Sedeonic duality-invariant field equations for dyons
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We discuss the theoretical description of dyons having simultaneously both electric and magnetic charges on the
basis of space-time algebra of sixteen-component sedeons. We show that the sedeonic equations for electromagnetic
field of dyons can be reformulated in equivalent form as the equations for renormalized field potentials, field
strengths and single renormalized source. The relations for energy and momentum as well as the relations for
Lorentz invariants of renormalized electromagnetic field are derived. Additionally, we discuss the sedeonic second-
order Klein-Gordon and first-order Dirac wave equations describing the quantum behavior of dyons in an external
electromagnetic field.

1. Introduction

A dyon is a hypothetical point particle, which has simultaneously both electric ¢, and magnetic ¢,

charges was proposed by J. Schwinger in 1969 [1]. In fact, the dyonic concept is a development of the
idea of magnetic monopoles proposed previously by P.A.M. Dirac [2, 3]. Magnetic monopoles as well as
dions increase the symmetry of the Maxwell equations. Taking into account the magnetic charges and
corresponding magnetic currents the Maxwell equations for the electromagnetic field in a vacuum is
represented in absolutely symmetric form [1]:

V-E=4np,,

l%_E‘VXHLMJe,
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V-H=4np,,
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Here p, is a volume density of electric charge; j, is a volume density of electric current; p, is a
volume density of magnetic charge and j, is a volume density of magnetic current. These equations
are invariant under the electromagnetic duality transformations for field strengths and sources [4]:

E—-H, H—--E,
je _>jm’ jm _>_je’ (12)
pe_>pm’ pm_>_pe'

In recent years, there have been a few publications devoted to the reformulation of equations for
electromagnetic field in terms of hypercomplex field potentials. The first approach is based on four-
component quaternions, which consist of scalar and vector parts that adequately describe the four-vector
concept of special relativity [5-8]. In particular quaternions were applied for the description of dyons [9-
11]. However since the system of Maxwell equations consists of four equations for scalar, pseudoscalar,
vector and pseudovector values, the application of eight-component algebras is more appropriate. Taking
into account this spatial symmetry several approaches have been proposed to describe electromagnetic
field on the basis of eight-component octonions [12-16] and octons [17-19]. Particularly these algebras
were used for the description of dyonic field [20-22]. However, a consistent relativistic consideration
implies equally the space and time symmetries that require using the extended sixteen-component space-
time algebras.

Recently we proposed the space-time algebra of sixteen-component sedeons, which takes into account
the symmetry of physical values with respect to the space-time inversion and realizes the scalar-vector
representation of Poincare group [23]. In particular we considered the equations for massive and massless
fields based on sedeonic potentials and space-time operators [24-26]. In the present paper we consider the
application of sedeonic algebra to the description of dyonic electromagnetic field and for the
reformulation of relativistic quantum equations for dyons in an external electromagnetic field.



2. Algebra of space-time sedeons
To begin with we shortly recall the main properties of sedeons [23]. The algebra of sedeons encloses

four groups of values, which are differed with respect to spatial and time inversion.

e Absolute scalars (V) and absolute vectors (V) are not transformed under spatial and time inversion.

e Time scalars (V,) and time vectors (V,) are changed (in sign) under time inversion and are not
transformed under spatial inversion.

e Space scalars (V.) and space vectors (V.) are changed under spatial inversion and are not
transformed under time inversion.

e Space-time scalars (V, ) and space-time vectors (V, ) are changed under spatial and time inversion.

Here indexes t and r indicate the transformations (t for time inversion and r for spatial inversion),
which change the corresponding values. All introduced values can be integrated into one space-time

sedeon V , which is defined by the following expression:
V=V4+V+V 4V +V. +V. +V,_+V,_ . (2.1

Let us introduce a scalar-vector basis a,, a,, a,, a,, where the element a, is an absolute scalar unit
(a, =1), and the values a,, a,, a, are absolute unit vectors generating the right Cartesian basis. Further
we will indicate the absolute unit vectors by symbols without arrows as a,, a,, a,. We also introduce the
four space-time units e,, e, , e,, e,, where e, is an absolute scalar unit (e, =1); e, is a time scalar unit
(e, =e,); e, is a space scalar unit (e, =e_); e, is a space-time scalar unit (e, =e, ). Using space-time
basis e, and scalar-vector basis a, (Greek indexes a,8=0,1,2,3), we can introduce unified sedeonic
components V,, in accordance with following relations:

V=eVa,,
V= (Vmal +Vpa, +Vo3as) >
Vi=eVa,,
‘7t =¢ (Vllal +V),a, +V1333)’ (2.2)
V. =e,V,a,,
r =€ (VZIal +Vya, +V23as) >
Ve =€5V50a,,

Ve =65 (Vslal +Vi,a, +V3333) .

