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Paper analyzes the number of zeros in the binary representation of a natural
number. The analysis is carried out using the concept of the fractional part of
a number, which naturally arises when finding a binary representation. This
idea relies on the fundamental property of the Riemann zeta function, which is
constructed using the fractional part of a number. Understanding that the ratio
of the fractional and integer parts, by analogy with the Riemann zeta function,
expresses the deep laws of numbers, will explain the essence of this work. For
the Syracuse sequence of numbers that appears in the Collatz conjecture, we
use a binary representation that allows us to obtain a uniform estimate for
all terms of the series, and this estimate depends only on the initial term of
the Syracuse sequence. This estimate immediately leads to the solution of the
Collatz conjecture.
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1. Introduction

paper analyzes the number of zeros in the binary representation of a natural number.

The analysis is carried out using the concept of the fractional part of a number, which
naturally arises when finding a binary representation. This idea relies on the fundamental
property of the Riemann zeta function, which is constructed using the fractional part of a
number. Understanding that the ratio of the fractional and integer parts, by analogy with
the Riemann zeta function, expresses the deep laws of numbers, will explain the essence of
this work. For the Syracuse sequence of numbers that appears in the Collatz conjecture, we
use a binary representation that allows us to obtain a uniform estimate for all terms of the
series, and this estimate depends only on the initial term of the Syracuse sequence. This
estimate immediately leads to the solution of the Collatz conjecture.

2. Materials and Methods

This work is based on the following methods of analysis of the Syracuse sequence 1.
Analysis of simple cases of natural numbers starting from which the Syracuse sequence
quickly converges to one
2. A process of expansion of a natural number in powers of two is created.

3. The proximity to the completion of decomposition is analyzed at each stage

4. The number of zeros in the binary expansion of a natural number is calculated

5. It is shown that the number of powers of two prevails in the doitic expansions in the
Syracuse sequence

6 Based on these results, it is shown that the Syracuse sequence converges to one

3. Results

In this work we present the final solution to the Collatz conjecture formulated in [1].
The Collatz conjecture concerns integer sequences generated as follows:
Start with any positive integer a9. Every next term is defined as

Ap41 = &y + ﬁrp (1)

Where n > 0, and if a, is even then &, = 0.5, B, = 0if a, is odd, then a, =3, ,, = 1.

The conjecture is that regardless of 4y , the sequence will always reach 1. The conjecture
is named after Lothar Collatz, who introduced the idea in 1937.[1] It is also known as the 3n
+ 1 problem, the 3n + 1 conjecture, the Ulam conjecture (after Stanistaw Ulam), Kakutani’s
problem (after Shizuo Kakutani), the Thwaites conjecture (after Sir Bryan Thwaites), Hasse’s
algorithm (after Helmut Hasse), or the Syracuse problem.

In this work, we obtained a uniform estimate for the Syrocuse sequences and proved
that every 4n steps the sequences come down to a number smaller than the starting term,
from which follows the solution of the Collatz problem.
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4. Rezults

Our idea of the proof is to obtain a uniform estimate for the Syracuse sequence
described in Introduction. Here and below, we will always mean by 4, n-term of the
sequence . For definiteness, we assume that

ag = 2" a,, ay = 2"a,, ay = 2" tay, ..., ay_1 = 2a,, an, ...
Let us formulate some well-known results that we will use.

Theorem 1. Let a, be any positive integer and y; € {0,1}, then we can express a as the sum of
the powers of 2 represented by each vy; = 1 (2-Base number)
n

ay = Z 2i’)’1’ (2)

0

According to the sequence generation rule, it is enough to consider the odd numbers,
since even numbers will always become odd. Hence, we can assume that for any ao, after
the last appearance of a zero coefficient ; € {0,1}), the rest are not zero, as they would
disappear from dividing by 2. Thus, without losing generality of our reasoning, we can
assert that it suffices to consider numbers a, of the following form:

n . k .
ap= Y 27i+Y. 2, n>k>2
i=k+2 i=0

Theorem 2. Let

a, =2"4+1, n>0, n>m>0

and a,, y is generated by sequence generation rule (1) Then
Ayasom = 3" x4"/27M 41 (3)

