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Abstract

In this study, we determine some special Smarandache curves accord-
ing to Darboux frame in E3 . We give some characterizations and conse-
quences of Smarandache curves.
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1 Introduction

In differential geometry, there are many important consequences and properties
of curves. Researchers follow labours about the curves. In the light of the exist-
ing studies, authors always introduce new curves. Special Smarandache curves
are one of them. This curve is defined as, a regular curve in Minkowski space-
time, whose position vector is composed by Frenet frame vectors on another
regular curve, is called a Smarandache Curve [6]. Special Smarandache curves
have been studied by some authors [1, 3, 6]. M. Turgut and S. Yilmaz have
defined a special case of such curves and call it Smarandache TBy Curves in
the space E{ [6]. They have dealed with a special Smarandache curves which
is defined by the tangent and second binormal vector fields. Besides, they have
computed formulas of this kind curves by the method expressed in [6]. A. T.
Ali has introduced some special Smarandache curves in the Euclidean space [1].
Special Smarandache curves such as Smarandache curves TN, TNy, N1 N5 and
TN;N; according to Bishop frame in Euclidean 3-space have been investigated
by Cetin et al [3]. Furthermore, they studied differential geometric properties
of these special curves and they calculated first and second curvature (natural
curvatures) of these curves. Also they found the centers of the curvature spheres
and osculating spheres of Smarandache curves.
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In this study, we investigate special Smarandache curves such as Smaran-
dache Tg, Tn, gn and Tgn according to Darboux frame in Euclidean 3-space.
Furthermore, we find some properties of these special curves and we calculate
normal curvature, geodesic curvature and geodesic torsion of these curves.

2 Preliminaries

In this section, we give an information about special Smarandache curves and
Darboux frame. Let M be an oriented surface and let consider a curve a (s)
on the surface M . Since the curve «(s) is also in space, there exists Frenet
frame {T,N,B} at each points of the curve where T is unit tangent vector,
N is principal normal vector and B is binormal vector, respectively. The Frenet
equations of the curve « (s) is given by

T = kN
N=-xT+7B
B'= 7N

where k and 7 are curvature and torsion of the curve a (s) , respectively. Here
and in the following, we use “dot” to denote the derivative with respect to the
arc length parameter of a curve. Since the curve « (s) lies on the surface M
there exists another frame of the curve a (s) which is called Darboux frame and
denoted by {T,g,n}. In this frame T is the unit tangent of the curve, n is the
unit normal of the surface M and g is a unit vector given by g= nxT. Since
the unit tangent T is common in both Frenet frame and Darboux frame, the
vectors N, B,g, n lie on the same plane. So that the relations between these
frames can be given as follows

T 1 0 0 T
g | =0 cosp sinp |-| N (2.1)
n 0 —sing cosy B

where ¢ is the angle between the vectors g and n. The derivative formulae of
the Darboux frame is

T 0k, kn T
g | =] ks O 74| |8 (2.2)
o -k, —-14 O n

where , k4 is the geodesic curvature, k, is the normal curvature and 7,4 is the
geodesic torsion of « (s).

The relations between geodesic curvature, normal curvature, geodesic torsion
and k , 7 are given as follows

ky = kcosp, ky, = ksing, ngT—i——(p (2.3)

ds’



In the differential geometry of surfaces, for a curve a (s) lying on a surface
M the followings are well-known

i) a(s) is a geodesic curve < ky = 0,

ii) « (s) is an asymptotic line < k,, = 0,

iii) c(s) is a principal line < 7, = 0, [7].

Let @« = a(s) and B = B(s*) be a unit speed regular curves in E® and
{T,N,B} be moving Serret-Frenet frame of « (s) . Smarandache curves TN
are defined by §(s*) = —= (T+N), Smarandache curves NB are defined by

V2
B(s*) = % (N + B) and Smarandache curves TNB are defined by S (s*) =
% (T+N+B).

3 Special Smarandache Curves According To Dar-
boux Frame In £3

In this section, we investigate special Smarandache curves according to Darboux
frame in E3. Let @ = a/(s) and 3 = 3 (s*) be a unit speed regular curves in E3
and defined by {T,g,n} and {T*,g*, n*} be Darboux frame of these curves,
respectively.

