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Abstract. This paper is a trial to prove Goldbach conjecture according
to the following process.
1. We find that {the total number of ways to divide an even number n into 2
prime numbers} : [(n) diverges to co with n — co.
2. We find that 1 < I(n) holds true in 4 * 10'® < n from the probability of
I(n) =0.
3. Goldbach conjecture is already confirmed to be true up to n = 4 1018,
4. Goldbach conjecture is true from the above item 2 and 3.

1. Introduction

1.1 When an even number n is divided into 2 odd numbers = and y, we can express
the situation as pair (z,y) like the following (1).

n=z+y=(z,y) (n=6,8,10,12,------ x,y : odd number) (1)

n has n/2 pairs like the following (2).

(177171)7(37”73)7(53”75)3 """ ,(7175,5),(1173,3),(7171,1) (2)

We define as follows.

Prime pair : the pair where both = and y in (z,y) are prime numbers

Composite pair : the pair other than the above prime pair

I(n) : the total number of the prime pairs which exist in n/2 pairs shown
by the above (2). (p, q) is regarded as the different pair from (g, p).
(p,q : prime number) Then when n/2 is a composite number I(n) is
an even number and when n/2 is a prime number [(n) is an odd
number.

1.2 Goldbach conjecture can be expressed as the following (3) i.e. any even number
n(> 6) can be divided into 2 prime numbers.

1 <l(n) (n=6,8,10,12,------ ) (3)

Since Goldbach conjecture is already confirmed to be true up to n = 4 * 10'8, we
can try to prove Goldbach conjecture in the following condition.

4%10" <n (4)
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2. Investigation of I(n)

2.1 When an even number n is divided into 2 odd numbers x and y, we can find the pair
of w(n),l(n), Mgz, My, my and mg, in n/2 pairs of (x,y) as shown in the following
(Figure 1).

X Y
w I(n)
(n)
m,=n(n)-l(n)
” m=(n)-I(n)
m,.=n/2-7t(n)

xy

|:| : prime number |:| : composite number

Figure 1 : Various pairs in n/2 pairs of (z,y)

We define as follows.

m(n) : m(n) shows the total number of prime numbers which exist between
1 and n. But we use 7(n) in the above (Figure 1) for the total number
of prime numbers which exist in n/2 odd numbers of (1, 3, 5, -+ -- ,
n—5,n—3,n — 1). Strictly speaking, this value must be 7(n — 1) — 1.
But we can say an—1)—1=mn(n)—1=7(n)
because n is an even number and a large number as shown in (4).

My : the total number of pairs where x is a composite number. 1 is
regarded as a composite number.

my : the total number of pairs where x and y are composite number and
prime number respectively

2.2 We have the following (5) from Prime number theorem.

7(n) n/logn 1

We have lim ) = 0 from the above (5). Then we have the following (6) from
n—oo 1
(Figure 1) and lim m(n) =0

n—oo M

My =n/2 —7(n) = (n/2){1 —27(n)/n} ~ n/2 (n—o00) (6)
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When m,, approaches n/2 with n — oo as shown in the above (6), m, approaches
m(n) with n — oo due to the following reasons.

2.2.1 my, shows the total number of prime numbers which exist in y of m,, as shown
in (Figure 1).

2.2.2 y of m,, approaches n/2 odd numbers of (1, 3,5, ------ ,n—>5n—3n—1)
with n — oo as shown in the above (6).
223 (1,3,5, - ,n—>5,n—3,n—1) has m(n) prime numbers.

Then we can have the following (7) from (Figure 1).

my =m(n) —l(n) =7(){1 = l(n)/m(n)}  ~  7(n) (n—o00) (7)
We have nhﬁrréo 71((7:3) = 0 from the above (7). We have the following (8) from the

above (6) and (7).

w(n) —Il(n) N m(n)

n/2 —n(n) 2 (n = o0) ®)

We have the following (9) from the above (8) and Prime number theorem.

w(n)12 n/logn}? n

We can find that I(n) has the following properties from the above (9).

2.2.4 [(n) repeats increases and decreases with increase of n as shown in the follow-

ing (Graph 1). But overall I(n) is an increasing function regarding n because
2n

(logn)?

2.2.5 I(n) diverges to oo with n — oo because

is an increasing function regarding n.

2n . .
ﬁ diverges to oo with n — oo.
ogn
(loz—nnﬁ seems to approximate [(n) sufficiently well as shown in the following
(Graph 1).

