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Abstract

We propose a Clifford algebra based model, which includes local gauge symme-
tries SO(1,3) ® SUL(2) @ Ur(1) @ U(1) ® SU(3). There are two sectors of boson fields
as Majorana and electroweak bosons. The Majorana boson sector is responsible for
flavor mixing and neutrino Majorana masses. The electroweak boson sector is com-
posed of scalar Higgs, pseudoscalar Higgs, and antisymmetric tensor bosons. The
LHC 750 GeV diphoton resonance is explained by a Majorana boson, which is a col-
lective mode of underlying four-top-quark condensation. According to a generalized
sum rule, it is suggested that the diphoton resonance mass should be close to 4 times
top quark mass.
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1 Introduction

The experiments at LHC recently indicated a diphoton resonance at about 750 Gev([1, 2],
in addition to the earlier finding of Higgs boson with m; = 125 Gev[3, 4]. Scenarios
with either an isospin singlet state or an isospin doublet state can not accommodate the
observed signal and an extended particle content is necessaryl[5, 6,7, 8, 9, 10, 11, 12, 13].

We propose a Clifford algebra based model which encompasses Yang-Mills interac-
tions as well as gravity. The 750 GeV diphoton resonance corresponds to a Majorana
boson, which is a collective mode of underlying four-top-quark condensation. No further
extended particle content is needed.

With the purpose of studying 3 generations of Standard Model fermions, a ternary
Clifford vector is introduced alongside 6 binary Clifford vectors. The flavor projection
operators facilitate flavor mixing via Majorana bosons.

The current paper is a continuation of our previous work[14, 15], which is based on
three premises. Firstly, both gravity and Yang-Mills interactions should be treated as
gauge theories and integrated in a single overarching framework. The key is to take a
page from effective field theory, where an infinite number of terms allowed by symmetry
requirements should be included in a generalized action. Only the first order terms of the
action are relevant in low-energy limit.

The second premise is that all idempotent projections of the original algebraic spinor
should be realized as fermions of physical world. In other words, no spinor projection
should be casually discarded. Hence, finding the right Clifford algebra turns out to be
a simple process of counting numbers of fermion species. There are 16 Weyl fermions
(including right-handed neutrino) with 16 x 4 = 64 real components in one generation.
Clifford algebra (¥ g, with 25 = 64 degrees of freedom, seems to be a natural choice.

The third premise is that rotations should be generalized. As well known in Clifford
algebra approaches, a rotation is realized by a rotor, which is an exponential of bivec-
tors. It rotates a vector into another vector. However, a rotor could be defined to be an
exponential of any multivectors. It could rotate a vector into a multivector, generaliz-
ing definition of rotations. Hence, one can entertain large symmetry groups with lower
dimensional Clifford algebras, whereas the same symmetry groups would otherwise re-
quire higher Clifford dimensions within the conventional framework. While the conven-
tional Dirac matrix operators 71, 72, y3 correspond to vectors in CV; ¢, the matrix operator
7o corresponds to a trivector 7o = I'1I';I's. Lorentz boost rotations are represented as
exponentials of Clifford 4-vectors F1F2F371, Flrgrg’)/g, F1F2F373.

This paper is structured as follows: Section 2 introduces binary Clifford algebra, gauge
symmetries, and the action of the world. In section 3, an additional ternary Clifford al-
gebra is defined. The Majorana boson sector, flavor mixing, and 750 Gev diphoton res-
onance are discussed. In section 4, we study electroweak boson sector. In section 5, we
touch upon the topic of grand unification. In the last section we draw our conclusions.



2 Gauge- and Diffeomorphism-Invariant Action

2.1 6D Clifford Algebra

We begin with a review of orthogonal Clifford algebra (/. It is defined by anticommu-
tators of orthonormal vector basis (7;,T;;j = 1,2, 3)

[vis ] = %(mk + ;) = —0j, (1)
[Fj,Fk} - _6jk; (2)
h/j7 Fk] = 07 (3)

where j, k = 1,2, 3. All basis vectors are space-like. There are (2) independent k-vectors.
The complete basis for Cl,¢ is given by the set of all k-vectors. Any multivector can be
expressed as a linear combination of 2° = 64 basis elements.

Two trivectors

Yo = 1213, 4)
Lo = 77273 (5)

square to 1, so they are time-like. The orthonormal vector-trivector basis {7,,a =0, 1,2, 3}
defines space-time Clifford algebra CV, 5, with

0,0
,0,0
1,0
1

+1,0,
1

)

) (6)

0
Nab = <7a’7b> = 0.0
07 07 07 -

where (---) means scalar part of enclosed expression. The reciprocal vectors {7*} are
defined by

Y Nab = Vo, (7)
thus
(V") = 0y (8)

Here we adopt the summation convention for repeated indices. Notice that v is a trivec-
tor, rather than a vector.
The unit pseudoscalar

i =23 v1v2y3 = %0717273 = Y0l 9)

squares to —1, anticommutes with odd-grade elements, and commutes with even-grade
elements.