Proof. Using the rule (1) step by step we get proof.
O
Theorem 3. Let
n

ap=Y2, n>0, n>m>0
0

Then
Apgom = 3"2"" =1 4)

Proof. Using the formula of the sum of the geometric progression, we get

n .
a, =Y 2 =2"1—1
0

Using the formula (1) we get
a1 =3%2" —34+1=3x2"-2

an42 = 3% 2n—1 -1, An42m = gmnm —1
O

Consider 3" as n = 12,13, 14, 15, 25in binary representation,
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312 = 10000001101111110001
313 = 110000101001111010011
34 =10010001111101101111001
3'% = 110110101111001001101011
3% = 1100010101000110010101100010101010100011

We can expect the number of zeros in such numbers to be quite large. And if the Syracuse
sequence stumbles upon these numbers, we expect it to turn back to 1. In the following
section we will prove this point.

Theorem 4. Let

n .
ay = 241
i=0

then
a1 =1

Proof.

n .
Ay =3) 4 +4
i=1

n—1
api2=3) 4+1
i=0

n—=1
Anpo =3) 4 +4
i=1

n—-2
A3 =3) 4 +1
i=0

after (n+1)-steps we have proof O
Consider a, = Y1, 4'asn =10,12,20 in binary representation,
a1p = (100100100)
a12 = (100100100100)

a0 = (100100100100100100)

Binary representation helps to understand the idea of this work. We will demonstrate
several times how the Syracuse sequence turns into a combination of powers of triples,
which in turn have a lot of zeros in binary representation. The zeros, in turn, tend to return
the Syracuse sequence to its initial position.

Theorem 5. Let ;
ap =Y 72, 7i€{01}
i=0

m-is number of non-zero elements y; then
__qm 277l+m
Apyom = 3" ay * &)

Proof. Proof implies from theorem 3 [J
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Theorem 6. Let
n . .
a, =4"2 -3y 4'(-1)
i=0

then

56

a, = 4n+2 _ 4n+1(_1)n+1 +1 (6)

Mn1 =

Proof.

1 _4n+1<_1)n+l
1-4

n . .
a, = 41’l+2 -3 Z4Z(_1)l — 4l’l+2 -3
i=0

Applying rule (1) we get second assertion of Theorem [

Theorem 7. For a, defined by formulas
n

anzzzi,n2m>0
0

then
azy = 3" —1
Theorem 8. Let
xeN
then 3

(@1, a2...., ) € R,jeN

j—1
x =Y 2l 4 0%
i=1

Proof. Letj=1 then we can take
a1 = log,(x)
x =24

Now let j=2. Then we can take

57

— 3n+14 _ 3n+1 (_1)n+1 (7)

— 4n+2 _ 4n+l(_1)n+1 +1

58

a1 = log,(x), ay =log,(x — 2lwl)

2t — plm] 4 om

from which we have -
-
L Zz[”‘i] 40
i=1

Other statement is simple. O

Theorem 9. Let x € N, [aj] — [aj11] = 9; >0
j-1

x =Y 2l 4oy
i=1

i
x=) plai] 4 ot
i=1
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Then 61

62

0iln2 = —Ine; — Inln2 + €j1In2 + o(270%Fei)

2641 = (29 — 1)2°

Proof.
2% — 2%+t 4 2l4y]
26 = 279 tej+1 4 1
€jIn2 =279 1 4 o (270 )
261 = (255 —1)2°
D 63
Theorem 10. Let x € N, [a;] — [aj;1] =6, >0 oa
€ <1/2
j-1
x =Y 2kl 4 0%
i=1
J
X = 2[”‘1‘] + 2%j+1
i=1
oj=1-¢
Then 65
66
as 6; =1 o7
20;ln2
. __copine 2
Ojp1ln2 = [ 0;1im2 +0(0j31/4)
and as §; > 1 68

1—ojln2+ 0(2(7]-2+1)
[1 = 0j411n2]

