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Abstract
The beautiful Titius-Bode law (¢ = 0.4 + 0.3 x 2™) discovered 250 years ago (in 1766), is considered to
be a mathematical coincidence rather than an "exact" law, because it has not yet been physically proved.
However, considering the disturbance restoration and the stability of the asteroid belt orbit, there must be
some underlying logical necessity.
Planetary orbits are often computed by Newtonian mechanics with the kinetic energy and the universal
gravitation energy. However, applying the principle of energy-minimum to the Newtonian mechanics leads
to the result that the stable orbital radius is only one value, which is totally incompatible with actual
phenomena. This discrepancy must result from the shortage of elements which rule over the planetary
orbits. Other elements to rule over the planetary orbits are the electric charge energy and the rotation
energy, both of which are guided by the Kerr-Newman solution (discovered in 1965) of the general
relativity theory (discovered in 1915). Here, I mathematically demonstrated the Titius-Bode law, and also
calculated the number of Saturn’s rings, maximum 31 and the radius of Fine-Ring, by applying the
principle of energy-minimum of Newtonian methods to the complicated energy equation which adopts

mass, electric charge and rotation elements of the central core star and solving sole differential equation.
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1. Introduction
The Titius-Bode law, discovered 250 years ago, is considered to be a mathematical coincidence rather
than an "exact" law [1], because it has not yet been physically proved. However, considering the
disturbance restoration and the stability of the asteroid belt orbit, there must be some underlying logical
necessity. Here, by Newtonian methods using the Kerr-Newman solution of the general relativity theory,
[ demonstrate the Titius-Bode law and apply its solution method to the calculation of the number of
Saturn’s rings and the radius of Fine-Ring. This is a mathematical equation calculation. The detailed

analysis process is provided in a separate sheet of paper [2].

2. Methods
The outline of the solution method and the key equation numbers in this article are as follows.
1) The equation for energy in the space-time field is obtained from the Kerr-Newman solution, a strict
solution of the Einstein equations of the general relativity theory.

f1(p, 6, dp/dt, d6/dt, de/dt )= 0 (eq. 3)
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2) This energy equation is partially differentiated by to the minimum energy. The result is 6=m/2, and
the calculation below proceeds at §=m/Z, i.e., on the equatorial plane.
f2(p, m/2, dp/dt, 0, dp/dt £) = 0
3)The angular momentum equivalent /is obtained by applying the variational principle to the Kerr-
Newman solution to calculate dg/dt.
$p, dop/dt ) =0 (eq. 6)
4) Because an additional radius is dp=0 at the aphelion and perihelion distances &, the calculation below
proceeds at distance R.
f3(R /2, 0,0, dp/dt ) =0 (eq.7)
5) Substituting de/dtfrom £= 0 into £3= 0 results in a relational expression of the radius, the angular
momentum equivalent, and the energy.
fuR /2,00 =0 (eq.9)
6) The orbital distance Ris determined by the energy and the angular momentum equivalent, i.e.,
R = R(g,]). Ris partially differentiated by €, that is, £+ is partially differentiated by .
&R} & OR/0e)=0 (eq. 10)
7) Derive the angular momentum equivalent /from f4(R, n/2, 0, 0, / ,£) = 0 and substitute it into
g (R ], &0R/0s)= 0. Make this into an important differential equation which is just composed of the
radius and the energy to analyze unique characteristics of orbits.
h(R & ds/dR)=0 (eq.11)
8) Solving the differential equation 4 results in a complicated set of arctan, log, power functions and
an integration constant K.
HR K)=0 (eq.14) (eq.15)
9) By using that the minimum energy is de/dR=0in h(R, & ds/dR) =0, following simultaneous

equations are obtained and solved. € \M
BT Emin, 0)=0 (1) H(T €min, K)=0 (2 (eq. 16)
R

10) Because the integration constant A'is common to all orbits, the Titius-Bode law is demonstrated
and also the number of Saturn’s rings and the radius of Fine-Ring are calculated.

