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Abstract In this article we derived an importent example of the inconsistent
countable set in second order ZFC (ZFC,). Main result is:
~con(ZFC,; + 3(w-model of ZFCy)).
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1.Introduction.

Let’s remind that accordingly to naive set theory, any definable collection is a
set. Let R be the set of all sets that are not members of themselves. If R qualifies as
a member of itself, it would contradict its own definition as a set containing all sets
that are not members of themselves. On the other hand, if such a set is not a
member of itself, it would qualify as a member of itself by the same definition. This
contradiction is Russell’s paradox. In 1908, two ways of avoiding the paradox were
proposed, Russell’s type theory and the Zermelo set theory, the first constructed
axiomatic set theory. Zermelo’s axioms went well beyond Frege’s axioms of
extensionality and unlimited set abstraction, and evolved into the now-canonical
Zermelo—Fraenkel set theory ZFC.

"But how do we know that ZFC is a consistent theory, free of contradictions?
The short answer is that we don't; it is a matter of faith (or of skepticism)"—
E.Nelson wrote in paper [1]. However, it is deemed unlikely that ZFC, harbors an
unsuspected contradiction; it is widely believed that if ZFC, were inconsistent, that
fact would have been uncovered by now. This much is certain — ZFC, is immune
to the classic paradoxes of naive set theory: Russell's paradox, the Burali-Forti
paradox, and Cantor’s paradox.

Nevertheless it is easy to see that ZFC, is inconsistent and it guards. Let 3 be
the countable collection of all sets X such that ZFC, + 3!XW¥(X),where ¥(X) is any
1-place open wff i.e.,



VYLY € 3 o FPE)IAXPX)AY = XL (1.1)

LetX ¢,,.. Y be a predicate such that X ¢ Y & ZFCy - X ¢ Y.Let R be

the countable collection of all sets such that

FzFC

VX[XeR o Xe . X]. (1.2)

From (1.1) one obtain

ReRoNRe, R (1.3)

FzFc

But obviously this is a contradiction. However contradiction (1.3) it is not a
contradiction inside ZFC for the reason that predicates 3W¥(-)3!X[WY(X) A Y = X] and
X &,.. Ynotis a predicates in ZFC and therefore countable collections 3 and R

not is a sets. Nevertheless by using Gddel encoding the above stated contradiction
can be shipped in special consistent completion of ZFC.

Remark 1.1. We note that in order to deduce ~con(ZFC) from con(ZFC) by using
Godel encoding, one needs something more than the consistency of ZFC,, e.g.,
that ZFC, has an omega-model i.e., a model in which the integers are the standard
integers.To put it another way, why should we believe a statement just because
there’s a ZFC,-proof of it? It’s clear that if ZFC, is inconsistent, then we won'’t
believe ZFC,-proofs. What'’s slightly more subtle is that the mere consistency of
ZFC, isn’t quite enough to get us to believe arithmetical theorems of ZFC,; we
must also believe that these arithmetical theorems are asserting something about
the standard naturals. It is "conceivable" that ZFC, might be consistent but that the
only models it has are those in which the integers are nonstandard, in which case
we might not "believe" an arithmetical statement such as "ZFC, is inconsistent"
even if there is a ZFC,-proof of it.

We assume that: (i) con(ZFC,), (ii) con(ZFC, + 3(w-model of ZFC,)).

Main result is: ~con(ZFC, + 3(w-model of ZFC,)).

2.Inconsistent countable set derivation.

Let Th be some fixed, but unspecified, consistent formal theory. For later
convenience, we assume that the encoding is done in some fixed formal theory S
and that Th contains S.We do not specify S — it is usually taken to be a formal
system of arithmetic, although a weak set theory is often more convenient. The
sense in which S is contained in Th is better exemplified than explained: If S is a



formal system of arithmetic and Th is, say, ZFC,, then Th contains S in the sense
that there is a well-known embedding, or interpretation, of S in Th.Since encoding
is to take place in S, it will have to have a large supply of constants and closed
terms to be used as codes. (E.g. in formal arithmetic, one has 0,1,... .) S will also
have certain function symbols to be described shortly.To each formula, ®, of the
language of Th is assigned a closed term, [®]°, called the code of ®. [N.B. If ®(x)
is a formula with free variable x, then [®(x)]° is a closed term encoding the formula
®(x) with x viewed as a syntactic object and not as a parameter.] Corresponding to
the logical connectives and quantifiers are function symbols, neg(-), imp(-), etc.,
such that, for all formulae @, ¥ : S + neg([®]°) = [=®]¢, S+ imp([®]°,[¥]°) =

