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Abstract

The noncommutative algebra of space-time sedeons is used for the generalization of the system of
nonlinear self-consistent equations in hydrodynamic two-fluid model of vortex plasma. This system
describes both longitudinal flows as well as the rotation and twisting of vortex tubes taking into
account internal electric and magnetic fields generated by fluctuations of plasma parameters. As an
illustration we apply the proposed equations for the description of sound waves in electron-ion and
electron-positron plasmas.

1 Introduction

In the past few decades, significant progress has been achieved in the application of non-commutative
algebras of hypercomplex numbers for the description of electromagnetic field in vacuum, a weak gravita-
tional field in the model of the gravito-electromagnetism and the motion of a fluid in the framework of the
Euler formalism. In particular, the simplest generalization of electrodynamics equations was developed
on the basis of quaternions [1,2]. The structure of quaternions with four components (scalar and vector)
corresponds to the relativistic four-vector concept that allows reformulating all relativistic mathematical
expressions in terms of quaternionic algebra. However, the essential imperfection of the quaternionic
algebra is that the quaternions do not include pseudoscalar and pseudovector components, which are
transformed differently under spatial-temporal inversions. This problem can be overcome by increasing
the dimensionality of hypercomplex numbers based on the Cayley-Dickson doubling procedure [3], which
leads to eight-component octonions [4] and sixteen-component sedenions [5]. All these hypercomplex
algebras are used for the description of electromagnetic field and in application to fluid dynamics [6-15].
However, a significant disadvantage of the Cayley-Dickson numbers is their nonassociativity, which par-
tially complicates their physical applications, since one needs to fix a certain sequence of operators in
each equation. Recently we proposed the alternative space-time algebra of sixteen-component sedeons,
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which is associative and takes into account the symmetry of physical values with respect to the space-
time inversions [16]. In particular, the sedeonic approach was used for the generalization of equations
describing the massive and massless fields and fluid dynamics [17-19].

The commonly used hydrodynamic description of plasma is based on a two-fluid model, which includes
Euler and continuity equations separately for the electron and ion components, as well as Maxwell’s equa-
tions for the electromagnetic field [20,21]. In the present time, much attention is paid to the description
of fluid dynamics by vector fields including vector of local velocity of fluid and vector of vorticity, which
satisfy the symmetric Maxwell-type equations [22-29]. In particular, similar approach has been recently
used for the description of two-fluid model of plasma [30-34]. However, usually an additional equation
for the vortex motion is obtained by taking the ”curl” operator from the Euler equation, and, therefore,
the resulting equation is not independent. Recently, we have developed an alternative approach based
on droplet model of fluid described by Helmholtz [35], and obtained a closed system of Maxwell-type
equations for vortex fluid taking into account the rotation and twisting of vortex tubes [19]. In the
present paper we apply the sedeonic algebra for the generalization of self-consistent equations describing
two-component vortex plasma.

2 Sedeonic equation for vortex fluid flow

To compactify the equations we use the algebra of 16-component sedeons [16,18], which are the tensor
product of two 4-component algebras of Macfarlane quaternions [36]. In this algebra any vector can be
presented as a linear combination of unit vectors a1, a2, a3:

A = A1a1 +A2a2 +A3a3, (1)

with the following rules of multiplication and commutation

anam = δnm + iλnmkak, (2)

where δnm is Kronecker delta, λnmk is Levi-Civita symbol (n,m, k ∈ {1, 2, 3} ) and i is the imaginary
unit (i2 = −1 ). The main advantage of sedeonic algebra is the possibility to define Clifford product of
vectors. For example, the Clifford product of two vectors A and B is

AB = A ·B + iA×B, (3)

that allows to write the equations in the very compact form. To compactify the operator parts of equations
we use additional units e1, e2, e3 with the same rules of multiplication

enem = δnm + iλnmkek, (4)

The basis a1, a2, a3 is associated with spatial rotation of vector values, while basis e1, e2, e3 connected
with space-time inversion [18]. The unit vectors an, commute with units em

anem = eman. (5)

