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Abstract

We propose a tensor-vector-scalar field theory of gravity defining a
corresponding Lagrange function. The theory is completely relativistic
in the sense, that for a flat metric all additional fields vanish. After
considerations of stability and convergence we develop the systems of
differential equations for two cases.

In the static case of a central mass we start with the Schwarzschild
metric as a first approximation and get a behavior of gravity generated
by the scalar field corresponding to the observation of galaxy rotation
for sufficiently large distances from the center without the need of Dark
Matter. Using this result a second approximation gives a qualitatively
stronger gravity for very large distances, which could describe the
cohesion of galaxy clusters. When the distance tends to infinity, i.e.,
on cosmological scales, gravity returns to a Newton-like decay. This
result also coincides with observations.

In cosmology we find a homogeneous, isotropic, flat universe, that
in the long term does not expand, but shows a time contraction to-
wards the past generating the observed redshift of light from far dis-
tant sources that corresponds to an accelerated expansion of the uni-
verse in the Robertson-Walker metric, but without Dark Energy.

1 Introduction

There are different attempts to improve general relativity and describe grav-
ity without the need of dark matter by relativistic theories based on the
Einstein tensor field and extended by vector and scalar fields, for example
the Brans-Dicke theory [1], TeVeS by Bekenstein [2] or newer versions [3] of
Modified Newtonian dynamics and Modified Gravity by Moffat [4]. In most



cases scalar fields represent a generalization of the gravitational constant. In
our theory, the scalar field should fill the gap between the observed grav-
ity and that calculated from visible matter by the Newton/Einstein theory.
This scalar field is coupled to the vector field by the scalar potential while
the vector field is coupled to the tensor field.

In the next section we define the Lagrange function consisting of three
parts representing tensor, vector and scalar fields, while the fourth part cor-
responds to the stress-energy tensor. The following section starts with a
decomposition of the coupling between tensor and vector field. It turns out
that the term quadratic in the vector field components represents a mass
term, where the mass is given by % of the coupling constant. Next, we dis-
cuss the relation of the resulted system of equations to general relativity
for small coupling constants. In the case of a flat metric we investigate the
hyperbolic character of the equations for the vector field and determine the
number of degrees of freedom for the remaining system using the Hamilton-
Dirac analysis.

The following section is devoted to the spherically symmetric case of a
central mass M. First, it turns out that we have to use Cartesian instead of
spherical coordinates because of their intrinsic warping. We derive the time
dependent equations, but reduce the consideration to the static case. Starting
with the Schwarzschild metric we describe the behavior of the vector field and
the scalar field in powers and logarithms of the distance r to the central mass.
In a first approximation the scalar field generates a gravity proportional
to Mzr~! multiplied by a logarithmic factor with a negative exponent for
sufficiently large r. This corresponds to observations of galaxy rotation,
which in the outer regions can be described by the square root of Newtonian
gravity multiplied by a constant. Using this result for a second approximation
of the metric, we get a higher rate of gravity proportional to M e again
multiplied by a logarithmic term for larger distances. This result corresponds
to solutions of the p-Laplacian for p = 5, which is used in [5] to describe
galaxy clusters, where the gravity given by the first approximation is to
weak. Finally, for distances tending to infinity, the mass term dominates
the equation for the vector field. Then, the scalar field generates a gravity
proportional to =2, which corresponds to Newtonian gravity.

In the section about cosmology we apply the theory to a homogeneous,
isotropic universe, dominated by mass neglecting radiation. In contrast to the
Robertson-Walker metric we need a variable factor for the time component.
Using again the Ansatz of a power series depending on ¢, as a first approach
we get no expansion but a time contraction with a factor =27 for an arbitrary
small positive €. Since a possible solution vanishes in the case € = 0, we extent
the Ansatz by logarithmic factors looking for a metric with warping as small



as possible. Again, we see no expansion, while in the time contraction the
factor ¢t =2 is multiplied by a logarithmic term with an arbitrary small negative
exponent. For observed light from the early universe this gives a redshift
that suggests an accelerated expansion of the universe if interpreted in the
Robertson-Walker metric as derived from observations.

2 Lagrange formulation

In a Minkowski space with coordinates xa|a:3, where for simplicity we iden-

tify 2¥ with time ¢ even if it should be %.CEO, we will describe gravity by the met-

ric tensor g = ga g/, ﬁ:g and two additional fields, a vector field U = ua|a:g

and a scalar field v. For the metric we will use the signature (—,+, 4+, +),
i.e. in absence of matter the metric should be g = diag(—1,+1, +1, +1).

The Christoffel symbols FZ{} 5. the Ricci tensor Rqp and the Ricci scalar
R will be considered as differential operators

Flﬂ(a) = %gva (aagdﬂ + aﬁgaa - aagaﬁ) (1>
Rap(0) = 0,1745(0) — 017, (0) + T5(0) I7,(0) — T, (9) T75(0) (2)

with 0 = 8a|a:g. One can show, that R,p is symmetric in «, 5, what is only
nontrivial for the second term of (2). To preserve this symmetry for more
general differential operators D = Da]a:g we define

Ras(D) = 35 [Ras(@lo,p + Real)lo,p] (3)
R(D) = g*"Ras(D) (4)

The tensor part Lr of the Lagrangian can now be defined by
Ly =3 RO+ pul) (5)

where 0 + plU = 0, + uua|a:g and p is the coupling constant between the
tensor and the vector field. The vector part £y and the scalar part Lg of
the Lagrangian are

Ly = —§(Vaug = Vaua) (Vi = VIu®) — § Vou* Veu’ (6)
Ls = —}Var Vo = VU)W, VU) =} (m* +v* Vou* V') (7)

where v describes the strength of the coupling between the scalar and the
vector field. The covariant derivative of a vector or a scalar field is defined
by

Vaug = Oaug — [35(0) uy, Vou' = 0qu’ + Fﬁv(a) ul, Vav =200 (8)

3



2

Note that V,u® Vgu® = (Zv V,ﬂﬂ) > 0.
Together with the matter part L£j;, which is defined later in the usual
way, depending only on the metric ¢ we can write the complete Lagrangian

L=Lr+Ly+Ls+ Ly (9)

and the action

Sz/ﬁed%, e=+/—detyg (10)

3 Field Equations

First, we shall decompose the expression R(0+ puif) in the tensor part of the
Lagrangian. For

Fop0+pl) =T 450) + 1T, (11)
with
Tlﬂ = %g'ya (uagaﬁ + UpJao — uagoz,b’)
= 3 (0fua + 6us — gapu”) (12)
we have

= 0, [Flﬁ(m + NTlﬁ] - %aﬁ [Fly(ﬁ) + MTZW}
=5 0a [T3,(0) + Y3, ] + puy [T55(0) + Y0 ]
—3 g [T3,(0) + p YL ] = 5 pua [T5,(0) + p 3,
+[T2500) + 1 Tl5) [T5,(0) + 1 TY,]
— [[26(0) + 1 Y%,] [T55(0) + 1Y)