3.1 Tg— Smarandache Curves

Definition: Let M be an oriented surface in E® and let consider the arc -
length parameter curve a = a () lying fully on M. Denote the Darboux frame
of a(s) {T,g,n}.

Tg- Smarandache curve can be defined by

oo b
8(s) = 75 (T+e). (3.1)

Now, we can investigate Darboux invariants of Tg — Smarandache curve
according to a = « () . Differentiating (3.1) with respect to s, we get

¢ dpdst -1
ﬁ = @d_s = ﬁ (kgT—kgg— (kn + Tg) 1'1) 5 (32)
and Js* )
% @S -
F E (kgT—kgg— (kn +74) 1)
where
ds* 2k2 + (kn + 74)°
i _\/ gt (ka7 79) (3.3)
ds 2
The tangent vector of curve 3 can be written as follow,
—1
T (kgT—kgg— (kn +74)n). (3.4)

V282 + (i + 7g)?



Differentiating (3.4) with respect to s, we obtain

dT* ds* -1
I5 ds = B (F1T+I‘2g+F3n) (3.5)

(ng + (ko + 79)2) :

where

Ty = (kn +74) { &, (k; 47— hnky — rgkg) — k) (kn +7¢) — kn [2k§ 4 (kp + 79)2} } — 24
Ty = (kn +74) 4 —k, (k; + A kky + Tgkg) + K, (ki +Tg) — 7 | 262 + (ki + 79)2} } — 2k
s = ky (kn +7g) [—2@; — kn +7g (kn + rg)} + 2k2 (kgfg+k; +7,

Substituting (3.3) in (3.5), we get

T = 3 (F1T+F2g —+ an) .
(282 + (ko +7,)°)

Then, the curvature and principal normal vector field of curve 3 are respectively,

o HT* _ V/2(IHT3 +F§)2
(282 + (b +7,)°)
and 1
N*= ———— ("1 T+I'2g + I'sn).
F§+F§+F§( ! 28+ Tsn)
On the other hand, we express
1 T g n
B* = T*xN" = ~kg kg kntTg

\/2k§+(kn+fg)2«/1“%+l“§+l“§ r, Ty Ty

So, the binormal vector of curve 3 is

1

\/2k_g + (kp +74)*/T3HTE + 13

My = kgrg— (kn + Tg) FQ
prg = (kn +79) T14kol's
M3 = —ngg—kgfl_

B*

(11 T+pipg + p3n)

where

We differentiate (3.2) with respect to s in order to calculate the torsion

g = \_/—% {(kq + k2 A+ ke (kn + Tg)) T+ (—k; + kg + 7 (kn + Tg)) g+ (knkq ~ kgTg—ky + T;) n} ’



and similarly

~1
g = NG (11 T+n,8 + n3n)
where
M = Ky + 2y (k7 ) + Ky (3K =72 = k2 = K2) + K, (ko + 1)
ny = —k, + 27, (k; + Tg) + K, (3l<:g +7i k24 k:g) + 7y (kn +Tg)

1"

My = =Ky — Ty + kg (K = 7y ) + G+ 74) (72 4+ k2 4 K2) + 2k, (b = 7).
The torsion of curve 3 is
o1 Onme) [k (K7 ) = Ky (ka4 70)| + (262 + (kn +79)%) [rgmy = kus + kgns]
I .
V2 9 (k(f + k;‘) + (kn +74) [(kn +7g) (k2 +72) + 2kn (k:q - kg) + 27, (kq - kg)] +
(Ko 4 7) [k 7y = 2bg (o = 79)| + K2 (b = 7)?