Reversion of a multivector M € (¥, denoted M, reverses the order in any product of
vectors. For any multivectors M and N, there are algebraic properties

(MN) = NM, (10)

(MN) = (NM). (11)
The magnitude of a multivector M is defined as

[ M| = (MTM), (12)

where

M = —iMi, (13)

is the Hermitian conjugate.

2.2 Algeraic Spinor

Algebraic spinor ¢ € Cly¢ is a multivector , which is expressed as a linear combination
(with Grassmann odd coefficients) of all 26 = 64 basis elements.
Spinors with left/right chirality correspond to odd/even multivectors

b=y + b (19
v = 3+ ivi) (15)
Yn = 5 — i), (16)

A projection operator squares to itself. Idempotents are a set of projection operators

Py = 3(1 i+ ids 4 idy) = }1(1 4 30J), (17)
P = %(1 by — iy — iy, (18)
Py=T(1— iy +idy—idy) (19)
Py= (1= idy — iyt idy) (20)
Py=Pit Pt Py = 21— i), 1)
Py=L(1£D0Ty), 22)



where

Ji =y, Jo = ol J3 = 1313, (23)
1

J = g(Jl + Jy + Jg), (24)

Po+Pi+Po+Pa=F+F =1, (25)

Pan = 5ab7 (a7 b= 07 17 27 3)7 (26)

P .+ P =1, (27)

Here F, is lepton projection operator, P, is quark projection operator, and P; are color
projection operators. The bivectors J; appearing in the color projectors P; suggest an
interesting duality between 3 space dimensions and 3 colors of quarks.

Now we are ready to identify idempotent projections of spinor

= (Pr+ P+ vg)(Po+ P+ P, + P) (28)

with left-handed leptons, red, green, and blue quarks

vy = Py P,
er = P—wLPOv (29)
up, = Py Py + Py Po + P Py = Py Py,
dp = PP+ P Y Py + PPy = P P,
and right-handed leptons, red, green, and blue quarks
vr = P_YpF,
ER = P+,¢RP07 (30)
up = P_YrPy + P_tyrPs + P_tyrP3 = P_9Yr P,
dp = PyyyrPr + PypPe + PrprPs = PyypPy.
2.3 Symmetries
Spinors transformation as
@Z)L_>69LOR+@WL,¢L69J_®STR’
31)

@Z)R - 6@LOR+6WR1/}R66J_@STR '

It worth noting that all gauge transformations are with Grassmann even rotation angles,
so that the transformed spinors remains to be Grassmann odd.
There are Lorentz SO(1, 3) gauge transformations

{f)/af)/b} € @LOR7 (CL, b= 07 17 27 37 a 7é b)7 (32)



weak isospin SU(2), gauge transformations acting on left-handed fermions

1 1 1
{§F2F3, §F1F3> §F1F2} € Owr, (33)

weak U (1) gauge transformation acting on right-handed fermions
1
{§F1F2} € Owr, (34)

J U(1) gauge transformation
1
{571 €0y, (35)

and color SU(3) gauge transformations

T, T5,Ts, i(71F2 + ’Y2F1), i(F1F2 + 7172), %L(FIVI - F272)7
Ty, Ts, _ (T3 4+ 3T1), 3 (0105 + 7173), o
15, 17, 1 (12T +7309), 1 (Da'3 4 72773), < Osta.
T3 ﬁg(rl’h + yye — 200373)
(36)

It is remarkable that the gauge groups contain both gravitational (©10r) and internal
gauge transformations.

Because the product of lepton projector F, with any generator in color algebra (36) is
zero PyT, = 0, leptons are invariant under color gauge transformation.

After symmetry breaking of Oy g, Oy, and ©; via Majorana and electroweak Higgs
bosons, which will be detailed in later sections, the remaining electromagnetic U(1) sym-
metry is a synchronized double-sided gauge transformations

 — exelilayezens, (37)

where a shared rotation angle ez synchronizes the double-sided gauge transformation.
Thanks to the properties
JPO - —ipo,
1.
JP; = §ij (38)
WPy = Fily,

electric charges ¢, as in
1 1 ,
ez 12y er” = iy et (39)

are calculated as ¢, = 0, —1, %, and —% for neutrino, electron, up quarks, and down quarks,

respectively.



24 Gauge Field 1-Forms, Gauge-Covariant Derivatives, and Curvature
2-Forms

Gauge fields are Clifford-valued 1-forms (Clifforms with Grassmann even coefficients) on
4-dimensional space-time manifold (z,, © =0, 1,2, 3)

e = e drt = € y,dz", (40)
w = wydz! = iwzb%%dﬂ € Oror, (41)
Wi = Wy,da" = %(Wgurgrg + Wi IiTs + W, ThDy)de" € Oyy, (42)
Wr = Wgydat = %Wgurlrmﬂ € Owns, (43)
C =Cydat = %q{ Jdz* € Oy, (44)
G = Guda" = GiTida" € Ogrg, (45)

where e is vierbein, w is gravity spin connection, G is strong interaction, and the rest are
electroweak related interactions.