I1(r, K)=0 (eq.23) (eq.26) (eq.27)

2.1. The Energy Equation
2.1.1. Introduction to the Energy Equation
There are two preconditions for the following analysis besides it in the Kerr-Newman solution.
1) The analysis object must be sufficiently far from the center of mass.
2) The rotation speed of the center of mass must not be too fast. The characteristic Boyer-Lindquist
coordinates in the Kerr solution are equal to general polar coordinates in the first-order term a/p[3].
The strict Boyer-Lindquist metric of the Kerr-Newman geometry [4] is as follows.
RZA
pZ

At the large radius r, the Boyer-Lindquist metric is as follows.

ds? =

I 2 pr L R4sin29( _a )2
(dt asin Gdd)) +R2Adr + p<d6- + 52 do det
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2M 4aMsin?0
)dt2 _ sy

2M
ds? _)_(1_T dtd ¢ +<1+T)dr2+ r?(de? + sin?0d ¢ )

Symbols are changed from the Boyer-Lindquist metric to the general polar coordinate.
The Kerr-Newman solution of the general relativity theory is given by (eq.1). In this expression, m, a

and eare the mass, rotation and electric charge elements respectively.

2mp — e? p?+a®cos? 6
@Y ds? = (1 —m) (Cdt)z — ¥ a—2mp+é? de — (pz + OlZCOSze)de2
(2mp—e?)a?sin?0]| 2(2mp — e?)a sin?6
B [ (*+a®) + p? + a?cos? 6 sin6 do?” - p? + a?cos?0 cdt - dg

I'is as follows when dsis divided by the time elements (c df).

1 (ds )2
rz cdt
The Lorentz transformation factor y (= ¢ dt/ds) in the Minkowski space-time of the special relativity
theory is an important component of the energy E= M &= My y . I'(= ¢ dt/ds) of the Kerr-Newman
solution of the general relativity theory is analogous to

On this occasion, by following the principle of minimum energy, the sign of m is changedto —m, a is

changed to +a, and eis changed to +e Therefore, the energy equationis £Z=7I"(p 6 @ t —m, a, ).

)2 — (p? + a®cos?6) (ﬂf

2mp + e? B p% + a?cos? 6 (d_p
cdt

2) —==|(1
) E? ( +p2+a2c0529 p?+a?+2mp + e? \cdt

cdt

(2mp+e?)a?sin?0]| | 2 (d(p)z 2(2mp + e®)a sinze(d(p>
p? + a?cos? 6 St p? + a?cos?6 cdt

- [(p2 +a?) -

Since E'has a decisive massive energy Moc?, it is converted into £ 1/E? =1 — 2¢ in (eq.3).

2mp + e? p? + a*cos?6 <dp)2 (02 + a2cos26) (dG )2
p? + a?cos?26 p?+a?+2mp+e?\cdt pr o ancos

@) -2e= cdt

(2mp+ez)azsin29] 120 (d(p)z 2(2mp + e?)a sinze(d(p>
sin

ez 2y - —
[(P +a?) 02 + a? cos? 0 p? + a?cos?6 cdt

cdt

Partial differentiation is used to minimize the energy s(p, 6, @, ¢) byusing de¢/08 = 0.

([ (2mp + e?)a? a? (dp)2 5 (d9)2
(p%? + a?cos?0)?  p?+a?+2mp + e? \cdt cdt

A

~ +sin28 = 0

(2mp + e?)2a?sin’0  (2mp + ez)a4sin49] (dgo)z

1(n2 4 a2 — ekl
[(p +a9) p? + a?cos?0 (p? + a%cos?0)? | \cdt

N 22mp +e?)a 2(2mp + e?)a3sin?0 (d(p)
L |[p?+a?cos?06 (p? + a?cos? 0)? cdt )

That is, the energy £and £are minimized at #=m/2 and the planets gather on the equatorial plane where

the energy is stable.

2.1.2. Time component from the variational principle
When the rotation speed of the center of mass is not too fast, the Kerr-Newman solution expanded in the

first order of a/p takes the form given in (eq.4):



2a ) e?\ . 2 <cdt) <d<p)
5 m 5 sin 75 )\ 2
The Euler-Lagrange equation [5] is adopted by applying the variational principle to the Kerr-Newman

solution.