= Rap(d) +p [0,T5 = 5050, — 39,17,
+ L5(0) 15, +17,(0) Y15 — T7,(0) Y75 — I945(0) T2,]
e [uy Top(0) — 5usT7,(0) — 3 ua I3,(9)]
1 [uy Ty — 5 upYh, — SuaTh, + Y005, = T3, (13)
For the last term an easy calculation using (12) shows
RapU) = u, T)0p— sus T2, — Tu, Th + X015, — 12, T,

— 3 UaUg — Gag Uy U (14)
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With the relations
Vsz{ﬁ — VﬁTgW = &YTZCB — 6ﬁTZW

+FZ¢/3’(8) Tgo + Fga(a) Tlﬂ - ]‘_‘;U(a> Tffﬁ - Ff{ﬂ(a) TZM
V'YTZB — V&Tg7 = &YTZB — 80[1“%7

+105(0) Y5, + 19,(0) o5 — I3, (9) T3, — I7,(0) T},

we obtain

ET = %gaﬁRaﬁ(a‘i‘MU)
- %R(a) + %'ugaﬁ [V“YTZz,B - %vﬁrgv o %VQTZ’V]
£30g™ [y T50) — b us T, (9) — Sua T, (0)]
= P uy (15)

By renaming some indices we can now write

Lr=3L0 +Lpl) + 12 £f) + L v, K} (16)
with
L0 — R@) (17)
£ = 6% [u,T2,(0) — us T2, (0) — S ua T3, (9)] (18)
=y |97 T1(0) — 19" T25(0) — 197 T24(0)] (19)
£§?) = Ju,u’ (20)
IC% _ gaﬁ ’I‘lﬁ _ %ga’Y ng — %9’87 Tg,@ =-3u” (21)

where ICJ. was simply calculated using (12).
Having defined the vector field as massless, we now see a mass term

b2 = () w0

generated by the coupling to the tensor field with a mass proportional to the
coupling constant.

For the field equations we have to describe the variation of the action &
by the variation of L ¢ in the form

S[Le = [MD3g* + MWsu" + MO+ VK7 e (22)
Then, the field equations are
MU =0 for a,8=0,..3, MY =0 for y=0,.,3, MY =0 (23)
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First, we have
S[Le]=[0L—1Lgasdg"] € (24)
since
o€ = —% e *5(detg) and d(detg) = detg g’ gns = € gap 69™"
One can show [6] (appendix A) that
A = g% 6T 4(0) — g™ 0T 4(0) = gas V69°” — V5697 (25)
Using this relation for the zero part of L7 we get
3LY = Rap(9) 69°° + V., [gap V139°° — V5697 (26)

The variation of the next part gives
OLY = duy g7 T15(0) — 39 T04(0) — 197 T2s(9)]
iy (8977 T5(0) — §6g™ T25(0) = 3 8971 T54(9)]
Ty (79 0T05(0) = 3 9% 6T05(0) — § 7 dT54(0)|  27)
We can write

(5<g'ypup) = Gvp ou” — u” Gyo Grp 097" = Grp ou” — u, Gvyo 0g°"

= Gy ou’ — % Ur Gyo 6907— - % Ug Gyt 5907—

Oy

to preserve symmetry of indices in the g terms. With g,,g%7" = 47 and

applying (25) again we obtain
OLY = |03 9 TU5(0) = 3 T05(0) = 3 T5,(0)| dwr

1
"2 [QW 9" T05(0) = 5T,5(0) — 5 Fia(ﬁ)] u- 097"

1 Q, (e} oT
3 |9 77 T0(0) = 3 125(0) = £15,(9)| s 3
+ [y T25(0) = 3 s T, (9) — S a T75(0)] 09”7

+ [gag V76g*P — %V5 6g"7 — %Va 5g°‘7} Uy

The last line can be transformed by
Uy Gap V”(Sgaﬁ =V, [up Jop 5ga6} — V,u gap 5gaﬁ

uy [3 V5097 +3Vadg™] = 3V [uy9”] + 35 Va [uy 09%]
3 Vouy 697 — 3 Vau, 07 (29)
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having used V7 = ¢”"V, and ¢”" u, = u”. After changing indices we get

5£§“1) = [UW Flﬁ(a) - % (up Goy + Ua 93v) 977 I'7.(9)
+ 3 (Vaug + Vaua) — Vo gag| 69°°
+ [.g’YP gJT Fg’r(a) - ng(a)} 5u’Y
+V, [ gor 6g°7 —u, 097"] (30)

For the remaining parts we obtain

LY = 96 [gy,u v
=9 Gvp [(5up u + u”f (SU’Y] —9u v Gyo Gpr 09"
=9 [2u7 ou" — ug ug 590‘5] (31)
and
0K = —36u" (32)

From (26), (30), (31) and (32) we get

S = b {Rausl®) 4 [0y TL5(0) — b (05 Gy + 110 93) 67 T3, (9)
(Vaus + Vpta) = Vou" gas| — § 1 ua ug} 0g°”
2 [gvp g I (0) — ng(a> +9 /““L’Y} ou’
V. [gas V769°% — V5597
+ (W gor 69°7 —u, 697" — 3 (5u7)} (33)

+
1
+

We write the vector part of the Lagrangian (6) in the form

Ly =—3Ly) — Ly’ (34)

LY =1 (Voug — Vauy) (Vou? = V), LY =1v,uVe®  (35)
The first part can be simplified by changing indices in two terms

LY = 1 [Vaus VU’ + Vu, Vou® — Vaug VOu® — Vgu, Vou']
= Vaug (Vi = V) = V4 (Vaus — Vua) (36)



With ug = gg, u” the variation gives

(5£§9) = 0gs,Vaou! (Vou’ — VPu®) + g5,V 60" (Vou’ — Vou®)
+Vaug (V*6u’ — VP 5u®)
= —09" 98p gor Vaui! (Vauﬂ — Vﬁuo‘)
+ Vo [6u” (Viuy — Viu®)| — du” V, (Viuy — Viu?)
+VausV, (g”’o‘éuﬂ - gwéua)
= —Vau, (Vu, —V,u)dg”
+ Vo [(VOuy, = V,u®) 6u’] — Vo (VOu, — Vu®) 6u”
+V, [V7u5 ouP — Vo u §u°‘}
— [V, V7uy ouP — V.,V ou®]
and after changing indices
5L = —Vug (Vg — Vaty) 69°° — 2V (Vyuy — Vyu,) 0u”
+2V, [(Vu, — V,u") ou’ (37)
For the second part we get
oLy = VaulV,ou
= V, [Vlu,0u] — V., [VPu,] du’ (38)
and together