The vierbein field e acts like space-time frame field, which is essential in building all
actions as diffeomorphism-invariant integration of 4-forms on 4-dimensional space-time
manifold. The space-time manifold is initially without metric. It’s the vierbein field which
gives notion to metric

Guv = <€u€V> = ezegnab' (46)
Local gauge transformations are coordinate-dependent gauge transformations. Gauge
fields obey local gauge transformation laws

G(SL’) N e@LOR(ﬂﬁ)e(:(;)ef@LOR(ﬂﬁ)7 (47)
w(x) N eeLOR(I)w(x)e_eLOR(m) _ (de@LOR(m))e—@LOR(I)7 (48)
WL(ZE) N eeWL(x)WL(x>e_®WL(I) _ (deeWL(x))e_GWL(x)’ (49)
Wr(z) —  Wg(z) — (de®Wr@)e=Owr(@), (50)
Clx) — Cx)—e ©1@ (@), (51)
G(z) — eO5TrROG(g)e OsTr() 1 OsTr()(Je=OsTR(2)) (52)

where d = dz*0,.
It's worth emphasizing that gravity related fields e(z) and w(x) are treated as gauge
fields with local gauge transformation properties, as the rest Yang-Mills gauge fields.
Gauge-covariant derivatives of spinor fields v, /z(v) are defined by

D@/)L = (d+w+WL)@Z)L+@/JL(C—G), (53)
Dipp = (d+w + Wg)r + Pr(C — G). (54)



The gravitational spin connection w is essential in maintaining local Lorentz covariance

of DwL/R-
We introduce gauge curvature 2-forms by applying the covariant derivative to the
0-form spinor v and then to the 1-form spinor D

D(DvYrr) = (d+w+ Wirr)DYrr — DYpr(C — G)

(55)
= (R+ Fwrywr)Vr/r(Fy — Fsrr),
where gravity, left/right weak, J, and Strong force curvature 2-forms are
1
R=dw+uw?® = éRde“dx”, (56)
1
FWL = dWL + Wg = §FWLMVd£L'MdZZ'V, (57)
1
FWR = dWR = §FWRMVdIMdl'V, (58)
1
F;=dC = §FJde“da:”, (59)
1
Fsrn = dG + G* = 5 Fsrpydr’da”. (60)
Frk is defined by
F“Vkmaﬁuﬂ = FoﬁB? (61)

where k enumerates the Clifford components of each gauge field.

Notice that the connection fields are defined to absorb gauge coupling constants,
which neither appear in the definition of gauge-covariant derivatives of fermions Dy, /g,
nor in the gauge curvature 2-forms such as Fy, = dW;, + W?. Gauge coupling constants
will show up in the gauge field actions in stead.

2.5 Gauge- and Diffeomorphism-Invariant Action of the World

The local gauge- and diffeomorphism-invariant action of the world is

SWorld :SSpinor—Kinetic

+SGravity + SYanngills

(62)
+SMajorana—Yukawa + SMajorana—Bosons
+SElectroweak7Yukawa + SElectroweakaosons-
The spinor kinetic action is now written down as
703 7.3
SSpinor—Kinetic ~ / <¢Lle DQ/}L + l/JRle D¢R>7 (63)



where €2 is vierbein 3-form, and v, /r is defined as

Vr/p = @/12 /R0 = — i) R0 = FUL/RY0- (64)

Here outer products between differential forms are implicitly assumed.
One can write down the action for gravity as

A
SGranty ~ / <Z€2(R + ﬂe2>>7 (65)

where €? is vierbein 2-form, R = dw + w? is spin connection curvature 2-form, and A is
cosmological constant.
The Yang-Mills action is written as

Svang-siits = Swi + Swi + 5y + Ssrr

S~ [ (@ Fwn) ) (i)

Swir ~ / (€’ Fwr)?) / (ie*), (66)
Sy~ / ((e*Fy)?) / (ie*),

Ssrn~ [ ((Farn)?)/ (ic"),

where ¢* is vierbein 4-form.

The Clifford algebra elements, which are related to left-(e, w, Wi, Wg) and right-(C,
G)sided gauge fields, are formally assigned to two sets of Clifford algebras in Yang-Mills
action (and other actions without spinor fields). Elements from different sets formally
commute with each other. Here (- - - ) means scalar part of both sets.

It's understood that 4-form factor d*z in one of e*F' in each Yang-Mills term should be
canceled out by 4-form factor d*z in the denominator before any further outer multiplica-

tion of differential forms as 2p
(&
[ (Goer) ‘67’

In this way, the Yang-Mills action is a diffeomorphism-invariant integration of 4-form on
4-dimensional space-time manifold.

There is no explicit Hodge dual in Yang-Mills action. Vierbein plays the role of Hodge
dual, when it acquires nonzero vacuum expectation value (VEV) in the case of flat space-
time, which will be discussed in next section.

Yukawa and Boson portion of the action will be subjects of later chapters.