‘SJ ) 2m+e2 (cdt)2 1 <dp)2 ) <d9)2+ _ 29(d¢>2
p  p?)\ds _2_m+ﬁ ds P \as S ds
pZ

1
p

2a e?\ . cdt\ (de
——|2m ——|sin?%0 <—) <—) ds=0
p p ds/\ds
Eventually, (eq.5) is obtained at the equatorial plane of the rotating center of mass where the energy is

stable. Hereafter, | perform the calculation at the equatorial plane (8= 77/2) of the rotating center of

d " Zm_l_e2 (cdt) al, e? (d(p) _o . .
en > T2 )\ ) 5 m o\ = ime componen

d 2(d<p)+a ) e? (cdt) “o .
=P 5 5 m >\ = @ componen

The two equations in (eq.5) are integrated over ds. d¢/dt (eq. 6) with an integration variable /is

mass.

(5)

obtained by using the resulting pair of simultaneous equations,

do e? e?
©) dp \ds) J\p—2m+ D ta e 2m ] : the angular momentum equivalent
dat — (dty e? ' kind of Cart tant in relativity th
(%) 03 +Ja <2m _ F) (a kind of Carter constant in relativity theory)

The distance variables are defined as follows:
p : An arbitrary orbital distance in two- or three-dimensional coordinates.
R : The aphelion and perihelion distances at the equatorial plane of the rotating center of mass.

r: The aphelion and perihelion distances, both of which are energetically stable at the equatorial plane.

2.1.3. Introduction of the angular momentum equivalent

Because additional p at the aphelion and perihelion distances is dp =0, the energy equation is given by

(eq.7).

D o0=2es B E g (B) 00, 2 (2
(7) 0=2e+p+43 cdt) TR\ 2R ) \cat

de/ cdt (eq. 6) is composed of the angular momentum equivalent and is substituted into (eq.7). /is
obtained as in (eq.8) by adopting the secondary order R
4am + R6\/R(2eR + 2m + C) R2
R2(R — 2m + C) — a(2m — C)8y/R(2eR + 2m + C)
Here, § = +1 and C = e?/R. &is related to the orbital rotation direction.

® J=




2.2. The Space Fantasy Differential Equation

2.2.1. Introduction of the Space Fantasy differential equation
It leads not to the numerical analysis but to the analytical unique characteristics. The relation of R, & and
Jare given as (eq.9) at the aphelion and perihelion distances R by changing the angular momentum
equivalent /(eq. 8).

(eq.9) is far more complicated than the Kepler-Newton equation 2eR? + 2mR — J? = 0
2

e? e?
om  e? ]<R—2m+ﬁ)+a<?—2m)
(9) 0=2£+T+F—R2 5
R3+]a<2m—%)
e? e?
+4_a m.|_e_2 ]<R—2m+ﬁ)+a<ﬁ—2m)
R 2R

eZ
R3 + ]a <2m - W)
Since the orbital distance Ris determined by the energy € and the angular momentum equivalent / R =
R(e,]). A new differential equation is given as (eq.10) by partially differentiating R by ¢, then substituting
Jinto this, and adopting the reciprocal of dR/0de.

de

R [R3+ Ja(2m — O)]?

(10)

_(m+O)[R? +Jam - O)]? N J(R-=2m+C)—2am+aC][J(R—2m+C) +3aC]-R
h R2 1

2R?[J(R —2m + C) — 4am] [J?a(m — C) — JR?*(R — 3m + 2C) + aR?*(3m — 2C)]
+ R34+ Ja(2m —C)

Here, by substituting /of (eq. 8) into (eq.10), the second order Ris obtained.

Through all these extensive calculation processes, the relation between € and Ris summarized as (eq.11).
de
(1D ﬁR‘*(R2 —4mR + 2CR + 4m?)

= mR?(—R? + 8mR — 4CR — 12m?) + £ - 2R3(—R? + 6mR — 4CR — 8m?)
+2am(2R? + 2mR — CR — 12m?)8,/R(2¢R + 2m + C)
+e-4aR(3mR — 2CR — 6m? + 7Cm)8/R(2eR + 2m + C)  C=e?/R (R 2ry order)

[ call tentatively this second order equation (eq. 11) “the Space Fantasy (SF) differential equation”.
The change of variables is performed to solve the SF differential equation for S. The result is (eq.12).

