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Abstract

Let G bea graph with node V(G) represented by a sequence of
odd integer constructed from the inverse iteration defined by
an = (2¢(%n) g, -1)/3, where e(a,) e N is the highest exponent for which
2¢(an) exactly divide 3a,+ 1. This graph is called the Collatz graph. The
odd integer sequences inferred from the Collatz graph provide new insights
into the validity of the Collatz conjecture.

1. Introduction: the Collatz conjecture
Denote by N = {1,2,3............ boNo=1{0,1,2,3,.............. },and
D* = 2N, + 1 the set of positive odd number. Let [r], represents

r(mod q), where r is least nonnegative residue modulo g. Define the
recursive function introduced by Crandall [1] and Batang [2]:

an+1 = (3, + 1)/2¢(@n) (1)

where e(a,) e N is the highest exponent for which 2¢@n) exactly divide
3a,+ 1. . Foran initial ao, any K iteration on ap generate a sequence of

oddinteger , { a, as,......... ax }. The collatz conjecture asserts that for
every odd integer a, > 1 , there exists kK € Nsuchthat ax =1

2. The Collatz graph

The Collatz graph G= (V,E), with node V(G) and edge set E(G),
based on the inverse iteration defined by

an = (26090 g1 -1)/3, @)

where e(a,) is any positive integer such that (2¢(4n) a,.1 -1)= [0]s. One can
show that e(a,) = 2n if a,+1 =[1]s and e(a,) =2n-1 if a.1 =[2]s forne N,
while a,=@ if a,.; =[0]s. Obviously an+1 produces asequence of odd
integer starting with (22 a1 -1)/3 or (21 ansy -1)/3.

Starting from the trivial node qo ={ 1}, each sequence obtained by (2)
correspondsto a node in G. The first node in the Collatz graph is obtained



by (22" (1) -1)/3, n e N. Thus, the first sequence or the first node is
{1,5,21,85,341,1365,............ ;.
Obviously each element in the sequence is obtained by the iteration
Spe1=4sp+ 1, (3)

where s, is the first element or a seed of the sequence ,e.g., So=11is the
seed of {1, 5, 21,85,...}. The graph G is a directed graph in which there
IS only one directed path from any node to the trivial node go = {1} as
shown in Figure 1. Each node is represented as ¢i = {Sn+1=4sn+1, n
eNolso=i i e D} eq., g1 ={ 1,5, 21, 85,..}. There are infinite levels in
G. There is only one node in level 1 but there are infinite nodes in level
2,3,...00, Let A be the union of all nodes in G. The aim is to show that

A- D* is an empty set to validate the Collatz conjecture.
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Figure 1. Stucture of G



3. Special subsetsof D*
Let go={1}, obtain qi,i € D*,gic D* as follows:

gi ={sn1=4s,+1,n eN0|so =i, 1 € D*. 1 #5+ 8n, n eNg}. The reason
that any so # 5+ 8n is that odd integer 5+ 8n is already in someq;,i #5
+8n, n eNy. giis represented asnodein G and their relations among

them are shown in Figure 2. Define B asthe union ofall ¢;inG ,
obviously B is equal to D*.

Jo<— (1 <= infinite nodes: qs, Qus, ........
g1<— Qs< infinite nodes: 417, Qss,. ........
Ju<— g7 < infinite nodes 9, Qio.. ........
g7<— o < infinite nodes: g9, Qoo,. ........
J17¢<— Q11 <= Infinite nodes: 47, Qoa.. ........
J23¢— (15 < infinite nodes: Qsi, 0163, ++--....

J3¢— (17 < infinite nodes: 911, Qsso.. -.......

Figure 2 Structure of G

The validity of Collatz conjecture is established by proving that A-B is an
empty set. This assertion will be proved by contradiction as follows:

Assume A-B={qn, Qn2,....... Jnm } IS NOt an empty set. Since each

Oni, =1,2,...m, m €N connects to an infinite number of nodes as shown
in Figure 2 then it is impossible to have a finite number of nodes among
gni Connected to each q,i,=1,2,...m. Thus, A-B is an empty set.
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