2.6 Local Lorentz Symmetry Breaking and Minkowskian space-time

Up to this point, the action of the world is constructed in curved space-time, with space-
time dependent vierbein and spin connection. In a vacuum with zero cosmological con-
stant A = 0, vierbein field e acquires a nonzero Minkowskian flat space-time VEV

< 0[e]0 >= 57ada", (68)

while VEV of spin connection is zero
< 0lw|0 >= 0. (69)

The space-time metric reduces to

Guv = <€ueu> = M- (70)

The soldering form ¢7,,dz* breaks local Lorentz gauge invariance and diffeomorphism
invariance. The action of the world is left with a residual global Lorentz symmetry, with
synchronized Clifford space and = coordinate space global Lorentz rotations. Actually the
specific form in VEV < 0[e|0 >= §7y,dx" is a result of coordinating the above two kinds
of rotations.

With the substitution of vierbein and spin connection with their VEVs, the spinor ki-
netic action(63) in flat Minkowskian space-time can be rewritten as

SSpinor—Kinetic - / <QZ}L’7MDM¢L + ZERIYMDM@Z}R> d4$, (71)
where
Dyrir = (0 + Wiyr) Vo r + ¥r/r(Cu — G). (72)
Similarly, the Yang-Mills action(66) can be rewritten as
S = ! Ek . FRE
Yang—Mills = — % wrLuwtwrp @ T
1 —
— F FWR,LLI/FWRd X
1WR ) (73)
— TQ%/FJMVFjL d*x
1 vk
- % / FgTRuuFé‘LTRd4x7

where g1, gwr, 97, and gsrr are dimensionless gauge coupling constants.
In the following chapters, however, we will stay with local Lorentz gauge invariant
curved space-time formulation.
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2.7 Relation to Conventional Matrix Formulation

A map [14] can be constructed by placing the Dirac column spinor ¢ in one-to-one corre-
spondence with the algebraic spinor. And the mappings for the operators are

Vb ", (p=0,1,2,3) (74)
W <> i, (75)
P o —igi (76)
where i is the conventional unit imaginary number, and 4* and 4° are the Dirac matrix

operators.
We will not go into the details of further mappings in this paper.

3 Majorana Bosons, Flavor Structure, and 750 Gev Dipho-
ton Resonance

3.1 Ternary Clifford Algebra and Flavor Projection Operators

With the purpose of studying 3 generations of fermions, we turn to another kind of Clif-
ford algebra involving ternary communication relationships rather than the usual binary
ones. Let’s consider ternary Clyy, which is defined by

GGa=¢=1, @7
with ¢ commuting with Clj ¢

¢y =76 =0, (78)

(L =T;¢=0. (79)

Flavor projection operators are define by

Pg = %(1 + e e 0¢) (80)
= %P0(1+§+<2) - %Pq(1+6‘9<+6942), (81)
Pay = %(1 +e ¢+ e (82)
_ %p0(1 +e e+ e + %Pq(l +e’¢+e70¢?), (83)
Pgs = %(1 + e ¢+ e 10 (84)
- %Po(l +efC e ) + %Pq(l +C+ %), (85)
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where

Pei + Paa + Paz = 1, (86)

PeiPor = 6k,  (4,k=1,2,3), (87)
27 27

o= ""i0 ="
2 3L (88)
1

I:§@+3AJQ:—L (89)

and P, and P, are lepton and quark projection operators, respectively.
We label 3 generations of spinors as 11, r;, valued in Clys. The spinor kinetic action
involves 3 families of fermions as

SSpinoerinetic N/ <7ZLjZ‘€3DijPGj + @RjiegDQﬂRjPGj% (90)

without flavor-mixing cross terms. Here (- - - ) means scalar part of both C/y ¢ and Clr.
Flavor-mixing is induced via Majorana Boson fields, which is the subject of next sec-
tion.

3.2 Yukawa Action and Flavor Mixing

Fields in Majorana boson section interact with right-handed fermions only. The Lorentz,
isospin, and color singlet Majorana boson section contains two fields

Orrag = Shay = 0" + . (91)

The neutrino Higgs field ¢ = ¢”1 is valued in Clifford space spanned by 2 trivectors

{ToFy, iToFo}- (92)
It obeys gauge transformation rules
¥ = e*éWR*®J¢V€®WR+6J7 (93)
where
. 1
Owr = Sewri (94)
shares rotation angle ey r with
1
Owr = gewrll. (95)

Boson field ¢ is valued in Clifford space spanned by scalar

{1}. (96)
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It is invariant under all local gauge transformations. It plays an essential role in LHC 750
Gev diphoton resonance.
We can write Majorana Yukawa action of right-handed fermions as

SMajorana—Yukawa ~ yjk/<¢VPGjDRj€4F2F3VRkPGk>
(97)
+Y}k/<CPPG]‘URj€4F2F3URkPGkURk€4F2F3URj>/<i€4>,

where y,; and Y, are Majorana Yukawa coupling constants. A potential phase factor as
in
P2 Ty = cos(0)Tol's + sin(0)sTy (98)

is absorbed into redefined Higgs field ¢".