The unit normal vector of surface M and unit vector g of g are as follow. Then,
from (2.1) we obtain

*

g = ﬁ{(\/zCOS‘P*FI +sing*py) T+ (VScos o T +sin ™ py) g+ (VS cos ™ T's +sin ™ pg) n}

1
n* = N {(111 cos @ — \/Ssinp*T'1) T+ (g cos ™ — \/ssin ™ T'a) g+ (pg cos ™ — /Ssinp*T's)n} .

where & = /T3+T3 + %, ¢ = 2k2+ (ky, + 74)° and ¢* is the angle between the
vectors g* and n*. Now, we can calculate geodesic curvature, normal curvature,
geodesic torsion of curve , so from (2.3) we get

2(I24T34+1%)

k, = -\ 00s ",
(282 + (ko +7,)°)
and
2(24T2 + T2
k:;: ( 1+ 2+ 3)251ng0*,
2
(282 + (kn +7)°)
and
o s1o1 me) [k (K1) = Ry (b m)| + (2624 (o 70)?) [rgm = ks + Kgns] g
TN = —
g

V2v2 9 (K2 + K8) + G+ 74) [ (oo +7) (k2 +72) + 2k (I + 82) + 274 (K = k2) | + T
(o475 [ 7y = 20y (b = 79)| + B2 (i — 7,)?



Corollary 1 Consider that « (s) is a geodesic curve, then the following equa-
tion holds,

Consider that « (s) is a geodesic curve, then the following equation holds,
N 2 (k2+72)
D= gy
i) 7 = =L (b t79) 2+ (kn+74) (K, To—hnT, )
V2 (katro) (k2 472)+ (K 4) "

2 (k2+72)

ZZZ) k; = W COS (/7*,

. 2 (kR+73) .

w) kX = (kifnw)’)smnp*,

) 7p = TP b (6 rihr)
V2 (knt7g)? (K2 +72)+ (K, +7,)° ds*

3.2 Tn — Smarandache Curves

Definition: Let M be an oriented surface in E3 and let consider the arc -
length parameter curve o = « (s) lying fully on M. Denote the Darboux frame
of a(s) {T,g,n}.

Tn- Smarandache curve can be defined by

B(s*) = (T+n). (3.6)

1
V2
Now, we can investigate Darboux invariants of Tn — Smarandache curve
according to a = « () . Differentiating (3.6) with respect to s, we get

/ dﬁ ds* -1
=—(k,T -k —kyn), 3.7
and ds* )
% aS -
where
ds* 2k2 + (14 — ky)*
=\ > 3.8
ds \/ 2 (38)
The tangent vector of curve 3 can be written as follow,
-1
T = (knTH (19 — kg) g8 — knn) . (3.9)

V2K + (7g — ky)?

Differentiating (3.9) with respect to s, we obtain

dT* ds* 1
ds* ds 7 (1 TH7g +7s0) (3.10)

(ri% + (19 — kg)Q)




where
1= (g = ki) {Ien (=hiy + 74 + Foakiy = Tohn ) — Ko7y — Ry) + kg [2K2 + 7y — k] } — 2K
Yo = kn(Tg — ky) [2k; +ry (K2 — Tg)} —2k? (knkq 47—k — iwg)
Vs = (g = k) { =k (=K, + 7 = kuky + Tk ) + by, (7g = ko) = 7 [2K2 + 74 — ky] | — 2k4.
Substituting (3.8) in (3.10), we get

V2

T - :
(282 + (ry = k)°)

(71 T+728 +73n).

Then, the curvature and principal normal vector field of curve 3 are respectively,

oo HT _ V2 (V?+v§+7§)2
(282 + (ry — ky)?)
and .
N* = ——— (11 T+728 + 13n).
VA + 3
On the other hand, we express

1 T g n

B* = T*xN* = —k, kg—1g kn

\/2k% o=k’ VR +E | e

So, the binormal vector of curve f is

1

\/2k% +(rg — ko) VR 3

B (1 T+veg + v3n)

where
v1 = (kg—7g) Vs — knVa
va = kny1+knvs
vy = —knvy + (Tg - kg)'Vl'

We differentiate (3.7) with respect to s in order to calculate the torsion

g’ = \_/—% {(kz; + k2 —ky (1 — kg)) T+ (knkg + (T;—k;) + knTg) g+ (ki +(Tg —kg)Tg — k;z) n} )

and similarly

B8 = (w1 THweg + wszn) ,

~1
V2



where
wr = Ky = 2k (7=, ) + ki (3K, = 72— K2 = k2) + Ky (g — 74)
wZ@—ﬁ+m&@+¢ywa—@ﬂﬁ+ﬁ+@MwA%}wﬂ+%w;
wy = Ky + 27y (7y=hy ) + kn (3K, + 72+ 7 (kg +79)) + (kg = 79) (kg = 7, ) -