S =R/R(2¢R + 2m + C)

1 ds 2e*(e? +2m?) N 4aém+S N 6adémsS? R 0ord
12) g = SR R RS (R Oorder)

The form of the differential equation in (eq.12) is more complicated than the Riccati's differential
equation, which never has an exact general solution [6]. Since 6admS?/R° is much smaller than
S/Rand 4aém/R, it can be treated as a constant é. Also, (eq.12) can be reduced to the problem of an

approximate differential equation, and it is given as (eq.13).



dS 1[2E* 4aémS 652 5?2
[ <1 +W>+F] E4=€2(€2+2m2)

dR_S|R R
1[2E*  4aémsS s? 352
= —— P - 2 4 ] 2 4
'S[ = + i 1+06)+ R] 6 2RE (8¢ ,R; are centroids S%/3 ,R*/5)
Sds dR

I3 S aeemsare) 1 26* R
Solving (eq.13) by the quadrature formulae [7] leads to (eq.14), (eq.15) and (eq.16).

In the case that the discriminant is 4 =E* — 2a’m?(1 + 6)> >0:
4aém(1+6) ( 2S + 4adm(1 + 6) )
arctan

1
—log[S? + 4aém(1 + 0)S + 2E*] —
2 2/2E* — 4a?m?(1 + 9)2 24/2E* — 4a?m?2(1 + 0)2

=logR + K
14 K S? 4+ 4adm(1+6)S + 2E* EXP[ —4aém(1+6) ( S+ 2aém(1+6) >]
= * C
R? V2E* — 4a?m2(1 + 0)2 V2E* — 4a?m?(1 + )2

In the case that the discriminantis 4 =E* — 2a’m?(1 + 8)? <0:

log[S? + 4aémS(1 + 0) + 2E*]
S+ 2adm(1 + 0) —/4a®>m2(1 + 0)2 — 2E*

2a6m(1+60)
— . g
J4a?m2(1+ 6)? — 2E* S +2adm(1 + ) +/4a?m?(1 + 6)? — 2E*
[ S2 + 4a6mS(1 + 0) + 2E* 1
RZ

(15) K= logI

= 2logR + K

2a6m(1+8) |
]J4a2m2(1+9)2—254J

H:S + 2a6m(1 + 9) — \/4a2m2(1 + 9)2 _DF4
S+ 2adm(1 + 6) ++/4a?m?(1 + 6)% — 2E*

In the case that the discriminantis 4 =E* — 2a?m?(1 4+ 0)? = 0:

dS 1 (S++2E?)? _ _ .
R-Ss T r Solving this equation by the quadrature formulae leads
S +2E? V2E?
(16) K= ———— EXP[—————]
R S +2E?

2.2.2. Conditions of the energy minimum orbit
Since the minimum energy is de/dR = 0 in the SF differential equation (eq. 11), it is a cubic equation in &

0= £3-32a%r3*(B3mr — 2Cr — 6m? + 7Cm)?
+&%2-r?2(16a?(B3mr — 2Cr — 6m? + 7Cm)?(2m + C)
+32a’m(2r? + 2mr — Cr — 12m?)(3mr — 2Cr — 6m? + 7Cm)

—473(—=1?% + 6mr — 4Cr — 8m?)?

+ &-4mr| 2a’m(2r? + 2mr — Cr — 12m?)?
+4a?(2r? + 2mr — Cr — 12m?)(3mr — 2Cr — 6m? + 7Cm)(2m + C)

—r3(=7r? + 8mr — 4Cr — 12m?)(—r? + 6mr — 4Cr — 8m?)
+m?[4a?(2r? + 2mr — Cr — 12m?)?(2m + C) — r3(—=7r? + 8mr — 4Cr — 12m?)?]

Solve this cubic equation. A solution &,,;, (eq.17) very close to 0 is adopted in accordance with the

principle of the energy minimum.
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-m 1r3(r?—8mr +4Cr + 12m?)? — 4a?(2m + C)(2r? + 2mr — Cr — 12m?)?
(A7) min= 4r [r3(r? — 8mr + 4Cr + 12m?)(r? — 6mr + 4Cr + 8m?)
—4a’(2m + C)(2r% + 2mr — Cr — 12m?)(3mr — 2Cr — 6m? + 7Cm)
—2a*m(2r? + 2mr — Cr — 12m?)?
5 _4:1 (7 0 order)

€min (€q.17) is substituted into the change of variables S = r/r(2er +2m + C) (eq.12).

—mr*

2

r*(r? — 8mr + 4e? + 12m?)? —
r>(r? — 8mr + 4e? + 12m?)(r? — 6mr + 4e? + 8m?)
—4a?(2mr + e?)(2r? + 2mr — e? — 12m?)(3mr?