2.3



T. ISHIWATA

pan

mniy

LA

3.

3.1

3.2

Graph 1 : [(n)(blue line)[1] and (loz—nn)Q(red line) from n = 6 to n = 2,000

Investigation of zero point of I(n)

Since both z and (n — ) in pair (2,y) = (z,n — x) are always an odd number,
we must consider the probability that z or (n — x) is a prime number in the world
where only odd numbers exist.

Prime number theorem shows that {the probability that randomly selected integer
m is a prime number} approaches to 1/logm with m — oo. Then we can have
{the probability that randomly selected odd number N is a prime number} : P(N)
like the following (10) because an even mumber cannot be a prime number.

2

P(N) - log N

(N =00 N :odd number) (10)

Since the probability that (z,n—x) or (n—z, ) is a prime pair is P(z)*P(n—x), the
probability that (x,n—z) or (n—z, z) is a composite pair is {1 — P(z) * P(n — z)}.
Therefore the probability that all of n/2 pairs are a composite pair i.e. {the prob-
ability of I(n) =0} : A(n) can be expressed like the following (11).

Since (1,n — 1) and (n — 1,1) are always a composite pair, we don’t include these
pairs in (11). Then = does not include 1 in the following (11-1) and (11-2). (11)
has (n/2 — 2) terms of {1 — P(x) x P(n — )} altogether.

An) ={1—=PB3)xP(n—3)}{1 = P(5)« P(n —5)}{1 = P(7)«x P(n —7)}?......

{1-P@)«Pn—2a)}*...... {1 - P(n/2—4)%P(n/2+4)}?
{1—-P(n/2—2)* P(n/2+2)}*{1 — P(n/2)*} (n/2 : odd number)
={1-P@3)*xP(n—-3){1-P5)xPn-5){1-P(7)«Pn-17)>3......

{1-P@)«Pn—2)}*...... {1—-P(n/2 —5)* P(n/2+5)}>

(
{1=P(n/2-3)xP(n/2+3)}*{1 - P(n/2 = 1)+ P(n/2 + 1)}?
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(n/2 : even number) (11)
(r=3,5,7,9,...... /2 —4,n/2—2,n/2 n/2 : odd number) (11-1)
(x=3,5,7,9,...... ,n/2—=5mn/2—-3,n/2—-1 n/2 : even number) (11-2)

We have the following (12) from the above (11-1) and (11-2).
3<x<n/2<n—-z<n+1<K10®xn+1 (12)

Since P(N) decreases with increase of N as shown in [Appendix 1 : Investigation
of P(N)], if n is large enough, we have the following (13) from (10) and (12).

2
1>P(x)>Pn—z)>Pn+1)= Togn
> P(10%sn+1) = 2 = 2 (13)
" log(10'8 xn)  logn+41.4
We have the following (14) from (13).
0<1—Px)*Pn—2)<1—{P10%®xn+1)}? (14)
We have the following (15) from (11), (13) and (14).
0 < A(n) < B(n) = [1 — {P(10" x n 4 1)}?]"/>72
4
~ 1 —— = n/2
{ (logn + 41.4)2 !
=[{1- 1 }{(logn+41.4)/2}2](n/2)/{(10gn+41.4)/2}2
{(logn +41.4)/2}2
L\ (n/2)/{(log n+41.4) /2)2 1
~ (g )(n/2)/ Ao /2 = o(n/2)/{(log n+41.4)/2}? (n = 00) (15)
We have the following (16) from the above (15).
lim A(n) =0 (16)

n—o0

If n is large enough, i.e. if 4 * 10'® < n is satisfied, B(n) can be approximated to

~72)/{(og n T AT 4) 22 from the above (15) and ~(72)/{(og T T 4) /22 decreases

with increase of n in 4 * 10'® < n. Therefore we have the following (17).

0 < A(n) < B(n) < B(4 % 10'8) (4% 10'® < n) (17)

Since we can calculate {the probability that N is a composite number} : Q(N) as
shown in item 1.1 and 1.2 of [Appendix 1], we can have P(N) =1 — Q(N) from
Q(N). Then we can calculate A(n) from P(N) and (11) as shown in the following
(Graph 2).
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Graph 2 : A(n) from n =6 to n = 60

A(n) has the following properties.