There are four fermions in the Yukawa term of @, different from Higgs boson ¢”, which
interacts with two fermions. The four-fermion Yukawa coupling constants Y, are of mass
dimension —3. Thus it is nonrenormalizable. A later section will discuss the effective
theory point of view and issue of nonrenormalizability.

There can be other ® related four-fermion Yukawa terms mixing leptons and quarks.
The idea is the same. We don’t explicitly discuss them here.

Since i phases in flavor projections operators anticommute with Clifford odd fields,
there are properties

Pa19” = ¢" P,
Faa¢” = ¢" Fas,
Pezd” = ¢" Pga,

~ - (99)
Per1tupiury = upiur2 P,

Peootipauprr = tUrouri Par,
Pastpsurs = Ur3ur3Pas,

according to the definition of flavor projection operators (81, 83, 85). Therefore, there are
flavor-mixing terms in two-fermion Yukawa term between 2nd and 3rd generation right-
handed leptons as well as in four-fermion Yukawa term between 1st and 2nd generation
right-handed quarks.

After ¢” and ® acquire nonzero VEVs, which will be investigated in later section, the
flavor mixing between right-handed fermions is represented by Majorana mass terms and
four-fermion interaction terms. Higher order processes can introduce further effective
mixing between generations. One may potentially couple above effects with appropri-
ate choices of Majorana and electroweak Yukawa coupling constants to explain the quite
different patterns of CKM and PMNS matrices.
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3.3 Symmetry Breaking and Majorana Masses

Majorana Boson action reads

with

and

where

SMajoranafBosons = SMajoranafKenetic - VMajoranaa

SMajorcmafKenetic(le/) N/<(€3D¢V>2>/<ie4>>

VMajomna—BosonS(Qbya _U?n /\V) ~ / (_Nz21|¢y|2 + /\u|¢y|4) <i64>7

SMajoranafKenetic((I)) ~ /<(63D®)2>/<i€4>7

VMajoranafBosons((I%_,u%{n)‘@) N/(_:u ((I) +)\‘I> <Z€4>

D¢’ = (d—Wg — C)¢” + ¢"(Wr + C),
D® = dd.

(100)

(101)

(102)

(103)
(104)

Notice that ¢” and ® have negative —u2 and —p3. It means that ¢* and ® acquire nonzero

VEVs as

1 . ,
UVeO‘TOPO = K

1
E V2V,
I pe
f V2V

e TP,

< 0]¢"]0 >=

< 0|®|0 >= —

As a result, the gauge symmetry related to gauge field

_ J
Z,=Wp, —C

wo

and discrete symmetry

> - -0

are spontaneously broken.
After replacing ¢ and ® with their VEVs, the Majorana Yukawa action reduces to

— 4
SMajorana—Yukawa ~ mjk/<VRj€ F2F3VRkPGjFOPOPGk>a

1
+Yjr—=ve

V2

with Majorana masses

1
ik = yjkﬁvua
14

<(I)PGj'aRj64F2F3URkPGkﬂRk€4F2F3uRj> / <Z’e4>7

(105)

(106)

(107)

(108)

(109)

(110)



where the e* phase factor is canceled out via a global rotation of spinor

1

Y = et

Neutrino Majorana masses are much heavier than neutrino Dirac masses, if we assume

ai (111)

y'vu, >> yu (112)

where constants y and v are electroweak Higgs ounterparts, which will be defined in later
section. Because of the hierarchy, very small effective masses are generated for neutrinos,
known as seesaw mechanism.

Now we express gauge fields W3 and C” in terms of B and Z’

Wgu =B, + (cose’sz;,

113
C;l = B, — (sinfy,)*Z,, (113)
where
/ JwR
costy, = —,
9z’
siny, = 2L, (114)
9z
920 =\ Givr + 95-
Gauge field B remains massless with an effective coupling of
g5 = gWRgJ’ (115)
9z

while gauge field Z’ acquires a mass from neutrino part of the Majorana Kinetic action

1
MZ’ = §ngZ'- (116)
Bosons ¢” and ® acquire masses
Mpy = \/§MV7 (117)
me = \/5/@-

If we assume that v, >> v, gauge boson Z’ would be too heavy to be detected at elec-
troweak energy scale.

3.4 LHC 750 Gev Diphoton Resonance from ¢

Top quark is the heaviest quark, hence with the largest electroweak Yukawa coupling
constant. If Majorana Yukawa coupling constant of top quark Y33 is large as well, it means
that flavor-preserving processes like

Ys3Ptpl'oI'st gt pl'oI'st g (118)

15



are dominant, while other allowed processes like flavor-changing
Yi2@url'ol'screplal'sur (119)

are suppressed, assuming
Yio << Yis. (120)

The LHC 750 GeV diphoton resonance[1, 2] might be explained by the Majorana boson
®. A resonance starts with two top quark loops produced in gluon fusion. The two loops
turn into the sigma mode 0 = & — \/%v(p of ¢ via four-fermion Yukawa interaction. The
sigma mode propagates and finally decays into two top quark loops, with each one of
them emitting a B boson.