The torsion of curve 3 is

’

(wi +ws) [k (7 = ki) = ki (rg—hg) + K2 (rg+kg) | + (7g—h)? (Tgn + kgu) +
1 o (=) D (w01 = ws) + oz (hy = 7)) = 2k (K, + K2 ) w2
V22 (K2 k) o+ (rg ko) [2 (2 — k) — 2 (k2 — K,) |+ (ry—hg)® (14 42) +
(ro = ky) [(7o = Ky) + 2 (kg + kurg)] + K2 (kg +75)°

T =

The unit normal vector of surface M and unit vector g of 8 are as follow. Then,
from (2.1) we obtain

g = Ton {(\/Ecosgp*fyl + sinp 1/1) T+ (\/Ecosmp Yo +sinp ug) g+ (\/Ecosmp Y3 + sin g Vg) n} ,

and

ﬁ* 1 * : * % * : * * : * ﬁ
= Ton {(Vl cos * — \/ihsing ”yl) '+ (Vzcos<p —Vibsing 72) g+ (Vgcos<p —Vsing ”yg) }

where m = /72472 + 12, ¢ = 2k2 + (14 — ky)? and ¢* is the angle between the

vectors g* and n*.Now, we can calculate geodesic curvature, normal curvature,
geodesic torsion of curve , so from (2.3) we get

2 2 2 2
k; _ (vi+75 + 73)2 cos ¥,
(ri% + (Tg_kg)z)
and
2 2 2
k= 2(71+72+73)2 sin o*
(282 + (ry=ky)*)
and
1+ ws) [ (75 = Ky ) = K (rg=Feg) + B2 (mg )| + (7 —hg)? (701 + egw) +
O q Ea (rg—ig) [ (w1 — ws) + w2 (kg — )] — 2 (k; + kg) wo do
T =
g

V22 (K24 k) + gy [2 (82— k) — 2 (R = k) k] + (k) (1R 4 B
(mo = k) [(70 = Ky) + 2 (hukeg + Bury)] + B2 (g + 74)°



Corollary 2 Consider that « (s) is a geodesic curve, then the following equa-
tion holds,

Consider that « (s) is an asymptotic line, then the following equation holds,
2 (k2+72)
(Tg_kg)2 ’
Z’L) = (kg*Tg)(k;Tyfkngg )
V2 () (g ) (7 )
2 (K3+73)

*

i) K* =

*
| |
—

le) k; = W COSs QO*,
2 (k2+72) .
i) kX = 7(79(_2 )T;) sin p*,
(kg— Ty)(k Tg— kQTr ) *
* _ —1 de
R e e G AT I o

3.3 gn— Smarandache Curves

Definition:Let M be an oriented surface in E? and let consider the arc - length
parameter curve o = « () lying fully on M. Denote the Darboux frame of « (s)
(T, g n}.

gn - Smarandache curve can be defined by

1
s)=—(g+n). 3.11
B (s") 7 (g +n) (3.11)
Now, we can investigate Darboux invariants of gn — Smarandache curve

according to a = « (s) . Differentiating (3.11) with respect to s, we get

/ dﬁ ds* -1
= kn+ ko) T — 12
B = ds* ds \/— ((kn + ) +748 Tgn) ) (3.12)
and " )
x @S B
ds ﬁ ((kn +kg) T+748 — 74n)
where
ds* 272 + (kn, + kg)°
=/ 3.13
ds \/ 2 ( )
The tangent vector of curve 8 can be written as follow,
-1
T ((kp + kg) T+748 — Tgn). (3.14)
\/27'2 (kn + kqg)°
Differentiating (3.14) with respect to s, we obtain
dT* ds* -1
ds* ds = 3 (/\1T—|—)\2g + )\311) (315)

(273 + (kn + kg)z) ’



where
M = 27,7y (ki + k) =272 (ki) + K, ) + 74 (kg — k) (273 + (o + kg)Q)
No = =274+ 7 (kn+ k) | (Ko + Ky ) = 27 kg | = (kn + hig)? (i + Kg) By + 7y +72)
Ng = =277y (i + Kg) | (R + iy ) = 27k | + b+ Kg)? (= (ki + i) ko + 7y =72)
Substituting (3.13) in (3.15), we get

: 2
T* = \/_ ()\1T—|—)\2g —+ /\3n) .