Ly = —LoL —ocly
= L Vg (Vi — Vauy) + Vg (Voyus — Vau,)] 697
+ VPV, u, du” — V, [(Vu, = V,u7) éu” + VPu,6u’]  (39)
Here we have used §g*° = §¢” and changed the indices o, 3 in 1/2 of its
coefficient to symmetrize the expression.
Splitting the scalar part of the Lagrangian (7) in the form
Lom 12— 0 (o)
with
LY =voover, LY =vu), (41)
the variation gives
LY = 59" Vau Vs
= 09’ Vv Vv + g™ V,0v Vv + g*? Vv Vv
= VavV06g™ +2V70 Vv
= V.o Vsuidg™ +2V, [V év] — 2V, Vv v (42)
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and similar to 5£§/1)

5£g) = % ) [m2 0?2+ 12 V,u'V,uf vﬂ
= m?vdv+ /2 V7u, VPu,vov + V2 Vv, [Vpup v? 5u7}
—1*V,, [VPu,v*] 6w’ (43)

Together we have

0Ly = —soLY —osct)
= [V,Vvo—m*v—1*Vu, Viu,v] v
+ 12V, [VPu,v?] 6u” — $ Vv Vo 59"
—V, [Vv v+ v* VPu, v 6u’] (44)

Finally, the variation of the matter part should give the stress energy tensor

T
) [,CM 6] = —% /£7;I3€(5ga6 (45)

where kK = 8 C% with the gravitational constant G and the speed of light in
vacuum c.

So we obtain the functions in (22) by (24), (33), (39), (44) and (45)
M) = 1Ras(0) — }£gus — 10T
+ 5 1 [Uy T25(0) = 5 (Ug Gany + Ua gpr) 977 T7,(0)]

+ i H (vauﬁ + Vﬁua) - % 2 VVUW Gop — 421 :uz UaUp
+1 [Vus (Vyta = Vaty) + Vo (Vyus — Vu, )]

— 3 Vv Vo (46)
Mg“) = V,VPu,+2pu, + vV, [VPu,’]
+ % 2 [g’YP gUT Fg7'<a) - ng(({?)] (47)
MW = YV V' —m?Pv — 12 VU, VPu,v (48)
K7 = % [gag V7598 — Vs 66" + 1 (" gor 6977 — U, 5g7")}
— (Vu, = V,u7) du” — (v v* + 1) VPu, 0u” — 2
-V év (49)

Inserting the parts of £ from (7), (16) - (21), (36) we get the field equations



defined by (23)

Raﬁ(a) - %R(a) Gap — %MQM [uv Fgr(a) — Ug Fly(a)] Jap
+u [uw Flﬁ(8> - % (up Jay + Uq 9[37) g7 FZr(aﬂ

+ 1 [2 (Vaug + Vaua) — Vot gas| — 2 10 (2uaus + tyu” gop)
+% [VTus (Vyta = Vauy) + Ve (Vyug — Vu, )]

+ 1V (Vyu, — Vouy) gas — Vav Vv 4+ 5V,0 V0 gog
+1m*0? gag + 1 (VP0? + 1) VU, VP, gag

= kTap for a,0=0,.,3, (50)
V,VPu, + %/ﬂ w, + 1*V, [V"up vﬂ

= %HJ [ng(a) - g’YP gUT Flgr(a)] fOI' Y= 07 ©0 37 (51)
V.,V —m?v — 1>V, VPu,v = 0 (52)

4 Relation to General Relativity, the case of
flat metric

We assume now, that g and m are very small. For a fixed metric g we
introduce an additional parameter A with 0 < A <1 and denote by u,(x, \),
v(x, A) the solutions of equations (51), (52) for u = Apg, m = Amg with
some fixed fig, my. Omitting the part proportional to x? in (51) the linearity
of the equation yields the proportionality to u for u,. Putting this property
into equation (52) we can also describe the dependence on A of v:

Ua (T, A) ~ Aug(z,1), v(z, A) ~v(y, 1), Vgv(x,\) ~ AVgo(y,1)  (53)

for y = Axz. With these results we can write (50) in the form
1 ~
Ras(0) = 5 R(0) gos — 1 Tag ~ N Fi) (54)

where ]}C(Ygﬁ) depends polynomially on A, u,(z,1), v(y,1) and its first deriva-
tives. So we can expect that the corresponding metric gos(z, A) tends to the
solution of General Relativity, if A resp. p and m tend to 0.

Now, we want to investigate the system of equations for the vector and
the scalar field in the case of a flat metric ¢ = n = diag(—1,+1,+1,+1).
The equations (51), (52) then take the form

Np 2ty + 3 102 uy + 120,05 [Opu,v®] = 0 for v=0,.,3,  (55)
1y 020 —m? v — V20, n, Oyuy Opupv = 0 (56)
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where for simplicity we wrote 1, 1= 1.

The vector field U does not satisfy the condition of a nondynamical zero
component imposed in [7], which means the equations for & should not in-
clude a term dyug. So we will have a closer look to this system. The equations
(55) can be written in the form

Pz, ) U = p)(x) DU + pV () 0, U + p (2) U = 0 (57)
with 4 x 4 matrices pgg, pgl), p®. The character of this system is determined

by its main part

PO (2,0) = pl)(x) 0a0s (58)

and the corresponding main symbol P (z, &) with ¢ = §a|a:g. The system
is called hyperbolic, if for all x the equation

det PP (z,),€) =0 (59)

with f =& i:f has only real solutions A and strictly hyperbolic, if addition-

ally for é # 0 all these solutions are different.
For (55) the main part is

3
=0

PO (2, 0)U = [1, % uy + 1?21, 0,0,u,) (60)

and the corresponding main symbol

P = (| -¢)

—& fg &1 & &3
20| —6& & &i& &3
U 66 G 8 &6 (61)
—&& L& L& &

with the identical matrix Z. The equation
. .12 4
det PO (z, ), ) = (202 + 1) (‘5’ - /\2> —0 (62)

has only real, but multiple solutions A =

é‘ and A = — ‘é‘ Hence, the system

(55) is hyperbolic, but not strictly hyperbolic. For such systems there are a
priori estimates showing that the solution does not grow exponential in case
of bounded right hand side and initial conditions, for example in [8].

Next, we want to determine the number of degrees of freedom for the
system (55), (56) using the Hamilton-Dirac analysis [9]. For this purpose we
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have to derive the Hamiltonian from the Lagrangian, which in the flat case
g = n is reduced to
— 2
L = —51an5[0aus (Daus — Opua) + Data Ipus] + (51)" 1y
_% [noc (aozv)Q + (m2 + VQnan,B aozua 86“6) 1)2} (63)

Here, we used equations (6), (7), (9), (16) — (20) and (36). In this expression
we have to separate time derivatives Jyug =: g, Oou; =: u;, 1 = 1,2,3,
Oyv =: v from spatial derivatives d;jug, Oju;, O;v, 4,j = 1,2,3 and get

Z = % ZZ (&uo — uz)z — %Zm&-uj (&uj — ajul)
. 2
—3 (o — ,0m)" + (3 )" (g — 207)
+i97— 1% (Ov)° — 1m® + 02 (o — Zl&uz)ﬂ v? (64)

Determining the conjugate momenta

Ty = a—L = — (1 + V2’U2) (Uo - Eﬁzuﬁ (65)
(9u0
oL |

T = i, = 1; — Ojug (66)
oL |

7T4 = % =0 (67)

we obtain the base Hamiltonian defined by

7‘[0 = 7T0110+Zi7Tiui+7T41}—Z

= —% i (&uO — Uz) (@uo + Uz) + % Zi’jaiu]' (aﬂl/] — 8Juz)

+(300)" (uf — ) + 50° + 530, ()" + §m*?