0j11ln2 = 20;ln2
Proof. From
2€]' — 275]'+€]'+1 + 1

we can rewrite
2170 = 279170

after logarithmization we get
In(2'7%) = In2 — §;In2
Computing as §; = 1 69

(277 1) = In((1 — 0j44In2 + Ufﬂlnz/z) +1)

In(2 —0j1In2 + a]-2+1ln22/2) =In2+1In(1—0j1In2/2 + LT]2+1ln2/4)
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(2% +1) = In2 — In20j,1/2 + 1n*207, 1 /2 + 0(07, 1 /4)
In2 —gjln2 = In2 — In20,1/2 + ln22¢7]-2+1 /24 0(0]»2“ /4)

2071112

b2 = — 10
e = iy

0 ((7]-2+1 /4)
Repeating computing as 6; > 1 we get

In(27% 1% 4 1) = In((27%+D27%1 4 1)

In(1427%+ 4270+ [—0jqIn2+ a]-2+1ln22/2]) = In(14+27% — ojp1ln2/2+ (7]-2+1ln2/4)
ojln2 = n227%+1 4 2_‘5f+1(7j+1ln2 + o(ajZH)

2 —27%1
1—0j41In2/2

1 2

g ln2 = 20 . :

+ 2% gin2

2 =279t
1-— (7']'+111’12/2

1

1ln2 = =29 — >
0-j+1 n 1— 0—]'—‘,-]1”2/2 +0(0'j+1)

+ 2‘5/_1(7jln2

O

Examples calculating €;

as€j;1 ~ 0.51 and
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73

1.
as 6 =1, €, =29"1/(4In2) = 0.75
2.
as 6; =2, €= 25+1/(4In2) ~ 0.51
3.
as 6 =3, € = 26+1/(8In2) ~ 0.25
4.

as 5 =4, ¢j=29+1/(81n2) ~ 0.12

Examples calculating €; 1

as€j ~ 0.51 and

1.

Theorem 11. Let

as 6; =1, €1 ~0.75
as 6; =2, €1 ~ 051
as 6; =3, €1~ 025
as 6;j =4, €j11~0.12

j—1
xeN, x= 22["‘i]+2”‘f
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Dé]' = [DC]]

Then 78
the number of zeros in the binary representation C, is calculated by the following formula 79

j—1
Co=) [6—1+a;—1

Proof.
j—1
C, = Z[Oéi—ﬂéi+1 —1] +Déj—1
i=1
By definition 4;
j—1
C, = Z[Ji—1]+a]-—1
i=1
D 80

Let introduce p, vy for

n
x=Y 72
i=0

by following rule
=
Yet e =1 and v +Yerpr1 =1 or, o =1 or v, = land H vi=1;
i=k
i:V]'
Y+ Y1 =1, and Vitu; T Vi1 = Lv;= 2 (1—7)
i=j
Theorem 12. Let
x = 3" = olal+{a}
nx* ]
x=Y 2
i=1
{a} >1/2
ny — count ofv, n, —count of u
Uy = {1, B2, e i, b Uy = {V1, V2, e, Vi, }

then ¥ 6;, 3 yy Such that

Op = p — 1
A 5,-k, 3 i, Such that

i < Jir Jra1 < g4
ny =ny, + 1
My iy My
nt =Y et Y v =) (vt ) +my
1 1 1

Proof. Proof issue from definition y, v and conditions the Theorem [ o1

Theorem 13. Let
x = 3" = olal+{a}
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s )
x=7y 7
=1

n* =nx*[In(3)/In(2)]

{a) —1/2/ <01 ®)

then
v 25,7, € {0,1}

|
M HM: »—xM:

X

v %25, 7, € {0,1}

1>n*/2-5
7i=0
Proof. Solving equation
3Vl — 20(
we get 83
a =n/1In(3)/In(2) )
We can rewrite 84
3 — ola]+{a}

Using Theorem 8, we create a sequence

€, mje1 = {a}

i1
2€1 = 12 pla]—ar 4 pai—ay

k=0
Suppose
Y 1=0
7i=0
then by Theorem 10 we have
T i In2c?,, /4
Ojt1in —W‘FO(H 0']-+1 )
-1 ojln2 -1 2
2 0-j+1l7/12 = m —+ 2 * 0(ln20}'+1/4)
After repeating j times we get
. In2 ]
270 4In2 = — am + 22_" x0(In207,,/4)

