using advanced mathematics, concise)



B: Proof method 2, (If elementary mathematics is used to solve the problem, one can

understand the variation pattern of the remaining elements in T. But it will take a lot
of time)

Whether using A or B, it is aimed at addressing the contradiction of extremely
uneven distribution of residual elements caused by (p3, — 1)/2 > p,, > d.

A: Proof Method 1

 when m > o, (p3, —1)/2>»p,, >d,
~ If twin prime numbers are not infinite, then the maximum L between the
remaining elements in Tmust be L > (p%, — 1)/2. [LeMMA2]

The focus of contradictions:
(p2, —1)/2 > pp > d, m > oo.
1. Coverage Analysis:
Each prime p;excludes at most two residue classes. Within the interval [0,T) ,

the number of excluded positions per p;is 2 - 5 Using the product formula for

independent sieves (Halberstam & Richert, 1974):
Due to overlaps, the actual excluded positions are fewer. The density of

remaining elements is:
m 2
=] [ -2
1-1 Upper Bound for Maximum Gap:

Theorem Citation (Maximum Gap Theorem in Sieve Theory):

According to Theorem 2.1 in Ford, K., Green, B., Konyagin, S., & Tao, T. (2016), for

a sieve density p, the maximum gap L satisfies:

log T
L « &

Where p is the density of remaining elements.

1-1.1 Estimation of Sieve Density p:

Estimation of Sieve Density p each prime p excludes two residue classes

(corresponding to s; and ( s; + 1)) leaving a survival probability of (1 — 3).

Using the product formula for independent sieves (Halberstam & Richert, 1974):
Further applying the generalized form of Mertens' Third Theorem



m 2 —2ym 1
pro=| | -~
i=1 pi
Combining this with the estimate for the sum of reciprocals of primes

m 1
Z — ~loglogp,,
i=1Di

(Hardy & Wright, 1979), we obtain:
1

P (log pp)?

1-1.2 Asymptotic Behavior of the Maximum Gap:
Substituting into the sieve theorem and noting that log T ~p,,
(since Y/t p;~ePm by the Prime Number Theorem):

logT Pm
p  (logpy,)~2

L « = pm(logpm)?

1-1.3 Comparison of Growth Orders:

For sufficiently large p,, the polynomial growth order p,,(log p,,)? is

significantly smaller than the quadratic function pm;_l Specifically:
. pm(logpm)? _ 2(log pm)?
lim, o————=Ilim, ,,——=0
" Pm " Pm
2

21 pm?-1

Thus, there exists p,, such that p,, (logp,,)? < me leading to L< >

2. Coverage Analysis:

2_
Assume there exists a completely excluded interval[a,a + mel]

Every position x in this interval must be excluded by at least one primep; By the

Covering theorem (Maynard, 2016),

2
. -1
Let each prime p;can cover at most L = me

)

The number of covered positions is: Lgil +1

+1<imt

(Pm>-1) /
2p;

[i]+1spii+1, \ -

According to the coverage theorem (Maynard, 2016), The total coverage is bounded

by: 124 (_(meP_il)/ 241) st tym (L) 4m,

Derivation of Contradiction:



Pm
)
logpm

Using Zﬁl% + m~ loglogp,, and m~ (Prime Number Theorem), the

total coverage satisfies:

2
14 pm~—1
m_  Pm

logpm 2

pmz_l
2

loglogp,,, +

pmz_l
2

However, the coverage required is + 1. Clearly, the total coverage is

insufficient to exclude the entire interval, leading to a contradiction.

pmz_l

*» This contradicts the requirement to cover all + 1 positions.

2
-1 . L . .
~ AL > pmz , Prime twins is unending existence #

B: Proof method 2

LEMMA 4.

Let T = p;p2pP;3 ---Pi - Pm» cOmMb 0~T with p4, p,, p3, --- Pi --- Pm, denote the
number of remainder elements as gr[lemma3), then when m — o0,3j < m,
satisfying

(p} —1)/2 = 2T/gr, and m —j - oo

Proof

v d=T/gr < pm, lInference 1] let py be the largest prime number less than

VApm + 1, thatis pg < \J4p, +1 and pgiq = 4pm + 1,

=~ it is well known that the number of prime numbers less than p,,
is T(Pm) = Pm/l0gpm, 1] the number of prime numbers less than py

is m(pa) = pa/logpa-
Obviously, when m — oo, w(p,,) » n(pg), 21 let j =d + 1,

then (pi —1)/2 2 2py, = 2T/gr and m —j - o #

We now come to analyze the changes of remainder elements’ distributions
within 0~T when it is combed by elements in set { pi, ., P3 - Di - Pm}-
When 0~T hasn’t been combed, element pairs within 0~T whose distance
equals to 1 form the set

D =1) ={(0,1), (1,2), (23), ..(T—1),T)}

The total number of these pairs is 73 element pairs whose distance equals to 2
form the set

D(d =2) ={(0,2), (1,3), (24), ..(T—2),T)}.