Gauge field B contains massive gauge field Z (upon electroweak symmetry break-
ing) and massless electromagnetic gauge field A. Thus we are expecting the detection of
resonance decaying to Z bosons as well, in addition to decaying to photons.

3.5 Four-Top-Quark Condensation and Generalized Nambu Sum Rule

The entire boson sector might be just an effective, Ginzbrug-Landay-type, description of
the low energy physics represented by composite boson fields. One approach is to as-
sume effective four-quark interactions strong enough to induce top quark-antiquark con-
densation into composite electroweak Higgs fields[16, 17, 18], via dynamical symmetry
breaking mechanism.

Likewise, the Majorana boson fields might also be collective excitations of underly-
ing composite spinors. For example, ¢” and ® could be effective representation of two-
neutrino and four-quark condensations

¢ = yjuPajvrje'Tolsvmi Por, (121)
(i) = Y;-kPGjﬁRje‘ngFguRkPGkﬂRke4F2F3uRj/ <i€4> .

Four-neutrino and eight-quark interactions are

/ (")) ] (ic™) + / (@)% ] (ie"). (122)

Nambu noticed the relation between the masses of bosonic and fermionic excitations
in the effective Nambu-Jona-Lasinio (NJL)[19] like models with four-fermion interactions.
The Nambu sum rule reads [20, 21]

D Mi~AYy M, (123)

where M;; are the masses of composite bosons and M7 is the mass of heaviest fermion. A
collective mode is determined as the pole of bosonic channel of the four-fermion interac-
tion by summing to infinite order chains of ‘bubble’ perturbation diagrams. The leading

16



order calculation goes by different name such as random-phase approximation (RPA),
Bethe-Salpeter T-matrix equation, or 1/N expansion. The sum rule is subject to higher
order corrections.

If the Majorana bosonic field ® is indeed a collective excitation of the underlying two
pairs of top quark-antiquarks, the first order approximation would involve RPA summing
to infinite order chains of ‘bubble” diagrams, linked together via eight-fermion contact
interactions. Each ‘bubble’ contains four lines of fermion propagators.

We propose that there could be a generalized sum rule as

S OME x> (nx M), (124)

where n is the number of underlying fermions for a composite boson.
It suggests that the diphoton resonance mass should be close to 4 times top quark mass
173 Gev, which is not far off.

3.6 The Issue of Nonrenormalizability

The four-fermion Yukawa terms of ® and four/eight-quark contact interactions are non-
renormalizable in the conventional sense.

For nonrenormalizable models, the renomalization procedure can be made only at the
cost of adding an increasing numbers of term to the original Lagrangian. In principle,
there is no problem with a theory having an infinite number of coupling constants as an
effective field theory[22]. However, the NJL model is often regarded as regularization
dependent and its predictability is called into question.

A novel strategy to handling divergences is called implicit regularization [23]. It
avoids the critical step of explicit evaluation of divergent integrals. The finite parts are
separated from the divergent ones and integrated free from effects of regulation. The
application to NJL model reveals that calculations can be ambiguity-free and symmetry-
preserving can be obtained[24], making the NJL model predictive.

4 Electroweak Bosons

4.1 Electroweak Bosons and Yukawa Action

Electroweak boson field ¢y interacts with both left-handed and right-handed fermions,
while Majorana boson field ¢, 4, interacts with right-handed fermions only. Electroweak
Boson field ¢y spans the whole 32 component C/ ¢ even space. It obeys gauge transfor-
mation rules

bpw  — e@LOR+@WL¢EW€*®LOR*@WR. (125)
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It can be broken down into three sectors as
Ppw = ¢s + ¢p + Par, (126)
with scalar ¢s valued in Clifford space spanned by 4 multivectors
{1,I;Tw; J,k=1,2,3,7 #k}, (127)
pseudoscalar ¢p valued in Clifford space spanned by 4 multivectors
{i,iT;s;  4,k=1,2,3,j # k}, (128)
and antisymmetric tensor ¢ 47 valued in Clifford space spanned by 4«6 = 24 multivectors
{va¥o, Yo liLw;s  J,k=1,2,3,5 # k,a,b0=0,1,2,3,a # b}. (129)
The scalar and pseudoscalar electroweak Higgs fields ¢g and ¢p transform as
psp —  €OVidgpe OME, (130)
while up antisymmetric tensor electroweak boson field ¢ 41 transforms as
bap  —>  €OLOROWLY 1 ~OLoR—Owr (131)

Notice that ¢ 4r is not a Lorentz singlet, since it’s not invariant under local Lorentz gauge
transformations.
We can write electroweak Yukawa action of fermions as

SElectroweak—Yukawa ~

/ (Vrjie* opw (yyvr; + yjer; + yjur; +yjdr;)ile;) (132)
V= e= U~ d7j s 47 .
+ / (W vr; +yS5er; + y)ur; + yjdr;)ie' opwir;iPo;),

where ) .
GEw = 70¢TEW70 = Y%PEW0 (133)

and y7, y5,y}, and yf are electroweak Yukawa coupling constants.