[® - W¥]° etc. Of particular importance is the substitution operator, represented by
the function symbol sub(-, +). For formulae ®(x), terms t with codes [t]° :

S+ sub([D(X)]%, [t]°) = [D(1)]°. 2.1)

It well known [3] that one can also encode derivations and have a binary
relation Provr,(X,y) (read "x proves y " or "x is a proof of y") such that for closed
t1,t2 .

S + Provri(t,t) iff t; is the code of a derivation in Th of the formula with code
t, . It follows that

Th + @ iff S - Provn(t, [®]°) (2.2)

for some closed term t. Thus one can define

Pl’Th(y) > E]XPI‘OVTh(X,y), (23)

and therefore one obtain a predicate asserting provability. We note that is not
always the case that [3]:

Th - ®iff S - Pron([@]°). (2.4)

It well known [3] that the above encoding can be carried out in such a way that the
following important conditions D1,D2 and D3 are met for all sentences [3]:



DI1.Th ~ ® implies S + Proy([®]°),
D2.S + PI‘Th([(D]C) - Pl’Th([Pl‘Th([(D]C)]C), (25)

D3.S - PrTh([CD]C) A PrTh([(D - \P]C) — PrTh([‘{']C).

Conditions D1,D2 and D3 are called the Derivability Conditions.

Lemma 2.1. Assume that: (i) Con(Th) and (ii) Th + Pry,([®]°), where @ is a
closed

formula.Then Th & Proy([—®]°).

Proof. Let Cony, (@) be a formula

Conmn(®) £ Vt, Vta—[Provr(ti, [®]°) A Provrs(t2,neg([®]°)) ]«

(2.6)
—3t1—3t2[Prova(ti, [@]°) A Provr(t2,neg([®]°))].
where t;,t, is a closed term. We note that Th +Con(Th) + Cony,(®) for any closed
®. Suppose that Th + Prq,([—®]°), then (ii) gives
Th + Pron([@]°) A Pron([—®1°). (2.7)
From (2.3) and (2.7) we obtain
3t 3t [Provrn(ts, [@]°) A Provr(ta, neg((®]°))]. (2.8)

But the formula (2.6) contradicts the formula (2.8). Therefore Th t Pro,([—®]°).

Lemma 2.2. Assume that: (i) Con(Th) and (ii) Th + Pry,([—®]¢), where ® is a
closed

formula.Then Th # Pro, ([@]°).

Assumption 2.1. We assume now that:

(i) the language of Th consists of:

numerals 0,1,...

countable set of the numerical variables: {vo,vi,... }

countable set & of the set variables: & = {x,y,z,X,Y,Z,R,...}

countable set of the n-ary function symbols: f,f1,...

countable set of the n-ary relation symbols: Rj,RY,...



connectives: —,—»

quantifier:Vv.

(i) Th contains Th*=ZFC,;

(iii) Let @ be any closed formula, then [Th + Pry([®]°)]&[MI = @] implies
Th + ©.

Definition 2.1. An Th-wff ® (well-formed formula @) is closed - i.e. ® is a
sentence - if

it has no free variables; a wff is open if it has free variables.We'll use

the slang ‘k-place open wff ’ to mean a wff with k distinct free variables.

Definition 2.2.We said that,Th* is a nice theory or a nice extension of the Th iff

(i) Th" contains Th;

(i) Let @ be any closed formula, then Th  Pry,([®]°) implies Th* - ®.

Definition 2.3.We said that,Th* is a maximally nice theory or a maximally nice

extension of the Th iff Th” is consistent and for any consistent nice extension
Th' of

the Th : Ded(Th*) < Ded(Th') implies Ded(Th*) = Ded(Th').