The total number of these pairsis T — 1; element pairs whose distance equals to
3 form the set

D(d =3) ={(0,3), (14), (25), ..(T—3),T)}.

The total number of these pairs is T — 2; .....element pairs whose distance
equals to A'form the set

D(d=K) ={(0,K), (1,K+1), (2,K+2), ..(T—K),T}
The total number of these pairsisT — K+ 1 ,

When using comb p; =3 to comb out those points within 0~T equal to
pin+1, pn+2, n=0123--, we obtain that the number of remainder
elements within 0~T is T/3 = p,p3 ...bm = [112, pi, and the distance of any two
remainder elements is 3n, such as element pairs with distance 3 form the set

D(d=3)={(0,3), (36), (69), ..(T—3),T)}
the total number of such pairs is T /3;element pairs with distance 6 form the set
D(d=6)={0,6), (39), (612), ..(T—6)T)}

the total number of such pairsis (T/3) — 1;
element pairs with distance 3n form the set

D(d = 3n) ={(0,3n), (3,3n+3), (6,3n+6), ..(T—3n),T)}
the total number of such pairs is(T/3) —n + 1;

DEF 5. Pure Distance Pairs and Mixed Distance Pairs

Let the distance between two remaining elements be K, VD(d = k), If there
are no other elements in d, we call this segment K - pure distance pairs, represent
the set they form as C (d = K), and represent the numberas g (C (d = K))

vD(d = K), If there are other elements in d, we call them K-mixture distance
pairs. Represent the set they form as Z (d = K) and the numbers as.g(D(d =
K)

so (c(d=k))+g(Z(d=K))= g(D(d=K)).
Obviously, g(D(d = K)) > g(Z(d = K)). ... (3) #

We only discuss the distribution of pure distance pairs here.

We know that after 0~T is combed by p;and p,, there are only two different pure
distance pairs within 0~T, which respectively form the sets ¢(d = 3)and c(d = 6),
the other distance pairs are all mixed distance pairs. From the fact that all the
remainder elements between 0~p; p,are 0,6,9,15, we obtain that remainder
elements between 0~T are 0,6,9,15,21,24,30...15n,15n + 6,15n + 9 ....The total



number of such elementsis (p; —2)(py — 2) p3 ... P

after 0~T iscombed by p;,p,, and ps, the remainder elements between

0~py p, P = 105 are 0,6,9,15,21,30,36,51,54,69,75,84,90,96,99,105..

We can deduced that within 0~p; p, p; = 105,

g(c(d = 3)) =3, g(c(d = 6)) = 8,

g(c(d = 9)) =2, g(c(d = 15)) =2

and within 0~T, g(c(d = 3)) = 3paPs - D
g(c(d =6)) = 8pyps ... Dm
g(c(d =9)) = 2p4ps ... D,

g(c(d = 15)) = 2p,ps ... Pm

From the above discussion, it can be seen that if the maximum pure distance
after P comb selection is D, then there are P—2 D in T. As the comb length puii
increases, one or both ends of the P — 2 D distances will be combed out, and the

maximum pure distance D will also increase.

( This description is somewhat colloquial because the expression of mathematical patterns is
cumbersome, so if readers need the author to provide mathematical expressions, the author can

provide them.)