Then sedeon (2.1) can be written in the following expanded form:

V=e, (Vooao +Voa, +Vppa, +Vo333)

+e, (Vjya, +V,a, +V,,a, +V,.a,) (2.3)
+e, (Vya, +V,a, +Vya, +V,a,)
(V.

+e; (Vya, +V3a, +Via, +V3332) :

The sedeonic components V,, are numbers (complex in general). Further we will omit units a, and e,

for the simplicity. The important property of sedeons is that the equality of two sedeons means the
equality of all sixteen components V,,

Let us consider the multiplication rules for the basis elements a, and e, (Latin indexes n, k=1, 2, 3).
The unit vectors a, have the following multiplication and commutation rules:

aa =a =1, (2.4)
aa =-aa, (fornzk), (2.5)
aa, =ia,, a,a,=ia,, a,a, =ia,, (2.6)

while the space-time units e, satisfy the following rules:



€8 = e12< =1, 2.7
ee =—ee (fornzk), (2.8)
ee, = ie3 , €,€;= iel , €3, = ie2 . (29)

Here and further the value i is imaginary unit (i* =—1). The multiplication and commutation rules for

sedeonic absolute unit vectors a, and space-time units e, can be presented for obviousness as the tables
1 and 2.

Table 1. Multiplication rules for absolute unit vectors a, .

a, a, a,
a, 1 i, —ia,
a, —ia, 1 ia,
a, i, —ia, 1

Table 2. Multiplication rules for space-time units e, .

el e2 e3
e 1 ie, —ie,
e, —ie, 1 ie,
e, ie, —ie, 1
Note that units e, commute with vectors a:
ae =ea (2.10)

for any n and k .
In sedeonic algebra we assume the Clifford multiplication of vectors. The sedeonic product of two
vectors A and B can be presented in the following form:

Aé:(A-é)+[AxE]. (2.11)
Here we denote the sedeonic scalar multiplication of two vectors (internal product) by symbol “-” and
round brackets

(A-B)=AB +A,B, + AB,, (2.12)

and sedeonic vector multiplication (external product) by symbol “x” and square brackets
[AxB|=i(A,B,~AB,)a, +i(AB ~AB)a, +i(AB,~ AB)a,. (2.13)

Note that in sedeonic algebra the expression for the vector product differs from analogous expression in
common used Gibbs-Heaviside vector algebra. For the transition from sedeons to the vector algebra the
replacement

i| AXB| = -AxB (2.14)
[ AxB]

should be made in all vector expressions. Here Ax B is the vector product of A and B vectors in Gibbs-
Heaviside algebra.



3. The equations for electromagnetic field of dyons

The sedeonic wave equation for electromagnetic field of electric and magnetic charges can be written
in the following form [25,26]:

.19 ). 10 = \xr 3
(lel ZE—CZVJ(ZCI ZE—CZVJW:J . (31)
Here W is the sedeon of electromagnetic field potential
W= ie,p —ie,p, +e,A +e,A, (3.2)

where ¢, is electric scalar potential, ¢, is magnetic scalar potential, A, is electric vector potential, A, is
magnetic vector potential. We use the following sedeonic definition of Hamilton nabla operator and
vectors A, and A, :

- 0 d 0
V=—a, +—a,+—a,,
ox dy 0z
;13 =Aa +A,a,+Aa,, . 3.4
Am =A,a +A,a,+A4,a,
The sedeonic source is
= . 4 - . T~
J=—iednp, —e,— j, +ie,4mp, —e,— j. ., 3.3)
C C

where p, is a volume density of electric charge, j, is a density of electric current, p, is a volume density
of magnetic charge and j is a density of magnetic current.
The electric and magnetic field strengths are defined as