Proposition 2.1. Assume that (i) Con(Th) and (ii ) Th has an w-model
MTh Then

theory Th can be extended to a maximally consistent nice theory Th”.

Proof. Let ®,... ®;... be an enumeration of all wff’s of the theory Th (this can
be achieved if the set of propositional variables can be enumerated). Define a
chain ¢ = {Thi|li € N}, Th; = Th of consistent theories inductively as follows:
assume that theory Th; is defined. (i) Suppose that a statement (2.9) is satisfied

Th + Proa([®i]°) and [Th; # &;]&[MI = @]. (2.9)

Then we define theory Thi,; as follows Thi.; £ Th; U {®;}.
(i) Suppose that a statement (2.10) is satisfied

Th + Pron([—®i]°) and [Th; ¥ —®;]&[MI* = —@]. (2.10)

Then we define theory Thi,; as follows: Thi,; £ Th; U {—®;}.
(iii) Suppose that a statement (2.11) is satisfied

Th + Pr([®i]°) and Th + ;. (2.11)

Then we define theory Thi,; as follows: Thi,; = Th; U {®;}.
(iv) Suppose that a statement (2.12) is satisfied



Th + Prm([—®i]°) and Th + —®;. (2.12)

Then we define theory Thi,, as follows: Thi,; =2 Th;.
We define theory Th” as follows:

Th* = | J Th (2.13)

ieN

First, notice that each Th; is consistent. This is done by induction on i and by
Lemmas 2.1-2.2. By assumption, the case is true when i = 1.Now, suppose Th; is
consistent. Then its deductive closure Ded(Th;) is also consistent. If a statement
(2.11) is satisfied,i.e. Th - Prr([®i]°) and Th - @;, then clearly

Thi,; = Th; U {®;} is consistent since it is a subset of closure Ded(Th;).If a
statement (2.12) is satisfied,i.e. Th + Prq,([—®i]°) and Th ~ —®;, then clearly
Thi,; = Th; U {—®;} is consistent since it is a subset of closure Ded(Th;).

Otherwise:

(i) if a statement (2.9) is satisfied,i.e. Th ~ Pr([®i]°) and Th; + ®; then clearly
Thi,; £ Th; U {®;} is consistent by Lemma1 and by one of the standard properties
of consistency: A U {A} is consistent iff A + —A;

(i) if a statement (2.10) is satisfied,i.e. Th + Pr,([—®i]°) and Th; + —®; then
clearly Thi,; 2 Th; U {—®;} is consistent by Lemma 2 and by one of the standard
properties of consistency: A U {—A} is consistent iff A + A.

Next, notice Ded(Th") is maximally consistent nice extension of the Ded(Th).
Ded(Th") is consistent because, by the standard Lemma 2.3 belov, it is the union
of a chain of consistent sets. To see that Ded(Th") is maximal, pick any wff ®.
Then @ is some ®; in the enumerated list of all wff's. Therefore for any ® such that
Th ~ Prpy([@]°) or Th + Proy([—®@]°), either ® € Th* or —-® € Th”. Since
Ded(Thi.;) < Ded(Th*), we have ® € Ded(Th"*) or —® € Ded(Th"), which implies
that Ded(Th") is maximally consistent nice extension of the Ded(Th).

Lemma 2.3. The union of a chain g = {T'i|i € N} of consistent sets I'j, ordered
by S, is consistent.

Definition 2.4. Let ¥ (x) be a one-place open wff such that conditions:

(*) Th + AXe[W(xy)] or

(* *) Th + Prop([3xe[P(Xy)]]%) and MI? = Jixe[W(xy)] is satisfied.

Then we said that, an set y is a Th”-set iff there is exist a one-place open Th-wff
Y(x)

such thaty = xy.

Definition 2.5. Let I be a collection such that : Vx[x € 3 < xis a Th"-set ].

