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We treat the geometrical optics as an Abelian U(1) local gauge theory in a (3 + 1)-dimensional space-time.
We formulate the eikonal equation: the refractive index is related to the U(1) gauge potential.
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In a (3 + 1)-dimensional space-time, for the geometri-
cal optics approximation (short wavelength, λ → 01), a
four-vector potential is replaced by the gauge potential2–4

below

~Bµ = aµ e
iψ (1)

where a phase (an eikonal), ψ(x, y, z, t), and a slowly
varying function of coordinates and time, an amplitude,
aµ

1, are represented in a (3 + 1)-dimensional space-time.
We see from eq.(1), because eiψ is a scalar, a number,
then the amplitude, aµ, has the same dimension as the
displacement from equilibrium5, the oscillating variable6,

the gauge potential ~Bµ.
In case of a steady (time-independent) monochromatic

wave, the frequency7 is constant and the time dependence
of the eikonal, ψ, is given by a term −fθt where fθ is a
notation for (angular) frequency1. Let us introduce ψ1,
a function, which is also called eikonal1. The relation
between ψ1 and ψ can be expressed as1

ψ1 =
c

fθ
ψ + ct (2)

where the eikonal, ψ1, is a function of coordinates only
(without time)1 and c is the speed of light in vacuum.
The 3-dimensional eikonal is denoted by ψ1(x, y, z).

The equation of ray propagation in a transparent
medium8 can be written in relation with the refractive
index, n, as below1,9

|~∇ψ1| = |~n| = n (3)

where n is a scalar, ~∇ is a notation for gradient. Because
ψ1 is a function of coordinates only, then the refractive in-
dex is also a function of coordinates only. More precisely,
the refractive index is a smooth continuous function of
the position10. The 3-dimensional refractive index is de-
noted by n(x, y, z). The equation (3) is called the eikonal
equation1,9, i.e. a type of the first order linear partial dif-
ferential equation. The analysis of a partial differential
equation for steady state is very important e.g. for for-
mulating the Atiyah-Singer index theorem, an effort for
finding the existence and uniqueness of solutions to lin-
ear partial differential equations of elliptic type on closed
manifold11,12.

Let us formulate the eikonal, ψ1, in a (3 + 1)-
dimensional space-time. Because the eikonal, ψ1, is

a function of coordinates only, so it becomes the 3-
dimensional eikonal which ”lives” in a (3+1)-dimensional

space-time. The gradient operator, ~∇, in eq.(3) is re-
placed by the covariant four-gradient, ∂µ. So, eq.(3) be-
comes

|∂µψ1| = |~nµ| = n (4)

where µ runs from 1 to 3+1 by considering that the time
components of ψ1 and n are zero. We see from eq.(4),
the refractive index is a scalar, a real number. The zeroth
rank tensor (a scalar) of the refractive index describes an
isotropic linear optics13. But, the refractive index can be
not simply a scalar14. The refractive index can also be a
second rank tensor which describes that the electric field
component along one axis may be affected by the electric
field component along another axis14. The second rank
tensor of the refractive index describes an anisotropic
linear optics13.

The eikonal equation of the geometrical optics can
be derived from the Maxwell equations9. Because the
Maxwell’s theory is an Abelian U(1) local gauge theory,
so we treat the geometrical optics as an Abelian U(1)
local gauge theory. It has a consequence that the field
strength of the geometrical optics and the Maxwell’s the-
ory in principle are the same i.e. both are fields15. In
turn, it has a consequence that the gauge potential of the
geometrical optics and the Maxwell’s theory are also the

same, i.e. both are U(1) gauge potential ~B
U(1)
µ . So, we

can rewrite eq.(1) as

~B U(1)
µ = aµ e

iψ (5)

Eq.(5) expresses the U(1) gauge potential of the geomet-
rical optics in a (3 + 1)-dimensional space-time.

Eq.(5) can now be written as

~BU(1)
µ aµ = aµ a

µ eiψ = a2 eiψ = eiψ (6)

where aµ is a complex conjugate of a complex vector
amplitude, aµ, and a is a scalar amplitude16 which we
can take its value as 1. Using Euler’s formula, eq.(6) can
be written as

cosψ + i sinψ = ~BU(1)
µ aµ (7)

Eq.(7) shows us that ~B
U(1)
µ aµ is a complex function. To

simplify the problem, we take the real part17 of (7) only,



we obtain

cosψ = Re ( ~BU(1)
µ aµ) (8)

where ψ in eq.(8), i.e. phase (eikonal or ”gauge”) is an
angle. This angle has value

ψ = arccos
[
Re
(
~BU(1)
µ aµ

)]
(9)

By substituting eq.(9) into eq.(2), we obtain

ψ1 =
c

fθ
arccos

[
Re
(
~BU(1)
µ aµ

)]
+ ct (10)

and by substituting eq.(10) into the eikonal equation (4),
we obtain∣∣∣∣∂ν { c

fθ
arccos

[
Re
(
~BU(1)
µ aµ

)]
+ ct

}∣∣∣∣ = n (11)

where n is a dimensionless quantity, a scalar, a real num-
ber, i.e. a function of 3-coordinates which ”lives” in a
(3 + 1)-dimensional space-time. Eq.(11) is a type of the
first order linear partial differential equation. As we men-
tioned the analysis of a partial differential equation for
steady state is very important e.g. for finding the exis-
tence and uniqueness of solutions to linear partial differ-
ential equations. Does eq.(11) have a solution?
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