— 1 (T4 v%0%) (o — 3,00u) (o + Y ,05u;) (68)
The fact, that the matrix
oL |
=diag { — (1 +v%?%),1,1,1,1 69
6uzau]_0 la‘g( (+VU)7777 > ( )
i,j=
with 4 := o0 is invertible implies, that there are no constraints. The base

Hamiltonian is already the final Hamiltonian and can be expressed by spatial
derivatives of the original fields and the conjugate momenta

H = Ho = —% Ziﬂ_i (28[&0 + 7TZ') -+ % Zi’jaiuj (8116] — @ul)
+(50)” () = Soud) + g + 5 30 (0)" + g’

+5 o (2 >0 — L 7To) (70)

14+ v292?
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Without any constraints the number of degrees of freedom is equal to the
number of field components, which is 5. This property, respectively the
invertibility of matrix (69), should be stable under small perturbations and
hence preserved for spacetime with small warping.

5 The spherically symmetric case

Usually, the spherically symmetric case is described by coordinates (t,, ¢, 6)
which are defined by the relations

T1 =1 cosl cosp, To =1 cosb sing, T3 =r sinf (71)
to cartesian coordinates, and a metric tensor
g - dlag (907 g1, T27 T2 COS2 0) (72)

with functions gy = go(r,t), g1 = g1(r,t), But in our system of equations
this is not suitable, since the spherical coordinates have an intrinsic warping.
The problem can be seen in equation (51). Here, the right hand side should
vanish in the flat case, but it does not in spherical coordinates. Therefore,
we transform the metric (72) to Cartesian coordinates using the formula

o+ ozv _

Yab = Hra 5 I (73)

and obtain
goo = 9o, goi = gio =0, g% =g5', g =g¢" =0, (74)
9ij = 0 + (g1 — 1) x;fju 97 =6+ (97" — 1) x;:g] (75)

or
90 O ) 0 0 1
0 (@-D5+1 a-D2F  (@-)2F

g= 12 a3 ToT3 (76)

0 (=13 (91—1)7§+1 (1 — 1)

T123 T3
0 (p-D=—% @-D=—% (-1 5+1

and a similar representation for ¢g=! with go and g; replaced by its inverse

go ' and g;*. A simple calculation shows
detg=go g1, detg'=gs'g". (77)
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In the following we will write a prime for differentiation with respect to
r and a dot for differentiation with respect to t, i.e. for a = a(r,t)

da  , da . 0%a o 9%a . d%a o

a =" = = m=h gy

The Christoffel symbols (1) are
/
0

A /
o =19 po _1%% e 190k pro_ 1 91T
00 2 10 2907” 00 2g17” 0 291 r2
gl ZiZj k r g’l 1 TiT 5 1 Tk
M0 = 12200 ph (22— ) s (1 — )| = (78
Voo Pge Y 20 @ rz o)) (™

Next, we can evaluate the Ricci tensor Rap (2) and the Ricci scalar R (4).
First, for a simple representation we define an additional scalar R by

- 1 1" /\2 ’or . . \2 .o
R:— — _ 9% —i—% (902) + % 9091 4= 5 % (912) + % Jog1 (79)
g1 9o 90 Jog1 9o g1 91 Jog1
Then, we obtain
- 14 g1;
Roo = %90 —=-= Roi = R = —1—27 (80)
T g1 ar
- 1g] xx
Ri: = |t R+ -2 222
j [2 g1+ ” 91] 2
1 ¢t g 2 T
hog 2 ) (6,- ) @
2rgy {91 go T (91 ) ! 72 ( )
and ) ) -
R:R+—|:&—@+_(91—1)] (82)
Ty [9r 9o T
The terms Rop — %R Jap With non-vanishing g.g are
1 A |
Roo — %Rgoo = - {& + = (g1 — 1)} (83)
rg1l91 T
1[g, 1 Tk
Rii—i1Rg: = - |Z—-Z -1 )
J 2 Gij 7"|:g() T(gl )1 r2

~—~

[R+ — (& = @ﬂ (6 - 22)  (89)
rg1r \91 9o r

In the spherically symmetric case the vector and scalar fields can be repre-

sented in the form

up = uo(r, 1), u; = ue(r,t) E, v=uv(rt) (85)
r
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with scalar functions u,, u. and v. Now, we may calculate some terms of
the equations (50) - (52). Such containing no or only linear vector field
components are

NOW) = g7 [u,T5,.(9) = ug I7,(9)] (86)
Nof ) = u,T4(0) (87)
No(z3) = garyg” 17.(0) (88)
NV = T0.(8) = 935 977 T5,(0) (89)
In this case we get
1 2 1
NOU) = - Ty + 'ue+—(1——)ue 90
) = = () + (1= (90)
L [ o1)
L 9o 90
NP =N ) = 3[Ry 2| 2 92
| 9o 9 T
(2) I 91 Lil;
Mj ) = 90uo+91 e} r2
1 1 T
(e o
NP = l(@—@) 94
0 o (94)
3) (% 9 2 ;
= s -4+ = (g1 —1)| — 95
N = (-2 8 2 o) 2 %)
' 02 x;
N@ /\/.(4)2[@—— _1}_1 o6
0 i ) n r (gl ) r ( )
The quadratic term is
1 1
NOU) = ) = a4~ (97)
9o g1
For the terms with derivatives of first order
NOW, ou)y = v (98)
NOQWU,ou) = Viug(Vyua — Vau,) (99)
NOWYU, oU) = V' (Vu, —V,u,) (100)
NO(v,0v) = VoV (101)

15



we obtain

/

NOW, o)y =22 4 Ze 4
Jo g1

(7) 1

Af()O (uvau) =

g1

1

NP Wu.ou) = —

9o

(7) 1

Noy WU, oU) = a
1

NOWU,ou) = —

i ( ) m

NOWU, oU) =

90 91

l<_@+§£)E+l(g_6_g_i é)%
2 go 91/ 9o 2 o g1 r)] 0
_ , .
u/_l(@ o+&e>:| U;—Ue
L 2 9o g1 ( )
- . ,
T;
—t+ 3 (@ 0 — @ueﬂ (u, — 1) —
L 90 g1 r
- ) ,
T
u'e—i—l(&o—&e)} ul — ) 2
L 2 90 0 ( )
[ 90 0 )] , T,
Ue + 1 — Uy + —Ue U, — Ue
L 2 (go g1 ( ) 72
/ © N2 (9) o I .2 L e
(uo - ue) ) N (Uv aU) - (U) + — (U )
9o g1