The maximum pure distance is represented as follows: the pure distance
distribution within the range of 0~T is shown in Figure 2, where the area of the graph

is T, namely

3 x g(c(d = 3)) + 6 X g(c(d = 6)) + -+ mec X g(c(d = mc)) =T

and the average distance d = T/gy. [lemma3]

g(c(d = 3n))

g(c(d = 9))
g(c(d — 6)) ...... >3n

g(c(d=3)
3

g(c(d = mc))

mc

fig2.




fig2 the distribution of pure distance pairs within 0~T after combed by py,p2, ..., Pk
We analyze after 0~T is combed by p;, relation between of c¢(d = k) and D(d = k).
LEMMA 5

vC(d = k,),3g(C(d = k,)), settle for g(C(d = k,)) < g(D(d=k,)) 0ers)

g(D(d =ka)) = (p1 — v P2 = ¥2) - (i = YD) (Pis1 — 4) (P — 4)

=[lieaPi = V) [[Zesa(Pi =4 (Pex1 >ka+ 1) e (3)
When p; < k31, 2<vy; <4 Whenp; >k;+1,y=4.
Explanation: The value of 2 <y; < 4is only a statement of the range of y, and
there is no precise requirement in future proofs. Readers can skip reading.

Proof

Assume that (a,a+ k) is a k- distance pair within 0~p, p, ps3 ... p;, after
combing 0~T is combed by p,,p,,03, .- D; , Since k - distance pairs appear
periodically with periodp, p, p3 ... p; withinO~T ,

set E={(npypyp3.-pi+anp,pap3..pi+a+k)n=01.2..}
¥ P1P2P3 - Pt a F amodp;yy and
P1P2DP3--Pita+k =(a+k)modp;;q

~ 2 <y; £ 4, we come to discuss the bound of y, we just discuss the maximal
and minimal value ofy.

(A) Whenk = np;,,, within ngp; p, p3 ... pi +a and ngp; P, p3 ... p;i +a+k
v k=npiq, - a,a+ k iscombed out by combp;,1’s same tooth, theny = 2.
(B)When k =np;;q + Lassume k =npj 1+ 1, if ypypops...pi+a is
combed out by combp;;,’s s; tooth, =~ k= np;,;+1

S MPy P2 P3 - P Y a+k Is combed out by combp;,,’s s;+ ltooth, and that
np1 P2 P3 - i +a just is combed out by combp;,1’s s;+ 1 tooth, then
np1 P2 P3 - i +a+k isnocombedout by combp;,,’s tooth.

herey = 3 in the same way ,when k =np;;1 —1, y = 3.

(C) When k+npjz1, k#npis1x1 ornpipq >k+1, “nypipap3--p; +a
and n,p, p p3 .- P; + a+ k isno atone time combed out by combp;,,’s tooth,

herey = 4. Inductively, equation (3) is proved. #

4-2 An Unending Existence Proof of Prime Twins



If prime twins don't exist endlessly, assume that p;, pz4+1 = pz + 2 are the last
prime twins, thens, = (p;—1)/2,5741 =Sz +1= ((pz+2) —1)/2 are the last
s twins. [DEF2]

Let p, > D41, cOmb with set {p; D2 D3 --- Dz Pz41 Pzs2 - Py} 1S combed,
0~ (p2 —1)/2, 0~ (p2—1)/2 thereis noremainder. [lemma2]

Set {p1,D2, D3 - Du»Pu+1, Pusz - P}, set (pg —1)/2 = 2T,/gr, (pyand p,, are a

pair of dependent variables), T, = p; P2 D3 -+ Pu Pus+1 Pus2 - Pus

gr, is the number of remaining elements after {p;,p2, D3 ... Dy’ Pu+1Pus2 - Do}
comb selects T;, -

gr, = 01— 2)(p2—=2) (p3 — 2) ... (Py — 2) = [1i=1(pi — 2) llemma3]

v (ph —1)/222T,/9r, Z+1<u<v),

~(Ww=w)/u=mn, v>u.lemmad
Divide the set {p;,ps D3 .. Du,Pu+1 Putz - Pp} Set into{p;,pz,p3 ... Py}
and {pu+1: Pu+2 - pv} two parts,

First, comb T, with p;,p,, p3 ... py, inT,, different pure distance pairs
g(c(d = k), k; = 3,6,...1, ( lis max pure distance), > (pi; —1)/2 = 2T, /gr,,

The pure distance distribution in 0~T,, is shown in Figure 3, and its area is T,,.

g(c(d = l))

glcld = 1K)

g(cld =9)) >
glecd=6) || | e e >k ...... L

g(c(d =3)
3

Fig3.
Next, comb T, with p,,Pu+1,Pus2 - Pv -
In this case, the number of different pure distancesis g'(c(d = k;)), k;=3,6...1..m
[~m is the number of new pure distances selected by (py4+1, Pus2, - » Pr)COMb

The pure distance distribution in 0~T,, is shown in Figure 4, and its area is T,



g (c(d = max))

glcd =D)
gcld = k)
g(c(d = 9)) >max
g(c(d = 6)) - >k S Y 2 I
9
glcd=3)[\e
3 Vi

Fig4.