Recently we have shown [19] that the free isentropic fluid is described by sedeonic equation for values
corresponding to the longitudinal motion and rotational vortex flows(

ie1
1

s

(
∂

∂t
+ (v · ∇)

)
− e2∇

)
(ie1u− ie2ξ + e2v + e1w) = 0. (6)
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This compact equation is equivalent to the following closed system of equations [19]:

1

s

(
∂

∂t
+ (v · ∇)

)
v +∇u+∇×w = 0,

1

s

(
∂

∂t
+ (v · ∇)

)
u+∇ · v = 0,

1

s

(
∂

∂t
+ (v · ∇)

)
w +∇ξ −∇×v = 0,

1

s

(
∂

∂t
+ (v · ∇)

)
ξ +∇ ·w = 0.

(7)

Here s is the speed of sound, v is the local velocity of the fluid. The value u is proportional to the
enthalpy

u =
1

s
h,

dh =
s2

n0
dn,

(8)

where h is the enthalpy per unit mass, n is the fluid particles concentration, n0 is the equilibrium
concentration of particles. The value w characterizes the rotation of the vortex tubes

w = 2sΘ,

Ω =
dΘ

dt
,

(9)

where Θ is the angle vector of vortex tube rotation, Ω is the angle velocity of vortex tube rotation. The
value ξ characterizes the twisting of vortex tube

|ξ| = sβ, (10)

where β is the twisting angle of vortex tube [19].

3 Equations of the two-fluid model of vortex plasma

In the commonly used hydrodynamic approach, plasma is represented as a mixture of two fluids in which
the particles have different masses and charges. We will consider only low-frequency perturbations in
electrically neutral, fully ionized, nonradiative plasma, which propagate in the form of sound waves.
In this approximation, the internal electric and magnetic fields are generated only due to deviations of
plasma parameters from their equilibrium values. In fact, these fields are quasi-static and move together
with the plasma [37]. This representation is close to the concept of a frozen-in field applied in the
description of Alfven waves [38–40] and London’s model of superconductors [41,42]. Here on the base of
sedeonic equation (6) we construct self-consisted two-fluid model of vortex plasma. The hydrodynamic
equations for electron and ion fluids with internal electromagnetic field can be obtained using the following
substitutions [30, 37] in the equation (6):

v⇒ vα + aαAα,

u⇒ uα + aαϕα,

w⇒ wα + aαMα,

ξ ⇒ ξα + aαφα.

(11)
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Here the index α ∈ {e, i}, where e stands for electrons and i stands for ions, ϕα and Aα are scalar and
vector electric potentials, φα and Mα are scalar and vector magnetic potentials of internal electromagnetic
field. The parameter aα is

aα =
qα

mαsα
, (12)

where qα is particle charge, mα is particle mass, sα is corresponding speed of sound. Let us introduce
new operator

_

∇α =

(
ie1

1

sα

(
∂

∂t
+ (v · ∇)

)
− e2∇

)
. (13)

Then taking into account (11) and (13) we rewrite (6) as

_

∇α{ie1(uα + aαϕα)− ie2(ξα + aαφα) + e2(vα + aαAα) + e1(wα + aαMα)} = 0. (14)

This sedeonic equation is equivalent to the following system:

1

sα

(
∂

∂t
+ (vα·∇)

)
(vα+aαAα) +∇(uα+aαϕα) +∇× (wα+aαMα) = 0,

1

sα

(
∂

∂t
+ (vα·∇)

)
(uα + aαϕα) +∇ · (vα+aαAα) = 0,

1

sα

(
∂

∂t
+ (vα·∇)

)
(wα+aαMα) +∇(ξα+aαφα)−∇× (vα+aαAα) = 0,

1

sα

(
∂

∂t
+ (vα·∇)

)
(ξα + aαφα) +∇ · (wα+aαMα) = 0.