(272 + (ko + kg)2)2

Then, the curvature and principal normal vector field of curve 3 are respectively,

: 2 (ATHA3 +A3)
K = HT* = 5
2
(272 + (ko + y)°)
and ]
N* = T (MTHA2g + Asn).
A/ ATFAS + A5
On the other hand, we express

1 T g n
B* - T*XN* - _(kn + kg) _Tg Tg
V2K + (g — ko) \JA20A3 + A2 M Ao A3

So, the binormal vector of curve j is
1

B —
V272 b+ k) 3403 4 2

(P1T+pag + p3n)

where
PL = —TgA3 — Tgh2
pa =T + (kn + kg) A3
p3 = —(kn + kq) Ao +T g1

We differentiate (3.7) with respect to s in order to calculate the torsion
" —1

8" = = {(k:g T (kn—kg)) T+ (kg(kn + ky) + r'g+T§) g+ (k:n(kn +ky) — r'gwg) n} ;

and similarly

" —

= — (X1 T+x28 + x3n),
B ﬂ(xl X28 + Xx3n)

10



where
X1 =k +ky — 275 (kn — kg) + 74 (k; - kq) — (kn +kg) (72 + K2 + K2)
Xa =Ty + kg (K + Ky ) + 3757, + (kn + ki) (Ky = 7o ) + KyTy (hn — ky) = 75
X3 =Ty + 2kn (k; + kg) + 317y + (kn + k) (kg +Toky) + kT (kn — k) + 73,
The torsion of curve § is

’

2 2
(kn + kg)z [((T:; + 7’9) + kg (kn + kg)) X3 — ((Tg - Tg) — kn (kn + kg)) Xot
b k)l = O+ xa) [( B 7 (= k)]
N (kn -+ kg)? (2 4+ K2) + 2 (ki + k) [y (7, +72) + 2k (72 =7, ) | +
27, 4 2t (K, k) 7 (kK|

The unit normal vector of surface M and unit vector g of 8 are as follow.
Then, from (2.1) we obtain

g' = ﬁ {(\/Zcos ©* A1+ sinw*pl) T+ (\/Zcos ©* A2 + sin ga*pz) g+ (\/Zcos ©* A3 + sin gp*pg) n} ,
and
n* = ﬁ {(pl cos p* —V/Asin ga*/\l) T+ (p2 cos ¢* — V/Asin gp*)\z) g+ (p3 cos ©* — VAsin gp*)\g) n} .

where Q = \/AT+A3 + A3, A =272+ (k, + ky)? and ¢* is the angle between the
vectors g* and n*. Now, we can calculate geodesic curvature, normal curvature,
geodesic torsion of curve , so from (2.3) we get

. 2 (A\T+HA3 +A3)
ky = ; 2 cos ™,
(2Tg + (kn + k) )

and
2 (A\T+HA3 +03)
ky = 5 sin ™,
(272 + (ko + )°)
and
2 ’ 2 ’ 2
(kn + k) [((rg 1)+ Ky in + kg)) Xs — ((Tg —7y) =k (b + k:g)) Xot
7’ 7’ 2
N -1 Ty (kn +kg) X1] — 79 (X2 + X3) [(kn + kg) + 74 (K — kg)} dp*
o @
V2 (ki + Kg)? (2 + k2) + 2 (K + k) [ky (7, +72) + 2k, (72 = 7, )| + ds*

12 ’ ’ 2
21, +275+ [(k:n + k:g) + 74 (ky — kg)}

g

11



Corollary 3 Consider that « (s) is a geodesic curve, then the following equa-
tion holds,

Consider that a (s) is a principal line, then the following equation holds,
2 (k2+72)

l) K/* = 7(]971"1’757) R
ey aerr)+(keky— kaky)
w o= (k2 +k2)+ (k470 ) (Rt hg) 2
2 (k2+72
iii) kj = (kifrg)g) cos p*,
. 2 (k2+72) |
) k= 7(197#79)5 sin ™,
’ !
v) TH= =1 (k"+75)2+(kgk"7 k"kg) de”
I V2 (R 4k2)+ (ke 47) (k)2 487

3.4 Tgn— Smarandache Curves

Definition 1 Let M be an oriented surface in E3 and let consider the arc -
length parameter curve o = a(s) lying fully on M. Denote the Darbouzx frame

of a(s) {T,gmn}.