3.4.1 A(n) = 0 holds true in 6 < n < 14 as shown in item 1.5 of [Appendix 1].
A(16) has the value of 0.0013 and A(n) almost decreases with increase of n in
16 < n < 60 as shown in the above (Graph 2).

3.4.2 The above (17) holds true.
3.4.3 A(n) converges to zero with n — .
3.5 When I(ng) = 0 holds true we define ng as {zero point of I(n)}.

Possible zero point distribution of I(n) is limited to 4 cases which are classified
according to location of zero point as shown in the following (Table 1).

Location of zero point | contradiction | Can this case exist
n =4*1018 4*10%8<n with as real i(n) ?
Case 1 o o item 3.5.2 NO
Case 2 o X item 3.5.2 NO
Case 3 X [ J item 3.5.1 NO
Case 4 X X nothing YES
@ : zero points exist. X': no zero points exist.

Table 1 : 4 cases of zero point distribution of I(n)

Distribution of zero point of [(n) is affected by the following facts.

3.5.1 A(n) has the properties shown in item 3.4.

3.5.2 Goldbach conjecture is already confirmed to be true up to n = 4x10'® as shown
in item 1.2. Therefore any zero points of I(n) do not exist in n < 4 % 108,
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Case 1 and Case 2 cannot exist because they contradict item 3.5.2.
Case 3 cannot exist because it contradicts item 3.5.1 as shown in the following item
3.6.

3.6 From (17) we have the following (18) which shows that A(n) is extremely small in
4%10'® < n. B(n) is defined in (15).
1 L —1.1x10"°

18y _ _ _
A(n) < B(4%10°°) = o(2+1018) /[{log(4+1018)141.4}/2]7  o(2+1015)/1774  ©

_ (61.1)—1015 _ (100.47)—1015 — 10~ 4710" (410" < n) (18)

We can have A(16) = 0.0013 as shown in item 3.4.1.
Since Case 3 has zero points only in 4x10'® < n, Case 3 contradicts A(n) as follows.

3.6.1 The larger A(n) is, the more likely a zero point will appear. Then the situation
where a zero point can exist in A(n) < 10747*10"" a5 (18) shows contradicts
the situation where a zero point cannot exist in A(16) = 0.0013. In other
words, Case 3 shows the situation that is completely opposite to the situation
expected from A(n) as shown in the following item 3.6.2 and 3.6.3.

3.6.2 0.0013 is extremely larger than 10~47*19" and zero points already exist in
A(n) < 10=47+10"* " Therefore a new zero point must exist near n = 16. But
Case 3 does not have any zero point in n < 4 % 1018,

3.6.3 10~ 4710 jg extremely smaller than 0.0013 and zero points do not exist near
n = 16. Therefore zero points must not exist in 4 * 10'® < n. But Case 3 has
zero points in 4 * 10'® < n.

The following (Figure 2) shows the contradiction between Case 3 and A(n).

An)
B(n)

0.0013

A(n)
X in Case 3 and Case 4 . in Case 3
X in Case 4
3.8E-06 B(n)
1E-4.75101 BT — h __________________________
0 16 60 4%10'8 n

Figure 2 : the contradiction between Case 3 and A(n)

3.7 If no zero points exist in 4 * 10'® < n, the contradiction shown in item 3.6.1 does
not occur as shown in the above (Figure 2). In other words Case 4 is consistent
with A(n). Among 4 cases of zero point distribution of I(n) shown in (Table 1),
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only Case 4 meets both item 3.5.1 and 3.5.2. Therefore Case 4 shows the real I(n).
We have the following (19) from Case 4 because Case 4 does not have any zero
point in 4 % 108 < n.

1 <l(n) (4% 10 < n) (19)

4. Conclusion
Goldbach conjecture is true from the following item 4.1 and 4.2.
4.1 Goldbach conjecture is already confirmed to be true up to n = 4 % 10'8.

4.2 Goldbach conjecture is true in 4 x 10'® < n from the above (19).

Appendix 1. : Investigation of P(NN)
We can find that P(N) decreases with increase of N in this appendix.

1.1 When odd number N is a composite number, N is divisible by any of {r(|v/N|)—1}
prime numbers of {ps =3,p3 =5,py =7,------ yPhy e ’pﬂ(L\/ﬁJ)—l’pﬂ(L\/ﬁj)}'
The above {7(|v/N|)—1} prime numbers satisfy 3 < p < +/N. (p : prime number)
Then {the probability that N is a composite number} i.e. {the probability that
N is divisible by any of the above {r(|v/N|) — 1} prime numbers} : Q(N) can be
expressed like the following (20). Because (Q2, @3, @4, Q5+~ L Qg ,
QW(L VN])—10 QW(L \/ﬁj)) in (20) are the probabilities of mutually exclusive events.