In Figd , values with pure distance greater than [ are all generated by selecting
0~T, by Py+1,Putz Py cOMb.

Compare the area distribution of Figure 3 and Figure 4, change of area formed by
g(cld=ky))

re distance less than [, that is =
pure @ g (cd=kp)

n, (k; =3,69..1), thenn

increases with the increase of u, v.
Proof

Let M, =g(C(d = kc)), M, is the pure distance quantity after 0~T, is
combed by p1 ,02,P3 - Pu-
Set g'(c(d=ke)=MIl}-ys10i, 3<ki <L, If g'(C(d = ki)) is the pure
distance quantity after 0~T, is combed by py,D02,P3 - Py - Pv»

then g'(c(d = ko)) <TI0 — ¥) [1i=es1(Pi — 4). llemmas]

We have:
g(C(d = ki)) _ M, H?=u+1 p; > M, H?:u—i—l p;
gcd=k)) glcd=ky)) M1, —v) Mizers(p, — %)
_ M, H?=u+1 Di

== ... 4
Hie=1(pi_yi) 1—[11'7=6+1(pi_4_) ( )

WU > e, [lemmad)
Hiijzu+1 Di

. in (4), we only need to analyze —, .
i=e+1(pi_4')




v
izu+1Pi  Vo®

? OO
i=e+1(Pi = 4)
v—u

=nv-o>oon-o o
u

] M, 1i)=u+1 Pi — 1
[ —v) [eri(@i =4

n Increases with the increase of u,v. #

Fig. 5 is pure distance distribution after 0~T, is combed by py,p2, 03 - Py - Do

g'(c(d = max))

g(cld=D)
gl (C(d = kv))
g'(cd=9) > max
g (c(d =6 e S k, e S >] S,
9 >
g(c(d =3) }6
’T V V
0 gr,/n 1
figh

Infig5 S, isanarea map made up of pure distance g'(c(d < L))
S;=3X% g’(c(d = 3)) +6 X g’(c(d = 6)) I X g'(c(d = l))
S, is an area map made up of pure distance g'(c(d > 1))

S, =1+3)g(cd=1+3)+U+6)g(c(d=1+6))...+ (mc) g'(c(d = mc))
S, V—® .
We can gat 5, — 00, thatis S, > §; . [lemma4]
In fig5, Point k; correspondsto d =1,
w1=22T,/g9r,

~ the distance from 0 to point k;must be greater than gr, /2,if k; < gzﬂ,
then 122 > T,.
9Ty

Set gr,/n it's a point in the S; area, n>2 , the pure distance



corresponding to point gr /n is k,, setk, = gi[?, 0<B<1,
Ty

If the average number of remaining elements in g(c(d = 3))~g (c(d = kv))

. ky » , ) ” )
is g,, then vy = Zf=3ng(c(d = L)) thatis k, = %Zﬁmg(c(d = l)),

l 3ng(c(d l)) = gTTV B
Have g = gT"Zl 3ng(c(d = i)) ...... (5)

Comparison between (4) and (5), have :

MC H?=u+1 pi 2 V=

Hie=1(pi_}/i) Hiij=3+1(pi_4) ’ S1

v—00

s (4) —— oo,
~ must have (5) - 0.

Proof

T,
" k, = ==, If 3 is not convergent and tends to be zero,
v
V—00

k,——e€,

v gr,/n~ g— rangeis in the S; region, andS, > (gT" — gT”) k, = (gT" — &) €,

, . ) S, Vo
Se increases with the increase of Vmake?z ——— o0 not tenable,
1

. (5) 25 0. #
In (5), although there is =2 gT" i 0, X7, g(cd =) > g, isdivergent,
. (5) Is oo X 0 series, no deﬁmte trend,

That is ( ginf;’M g(cd=1) = 0bV10u51y - gv increases with the

increase of v.
In(5), although there is
9y _ P1=2)(P2=2) @3-2)-(Py=2) "7%
Ty P1P2,03- Py !

(py—=2) V7 . .
But - > 1, so the convergence rate is slower than the divergence
v

k,—3
rateof ——g .
3 v



So (5) will not converge to 0, so the original assumption is not true, so the

twin prime number is infinite. #
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