(102)

(103)
(104)
(105)

(106)

(107)

Terms with second order derivatives of the vector or the scalar field are

NEOW, U, °U) = V,V"u,, NOD(0,00,0%) := V, V70

We get

NSO, au, 0%u) =

N, ou, 0°u)

N (4, v, 9%v)

do 90
1 o2
+= (—é@—§&+—)ug+
g1 gJo a r
1 f 0 e
—(@ 6—2u2>+8(§)u0+5(§)ue
g1 \ 9o g
1 1 1 ]
[—ue+—u;’+— <—%@—§@> et
go a1 g0 go 5
1 ! ro2
+— (5@—§&+—> .+
g1 90 g1 r
1 A ' o e Z;
+— (—@ i+ 2 u;)+ 87u, + 8! %4 %
9o 4Jo g1 T
1 1 2
—'U + —’U// + U/
go g1 r
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(109)

(110)

(111)



. . 2 Lo . 2
S(O) _ 1 1 90 gJo 1 9091 1[0
0 = — |2t ) —1 o\
90 90 g0 90 91 a1

1 1" I\ 2 I, 14
+— —%g—°+§<@) 4 1% % (112)
g1 go g0 do 91 T go
(e) 1 -1 g(/) 1 gi 1 9o g(/) 1 96 g1 g1 gi 1g:
St = — 3T "3 T35 —3 T T (113)
g1 L™ 9o g1 90 do 91 91 0
o _ L[ 19 19 9% 1990 1509 1a
Si7 = — |5 t3 - > 2 5 5 T - (114)
9o | 90 g1 90 Jo 91 91 T g1
i 2 2
s - L _19_1/_1<%) _19693+ (9_3) _la 2
1 - 2 4 4 2
g1 i [ 90 90 91 g1 g r
L] a1\’ Lo
+— —l—+l(—) +1 115
90 2 g1 4 g1 4 9o g1 ( )

With a reduced Lagrangian, defined by
L= LNOWU o) — pNOWU,oU) — L NOWU) - 2 2PN W)
+1 (V% + 1) (N, 82/{)]2 + INO (v, 0v) + I m*? (116)

1 1 1
e (ul, — t,)” + 1 [— (0)% + (U)Z} + 1 (20 +1)

1 -
2 90 qn

1 1 o0 6 ) P4\ u]?
*{—uo+—u;+§(—@+£ﬂ>u—+l(g——g—1+—)u—}
90 451 g0 91/ 9o g 9 r) g1
1
.

o

1
—2° (—ui + —ui) + +m*v? (117)
0
we can write equation (50) in the form

Ras(0) = L R(9) gus + L gup + 3 [N @, 000) + N @, o00)|

~Vav Vav+ p NG @) = § (us N + ua N |
+5 1 (Vaug + Vata) = § 1 uaus = £Tas (118)
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For indices (a, 8) = (0,0) we get

1 A . 1 0 :
- % [&—1—_(91—1)} +Lgo+ — {U;—%(@Uo%-ﬂue)} *
T do %51

g1 L% g1
. . Jo | O (9% %
* (ul, — 1, +u[uo+l(———i——)uo—l——(———i——)ue}
( ) *\ 9 @ *\ o @
=207 ul —v* = KToo s (119)
for (a, 8) = (i,0) or (a, B) = (0,1)
1¢ 1 1 1 ‘ ‘
{—ﬂ+§{——uo+—u;+§—(@+ﬂ)uo—
T g1 90 (51 go \go G1
1 / /
—%—<@+&)ue} (u;—ue)+§g[u’o+ue+
g1 \go G
/ / 2 . .
+(%@—%&——(91—1))u0+<—%@+&)u6}
90 g T do G
—gﬁuoue—z}v’}ﬁ = kT, (120)
r

1[g, 1 Tk - 1 (g7 9 Tk
_{@__(91_1)} T2J_%{R+—(_1__0)} <5ij_ T29>

T 90 r g1 \J1 go
~ Tid; 1 . ! ]
+£ |:5’Lj + (91 - 1) 2]] + — —Ue + % <@uo + &ue>:| *
r 9o 90 g1
' N ! 19 191 2 Ll
* — Ue) —= = — 25— — —1) ) ue| —
(u,, — ) = +p [ue + (290 g, 7 (91 ) 2
2 Lil; 9 2 2Tily n2 Lilj
+/L;Ue ((52J— 7"2 > —§,u Uer—2—<U) 7 = K /i (]_2].)

For equation (51) in the case v = 0 we obtain

a\gp ° @ °
0 1 1 ' 71\ Uo [ T4\ ue
*—{[—uo+—u;+§ <—@+2) 241 (@_&+_) —] vz}
ot { Lgo g1 90 91/ 9o g g )7
L0
tud (122)
(%51

18



and for v =1

9o g1 90 9_ g1 g1 9o 291 T

1 A ] e

+—(—@'o+&u’ +Sf)uo+8f)ue+%u2ue+y2*

do go 1

*2{{171 +iu’+l<_@+@)%4_1(9_6_9_34_%)%]@2}
or | Lyo g 2\ 90 a)g9 *\90 @ T)n

1 96 2

:iﬂ{%_;(gl_l)} (123)

where we omitted the factor %= on both sides. Finally, equation (52) gives

2
—i 4+ —v" + =0 —m?v
9o g1 r

1 1 o0 G g 4 2
2 [_uo+_ug+; (_@+@)%+z(@_&+_) _] .
90 g1 90 g1/ 9o 90 g1 r) g1

—0 (124)

[\

Now, we consider the stationary case go = go(r), g1 = g1(r), o = u,(r),
ue = ue(r) and v = v(r). After multiplication with g; equations (122) - (124)
are reduced to

/ / 2
up + (—5@—§&+—) )

90 g1 r
2 o /
a9 9 99 1lg
+ —%—0+}1(—0> +i = =2+ 2P gru, =0 (125)
90 9o go g1 T 9o

2 2
g (Y ()26 2],
290 4\ g0 Y001 G rg 12

0 [1 A T4
+gu291ue+v291§{; [ué—l—%(@—&—k—) ue} v2}

go 91 T
/
1 90 2
1 J0 _ 2 -1 126
o | % -2 51— 1) (120
2 1 g, g 4 2
V' 4+ Z g —migv— 1A= [u/e+% <—0——1+—> ue} v=0 (127)
r 51 go g1 T
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We see that in the system (125) - (127) the function w, is decoupled from u,
and v. So, from the vanishing right hand side of (125) we can derive u, = 0.