QIN)=Q2+Q3+Qu+ Qs+ +Qr+- e +Q7T(L\/ﬁj),1 +Q7r(L\/Nj)
2 <k <m(|[VN]) (20)

@2 : the probability that N is divisible by py = 3

Qs : the probability that N is divisible by ps = 5 but not by p, = 3

(4 : the probability that N is divisible by py = 7 but not by ps =5 or
p2=3

Q@5 : the probability that N is divisible by ps = 11 but not by py =7,
p3=>50rp;=3

Q. : the probability that N is divisible by ps but not by any of (px_1,pr—2,
""" ;pa=T,p3 =15, pp = 3)

1.2 We have the values of @2, Q3,Q4, @5 and Qg as follows.

1.2.1 We have Q2=1/3=0.333
because the probability that randomly selected odd number N is divisible by
p2 =31is 1/3.
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We have Qs=1/5-1/(5%3)=0.133
because the probability that randomly selected odd number N is divisible by
ps = 5 is 1/5 and the probability that randomly selected odd number N is
divisible by both p3 =5 and py = 3 is 1/(5 * 3).

Similarly we have

Qu=1/7—{1/(T*5)+1/(T*3) — 1/(T*5%3)} = 0.0762.

Here 1/(7+5%3) is necessary because both {the probability that N is divisible
by both py = 7 and p3 = 5} and {the probability that N is divisible by both
ps = 7 and ps = 3} contain {the probability that N is divisible by all of
ps =7, p3 =5 and py = 3}.

In the same way as (04 we have
Qs =1/11 — {1/(11%7) + 1/(11 %5) + 1/(11 x 3)
C1/(11%75)—1/(11+7%3) —1/(11%5%3)+2/(11%7+5%3)} = 0.0410
Qo =1/13— {1/(13 % 11) + 1/(13+7) + 1/(13 % 5) + 1/(13  3)
/(13 11%7) — 1/(13%11%5) — 1/(13% 11 % 3) — 1/(13 % T 5)
—1/(13%7%3)—1/(13 %5 3)
+1/(13%11%7%5)+1/(13%11%7%3)+1/(13%11x5%x3)+2/(13%7+5%3)
—4/(13 %11 %75 3)} = 0.0322

1.3 We can find the properties of @y as follows.

1.3.1

We define as follows.

1.3.1.1 Ny : odd composite number which are divisible by prime number py

1.3.1.2 Ni; : Ny that is divisible by any of (px—1,pk—2, """ ,Pa=T,p3 =5,

p2 =3)

1.3.1.3 Nj_ : Nj that is not divisible by any of (px_1,pg_2, - ,Pa=T,p3 =

1.3.2

57])2 = 3)

The following Sy is the set of Vi and N is arranged in ascending order.

Sk ={prx * 3,0k * 5, Pk * T, pp ¥ 9, -+ - -- Pk * (P — 2), Py Pie % (Pr +2), -+ }

The element of Ny which is divisible by py = 3, (px * 3,px * 9, P * 15, pi *
21,00 ) appears every 3 elements in the above Si. Similarly the element of
N+ which is divisible by prime number (px_1,pk—2, """ ,ps = 7,p3 = 5)
appears every (Pk—1,Pk—2, """ ,pa = 7,p3 = b) elements respectively in
Sk. Then the distribution of element of Ny repeats the same pattern every
ap(= pr—_1 * Pp_g * -+ - % 7% 5+ 3) elements in Sy.

The distribution of element of Nj_ also repeats the same pattern every ay
elements in Sy because IV, consists only of N and Nj_.

The following (Graph 3) shows {the total number of distinct prime factors
p(<ps =11) of N5} : w(N5) from N =11%x3 =33 to N =11 %775 = §8,525.
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Graph 3 : w(Ns) from N =33 to N = 8,525

The value of w(N5) shows the properties of Nj as follows.

w(N5) =4 : N5 is divisible by all of 3, 5, 7 and 11.

w(N5) =3 : Njs is divisible by 11 and (2 prime numbers out of 3, 5, and 7).

w(N5) =2 : Ny is divisible by 11 and (one prime number out of 3, 5, and 7).

w(N5) =2, 3, or 4: Nj is divisible by any of 3, 5 and 7. Then Nj is Ns.

w(N5) = 1: Nj is divisible by only 11. Then Ny is N5_.
From (Graph 3) we can find that the distributions of both N5 and Ns_ repeat
the same pattern every as elements (= 2xps a5 = 2x11%7+5%3 = 2,310) in
Ss5. Because the distance between adjacent elements of S5 is 2 * p5 as shown
in (21).