Fo 194 -V, +i[VxA4,],
c ot
104 G-2)
A=-1% Gy _i[Vxi]
c ot
The potentials satisfy the Lorentz gauge conditions
109, (= -
——*+(V-A,)=0, 3.6
c or +( 5) (3.6
10¢ -
——24+(V-4,)=0. 3.6
c of +( m) (3.6
Then we have
.19 = . < - =
ie, ———e,V (zelg, —ie,p, +e,A, +e,A, ) =e,F—iH, (3.7)
c ot
and the wave equation (3.1) is rewritten as
(ie1 li—eﬁj(eﬁ—iﬁ ) =—ie, 470, —e, 4—7[58 +ie,47p, —e, 4—7[],,1 (3.8)
c ot c c

Producing action of the operator on the left side of this equation and separating the values with different
space-time properties, we obtain the system of Maxwell's equations for electric and magnetic charges
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However, the electric and magnetic properties of dyons are not independent, since their electric ¢, and
magnetic g, charges belong to the same point particle. Therefore, the following relations hold [27]:
1

1
- ¢e = ¢m >
qé ql?’l

|

Li-Li,

q q

‘ " 3.10
) | (3.10)
_pe:_ m?

q. qn

1 - 1 -

_Je:_Jm'

e m

To describe the dyons it is convenient to introduce the renormalized sources:

=P _Pu

de 3.11)

P

and renormalized field potentials:

‘ ";" (3.12)
i=ti-Li.
q,

4,

Taking into account (3.11) and (3.12) the field potential (3.2) and source (3.3) can be rewritten as

W:( ielqe _iequ)¢ +(elqm +e2qe);{ z(iel¢+e2;{)(qe _ieSqm) ’ (313)

. . 4z = . 1- )
J =—47r(le1qe —lezqm)p —T(ezqe +elqm)] =—47r(1e1p+e2;])(qe —le3qm). (3.14)

Substituting (3.13) and (3.14) in the wave equation (3.1 ) and multiplying on (g, +ie,q, ) from the right
we obtain following renormalized wave equation:

.1 =\. 19 = \/. - . 4 -
(131Zg_ezvj(’%;E_ezvj(’eﬂ’*‘ez“‘) =—l47re1p—ezT] . (3.15)

Let us introduce new renormalized electric and magnetic field strengths of dyons

F=_1%_g, (3.16)
¢ ot
ﬁz—i[ﬁxﬁ]. (3.17)
Since renormalized potentials satisfy the Lorentz gauge condition
109 (= -
~Z24(V-4)=0,
c ot +( )



we have

(ie1 li—eﬁ)(z‘eereer) =e,E—iH, (3.18)
c ot
and the wave equation (3.15) is rewritten as
(ielli—eﬁj(eﬁ—iﬂ ) =—i4ze,p—e, 4—”] (3.19)
c ot c

Producing action of the operator on the left side of this equation and separating the values with different
space-time properties, we obtain the system of Maxwell's equations for dyons in the following form:

(V%)=47rp,

10E = - Ar -

——+i| VXH |=—— ],

caata [ ] c (3.20)
(V-)=o0,

10H e -

There are the simple relations between electric E and magnetic H fields and renormalized Z and # .
Taking into account (3.12) the definitions (3.5) can be rewritten as

E=—q, %%—qevq)+iqm [ﬁxﬁ],

1aatA (3.21)
H = _qnl ;E_ q}?l§¢_ iqe [6 X A} *
Multiplying these relations respectively on ¢, and ¢, we have
qu+qmﬁ=—(qj+qi)(%%+%}(qf+q;)f (3.22)
and
—qu-i-q(I:I:—(qf-i-qi)i[vaJz(qf-i—qf,)ﬂj[. (3.23)
From these expressions we obtain the following relations between the field strengths:
- 1 - ~
E=—F\9.E+q,H), 3.24
(q§+q;)(q‘ 9,H) (3.24)
- 1 - _
}[:—(—qu+qu). (3.25)
(4 +a)
4. The relations for energy and momentum of dyon electromagnetic field
Multiplying (3.19) on (eS”E —iH ) from the left we have
(e,F—isl )(iel li_eﬁj(eﬂz_if{ )= (e il )[zzmelpﬂz 4z ,) @1
c ot c
Equating in (4.1) the components with different space-time properties we get
1 9/~ - L C (e [~ ~ I
gg(fz+H2)—lE(V'|:fX}[:')+(‘E"])=0, (42)
V(B )i o[ B
87[1 47c ot (4.3)
_E{(V E)E+(V-A) A+ pE+i[ x| =0,