Let M be an oriented surface in E? and let consider the arc - length parameter
curve o = « (s) lying fully on M. Denote the Darboux frame of « (s) {T, g,n}.
Tgn- Smarandache curve can be defined by

1
s*)=—=(T+g+n). 3.16
B(s") \/g( g+n) (3.16)
Now, we can investigate Darboux invariants of Tgn — Smarandache curve

according to a = « (s) . Differentiating (3.16) with respect to s, we get

/ dp ds* -1
= = — ((k, +k,)T —k - k,, , .1
B ds* ds /3 ((kn + kg) T+ (1g—kg) g8 — (Tg+kn)n) (3.17)
and
Last -1
yi ﬁ ((kn + kg) T+ (1g—kg) g — (Tg+kn)n)
where
ds* (kn + ko) + (Tg—kg)? + (Tg+kn)?
= . (3.18)
ds 3
The tangent vector of curve 3 can be written as follow,
. -1
T = > > > ((kn + kg) T+ (Tg_kg) g~ (Tg"’kn)n) .
\/(kn + kg) + (Tg_kg) + (Tg"’kn)
(3.19)

12



Differentiating (3.19) with respect to s, we obtain

dT* ds* -1
ds* ds 5 (01T+d2g + d3n)  (3.20)

((kn + kg)Q + (Tg_kg)Q + (Tg"'kn)Q) ’

where

61 = (kn + kg)Q (kg (Tg—kg) — kn (Tg+kn)] + (kn + ky) [(Tg_kg) (T;]_k;]) + (Tgtkg) (qu_'—k;,)} +
((Tg_kg)2 + (Tg+kn)2) [kg (Tg_kg) - (k;]+k;1) —kn (Tg'i‘kn)}

2) [(k: + kn) ﬁk +k;) + (Tg+kn) (T;+k;):| +

k
7’/) —Tg Tg—i-k:

0o = (Tg_kg)z [—kg(kn + kg) — Tg (Tgtkn )] + (19—

((kg + k) 4 (rg+kn)2) { (kg +kn) + (k

83 = (ry + kn)? [7g (ky—Tg) = Fin (i + Jen)] + (g + ki) | = (kg + Kn) (K + b, ) = (mg—kg) (=3 ) | +
((kg + k)’ + (rg—kg)Q) [Tg (kg —74) + ( Sk, ) kn (k:g+kn)}

Substituting (3.18) in (3.20), we get

V3

T = 5 (01T 4028 + d3m) .
((kn + kg)2 + (Tg_kg)2 + (Tg+kn)2

Then, the curvature and principal normal vector field of curve 3 are respectively,

2 (674635 +03)

-
2
((kn + kg)2 + (Tg_kg)2 + (Tg+kn)2)
and 1
N = ———— (61 TH02g + d3n).
(67463 +63)
On the other hand, we express
1 T g n
B =T"xN* = —(kn +kg) kg—Tg Tgtkn
Va4 ko) (rg—hy) 4 (rgthn)y /(53463 +63) 51 5y 0
So, the binormal vector of curve j is
X 1
B* = (0’1T+02g+031’1)

\/(kn + kg)Q + (Tg_kg)2 + (Tg"'kn)Q\//\%‘H\g + )\g

13



where
o1 = (kg—Tg) 03— (Tg+ky) 62
09 = (Tg—l—kn) 01+ (kn + kg)63
g3 = —(kn + kg) 52— (kg—Tg) 51.