To describe functions as power series with logarithmic factors by terms
of highest order we will use the following notation. For two functions f©,
f® defined by converging series

Z FOppi=k ()t =12 we write

k>0
fi~fo i pr=p2, @1 = qo, f(gtl)) - fég) (128)
Some simple properties are
féé) rPt (lnr)® for p1 = py and ¢1 > ¢
fi+ for Oor p1 > p2 (129)

( (1) + foo > Pt (Inr)?  for p; = py and ¢; = ¢

Fifo ~ &8 PP () ates, (130)

and

d féé) p; P (Inr)% forp; #0o0rp; =0,¢; =0
i~ A (131)
f(%) gr (In T)qi_l for p; =0 and ¢; # 0

From (54) we obtain that for A = 0 resp. p = 0 and m = 0 the equa-
tions (119) - (121) pass over to general relativity, giving the well known
Schwarzschild solution for a central mass M. So, as a first approximation for
Jo, g1 we use the Schwarzschild metric

s s\ ! MG
1——), (1——)  wh — 92 (132
Joy = ( . g1y = . where rg > (132)

and derive the behavior of corresponding functions (1), ue(1), v(1) from equa-
tions (125) - (127). First, we observe

9o 91 rs Yo 91 rg
goy ~ —1, g1y ~ 1, IAONNS< NN > BRI P —2—= (133)
Jo(1) g1(1) r Jo(1) gi(1) r

We will now assume, that r¢ < r and r < —ﬁ ie. %/ﬂ < T% Furthermore,
we set m = 0. Then, from (126) and (127) we get

2 2 d 2 s
Uerry - Ue(r) = 12 Ue() T Vi Ku’e(l) T “e(l)) “(21)} ~ yH r2 (134)



Defining for some ry > rg the variables

Fi=—, §:i=In (1) (136)

we use the Ansatz

To ensure that the coupling term in equation (135) has the same order of r
resp. T as the remaining terms, u’e(l) respectively %ue(l) should have order
—1, hence py1y = 0. In equation (134) the coupling term should have the
same order as the right hand side, i.e. u’e(l)va) must be of order —1, so that
the derivative has order —2. Then follows pyq) = 0. Inserting now (137)
with pi1y = pey = 0 into (134) and (135) we get

Ue
7’(21_) [—q11) PO 4 2y U7 —2590]
5 d |2
+12 Tiery 0(21) ar [; sq1<1>+2q2<1>} ~
Ty +2 1, TS

23911 4 9 samt2aem] ~ 1,2 138

T [ + V ( ) S i| B H T2 ( )
1~}(1) V2

—5 [T 3207 4 2050 §B0 ] =45 () By NOTEO ~

v
1) [q2(1)SQQ(1) 1 41/2 az(l) §2q1(1)+q2(1)} ~ 0 (139)

Equation (139) implies ¢o(1) — 1 = 2 11y + @21, -6 1) = —%. Then, (138)

gives qi(1) +2q21) = 0, i.e. go1) = %. The coefficients are obtained from
212 Te(1) 27(21) = %,urg and  go) = 417 ﬂz(l)

We get

1
Ue(r)y = ——, Ua) = (5 Ts) i (140)

Ue(1)(r) ~ i [ln (%)} _ ;v (r) ~ (g 7“5)é {hl (%)]i (141)

The resulting gravity —grad v(;), generated by the scalar field, has the amount

d 1 G2 r\|
Gsay ~ .V~ p (;) . = M: . [ln <7‘0)} (142)
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This corresponds to the description of observed gravity Go by Newtonian
gravity Gy for the outer regions of galaxies in [10] and [11] by

N
N

Go~ (GrLOn)?> = (GLG)> M (143)

[SIE
S| =

up to the weak logarithmic term, when Gy < Gy, ~ 107 1%ms~2.

Now, we can use a Robertson series [12] to get a second approximation
of the metric:

2 Nl
Jo(2) = —1+C—2U(1): —1+U(1)S4, 9
h 01y = —= U 144
) o where  9) = T (144)
he = l+zvm= 14005,
assuming
1
_ 1 4 12
O(1) i<l or r<re’® with - = ;2 (145)
Ym (MG
For the derivatives of the metric elements we get
I s I s
96(2) ~ 91(2) ~ ar Ya)ys 4, 9()/(2) ~ 9/1/(2) ~ ) vy s 4, (146)
while according to (145) we set
o2y = =1, qie) = 1 (147)
Again we assume rg < 1, 7 K %l% and m = 0. Then, for corresponding

functions ue(2), Ue(2), V(2) €quations (122) - (124) give uq2) = 0 and

2 2 d 2 1.
" ! 2 ’ 2 ~ ~1
Ue(z) T Ue(2) = 3 Ue() TV 0 [<“e(2) T “e<2>> “(2)] ~ TR st (148)
2 ) 2
Uy + vy — (“/e(z) T ue<2>) V@) ~ 0 (149)
For the Ansatz
Ue(2) (7’) ~ ﬂe(g) 7P12) §q1(2), U(g)(?“) ~ ’INJ(Q) 7P2(2) §q2(2), (150)

we get again py(2) = 0 from equation (149) and for the coupling term in (148)
in comparison with the right hand side pi(o) +2pa2) —2 = —1, i.e. o) = 3.
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With these first results we insert (150) into (148) and (149) and get

ae 2 ~ _ ~ _ ~

+20% lig(2) Ty 4 F §Q1<2)+2q2<2>1 ~

dr |r
Y _ o1
— 1 (q12) + 2 Ga2)) Te2) Ty 3T@ 2271~ —pigy =37 (151)
ToT r
72
56(2) [—i §20 4 520 — 412 42 §2q1(2>+qz<2>] ~
_1
rTirg 2 G [2520 — 412G, FRHeTee] ~ 0 (152)

Now, equation (152) implies ga2) = 2 q1(2) + @2(2), i-e. qi2) = 0. Then, (151)

gives qi2) +2qa2) — 1 = i ,le. gop) = g. The coefficients are obtained from

2 _ _ . .
o v (@12) + 2622)) o) By = =0y and G = 402 i)
We get
32 22 spuN\E L 4 /ni1o1
_ ~ 3 1 1 i1
He) = 77 Y@ T o1 (;) o Oy = 3153 (;) ETOZ e (153)
and
37 1 4 izl r\1*
Ue(2) (1) ~ T V() (1) ~ 375l (;) Eré r2 {ln (T—O)} (154)

The resulting gravity, generated by the scalar field, has the amount

d 2% ILL 3 Gi 1 1 r %
Gs(2) ~ Ve~ T (‘) P M {111 (—)] (155)

1 1
31252 \V c2 ra To

and is stronger than Gg() in the sense that the exponent in P2 s greater
than that in r—!. Since the coefficient is lower, the higher gravity would act
on longer distances and could describe the cohesion of galaxy clusters, which
can not be sufficiently explained by gravity with the strength of Ggy. A
comparison to the p-Laplacian, which is used in [5] to describe galaxy clusters
shows, that the dependence on M and r in (155) up to the logarithmic term
coincides with solutions for p = 5.
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Finally, we will consider the case of very large r > %i, so that we have
to take into account the term 3 1% g1 ue in equation (126). For the searched

functions, in this case denoted by ue(s), Ue(3), Vi3) We get uy3) = 0 and
1[g, 2 ]
1 0
Uez)y ~ = — | = — = (g1 — 1 156
3) gﬂlgo (g1 —1) (156)