%{[i-%}—(ﬂ-%)}—iﬁ{(f-[?xf])+(ﬁ-[€7xﬁ])}—(i[- o @9

4.5)
+i{[fx[¥7xi[ﬂ—[ﬂ?x[?xiﬂ}+cﬂ?p—i[fxﬂ =0.
The expression (4.2) is the analog of Pointing theorem for dyons. The value
W= E* + 9{* (4.6)
&
is the renormalized volume density of field energy, while vector
P=—i-—[Ex] (4.7)

4z

is the vector of renormalized energy flux density (Pointing’s vector). Using (3.24) and (3.25) one can see
that

1 =2 rr2
=——(E*+H?), 4.8
v G ) (5
while
— C — —
P=—i—— | ExH|. 4.9
'47r(q5+q3,>[ <] )

5. Relations for Lorentz invariants of dyon electromagnetic field
Using sedeonic algebra it is easy to derive the relations for the values
L =F -5,
I (g y{) 5.1

which are the Lorentz invariants of dyon electromagnetic field. Indeed substituting (3.24) and (3.25) we
have

4.4, (7
- edn (E.H), 5.2
1 (q§+qi>2( ) 62
and
q.49 72 2
I,=—7<" _(H>-E*). 53
’ <q§+qi)2( ) &

Thus one can see that 7, and 7, are renormalized Lorentz invariants of real electromagnetic field.

Multiplying both parts of equation (3.19) on sedeon (e, +i# ) from the left we have:
= .=\[.. 10 = = = = 4z -
(e3£+z}[ ) ie, ———e,V (e3£—z}[ )=—(e3£+z}[ ) idre,p+e,—j |. (5.4)
c ot c

Equating in (5.2) the components with different space-time properties we obtain the following relations
for the Lorentz invariants of dyon electromagnetic field:

87[& ) =—(E- J)—l_”{(f-[ﬁxﬁ])+(ﬁ.[6xﬂ)}, (5.5)
VB - = {E(V ) (2:V) 2 (V- 5) (V) )

. (5.6)
+i£ [fxa—i{} ﬂ?x—} —cp£+z[ﬂ?><]]
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6. The sedeonic Klein-Gordon equation for dyons

The sedeonic wave equation for the quantum particle with electric charge ¢, and magnetic charge ¢,

in an external electromagnetic field described by electric ¢, , A, and magnetic ¢, , A, potentials is

e

obtained from the equation for free particle [28,29] by the following replacements:

3 - 2Jriq ?, +iq o
?l ot ,-h ) h, 6.1)
V> Vo—gA-—qA,
hc qe [4 h qm m
and can be written as
'12— e|V-"Lgi-"qi —ie@2~—0 (6.2)
a hqe% qm¢m C/"l qe e C/"l qm m 3 h "I . *

Here m is the mass of particle. Taking into account the relations for dyonic potential (3.12) this equation
can be represented in the following form:

1( 0 - me 1( o i - mc
— — —je. —— — —je. — S\ = 63
{ (Bt+hq¢j eZ(V hqu ie, — }{ (at+hq¢j e{V chqu ie, — }\y 0 (6.3)

q=q.+q,,.

where

Producing the action of operators on the left side of equation we obtain

Li—A-i-ﬁ-i-zﬂ 23+(AV) +—1 (A*-¢°) |§ +e i—qf\p—if{\flzo (6.4)
c¢*or? h? ch \ c ot c*h? deh ch ' '

In this equation the term

q -
6.5
stV (6.5)
describes the interaction of dyon with renormalized electric field, while the term

L g1 6.6
o (6.6)
describes the interaction of dyon with renormalized magnetic field.

On the other hand, the sedeonic wave equation (6.3) can be rewritten as the system of Maxwell-like
equations for some quantum field [23]. Let us introduce following new operator and values:

sl
c ot
?, =ih<0,
¢ (6.7)
— q —
=LA,
A o
C
mo =;m.

