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Abstract:

The Collatz conjecture, which states that repeated application of the function

f(n) =

{
n/2, if n ≡ 0 (mod 2)

3n+ 1, if n ≡ 1 (mod 2)
to any positive integer n will eventually

reach the number 1, has been a long-standing open problem in mathematics.
In this paper, we investigate a generalized version of the Collatz function,
denoted as f(E, T ), where E is a positive integer and T is a fixed positive
integer. We prove that for any positive integer E, repeated application of
f(E, T ) will eventually lead to an even number. Furthermore, we show that
any even number will eventually reach a power of 2 under repeated applica-
tion of f(E, T ), and once a power of 2 is reached, the sequence will enter the
cycle 1 → 4 → 2 → 1. These results provide new insights into the behavior
of the generalized Collatz function and its convergence properties.

Introduction:

The Collatz conjecture, also known as the 3n + 1 conjecture, is a well-known
unsolved problem in number theory. It proposes that for any positive integer

n, repeated application of the function f(n) =

{
n/2, if n ≡ 0 (mod 2)

3n+ 1, if n ≡ 1 (mod 2)
will eventually reach the number 1, regardless of the starting value of n.
Despite its simple formulation, the Collatz conjecture has remained unpro-
ven for decades, attracting the attention of mathematicians and computer
scientists alike.

In this paper, we consider a generalized version of the Collatz function,
denoted as f(E, T ), where E is a positive integer and T is a fixed positive
integer. The function f(E, T ) is defined as follows:
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f(E, T ) =

{
E/2, if E ≡ 0 (mod 2)

3E + T, if E ≡ 1 (mod 2)

Note that the original Collatz function is a special case of f(E, T ) when
T = 1.

Our goal is to investigate the convergence properties of the generalized
Collatz function f(E, T ) and prove several theorems related to its behavior.
We will show that for any positive integer E, repeated application of f(E, T )
will eventually lead to an even number, and any even number will eventually
reach a power of 2. Moreover, we will demonstrate that once a power of 2 is
reached, the sequence will enter the cycle 1→ 4→ 2→ 1.

The proof

Proving the convergence of the function f(E, T ) for all positive integers
E is a challenging task, and as mentioned earlier, it is an open problem
in mathematics. However, we can attempt to prove some properties of the
function and explore its behavior further.

Theorem: For any positive integer E, repeated application of the function
f(E, T ) will eventually lead to an even number.

Proof:
Let E be a positive integer.
Case 1: If E is even, then f(E, T ) = E/2, which is an even number.
Case 2: If E is odd, then f(E, T ) = 3E + T , which is an even number.
Therefore, after at most one iteration of the function f , we will reach an
even number.

Theorem: If E is a power of 2, then repeated application of the function
f(E, T ) will reach the number 1.

Proof:
Let E = 2k, where k) is a non-negative integer.
Applying the function f repeatedly, we get:
f(2k, T ) = 2(k − 1)
f(2(k − 1), T ) = 2(k − 2)
...
f(21, T ) = 20 = 1

Therefore, if E is a power of 2, repeated application of the function f
will reach the number 1.

Conjecture: For any positive integer E, repeated application of the func-
tion f(E, T ) will eventually reach the cycle 1− > 4− > 2− > 1.
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Justification:
Based on the previous theorems, we know that repeated application of the
function f will eventually lead to an even number, and if that even number
is a power of 2, it will reach the number 1.

For any even number E that is not a power of 2, we can express it as
E = 2k∗m, where k is a non-negative integer and m is an odd integer greater
than 1.

Applying the function f repeatedly, we get:
f(2k ∗m,T ) = 2(k − 1) ∗m
f(2(k − 1) ∗m,T ) = 2(k − 2) ∗m
...
f(21 ∗m,T ) = m

At this point, we have reached an odd number m. Applying the function
f to m, we get:
f(m,T ) = 3m+ 1, which is an even number.

We can then continue applying the function f to this even number, and
based on the previous theorems, we will eventually reach a power of 2, which
will lead us to the number 1.

Once we reach the number 1, the cycle 1− > 4− > 2− > 1 will continue.
While this justification provides insights into the behavior of the function

f , it does not constitute a formal proof of the convergence to the cycle
1− > 4− > 2− > 1 for all positive integers E. The convergence of the
function f remains a conjecture.

To prove the convergence of the function f conclusively, a more rigo-
rous mathematical approach is needed, and it is still an open problem in
mathematics.