4a?2(2mr + e?)(2r? + 2mr — e? — 12m?)?

SZ
—2e%r — 6m?r + 7me?)
—2a’mr?(2r? 4+ 2mr — e? — 12m?)?

+7r22mr + e?)

_ r*x [r® polynomial ] +72(2mr + e?) x [r® polynomial ] r’2x P

B [r°polynomial ] - Q
3m

= TT (7 0order)

Here, Pand @ are given by (eq.18) and (eq.19).
(18) P =-mr?/2[r*(r* — 8mr + 4e? + 12m?)% —
+(@2mr+e?) xQ
(19) Q= r>(r? —8mr + 4e? + 12m?)(r? — 6mr + 4e? + 8m?)
—4a?(2mr + e?)(2r? + 2mr — e? — 12m?)(3mr? — 2e%r — 6m?r + 7me?)

—2a’mr?(2r? + 2mr — e? — 12m?)?

4a%(2mr + e?)(2r? + 2mr — e? — 12m?)? |
[.’,.10

polynomial |

[r° polynomial ]

And for 6,
_353_552_ 5P _15m ¢ 0ord
= 2RI~ 207 2072 y (rat 0order)
2.3  The Titius -Bode Law

In the case that the discriminant is 4 =E* — 2a?m?(1 + 6)?> >0 of the SF differential equation, the
function f(@)is given in (eq.14) and is subjected to a Maclaurin series expansion. Terms above 62 are

neglected. The result is given in (eq.20).

52 + 4aém(1 + 0)S + 2E* —4aém(1+ 6) S+ 2aém(1+0)
f(®) = > EXP arctan
R V2E* — 4a2m2(1 + 0)2 V2E* — 4a?m2(1 + 0)2
-K=0
1 0f(0) 1 0%f(0) ,
f(©) = f(0)+F 30 0 21 o) ——=-0* 0
20)  fo) =" EXP[ —tadm ta < )] x
= arctan
2 V2E* — 4a?m? —2a? m2
30adm?E
X|1-— 3><arctan N -K=0
r[2E* — 4a2m?]2 VE* —2a?m?
. . e rV3mr 2VE*-2a’m? L .
Since r is very large, it is given as arctan (m) =mn/2+nN — — This is substituted

into (eq.20).



30aém?E* (1 + 2N)
2

3mr —2aémn(1 + 2N)
K= EXP :

2 2E* — 4a?m?

3
r[2E* — 4a?m?]2
Since the integration constant Kis common to all planets that orbit the center of mass, the base planet

and the distance ratio to the base planet can be set as follows. 1, M1, N—My=n —1,and & = r/r;. The

result is given in (eq.21).

1) n—1=Y2E'—4aim’ (26 — da?m?]>
4admmn _ 15a6m?E*n(2N; + 1)

[ 15a6m?E*m(2N; + 2n -1

7 [2E* — 4a? mz]
On the other hand, the Titius-Bode law is changed into (eq.22).

Eparen = 04+ 0.3 X 2’; = 0.4 0—|—40.6 x 2n-t ( &, : the Earth basis &)
1 - 0.
22 —-1= -1 Earth
22) log2 T 1-04

The Titius-Bode law (eq. 22) is remarkably similar to the solution (eq. 21) of the approximate SF
differential equation. If the two coefficients are the same, the two equations are almost equal.
(The Earth is the base planet, n=1.)

1 V2E*-—4a’m? 04 — 15a6m?E*m(2N; + 1)

- 3
log2 4admm r[2E* — 4a?m?]2

Since 7, = 1.5 X 108km for the Earth,and,m=1.476km and a=0.32km [8] for the Sun, it is calculated
that e = 2.1km,and N; = 1.5 X 107. The 2n on the right side of (eq.21) is neglected because of the very
large Nj. Thus,

30aém?E*nN, 4amn(n—1) 30aém?E*nN,
23) §=|1- 5| EXP | —=| + .
3 V2E: — 3
11[2E* — 4a2m?]2 2E* —4a*m 11[2E* — 4a2m?]2
Eorn = (1—0.4)- 2771 4 0.4

6 = 11 is related to the orbital rotation direction. If its rotation direction is same that of the central core
star, § = 1 and (Eq.23) is now exactly equal to (eq.22). The Titius-Bode law has therefore been
demonstrated.