Then, for the Ansatz

Ue(g) (7”) ~ ﬂe(g) 7’:?1(3) §q1(3)7 U(g) (T’) ~ ’(7(3) fpz(?’) §QQ(3), (157)
we can assume py3) < —1 and gy = 1 for large . For m = 0 equation (127)
implies that

P 2, rp2(3> iy
Ugz) T r Yz = U@ [p2(3) (pz(s) + 1) 526 4+

B
(2pa) + 1) Ga(3) 3207 + gags) (qa(3) — 1) 32@7%] (158)

must have an order py3) + 2pi3) — 2 < pocz) — 4 with respect to r resp. 7.
This is satisfied only for gai3) = 0 and pas) = 0 or pagy = —1. For pyi3) =0
the function vy would be constant and the gradient gives no contribution
to gravity. For py3) = —1 we get

o d o
V(3) (7”) ~ V3T ! and 95(3) ~ 51)(3) ~ —U(g)r—g (159)

i.e. for very large distances the gravity generated by the scalar field has
the order of Newtonian gravity. This behavior corresponds to results about
gravity on cosmological scales [13].

6 Cosmology

Next, we shall describe the dynamics of a homogeneous, isotropic, flat uni-
verse. The corresponding metric should be diagonal with identical compo-
nents for the three spatial dimensions, depending only on time, i.e.

g = diag (9o, 91,91,91) Wwith go = go(t), g1 = g1 (t), (160)
The only non-vanishing Christoffel symbols (1) are

i [/
B pi 19 opo_ 19 161
90 0 2 g1 ( )
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Using again the scalar R, defined in (79)

R = i 9 (91) 1 Y091
9o g * g ® gog
for the Ricci tensor and the Ricci scalar we get
3 7 LA g 5 ()’
Roo=59R, Ri=30R—3 , R=3R-3 2
Jog1 9091
R, L p _ 3 (91)2 1 _ > 1 (91)2
w—3Rg0=9"75" Ri—3Rgpi=—-qR+;
g1 9og1

(162)

(163)

Because of the isotropy the spatial components u; of the vector field vanish.

Hence, the fields additional to the metric are ug = ug(t) and v = v(t).

We may now calculate the terms N - N defined in (86) - (89), (97)

- (101) and (108).

1 (1 gO gl)
= —(1=-3%)u,
go 90 g1

2 2 )
Yo
'/\/‘()(4) — 3&’ j\/;(4) =0
g1
1
NOW) = —u?
9o
1
NOW, oU) = — {uo%— (—§@+§ﬂ) }
9o 90 91
NDw,ou)y = NOU,ou) = 0
1
NO (v, 0v) = —o?
9o
1 : .
NSV, ou,0%u) = —{uo+ {—g@@@} iy +
9o 9o g1

.. . 2 .. . 2
1 90 Jo 3 9o g1 3 (%0
s —t\=) —1— 3|
go gJo 9o 91 (451

N, ou,0U) = 0

N (v, dv, 0*v) = lv

9o
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(164)

(165)
(166)
(167)

(168)
(169)

(170)

(171)
(172)

(173)

(174)
(175)



For the reduced Lagrangian, defined in (117) we get

5 1 L. Jo 3 ’
L = — (A2 +1) — [uo+ (—l—+§—)uo}
E]o{2< )go 90 o
—p (uo—%@uo) —%u2u§+%1}2+%m290112} (176)
Then, equation (118) gives

: 9o G .
G e D

. \2
+%(ggl2) +9L = kT (177)
1
5 1 (@) 5
—g R+ +a L = kT (178)
9091

for (o, 8) = (0,0) and (a, B) = (i,1), while equation (51) is relevant only in
the case 7y =0

. . . .
— iy + — <—§@+§2> i
9o 91

. . 2 . . 2
1 90 go 3991 3 (%0
st —i— i\
90 g0 9o 91 g1

Equation (52) gives

1 | ) ) 2
—i—mPv— 1 = luo—k(—%@—l—%ﬂ)uo} v =10 (180)

90 90 9o g1

We consider the universe as matter dominated, i.e.
Tos = pdads With 6,07 =g d5 =, (181)

where p is the matter density and ¢, the four-velocity of the matter. In the
isotropic case we have ¢; = 0 for i > 0 and hence g;'¢? = c2. So we get

Tos = diag (%90 . 0,0,0) (182)
with p = p(t). Neglecting radiation the preservation of mass gives

p(1) la()]” = plto) [a(to)]” =: My (183)
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for a starting point ¢y, where a(t) describes the expansion of the universe and
can be defined by a? = g;. Now, the system (177), (178) is equivalent to

u[dﬁ—(—%@—i—%%)uo] _ 9l 4 L

9o
. 9)> _3
—l—goR—i-%(g;Q) = KkMygog, ° (184)
1
s a1 @)
gL = gR—; e (185)
1

To find the behavior of the unknown functions for large times we use again
an Ansatz similar to (137) with the variables

t= i, W = In (3) (186)

to to

go(t) ~GotPw®, gi(t) ~g, t" d",
Uo(t) ~ Ut W?, v(t) ~ TP DB, (187)

For a first approximation we search for a solution without logarithmic
terms, i.e. g9 = q1 = ¢ = q3 = 0. Then, we get

goR~pipt™? with p:=1—1p + 1pg (188)

and a coupling term

i + (_%@ +%@> Uo = DUt with Pi=py+35pi—3p0 (189)
go 91

Equations (184), (185) give

S 4 =P2 ypa—l _ 9 222, —2pa 42
UPU Ly 22T — St ugty Pt

+1pi ety P2 oy (14 1pg) t72
3 .3
~ KAEMoGog 2ty tPo—am (190)
% (U262 t(;st t2p3 + 1) ﬁ2 galai t(I;O*ZPQ t2p2*p0*2
—p (P2 — $p0) Tty "2 17271 = § P W by P2 7P
+% pg @2 t(;2p3 t2p3*2 + % m2 gO 62 tO*pO*QPS tPOJrQPS

~ p(p—im)t? (191)
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Equations (179), (180) multiplied by go imply

ﬁﬂo to_p2 tp2—2 + g /*1“2 go ﬂo tO_PO_ZJZ tp()-i-Pz

+V2 (pQ + 2]73 — Po — 1) DU, @2 t0_p2_2p3 tp2+2p3—2

~ 3upigoty ot (192)

pa(ps — 1)t = mP Gty " 7 —
AR g TR AT 202 | g sy ) (193)
with
pi=p2(p2—1)+3p2 (01 —po) + 500 (po+1) = §p1(po+p1)  (194)

First, we want to evaluate the exponents p; so, that in each equation (190),
(191) and (192), (193) all terms have the same order with respect to ¢. From
(190) and (191) we can derive po = —1. Then, equation (192) gives p, —2 =
P2+ 2p3 — 2 = pg — 1, hence py = —2 and p3 = 0. Finally, from equation
(190) we derive —2 = py — %pl and get p; = 0. With these exponents we
find p =P = p = 0 and hence only the trivial solution v =u, =g, = 0.