(1 - opaln2/2) 5
By Theorems (9-10) and condition of the current Theorem proceed
In2/2 < 012 < o(In20%,, /4)

repeating, we get in case of our conditions

Y 1>2
7i=0
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Let
k

P =[] = 03411n2/2)
1

then by Theorem 10 we get

il i= * ny
Py2 " 0 g = In20p — 2% Y P27 1) — 10 s P, 27 I (5H02M 410D % 0y + o
k=1
Finally we get
* o * i=k * ny
IN2%07 = 2% 27" Ppeoyye 1 +1n2x Yy P27 RS0 4 192 5 Py, 27 R (v 2m =1 4o (m
k=1

Computing s , where

mny ]
s = In2 Z *pkz—”*+2§2'f(ﬂk+vk) +In2 % *pnvz—”*ﬂ:?il(P‘k-H/k)znv—l

k=1
theorem 85
supposing
0
Y me<nt/2-1
i=1
we get
My
ny < Zyk <n*/2-1
i=1
Yl*/z—l ok 1 1
s < In2 % k; *P2 §1n2*11_1/4:ln2/3

the other side
n2/2 < oqln2 < 1n2/3

immediately we get
s
Z Hi > n*/2
i=1

Now by Theorem 13 me can using counting €; = 1 — ¢; for counting ¢; and then we
get.
Y 1>n*/2-1
7i=0
D 86

Theorem 14. Let .
vi2t, n>1000, v, € {0,1}

ay =
i=0

then
agy < ap

Proof. Consider our formula for 3 in binary representation, and we see the participation
of 4! creates an intermittent sequence of zeros and ones, and zero has about the same
number of ones, more precisely, zeros are not less than the number of ones minus 2 and
after applying Theorem 3-17 we get proof. In more detail, the estimation process consists
of replacing 3 in a,,,; by formula 7 which does not contain powers of the triple which
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allows one to evaluate the resulting terms of the Syracuse sequence. as a result, we get the
following estimate. Let’s introduce operators defined formulas

Pf=f/2
Tf=3f+1
Zf =3f

Let’s consider all possible scenarios of the behavior of the Syracuse sequence, the same
possible scenarios can be written in the following form

Let’s introduce

and compute
Y l=n—m+m=n
R;=P

By rules of Collatz we have after 2n steps

apin = 3" /2"ay, + By

where

B, = Z 3):12,-:2,1‘:1,]‘1/22R,:z,i:1,j1+ZR1-:P,1‘:1,]‘1

j=1n
B, < Y 3//2/ <23"/2" < 2(3/4)"a,
j=1n
A= Ay = 3m(ﬂn *Z_n —+ Bn) = (an *2—1’1 + Bn)3m
[a1] )
A=Y 72, 7i€{0,1}, &y =m*In3/In2+In(2 "a,)

i=0

Let

m* is count of non zeros of 7;

I* is count of zeros of 7;

by theorem 12 we will have
m* < [a1]/2+5=[mIn3/In2]/2+5
I*>[a1/2—5=[mIn3/1In2]/2 -5
After [nq] steps applying rules of Collatz we have
By (o) < 373%/22712% 4 3% (ay 27" + By) = 3"qy * ay

where
g1 = 3"3M/227M25 5 3
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Repeating the process 3 times and using n > 1000, we get
g3 <1

we get
agy < ap

O

Theorem 15. Let ;
a, =Y 72, n>1000, 7, € {0,1}

i=0
then for a,, Collatz conjecture is true

Proof. Proof follows from theorem 3-14
O

5. Conclusions

Our assertion proves that after 2n of steps the sequence comes to a number less than
the start one, from which follows the solution of the Collatz conjecture.

1. O’Connor, ].J., Robertson, E.F. "Lothar Collatz". St Andrews University School of Mathematics and Statistics, Scotland.2006.
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