Proposition 2.2. Collection 3 is a Th"-set.
Proof. Let us consider an one-place open wff ¥(x) such that conditions (x) or



(x x) is satisfied, i.e. Th + A!xy[V(Xw)]. We note that there is exists countable
collection &y of the one-place open wff's Fy = {¥n(X)} ., such that: (i) ¥(x) € Fy
and (ii)

neN

Th + 3Xe[[P(Xy)] A {Vn(n € N)[F(Xy) < Pn(Xe)]}]
or
Th + HIX\{J[PFTh([\P(XL{J)]C) A {Vn(n € N)Pl‘Th([\P(X\{J) > \Pn(XLp)]C)}] (2 14)
and
MTh = Jixe[[P(Xe)] A {¥n(n € N)[P(Xy) < Pn(Xy)]}]

or in the equivalent form

Th + 3 [[Y1(X1)]ALYN(n € N)[Y1(X1) < Pna(X1)]}]
or
Th + E!Xw[PrTh([\P(Xl)]C) A {Vn(n € N)Pl’Th([\P(Xl) > an(Xl)]c)}] (2 15)
and
Ma" E X [[Y (XD A {VN(N € N)[¥(x1) < ¥a(x1)]}]

where we set Y(x) = ¥1(X1), ¥n(X1) = Yni1(X1) and x¢ = X;. We note that everyone
collection F g, = {¥nk(X)} oK = 1,2,... such above defines an unique set xy,,i.e.
‘TWkI nc(]'-nykz = J iff Xy, F Xy .

We note that collections Fy,,k = 1,2,.. is no part of the ZFC,i.e. collection &y,
there is no set in sense of ZFC. However that is no problem, because by using
Gddel numbering one can to replace any collection Fy,,k = 1,2,.. by collection
O« = g(Fy,) of the corresponding Gédel numbers such that

Ok = 9(Fw,) = {9(¥nk(Xi)) } nens
(2.16)

k=1,2,....

It is easy to prove that any collection ®x = g(F v, ),k = 1,2,.. is a Th-set.This is
done by Godel encoding [3],[5] of the statament (2.15) by Proposition 2.1 and by
axiom schema of separation [4], (see Proposition 2.3). Let

Onk = 9(¥nk(Xk)),k = 1,2,.. be a Gédel number of the wff ¥, k(x«). Therefore
9(Fk) = {Onk} o Where we set Fy = Fy,, k= 1,2,.. and



VK1 VK2 [{Gnk; Fnen [ 100k fnen = D < Xky # Xk, - (2.17)

Let {{0nk} nen f oy P€ @ family of the all sets {gnk} .. By axiom of choice [4] one
obtain unique set 3’ = {g},., such that Vk[gk € {gnk},]- Finally one obtain a set
3 from a set 3’ by axiom schema of replacement [4].Thus one can define a Th”-set

Re & I

VX[X € Re < (X € I) APrm([x ¢ x]9)]. (2.18)

Proposition 2.3. Any collection ®x = g(F v, ),k = 1,2,.. is a Th-set.

Proof. We define gnx = g(¥nk(Xk)) = [Pnxk(Xk)]%, vk = [X«]°. Therefore
gnk = g(Wnak(Xx)) < Fr(gnk,Vk) (see [7] Appendix,def.10). Let us define predicate
TI(gnk, Vi)

TI1(gnk,Vk) < Pron((3X[P1x(Xx1)11) A
2.19)

ABxk(vk = X9 VNN € N)[Pro([[¥1x(Xk)]11%) < Pron(Fr(gnk, vi))]].
We define now a set ®y such that

Ok = Oy U {0k},
(2.20)
vn(n € N)[gnk € Oy < TI(gnk,Vk)]

But obviously definitions (2.16) and (2.20) is equivalent by Proposition 2.1.

Proposition 2.4. (i) Th” - 3R, (i) N, is a countable Th”-set.

Proof.(i) Statement Th” - 3R, follows immediately by using statement 33 and
axiom schema of separation [4]. (ii) follows immediately from countability of a set
3.

Proposition 2.5. A set ‘R is inconsistent.

Proof.From formla (2.18) one obtain

Th” - Re € Re < Pron([Re 2 Re]°). (2.21)



From formla (2.21) and Proposition 2.1 one obtain

Th” - R € R © Re ¢ Re (2.22)

and

Th? - (Rc ¢ Re) < Th + (Re ¢ Ro). (2.23)

But this is a contradictions.
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