(15)

Assuming the following definitions for internal field strengths:

Eα = − 1

sα

(
∂

∂t
+ (vα·∇)

)
Aα −∇ϕα −∇×Mα,

Bα = − 1

sα

(
∂

∂t
+ (vα·∇)

)
Mα −∇φα +∇×Aα,

(16)

and taking the following gauge conditions:

1

sα

(
∂

∂t
+ (vα·∇)

)
ϕα +∇ ·Aα = 0,

1

sα

(
∂

∂t
+ (vα·∇)

)
φα +∇ ·Mα = 0,

(17)

for equation (14) we get(
ie1

1

sα

(
∂

∂t
+(vα · ∇)

)
−e2∇

)
(ie1u− ie2ξ + e2v + e1w) = −aα(e3Eα−iBα). (18)
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This sedeonic equation is equivalent to the following system:

1

sα

(
∂

∂t
+ (vα·∇)

)
vα +∇uα +∇×wα = aαEα,

1

sα

(
∂

∂t
+ (vα·∇)

)
uα +∇ · vα = 0,

1

sα

(
∂

∂t
+ (vα·∇)

)
wα +∇ξα −∇×vα = aαBα,

1

sα

(
∂

∂t
+ (vα·∇)

)
ξα +∇ ·wα = 0.

(19)

Besides, the system (19) becomes closed if we suppose that internal electromagnetic fields propagate with
plasma disturbances and satisfy the following sedeonic equation:

_

∇α
_

∇α (ie1ϕα − ie2φα + e1Aα + e2Mα) =

−ie14πe (ni − ne)− e2
4π

sα
e (nivi − neve) +

ie24πe (gi − ge)− e1
4π

sα
e (giwi − gewe) .

(20)

Here e is the magnitude of electron charge, nα is particle concentration, gα is density of vortex tube
twisting for different component of plasma. The plasma particle concentration nα and value gα are
connected with values uα and ξα as

nα =
n0α
sα

uα,

gα =
n0α
sα

ξα,
(21)

where n0α is the equilibrium particle concentration.
Taking into account (16) and (17) the equation (20) is reduced to(

ie1
1

sα

(
∂

∂t
+(vα · ∇)

)
−e2∇

)
(e3Eα − iBα) =

−ie14πe (ni − ne)− e2
4π

sα
e (nivi − neve) +

ie24πe (gi − ge)− e1
4π

sα
e (giwi − gewe) ,

(22)

which is equivalent to the following system

∇ ·Eα = 4πe (ni − ne) ,

∇ ·Bα = 4πe (gi − ge) ,(
∂

∂t
+ (vα·∇)

)
Bα + sα∇×Eα = −4πe (niwi − newe) ,(

∂

∂t
+ (vα·∇)

)
Eα − sα∇×Bα = −4πe (nivi − neve) ,

(23)

The equations (19) and (23) form the self-consistent system describing the vortex plasma.
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4 Linearized equations of vortex plasma

Further we will consider small oscillations in plasma, which propagate as the different types of sound
waves. Neglecting the convective derivative in the system (19) and assuming n0i = n0e = n0 we obtain
the following linearaized hydrodynamic equations:

1

sα

∂vα
∂t

+∇uα +∇×wα = aαEα,

1

sα

∂uα
∂t

+∇ · vα = 0,

1

sα

∂wα

∂t
+∇ξα −∇×vα = aαBα,

1

sα

∂ξα
∂t

+∇ ·wα = 0,

(24)

and corresponding equations for internal electromagnetic field

∇ ·Eα = 4πe (ni − ne) ,

∇ ·Bα = 4πe (gi − ge) ,

∂Bα

∂t
+ sα∇×Eα = −4πen0 (wi −we) ,

∂Eα

∂t
− sα∇×Bα = −4πen0 (vi − ve) .