We differentiate (3.17) with respect to s in order to calculate the torsion

o1 | (R R Ry Uig=Tg) + o (7gthn) ) T (g (o + i) + (T4 =k ) +74 (ryhn) ) g+
- ,

- kin(kn + kg) + 74 (Tg—kg) — (T;;‘Hf;z)) n

and similarly

g = ;—; (6, T+6g + €4m)
where
& =kn+k - ( T’g) (n + kg) (K2 + K2) + (ko— T)(/c +k7q)
2k, (k;I + T;]) (kn +17g) (k;z k, TQ>

€ =11~k + 27, (k,; + r’g) + 2k, (k,; + k’g) + (ko + k) (k;’g - lwg) n
(Tg+kn) (knkg + Tg) + (kg—7g) (k2+72)

&3 =— (Tg—I—k;;) + 2k, (k; + k;) + (Tg—ky) (7';; - knkg) + (kn + k) (k; + kng) +
274 (T;? - klﬂ) + (kn +7g) (k7 +73) -

The torsion of curve § is

(kn + ) —Tg) (Tq§2 - kngl) + (kg — Tg)2 (7951 + kg§3) +
k, "‘7' Tg) &1 + (kn + kg) &o] —
ki, +k k +Tg)§1+(kg_7'g)§3_(kn+7'g)§2}"‘
(kn + Tq) q§1 n§2)
(kn +7) (k4 g) (g5 + kg&) (b +79)° (RySy = kns) +
* (Ky = 73) (n + 74) (ns = ig&a) + (i + kg) (75 = by )

V3 (k7o) (2 4+ 72) +2 (K, +k)[kg(kg—79)+kn(kn+7'g)]+
(kn+7q2(k§+r§)+2 kn +7g) |Tg (T, — Ky ) + K2 (En, +Tq)]+
(ki + kig)® (K2 + 72) + 2 (k. + k) kg (7 — K, ) — K (T +ky )| +
knTg(Tg—kg)+(kn+kg) +(k2+¢§)+(7'g—k) +(T —k, g
27 (1 — ky) () + I,
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The unit normal vector of surface M and unit vector g of 8 are as follow. Then,
from (2.1) we obtain

gt = ﬁ {(\/Kcos ©*d1 + sin ga*al) T+ (\/Kcos p* g + sin gp*az) g+ (\/Kcos ©*d3 + sin gp*ag) n} ,

and

n* = ﬁ {(01 cos * — VA sin @*61) T+ (02 cos p* —V/Asin @*52) g+ (03 cos ¢* — VA sin @*63) n} .

where ® = /62402 + 02, A = (kn + kg)* + (Tg—ky)* + (Tg+kn)” and ©* is the
angle between the vectors g* and n*. Now, we can calculate geodesic curvature,
normal curvature, geodesic torsion of curve , so from (2.3) we get

. 2 (67403 + 63) .
ky = 5 COS ™,

((kn + kg)2 + (Tg_kg)2 + (Tg+kn)2)

and
2 (67463 + 63)
k; = 5 sin ¢,
((kn + kg)2 + (Tg_kg)2 + (Tg+kn)2)
and
(kn + kg) (kq - Tg) (7952 - kngl) + (kg - Tg)2 (Tgfl + kg§3) +
k,, + Tg [( - 7'9)51 + (kn + kg) o) —
k;z + klg [(k/ + Tg) &1+ (kg - Tg) §5 — (kn + Tg) 52} =+
(kn +Tg) ( q§1 n§2) 2
(kn +7g) (kn + kg) (7465 + kgfl) (kn +7g)" (kg€y — kn&a) +
o1 (kg =) (et 7y) (ks — k) + (kb + ) (7, — Ky ) L
T, =—= —.
! \/§ (kg_ 2(k2+7) (k +k)[k (kg_Tg)"'kn(kn"‘Tg)]"‘ ds*
(b +79)2 (K2 +72) + 2 (k + 7g) |7g (7, = ky ) + K2 (K +Tq):| +
(ki + kig)® (k2 +72) + 2 (k. + k) [y (7 — K ) — K (T +k )}+
kntg (T — k) + (kn+kg) + (k2 +72) + (T;—k ) + (T —k, 2+
=274 (19 — kg) (T;] + k;) .
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