Now, we only demand, that in each equation at least two terms have the
same order with respect to t, while all other terms are of lower order. This
is satisfied by a small deviation from the values of p; found above

(pOap17p27p3) = (_2 - 6707 -1 670) with € >0 (]‘95)

Equation (193) can only be fulfilled, if 7 = 0. The comparison of coefficients
for the terms of highest order with respect to ¢ gives no condition for (192),
since p = p; = 0, while equations (190) and (191) lead to the relations

g, Uty + repu, tgt =0 (196)

3
1 — 4l4e 2 — =72 42+4€ 1
—S€UUty =K Mogog, Py, g

from which we can derive a relation between g, and u,, while g; can be

determined explicitly. With §o := —g, t3™ as a first approximation we get
2
1 1 20 3
go(1,6)(t) ~ —Jo e Gr(1,6)(t) ~ 2—#2 kc My |
dp . 1
Uo(1,6) () ~ ~ e Yo 0 (197)

To find a solution with a warping of time as small as possible we return to
the general Ansatz (187), where the exponents of ¢ satisfy (195) with the
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smallest value € = 0, i.e. pg = =2, p1 = 0, po = —1, p3 = 0. Using the
additional values

g = l—3q+30 T:=@+s50—30
g = @e@e-1)+2e@a—q90) +i0p(@+1)—3q(gp+aqa) (198)
we find

go R~ qr gt uo+(—%%+%gi>uo~quot 2wt (199)

For some terms we have to take into account lower order terms, since the
terms of highest order vanish. The equations (190) - (193) multiplied by ¢?
or 13, respectively, are exchanged by
Pt WP = Fp T g0 + 5 g3 00T 4 qr (14 5q0) W
~ KMy, 51‘2 {24020 (200)

% (u202w2q3 + 1) q go Zop a0ty (q2 — %qo) Uy to w9t
_%,UQ 2t0w2q2 _|_ (] O wQQJ 2+ m 90“ thQO+2qs
~q(G—iq) o~ - (201)

Sy ge=2 | 92— — 43 ~qo+
qUo Lo WP + 5 0 Go Up Ly WP

+12 (g2 + 2g3 — qo — 1) qU, T b w =282
~ 3 pqgetyw™! (202)
[—q;ﬂb Lom?gotew® — 2 @ gyt uz w2 % 2:|Uwq3NO (203)

Equations (200) — (203) are very similar to (190) — (193). So, we get a
similar solution for the values ¢; in the sense of at least two terms having the
same exponents with respect to w in each equation, while all other exponents
are lower. Similar to (195) we find

(90, ¢1,q2,q3) = (=2 —6,0,—1—§,0) with & >0 (204)

Again we get a solution for gy, g; and u, only, if v = 0. The comparison of
coefficients for the terms of highest order with respect to w gives

_3
—%5,uﬂot0:/€c2M0§0§12t3, 152_ La2 4 1 50 oty =0 (205)
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Using again the notion gy := —7, t2 as a second approximation we get

1 A . 2
9o(2,6)(t) ~ —3o 7 {hl (%)] ;G (t) ~ (2—'“2 ﬁCQMo) :
4 1 AV
Uo(2,)(t) ~ T'ugo 7 [ln (—ﬂ Vs ~0 (206)

We may now discuss the meaning of this result for the expansion of the
universe in the long term and the observable redshift in comparison with the
Robertson-Walker metric using the representation of the line element

(ds)® = gagdz®da? = a® (dz)* — b? (dt)? (207)

In our case the factors are 0?(t) = —go(t) and a*(t) = ¢1(t), while for the
Robertson-Walker metric 6"W) = 1.

What we actually observe is the redshift of light, from which we conclude
to the velocity of the emitter. Since light moves with velocity c, it satisfies

ds = 0 and (207) gives

b
dz = - dt (208)
a

Considering light sent from a point Fy with wavelength \q at time tq +
Aty to P with wavelength A\; at time ¢; + Af; we can assume that the
distance between P, and P; does not change during short times At resp.
At;. Integration of (208) for At; =0 and for At; = \; (1 =0,1) gives

Jown e Lo ew

Subtracting the integral from to + Ag to t; we get

b(to) _ [Fb(t) . [ATb) o b(t)
X NA) ﬂﬁw_%; ORI I

and finally

/\—0 ~ a(to) b(ty) (211)

The redshift of observed light should be independent of the used metric and
is determined by the function

~—

ety ™y
MO =5 = ymm)

(212)
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i.e. afW)(t) = L(t), since b(FW) = 1.
For the two approximations (197) and (206) we get

1+
RW _ < RW _ t 2
A0 ~ T 75, a0 ~ st |n ()] (213)

’ 0
with some constants @, ), @,). Since the second derivative of agﬁg) resp.

ag?)/) is positive, this interpretation suggests an asymptotically accelerated

expansion of the universe in the Robertson-Walker metric, but without any
Dark Energy, because the redshift is generated by time contraction. This
virtually shortening of time in the past could also explain the observations
of objects in the early universe, which seem to have developed much faster
than expected.

Reminding the identification of ¢ with 2° to get a 'real’ time one has to
replace t by %t.

7 Discussion

The stability of the theory was examined in the flat case for the system
of vector and scalar fields, which can be generalized to a small warping of
spacetime. A further investigation of spherically symmetric perturbations in
the sense of [14], [15] was not possible, since the simplifications derived there
could not be achieved. At least, in the two considered cases we got solutions
for the highest order terms of a power series Ansatz with logarithmic terms.
Therefore, we expect no exponential growth for any of the participated fields.

In the case of a central mass a first approximation of the scalar field gen-
erates gravity for great distances from the center which very good coincides
with observations in galaxies, while a second approximation gives a stronger
gravity for larger distances, which could describe galaxy clusters without the
need of Dark Matter. On cosmological scales the resulting gravity shows a
Newtonian behavior.

In cosmology the long term development shows no expansion of the uni-
verse, but a time contraction in the past, which results in redshift of obser-
vations, that can be interpreted as an accelerated expansion in the standard
metric without the need of Dark Energy.

For the verification of the theory in galaxies or galaxy clusters and the
determination of the coupling constants p, v the system (119) - (124) with at
least four unknown functions or more generally (50) - (52) has to be solved
numerically and compared to observations. The coupling constant p should
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be sufficiently small such that in the solar system the deviations from general
relativity are negligible in the sense of (54).

Since matter is coupled only to the tensor field the theory should not be
falsified by observations of gravity waves [16].

The results about solutions in the central symmetric case and in cosmol-
ogy only describe the behavior of gravity for sufficiently large distances from
the center or a long term, respectively. So it would be important to find a de-
scription of gravity near great masses and in the early universe. Furthermore,
rotating objects should be investigated.
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