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Abstract
One-dimensional infinite well is an important model in quantum
mechanics, and the solutions of Schrodinger equation and Klein-Gordon
equation in this case have been studied extensively. In this paper, we
discuss the solution of the Klein-Gordon equation in a moving
one-dimensional infinite well, we find that the momentum of the particle
should be complex numbers in a particular case.
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1 Introduction

One-dimensional infinite potential well is a common model in quantum
mechanics. The solution of Schrodinger equation in one-dimensional infinite potential
well is discussed in many quantum mechanics textbooks U] and the solution of
Klein-Gordon equation in one-dimensional infinite potential well is discussed in some
study. *'Usually, we discuss the case which the well wall is stationary, but the solution
of the Klein-Gordon equation is discussed by Koehn.M # when one side of the well
wall is moving, that is, when the width of the well changes. It will be widely used in
the study of Fermi acceleration mechanism.The research in reference ! further shows
that if we decrease the width of the potential well , the particles will follow the
change of the potential wall quickly and return to the potential well. It is rarely
discussed that the two sides of the well wall move together at the same speed, such as
the two sides of the well wall move to the right at the speed v ,According to the
conclusion of reference ), we can guess that the particles near the left potential well
wall will follow the changes of the potential well wall quickly and return to the
potential well wall, while the right potential well wall may follow the adiabatic
evolution. This can also be seen as the whole well moving without changing the width
of the well. A simple idea is to change the frame of reference, but a special cases will

be discussed in this article, and we will get some interesting results such as particles
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with complex momentum .

2 The solution and discussion of Klein-Gordon equation

We can discuss those questions in the inertial frame K first, consider the potential
well as

0 vi<x<a-+vt
Vix)=

+00 x<vt,xZa+vt )
Where v is the velocity of the coordinate change of the potential well wall in the
inertial frame K, ¢ istime, and « is a constant.

Considering only one-dimensional waves moving along the x -direction, the Klein

Gordon equation has the following form:

+m’cto(x,t)=0 2)
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Where 7 is the reduced Planck constant, m 1is the particle mass, and ¢ is the

speed of light. The wave function of a particle that satisfies the Klein Gordon equation
should be 0 at the potential well wall . Therefore,So the boundary conditions

are: p(vt,t) = p(a+vt,t)=0.

Use the following variables for substitution

_ox—vt _ c?
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Where b= = equation (2) becomes
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The boundary conditions become
The general solution to equation (4) can be simply found
) nir _iE”cf iE, &
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Where '7and 2" are constants E, = \/ (2 ) +m’ct, nel,
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Consider another inertial frame K' moving at velocity V relative to the reference frame K 1t
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V<C  then obviously E, is the energy level of the particle in the inertial frame K" and the

expression in the sum sign of equation (6) is the eigenstate of the particle which the energy

eigenvalue is E, in the inertial frame K '.

In equation (1), v is the velocity of the coordinate change of the potential well
wall in the inertial frame K , this velocity can be the velocity of the potential well
wall movement, But this speed can also be the velocity which the potential well wall
establishes and collapses, The velocity which the potential well wall establishes and
collapses is not limited by the speed of light, Therefore, it is possible for v > ¢ ,In this
case, it is obvious that formula (3) cannot be seen as a change of the reference frame,
And this condition indicates that there can be particles with complex momentum in the
potential well.

For simplicity, taking ¢,, =0 in (6) as an example, choose the particle state as

VX
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In the formula, A4 is the normalization constant.
mc’a’
If <vi<c? +W , E  will be a real number, We discuss the
nr

mathematical expectation of particle momentum at time #=0 in this case.
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It can be seen that both terms in the formula are pure imaginary, meaning that in this
case, the average momentum of particles is imaginary, it can be seen that in this
situation, there are particles with complex momentum in the potential well. If we

consider the expression for the momentum of particles with velocity ¥ in special

mu
p=

¥
2
relativity ¢, It can be observed that the velocity of the particles with

imaginary momentum will be faster than the speed of light,in other words, it is
possible to produce particles that exceed the speed of light in this way.

Note that the limit of ¢(x,#) does not exist when v=c , so further in-depth

research is needed on the state of particles when v=c

3 conclusion



This article discusses the solution of the Klein Gordon equation in a moving
one-dimensional infinite depth potential well. When the velocity of the potential well
V>C | it can be simply understood by the change of the reference frame, but the
velocity which the potential well wall establishes and collapses is not limited by the
speed of light, so the momentum of particles could be complex numbers.It may mean
that there are particles in the potential well with velocities greater than the speed of
light under these conditions. I believe that this study can encourage more scholars to

explore this field more deeply.
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