Absorption of angular momentum of a plane electromagnetic wave
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It is demonstrated that dielectric or magnetic, which absorbs a circularly polarized plane
electromagnetic wave, absorbs the angular momentum, which is contained in the wave
according to the canonical spin tensor of electrodynamics. Lorentz transformations are
used for energy, momentum, and angular momentum flux density because a moving
absorber is considered. The given calculations show that spin occurs to be the same
natural property of a plane electromagnetic wave, as energy and momentum.
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1. Introduction. A symmetric absorber

The reflection of light from a moving boundary of two mediums is essentially exhaustively
investigated in a famous paper [1]. Nevertheless, it seems interesting to demonstrate the
implementation of the conservation laws with respect to energy and angular momentum fluxes within
concrete situations.

The reflection of light from a moving mirror is considered in article [2]. But a mirror does not
absorb energy and angular momentum (It absorbs only momentum). The absorption and reflection of
light from dielectric at rest is considered in article [3]. In the present paper, we consider interaction of
light with moving dielectric and magnetic, which is characterized by € = (This is a "symmetric
absorber"). Such a medium does not require a reflected wave; it is simplifies formulas.

So, let a plane monochromatic circularly polarized electromagnetic wave

E = E(x+iy)exp(ikz —iwr) [V/m], H=—ige cE [A/m], ck=w (1.1)
impinges normally on a flat x,y-surface of the absorber, which is characterized by complex
permittivity and permeability € =[1 (we mark complex numbers and vectors by breve) and moves

along z axis with velocity v.

As is known, wave (1.1) contains volume density of mass-energy u , flux density of mass-
energy (the Poynting vector) IT, volume density of momentum G, and flux density of momentum
(pressure) &, according to formulas

g,E’ g,E’
=2 [ﬁ} H=G=°—[ ke } P =¢,E { ke :i}, (1.2)

¢ |m’ ¢ | m’s ms> m?’

but because of Doppler Effect [4 § 48], our wave has lesser frequency and, according to [1], has lesser
amplitude relative to the moving absorber

co’zw/ﬂ, E'=E ﬂ (1.3)
1+ 1+

(B=v/c). So, relative to the absorber, the impinging wave is expressed by the formulas

E = E'(x+iy)exp(ikz—io't), H =-ige,cE’, ck'=a’ (1.4)
Accordingly, the Poynting vector and the momentum flux density prove to be lesser relative to the
moving surface
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2. The Lorentz transformations
However, from the viewpoint of an observer at rest, these latter quantities, i.e. densities of energy and
momentum fluxes through the surface, have other values. These values must be found by the Lorentz

transformations for coordinates of a 4-point and for components of 4-momentum
v’ - 7+t m_m'+vp'/c2 p_p'+vm'
J1-PB? J1-PB* J1-PB? J1-PB*

We denote these values of the flux densities by I, % . Taking into account that densities satisfy the

2.1

equations,

Il,=m/at, $=plat, W =m'/at’, —p/at 2.2)
where a is a not being transformed area, and substltutlng values (2.1), when z" =0, into expression
(2.2), we get Lorentz transformations for the densities

M, =I"+v?"/c*, & =9"+I"v. (2.3)
So, from the viewpoint of an observer at rest near the absorber surface, the flux density of mass-
energy, which enters into the absorber, equals
’ 2

vgz’ _&E 1_B+%80E2ﬂ
c c 1+B ¢ 1+B

m, =11+ _&8E 1_p) (2.4)
C

3. Filling of the space with mass
Flux density II; (2.4) is lesser than mass flux density IT (1.2), which is brought with the incident

wave. The difference between the mass flux (1.2) and (2.4) is spent on filling of the space, which
become free of the moving absorber. This filling requires mass flux density, which we denote IT,
g,E’ . g,E’

M=uv="2 B. 3.1)
c c
As aresult, we have an elementary equality
~ E*
M=M+11, = 2% (3.2)
c

But it is desirable to demonstrate the mechanism of the absorption of mass flux density I1” (1.5) in the
symmetric absorber

4. Absorption of energy and angular momentum
Accordingly to (1.4), the wave propagated in the absorber is expressed by the formulas

E = E'(x+iy)exp(ik'kz—io't’), H =—ie, B, ck'=« k=\El=E=f=k +ik, (4.1)
A mechanism of the absorption in dielectric was explained by Feynman [5] very good. Accordingly to
the explanation, the rotating electric field E" = E’(x +iy) exp(—i®'r) exerts a moment of force
1=pxE’ on rotating dipole moments of molecules of the polarized dielectric and makes a work. The
power volume density of this work is
v, =P,

s, P, =(E-1)g,E, (4.2)
P, is the polarization vector. The calculation gives

e

w'e 0

:—%{P E -PE)= D0 oxp(—2k'k, DR{(E 1) (=i — )} E”