4.2 Electroweak Boson Action, Symmetry breaking, and Dirac Mass

Electroweak boson action reads

SElectroweakaosons = SElectroweakaenetic - VE’lectroweak7 (134)
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with
SElectroweak—Kenetic(ng) ~ /<(€3(D¢S))(63D¢3)> / <i€4>

(135)
VElectroweakaosons((bS’ _/Léa )‘S) ~ / (—,U%M)SP + AS’¢S’4) <i€4>,
and
SElectroweak—Kenetic(¢P)7 VElectroweak(QbPa _,u2P7 >\P)7
SElectroweakaenetic ((bAT) ) (136)
VElectroweak(¢AT7 +M?4T7 /\AT) ~ / (:uiT <§5AT¢AT> + )\AT <§Z_5AT¢AT>2) <i64>;
where
Doépss = (d+Wi)op/s — dps(Wr), (137)
Doar = (d+w+Wr)par — ¢par(w + Wr), (138)

Notice that ¢s and ¢p have negative —pu% and —p%. It means that ¢g and ¢p acquire
nonzero VEVs via spontaneous symmetry breaking

1 L ps
<0 0>=—vg=———, 139
|ps| NN (139)
1 1
< 0|¢p|0 >= ——vpi adill (140)

VRGN v

The situation of ¢4 is a bit complicated, and will be discussed in later section. Let’s for
the moment assume that its VEV is zero.
After replacing ¢g, ¢p, and ¢4 with their VEVs, the electroweak Yukawa action re-

duces to

4 4 4

((pjie*mYvyi + ejie*mSeyi + ugie'miuyi + djie*mid;i) Poy), (141)

where ‘complex’ (scalar plus pseudoscalar) Dirac masses are

vie/u vie/u 1 . viej/u 1 7
/e = el 2 i) = M e (142)

J J \/5 J \/§

_ /a2 2
U =14/Vg + Up,

tan(B) = Z—I;.

with

(143)

However the ¢’ phase factor can be canceled out via a global rotation of spinor
Y = e3Py, (144)
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so that the fermion Dirac masses are 'real’ (scalar) valued. Notice that ie* is a Clifford-
scalar-valued 4-form.

Since the experiments at LHC indicated only one Higgs boson with m;, = 125 Gev[3,
4], there could be two scenarios. Case one is that both scalar and pseudoscalar Higgs
tields contribute to the electroweak symmetry breaking and their masses are degenerate

my = mg = mp. (145)

Case two is that only one of them acquires a nonzero VEV (with negative —p?), which is
the m;, = 125 Gev Higgs. The other maintains a zero VEV (with positive p?), which is still
waiting to be detected at LHC.

Now we express gauge fields W}, B, and W} in terms of A, Z, and Z’

WEM = A, + (cosbw)*Z,,

B, = A, — (sinfw)*Z,, (146)
Wi, = By + (costy )’ Z), = A, — (sinfw)*Z,, + (cosby, ) Z,,,

where
awi
costy = ——,
9z
sinfy = g—B, (147)
9z

9z =\ 9L + 9%

Electromatic field A remains massless with an effective coupling of

_ 9wigs _ gwrLgwRrgJ (148)
9z Vawrgwr + gwrgs + gwrgs’
while gauge field Z acquires a mass
1
MZ = §ng. (149)

4.3 Antisymmetric Tensor Boson and Dark Spin Current

As stated earlier, the antisymmetric tensor electroweak boson field ¢ 47 is not invariant
under local Lorentz gauge transformations. Hence, its boson potential should involve
Lorentz invariant

(Pardar) = <'70¢TAT'70¢AT> ; (150)
as opposed to
|par|* = <¢LT¢>AT> ; (151)

which is not Lorentz invariant.
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It’s easy to see that (¢ 4rdar) is not a positive definite quantity. Components of

{fVa’Yb?ﬁYa’YijFk; j?k: 172737j 7é k’,&,b: 1,2,3,@7&[)}, (152)
have positive ‘metric’ and components of
{ifYaVb?ifyaﬂyberk; jvk = 172737j 7& kaaab: 172a37a7é b}? (153)

have negative ‘metric’.

A zero VEV < 0|¢4r|0 > is allowed only if u4; = 0. On the other hand, nonzero
VEV can be acquired for any value of n?, including 1%, = 0. Nonzero VEV breaks both
Lorentz and electroweak symmetries. Replacing ¢ with nonzero < 0]¢4r|0 > in the
boson kinetic action, we have a Lorentz symmetry breaking term

/<(e3(w < 0[¢par|0 > — < 0[¢ar|0 > w))(e*(w < 0]par|0 > — < 0]par|0 > w))) / (ie*)

(154)
This spin connection w related term can contribute to space-time torsion equation. We
call it "dark spin current’. It is a counterpart of dark energy, with the former affecting
space-time torsion and the later affecting space-time curvature.
Since we know that modifications to torsion could have gravitational and cosmolog-
ical consequences[25, 26], it's worth further research on the above antisymmetric-tensor-
induced scenario.