1.3.3 Qy is the probability that N is Ni_. Since the distance between adjacent
elements of Sy is 2 * pg, we can calculate Qk in 3 x pr < N by the following
(22). No matter where we calculate @ in 3 x pr, < N, we can always have a
same value. Because the distribution of Ni_ repeats the same pattern every
2% pr *xap in 3% pr < N as shown in item 1.3.2. Therefore the value of Qy is
a constant which depends on k& but not on N.

B the total number of Ni_ in Ng < N < (Ng + 2 * pg, % ag)

~ the total number of odd number in Ny < N < (Ng + 2 * py, * ai)
_the total number of Nj._ in Nog < N < (No + 2 * py. * ay)

a Pk * Qg

Qrk

(22)

(N : any N which satisfies 3 * p;, < N)
(Pk * G = Pk * Ph—1 * Dh—o % -~ *T7#5%3)
1.3.4 The above Ni_ has the following properties.
1.3.4.1 All prime factors of Nj_ satisfy py < p from item 1.3.1.3.
1.3.4.2 Nj_ has at least 2 prime factors from item 1.3.1.1.
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1.3.4.3 Nj_ has at least one prime factor py from item 1.3.1.1.
1.3.4.4 Nj_ does not exist in N < p?. There exist an infinite number of Nj_ in
pi < N from item 1.3.4.1-—1.3.4.3.

We can have the following (23) from item 1.2, 1.3.3 and 1.3.4.4.

Qr =0 (N <pp)
Qr =1/px — Cj, >0 (pi < N) (23)

C}, : the correction value for the fact that IV is not divisible by any of
(pk?—lapk—27 """ , P4 = 77p3 = 5ap2 = 3)
(0<Cr<1/py 0=Cyonlyat k=2)
We have the following (24) from (23).

0<Qr<1/ps (P} <N Qn=1/ponlyatk=2) (24)

Q(N) increases with increase of N due to the following reasons.

1.4.1 7(|vV/N|) increases with increase of N.

1.4.2 Since Q(N) has {n(|v/N|) — 1} terms as shown in (20), the total number of
term of Q(N) increases with increase of N.

1.4.3 Qy, has positive value as shown in (24).

1.4.4 Since the value of @)}, is a constant which depends on k£ but not on N as shown
in item 1.3.3, even if the total number of term of Q(N) increases by 1 after
increase of N, the value of each @ which already existed before increase of
N does not change.

1.4.5 When N increases from N = N; — 2 to N = Ny, if a prime number does
not exist in the range of /Ny —2 < r < /N; (r : real number), Q(N)
does not change. But if a prime number Pr(|y/N7|) €Xists in the range of

VN1 =2 <r < /Ny, Q(N) increases by Qw7 (> 0).

Since Q(N) increases with increase of N, P(N) = 1—Q(N) decreases with increase
of N.
We have the following (25) from (10) and we have the following (26) from (25).

Jim {1-Q(N)} = lim P(N) =0 (25)
Jim Q(N) =1 (26)

In order for Q(N) to exist, 2 < m([v/N|) must hold true from item 1.4.2. Then
Q(N) is defined in 9 < N. Since 7(|v/N|) < 1 holds true in 3 < N < 7, we should
think that Q(N) = 0 i.e. P(N) =1 holds true in 3 < N < 7. Because the real
probability that N is a prime number in 3 < N < 7 is 100%. Therefore A(n) =0
holds true in 6 < n < 14 from (11).

The following (Graph 4) shows P(N) calculated from Q(N) and p(N) : the real
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probability calculated from the following (27).

the total number of prime number in p? <N pg 1

p(N) = 2 2
the total number of odd number in p; <N <pj,
(]_172a37 """ p].:\/gap2:3ap3:5ap4:77p5:11 """

1.2

1

0.8

0.6

| \

0.4 \ A

0.2

0
Graph 4 : P(N)(blue line) and p(N)(red line) from N =3 to N = 28
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