Then wave equation (6.3) is rewritten in the following compact form:



(iel(a+i¢0)—ez(?—iATO)—iesmo)(iel(a+i%)—e2(?—iA70) lesmo)\Il

or introducing operator

V =ie, (3+ig,)—e, (V—iA, ) —ieym,

in the very compact form
VV§ =0.

On the other hand, let us defined a field G according to
G=Vy.

Then wave equation (6.10) takes the following equivalent form:
VG=0.

Let us choose [25] the wave function as

—iy.e, +ye, +,e —y.e, +iy,,

Y= iye —iy,e, +y,

and field G as

G =-g +ig,e; +ig.e, —ig.e, +Ge,

then taking into account (6.11) we have the following definitions of G
components of wave function:

—iG, +G,e, +G,e,,

components

= (3+ig, )w, +((V =i, )9, )+ m..,
(8+z¢0)y/2+((a—i;\0)~})—mol//p
:(a+z¢0)y/3+((a—iﬁo)~*3)+m01//2,
:(8+z¢0)y/4+((*—iﬁo)~})—mol//l,
é=—@+mJj—W—ﬁQ%+{W—ﬁJx}}H%m,
G, =—(9+ig, )7, —(V =iy ), —i[ (V ~id, )<, |- my,
@_—®+WM*f{§—AJWV4U?—AJx1]+%Wp
G, =—(3+ig,)W, ~(V =i )y, +i] (V=iA, ) x7, |~ mop.

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

through the

(6.15)

Separating in wave equation (6.12) the values with different space-time properties we obtain the system

of Maxwell-like equations for quantum field G :

(0+ig,) g, +((V-iA,)-G, ) -myg, =0,
(3+ig,) g, +((V—idy ) G, ) +myg, =0,
(8+i@0g3+((§—i—)'1)—n%g2—0,
(0+ig,) g, +((V—id,)- G, ) +myg, =0,
(ang)éﬁ{ﬁ—ﬂggﬁ4nﬁ—MJxGJ+mQ}=Q
@+m)}+W—AJ%4U?ﬂﬂV"Jﬂ%}=Q
(a+i@0';+(?-4")g3—4]?-1”)x';]+n%”2=0,
(040G, +(9 i) g, +i[ (Vi )< G, |-m G, =0

(6.16)



Multiplying each of the equations (6.16) to the corresponding field strength and adding these equations to
each other, we obtain that

(-+i, )W +((V—id,)- P)=0. (6.17)
Here
W=g2+g +g2+g2+G>+G>+G +G? (6.18)
and
P= glél +ng—}2 +g3(ﬁ73 +g4(ﬁ;4 —i[él X62J+i[@ Xé& (6.19)

are analogues of volume density of energy and flux energy respectively [24]. The expression (6.17) is an

analog of Pointing theorem for quantum field G describing the kinematics of quantum dyon in an
external electromagnetic fieled.

7. Note on sedeonic Dirac equation for dyons

The equation (6.8) admits a special class of solutions that are described by the sedeonic first-order
wave equation [24]:

(i€ (9+igp)—e, (V—iA, ) ~ieym, | 5=0. (7.1)

In fact, the dyons described by this equation do not create a quantum field G , since equation (7.1) means
that

G=Vy=0. (7.2)

It is clear that increasing the order of the equation (7.1), namely acting on it by the operator

(ie1 (0+ig,)—e, (ﬁ —iA, ) - iesmo) from the left we arrive at the second-order wave equation (6.8).

8. Conclusion

Thus, we have shown that in the frames of sedeonic algebra the sedeonic wave equation for
electromagnetic field of dyons can be reformulated in equivalent form as the system of Maxwell
equations for renormalized field strengths £, # and single type of renormalized source p, j. The

relations for energy and momentum of renormalized electromagnetic field (Pointing theorem) as well as
the relations for Lorentz invariants of renormalized electromagnetic field have been derived. Also we
have shown that the sedeonic second-order Klein-Gordon equation describing the quantum kinematics of
dyons in an external electromagnetic field can be reformulated in the form of Maxwell-like equations for

the quantum field G and the analogue of Pointing theorem for this field have been derived. Additionally
we shown that the sedeonic first-order Dirac wave equation describes the dyons, which do not create the
quantum field G .
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