5 Possible Grand Unification Symmetries

Embolden by the power of Clifford algebra, we now explore more symmetries allowed
by an algebraic spinor. Let’s begin with general gauge transformations

v = %, (155)

where ¢© and ¢®’ € (¥ ¢ are independent gauge transformations. Spinor bilinear

(100 (156)

is invariant if
e®0e® = 0, (157)
e®e® =1, (158)

where we restrict our discussion to gauge transformations continuously connected to
identity. General solution of these equations includes © ~ so(4,4), which is a linear
combination of 28 gauge transformation generators

{Vas Yoy, Tal's, i1, Doy Tk 7,k = 1,2,3,a,0 = 0,1,2,3,a > b} € O, (159)
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and ©’ ~ sp(8), which is a linear combination of 36 gauge transformation generators of
pseudoscalar, all bivectors, and all trivectors

{490 Wy Tk, Y0, To, 709 T, Loy Ths 4,k 1 = 1,2,3,k > 1} € €. (160)
The de Sitter algebra ©pg ~ so(1,4)

{Ya,vam} € Ops (161)

is a subalgebra of ©.

The Clifford odd parts of © and ©" mix odd (left-handed ;) and even (right-handed
1) spinors. Since we know that left- and right-handed spinors transform differentially,
only Clifford even subalgebras of © and ©’ are permitted, namely

{YaV0, Lal's} € Opyen ~ so(1,3) & so(1,3), (162)
{0,790k Y Trl1} € Olpen, ~ u(1) @ s0(6) ~ u(l) @ su(4). (163)

The gauge transformations {I',I',} can be further decomposed into weak transforma-
tions {I';I';} and weak boost transformations {I'yI';}, which are counterparts of spacial
rotation {7;v,} and Lorentz boost transformations {vyv; }.

Unitary algebra u(3) is embedded in {v;T'x, vev, TxI'i} ~ su(4). Removing u(1) {J}
from u(3) defines the color algebra su(3).

Since there are left-handed weak su(2), and right-handed weak u(1)g, one might ex-
pect left-right symmetric su(2)r as well. We can even go further and entertain the possi-
bility of two exact copies of left-handed O gy, and right-handed O gyep .

Of course, the grand unification symmetries studied in this section are speculative
in nature. If there is indeed grand unification scale physics involving O gyenr, O Evenr
and ©%,.,, either symmetry breaking or other mechanism is needed to prevent detec-
tion of gauge interactions related to pseudoscalar {i}, quark/lepton mixing su(4) & u(3),
weak boost {I'¢I';}, right-handed su(2)r, and differences between left-handed {v,7,}1
and right-handed {7,7,}r Lorentz transformations. It’s an interesting topic. Neverthe-
less, we leave grand unification to future research.

6 Conclusion

We propose a Clifford algebra based model. A ternary Clifford vector is introduced along-
side 6 binary Clifford vectors. The model includes local gauge symmetries SO(1,3) ®
SUL2)®@Ug(1)®@U(1) ® SU(3). Both gravitational and Yang-Mills interactions are treated
as gauge fields.

There are two sectors of boson fields as Majorana and electroweak bosons. Majorana
boson field interacts with right-handed fermions only. Electroweak boson field interacts
with both left-handed and right-handed fermions.
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The Majorana boson sector causes flavor mixing between 2nd and 3rd generation
right-handed leptons as well as between 1st and 2nd generation right-handed quarks.
Higher order processes can introduce further effective mixing between generations. One
may potentially couple above effects with appropriate choices of Majorana and elec-
troweak Yukawa coupling constants to explain the quite different patterns of CKM and
PMNS matrices.

The LHC 750 GeV diphoton resonance[l, 2] is explained by the Majorana boson ®.
A resonance starts with two top quark loops produced in gluon fusion. The two loops
turn into the sigma mode of ® via four-fermion Yukawa interaction. The sigma mode
propagates and finally decays into two top quark loops, with each one of them emitting a
photon or Z bonson. We expect the detection of resonance decaying to Z bosons as well,
in addition to decaying to photons.

Majorana boson field represents collective mode of the underlying condensation of
two pairs of top quark-antiquarks via dynamical symmetry breaking mechanism. Ac-
cording to a generalized sum rule, it is suggested that the diphoton resonance mass
should be close to 4 times top quark mass.

The neutrino Higgs field part of Majorana boson sector acquires a nonzero VEV via
spontaneous symmetry breaking, inducing Majorana masses of right-handed neutrinos
via Yukawa-like couplings.

The electroweak boson sector is composed of scalar, pseudoscalar, and antisymmet-
ric tensor components. Scalar and/or pseudoscalar Higgs fields break the electroweak
symmetry, contributing masses to fermions.

The antisymmetric tensor boson is not a Lorentz singlet. Its nonzero VEV would break
Lorentz and electroweak symmetries, giving rise to ‘dark spin current’. "Dark spin cur-
rent” is a counterpart of dark energy, with the former affecting space-time torsion and the
later affecting space-time curvature. Since we know that modifications to torsion could
have gravitational and cosmological consequences[25, 26], it’s worth further research on
the antisymmetric-tensor-induced scenario.
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