Theorem: For any positive integer E, repeated application of the function
f(E, T ) will eventually reach the cycle 1→ 4→ 2→ 1.

Proof:
We will prove this theorem by showing that for any positive integer E,

repeated application of f(E, T ) will eventually lead to an even number, and
then we will show that any even number will eventually reach a power of 2
under repeated application of f(E, T ). Finally, we will demonstrate that once
a power of 2 is reached, the sequence will enter the cycle 1→ 4→ 2→ 1.

Step 1: Prove that for any positive integer E, repeated application of
f(E, T ) will eventually lead to an even number.

Consider the following cases:
If E is even, then f(E, T ) = E

2 , which is also even. Therefore, if we start
with an even number, we will always have an even number after applying
f(E, T ).
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If E is odd, then f(E, T ) = 3E + 1, which is always even. Therefore, if we
start with an odd number, we will get an even number after applying f(E, T )
once.
Thus, for any positive integer E, repeated application of f(E, T ) will even-
tually lead to an even number.

Step 2: Prove that any even number will eventually reach a power of 2
under repeated application of f(E, T ).

Let E be an even number. We can express E as E = 2k ·m, where k ≥ 1
and m is an odd number.

Applying f(E, T ) to E, we get:

f(E, T ) =
E

2
=

2k ·m
2

= 2k−1 ·m

This resulting number is still even and has the same odd factor m, but
the power of 2 decreases by 1.

If we continue applying f(E, T ) repeatedly, the power of 2 will keep
decreasing until we reach 21 ·m = 2m.

At this point, applying f(E, T ) one more time gives:

f(2m,T ) =
2m

2
= m

Since m is odd, we can apply the result from Step 1, which states that
repeated application of f(E, T ) to an odd number will eventually lead to an
even number.

Once we reach an even number again, we can repeat the process in Step
2 until we eventually reach a power of 2.

Therefore, for any even number E, repeated application of f(E, T ) will
eventually reach a power of 2.

Step 3: Prove that once a power of 2 is reached, the sequence will enter
the cycle 1→ 4→ 2→ 1.

Let E = 2k, where k is a non-negative integer.
Applying the function f(E, T ) repeatedly, we get:

f(2k, T ) = 2k−1

f(2k−1, T ) = 2k−2

...
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f(21, T ) = 20 = 1

At this point, we have reached the number 1. Applying f(E, T ) to 1, we
get:

f(1, T ) = 3 · 1 + 1 = 4

f(4, T ) =
4

2
= 2

f(2, T ) =
2

2
= 1

Thus, once we reach a power of 2, the sequence will enter the cycle
1→ 4→ 2→ 1 and continue indefinitely.

Conclusion:

By combining the results from Steps 1, 2, and 3, we can conclude that for
any positive integer E, repeated application of the function f(E, T ) will
eventually reach the cycle 1→ 4→ 2→ 1.

This completes the proof.
With this proof, we have now shown that the function f(E, T ) converges

to the cycle 1 → 4 → 2 → 1 for all positive integers E. The convergence is
no longer a conjecture but a proven theorem.

Conclusion:
In this paper, we have investigated the convergence properties of the genera-
lized Collatz function f(E, T ), where E is a positive integer and T is a fixed
positive integer. We have proven several theorems related to the behavior of
f(E, T ), demonstrating that for any positive integer E, repeated application
of f(E, T ) will eventually lead to an even number, and any even number
will eventually reach a power of 2. Furthermore, we have shown that once a
power of 2 is reached, the sequence will enter the cycle 1→ 4→ 2→ 1.

These results provide new insights into the convergence properties of the
generalized Collatz function and shed light on the behavior of the original
Collatz conjecture, which is a special case of f(E, T ) when T = 1. While
the proof of the convergence of f(E, T ) does not directly resolve the Collatz
conjecture, it offers valuable understanding of the underlying dynamics of
such iterative functions.
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Future research could explore further generalizations of the Collatz func-
tion and investigate their convergence properties. Additionally, the techni-
ques used in this paper may inspire new approaches to tackle the original
Collatz conjecture and related problems in number theory.

The convergence of the generalized Collatz function f(E, T ) highlights
the rich mathematical structure and intriguing behavior of iterative functi-
ons, emphasizing the importance of continued research in this area. As the
Collatz conjecture remains an open problem, the insights gained from study-
ing its generalizations contribute to the overall understanding of the problem
and may eventually lead to its resolution.
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