In the case that § = —1 i.e. the orbital rotation direction and it of the central core star are opposite each

other, the ratio of orbital radii in some exoplanets is reversed against the solar system planets.[9]

30am?E*mN, . EXP [ 4amn(n-1) ] 30am?E*nN,
2E*—4a?m?

&= [1 + 3
1[2E*- 4a2m2]2 r1[2E*-4a?m2]Z

24 The Saturn’s Rings

Since the autorotation of the Saturn is fast, the discriminant is 4 =E* — 2a?m?(1 + 8)? >0.The

solution (eq. 15) of the SF differential equation is as follows.

52 + 4aémS(1 + 6) + 2E*
RZ

K= log 2aém(146)
S+ 2a6m(1 + 6) — J4a?m?(1 + 6)? — 2E*|V4a?m?(1+0)?-2E*

S+ 2aém(1 + 0) + y/4a?m?(1 + 6)2 — 2E*
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2aé6m(1+0) . . . _ .
\/m] is nearly 1, the denominator is expressed as (1 —1). 4 is

extremely small, but not zero. The solution of the SF differential equation is (eq.24).

Since the power number [

) 2aé6m(1+0)
J4aZm?(1+6)%2-2E*

S+ 2adm(1 + 0) —/4a?m2(1 + 6)2 — 2E*
S+ 2adm(1 + 0) +y/4a?m2(1 + 6)2 — 2E*

_ S?+4asmS(1+0) + 2E4_ 1
B r2 1-2

1-1=

(24) K

The integration constant A'is common to all the rings that belong to the Saturn. For the base ring, the
variables are ryand F =K, and the polynomial of Sis (eq.25).
(25) S*—2S?[F(1 —2)r? —2E*+8a’m?(1+6)*] + [F(1 — D)r? —2E*]> =0

P (eq.18) and Q (eq. 19) are substituted into (eq.25) to give S and 6. Finally, the polynomial of ris

(eq.26).
(26) Qr2 (Pr*—Q[F(1 —A)r? —2E*])? —4a’m?P (2Qr*> +5P)? =0

The degree of (eq.26) is the highest at the first term P2Qr®, and is 7 to the power of 35 [10x2+9+6].
That is, (eq.26) is a polynomial of 735 with high degree coefficient A and has four micro roots. Thus,
planets with rings such as the Saturn have a maximum of 31 rings. The real number of rings decreases
because of roots of complex number, minus roots, equal roots and the swelling of the central core star.
[t is expected to observe and determine the rotation element a and the electric charge element e .
Since the coefficients 1 and Fcontain § = +1 related to the orbital rotation direction, some ring stars

exist with the opposite orbital rotation direction against it of the central core star,

2.5 Fine Ring star
In the case that the discriminantis 4 =E* — 2a?m?(1 + 8)?> = 0 because the balance of the mass,

rotation and electric charge elements is exquisite.

as 1 2E4+4a5m5 1+352 +52 E* = e2(e? + 2m?)
dR_S|R R 2R*) TR CeneTem
352\’
the discriminan ~ 4=2E* — 4a*m? <1 + W) =0 @®
_ _ Cds 1 (S+v2E?) o _
the differenntial equation —=—-——"-— solving this equation
drR S R
S ++2E? 2E?
K = —\/_ XP(\/_—) ®@
R S +V2E?
the energy stable equation S =r,/3mr/2 ©)

7,5 and K are unknown, then solve simultaneous equations @O, @, @
9adm?
r =
2V2(E? —\2aém)

m, e and a are small constant value, but ifitis E2 —v2aém =~ 0 generally, r grows larger. That is, in

(27) (in this case,§ = +1)

the case of exquisite balances a? ~ e2(1+ e?/2 m?), Super Fine-Ring is formed. In the case that the
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discriminantis 4 # 0 slightly out of alignment, Fine-Ring is formed and has some components of the

Saturn’s rings or Solar System planets.

.6  The Elliptical Sphere Planets System
In the case that the central core star of the elliptical sphere planets system has no rotation like an
elliptical galaxy, a= 0in (eq.11) gives (eq.28)
de 2(R? —6mR + 4CR + 8m?) m(—R? + 8mR — 4CR — 12m?)

dR T R(RZ—amR+ 2CR + 4m2) ©~ "R2(RZ — 4mR + 2CR + 4m?)

(28)

Also, the condition of the minimum and maximum energy is de/dR = 0.