ex™y

R{(E-1)EE,-EE)}=

= w'e, exp(-2k’k,z)I(E-DE P =w €, exp(—2k kzz)sz'2 . 4.3)
It is naturally that the rotating magnetic field of electromagnetic wave (4.1) makes the same
work over rotating magnetic dipoles in our absorber.
w, = \Pm X ﬁ"uo o [kg/m’s], P =(1-DH’, (4.4)

w, = OR(P, H, —P, H W, /2=o'wR{@-DHH, -HH)}/2. (4.5)

m



Substituting value (4.1) for the magnetic field into (4.5), we see that the work of the magnetic field is
equal to the work of the electric field

w, =0'eR{E-INEE/—E,E)}/2=w,. (4.6)
The energy flux density, which comes on the surface of the absorber from the waves, can be obtained
by an integration of the total power volume density, w=w, +w, =2w,, over z

, s ’ 0 ’ ’ 0)/8 ’ ’ J
e’ = J‘O 2w, dz = 2w'¢, J'O exp(—2k’k,z)k,E*dz = k—OE > =g, cE” [m—zs} N C Y]

So, the total energy flux density coincides with (1.5)

But we must recognize that the volume density of moment of force® T_ = P, xE'+P, xHu,,
which supply with energy inside the absorber, in the same time, is a volume flux density of angular
momentum, which comes into the absorber. The volume density of moment of force P,xE'+P, x H'u
produces specific mechanical stresses in the dielectric [6]. And, as a volume flux density of angular

momentum, it requires angular momentum flux density, which comes on the absorber surface from the
waves. We get this angular momentum flux density by integrating over z.

;o 1 = _I—['cz_eoc pno | Js
Y= [ Ow, +w,)dz = = E { } (4.8)

® o m’s
Using formulas (1.3), we can express this angular momentum flux density in terms of the incident

wave (1.1)

P, xE +P, xﬁ’uo‘dz =

v =Bl g o e (126 (4.9)
® () 1+
And in order to transform it to the laboratory at rest, we must take into account that an angular
momentum flux density satisfies equalities
Y, =J/at, Y =J']at,, (4.10)

where a is a not being transformed area, and J = J is a not being transformed angular momentum
relative the axis z . Taking into account (2.1), equations (4.11) yield the angular momentum flux
density entered into the absorber from the viewpoint of an observer at rest:

’,7 €,C I_B €,C
Y, =Y /t="2E* | ——\J1-B* =—E*(1-P). 4.11
0 . 1+B\/ p © 1-p) (4.11)

Results of this Section concerning the absorbtion of energy and angular momentum in
dielectric were first published in paper [7].

5. Calculation of the angular momentum flux density, which is contained in the electromagnetic
wave
By the account that angular momentum (4.11) is absorbed under every square meter of the absorber
surface per second, one can concludes that the angular momentum is brought to the surface by the
wave (1.1). To calculate this bringing angular momentum flux, it is natural to use the electrodynamics
canonical spin tensor [8,9]
YW = AR (5.1)

here F" is the electromagnetic field tensor, and A is the magnetic vector potential.

Angular momentum flux density, which is directed along z -axis to xy surface, is given by the

component
YO = _2A[xFsz — AXHX + AyHy [J/mz] (52)

*We mark pseudo densities by index tilda. The volume density of moment of force T_.is a pseudo
density, as opposed to the moment of force T ..



Note that the lowering of the spatial index of the vector potential is related to the change of the sign in

the view of the metric signature (+—--). Since A, =— _[ E, dt =—iE, /® for a monochromatic field,
densities (5.1), (5.2) can be expressed through the electromagnetic field:
Y =(-EH, —iEH)l ®. (5.3)
In our case, similarly to (1.4), we have
— — €
Y =< Y™ >=R(~iE H, —iE,H,}/20=—"E. (5.4)
: ®

for the incident wave (1.1). This quantity, (5.4), is larger than angular momentum flux density (4.12),
which enters into the absorber. The difference between the angular momentum fluxes (5.4) and (4.12)
is spent on filling of the space, which become free of the moving absorber. This filling requires

angular momentum flux density, which we denote Y . Angular momentum volume density is given by
the component

YO = Al = _Any + Any = (lEny — lEyDX)/(D (5.5)
of the spin tensor (5.1). By the time averaging, we get
<Y™ >=R{GE,D, ~iE,D,)/20=¢,E* /o [Js/m’]. (5.6)

So, the filling of the space requires

2 2
Y=<Y¥>v= & F V= Eock
w w

B. (5.7)

As aresult, we have an elementary equality

(5.8)

6. Conclusion
The given calculations show that spin occurs to be the same natural property of a plane
electromagnetic wave, as energy and momentum. Recognizing the existence of photons with
momentum, energy and spin in a plane electromagnetic wave, it is strange to deny the existence of spin
in such a wave, as is done in modern electrodynamics.

I am eternally grateful to Professor Robert Romer, having courageously published my question:
"Does a plane wave really not carry spin?” [10]
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