_m(=r? +8mr — 4e? — 12m?)
&= 2r(r2 — 6mr + 4e? + 8m?2)

Solve the differential equation (eq.28) and add the condition of the energy minimum, then the integration
constant K'is as follows.

K = mr3(—r? + 8mr — 12m? — 4e?)
© 2(r2 — 6mr + 8m2 + 4e2)(r2 — 4mr + 4m? + 12e2)

(r? —4mr + 14m? + e)mr —6m?(2m? + e?) m@2m? + e?)n(1 + 2N)
+ —
r2 — 4mr + 4m? + 2e? 2\/2e

The integration constant K'is common to all orbits which belong to the elliptical sphere planets system. At the
base orbit they are r1, N1, N—N; =n — 1. Itis (eq.29).

r3(—1r? + 8mr — 12m? — 4e?)(r? — 4mr + 4m? + 2e?)
(29) + 2r(r? — 4mr + 14m? + e?)(? — 6mr + 8m? + 4e?)(r? — 4mr + 4m? + 12€?)
—-12m(2m? + e?)(r? — 6mr + 8m? + 4e?)(r? — 4mr + 4m? + 12€?)

(r? — 6mr + 8m? + 4€?)(r? — 4mr + 4m? + 12e*)(r? — 4mr + 4m? + 2e?)

Fo V2(2m? + e*)nr(n - 1)
e

F is equal to (eq.29) at r=r;. (eq.29) is the polynomial of 7 with the minimum and maximum energy
which has coefficients of natural variable number n. The elliptical sphere planets system is composed of
maximum 4xnumber n spherical surfaces with the minimum energy. There are planet orbits in the
spherical surfaces. The real number of spherical surfaces decreases by roots of complex number, minus

roots, equal roots and the swelling of the central core star.

Discussion
The Titius-Bode law, discovered 250 years ago, is considered to be a mathematical coincidence rather
than an "exact" law. However, I successfully proved the law and showed here that the Saturn can
physically have a maximum of 31 rings. 250 years of astronomical mystery is now solved not by the
computer analysis but by the theoretical analysis.
The Kerr-Newman solution of the Einstein’s equation is considered as follows. The no-hair theorem
postulates that all black hole solutions of the Einstein-Maxwell equations of gravitation and
electromagnetism in general relativity can be completely characterized by only three externally

observable classical parameters: mass, electric charge, and angular momentum. [10], [11]
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In this manner, since this theory is based on the steady state of Kerr-Newman solution in the mature
galaxies, it cannot be applied to the galaxies which are still young, unstable and transitional. Three
important equations can be summarized as follows.

(eq.11) is a fundamental differential equation based on the steady state, and it can be applied to the Solar
system, other planets and rings in the galaxies. There must be many solutions of (eq.11).

(eq.23) is one of the approximate solutions of (eq.11). Since this is energetically stable, it is applicable to
the Solar system planets and many of the around 4000 extrasolar planets in the galaxies. However, it is
not applicable to still young, unstable and transitional planets like comets.

(eq.26) is one of the approximate solutions of (eq.11). This is also energetically stable and applicable to
Saturn’s rings and some other extrasolar planets’ rings.

m, e and a are small constant value, but in the case of exquisite balances a? =~ e?(1+ e?/2 m?), Super
Fine Ring is formed (eq.27).

This theory is applied to planets, which belong to the center of mass in the universe, but it is not available

to a bulge space near center of mass.

Appendix

Analysis solution and Numerical solution
Without use of Space Fantasy differential equation which leads the analysis solution, there is a method of
numerical solution i.e. simultaneous equations consist of an integral constant equation and an energy
minimum orbit equation, following.
However, a numerical solution composed of power algebraic expressions is difficult to understand the

characteristics of orbits

4am + RS\JR(2eR + 2m + C)

(8) = R? §=+1 C=¢e?/R
R2(R —2m+ C) —a(2m — €)8y/R(2eR + 2m + C)
An integral constant equation X
4am + R6\/R(2eR + 2m + C) R2

= R2(R — 2m + C) — a(2m — €)8/R(2¢R + 2m + C)
An energy minimum orbit equation
d 4am + RS\JR(2eR + 2m + C)
){E R2(R — 2m + C) — a(2m — C)6/R(2¢R + 2m + C)

2

0=l (de 0
= —
m dR
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