(25)

From the equations (24) and (25) we have the following relations:

1

2

∂

∂t

(
v2
α + w2

α + u2α + ξ2α
)

+ sα (∇ · {uαvα + ξαwα + vα ×wα}) =

aαsα {vα ·Eα + wα ·Bα} ,
(26)

1

8π

∂

∂t

(
E2
α + B2

α

)
+
sα
4π

(∇ · [Eα ×Bα]) =

en0 {(Eα · (vi − ve)) + (Bα · (wi −we))} ,
(27)

which are the analogs of Poynting relation known in the theory of electromagnetic field. The value

Wm =
1

2

(
v2
α + w2

α + u2α + ξ2α
)

(28)

is the mechanical energy per unit mass and value

Pm = sα (uαvα + ξαwα + vα ×wα) (29)

is the density of mechanical energy flux. The value

Wem =
1

8π

(
E2
α + B2

α

)
(30)

is the volume density of electromagnetic energy of internal fields, while the value

Pem =
sα
4π

[Eα ×Bα] (31)

is the density of electromagnetic energy flux.
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5 Sound waves in vortex plasma

Let us consider small fluctuations of plasma near the equilibrium state,

nα = n0α + ñα,

vα = ṽα,

gα = g̃α,

wα = w̃α,

n0i = n0e = n0,

(32)

Then reformulating the system (22) in term of nα and gα values we have

1

sα

∂ṽα
∂t

+
sα
n0
∇ñα +∇×w̃α = aαẼα,

1

n0

∂ñα
∂t

+∇ · ṽα = 0,

1

sα

∂w̃α

∂t
+
sα
n0
∇g̃α −∇×ṽα = aαB̃α,

1

n0

∂g̃α
∂t

+∇ · w̃α = 0,

(33)

and
∇ · Ẽα = 4πe (ñi − ñe) ,

∇ · B̃α = 4πe (g̃i − g̃e) ,

∂B̃α

∂t
+ sα∇×Ẽα = −4πen0 (w̃i − w̃e) ,

∂Ẽα

∂t
− sα∇×B̃α = −4πen0 (ṽi − ṽe) .

(34)

From the systems (33) and (34) we have the following wave equations for the electron and ion concentra-
tions (

∂2

∂t2
− s2i∆ + ω2

ip

)
ñi = ω2

ipñe,(
∂2

∂t2
− s2e∆ + ω2

ep

)
ñe = ω2

epñi.

(35)

Here ∆ is Laplace operator, ωip is the ion plasma frequency and ωep is the electron plasma frequency:

ω2
ip =

4πn0e
2

mi
, (36)

ω2
ep =

4πn0e
2

me
. (37)

The equations (35) can be separated as:{(
∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
ñi = 0, (38)
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{(
∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
ñe = 0. (39)

The same equations we have for the rest plasma values{(
∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
ṽi = 0,{(

∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
ṽe = 0,

(40)

{(
∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
g̃i = 0,{(

∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
g̃e = 0,

(41)

{(
∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
w̃i = 0,{(

∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
w̃e = 0,

(42)

{(
∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
Ẽi = 0,{(

∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
Ẽe = 0,

(43)

{(
∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
B̃i = 0,{(

∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
B̃e = 0.

(44)

Let us define the generalized plasma parameter as

P̃α ∈
{
ñα, g̃α, ṽα, w̃α, Ẽα, B̃α

}
, (45)

then the generalized sound wave equation can be written as{(
∂2

∂t2
− s2e∆ + ω2

ep

)(
∂2

∂t2
− s2i∆ + ω2

ip

)
− ω2

ipω
2
ep

}
P̃α = 0. (46)

The sound waves described by equation (46) have the following dispersion relation(
ω2 − s2ek2 − ω2

ep

) (
ω2 − s2i k2 − ω2

ip

)
− ω2

ipω
2
ep = 0, (47)

where ω is the frequency and k is the wave vector (k = |k|). The schematic plots illustrating this
dispersion relation are represented in Fig. 1.

If k = 0, then we have two roots of equation (47)

ω = 0,

ω = ω∗ =
√
ω2
ep + ω2

ip.
(48)

8



Figure 1: The schematic plots of dispersion curves for electron-ion sound waves [37].

If k →∞ we have two asymptotes
ω = sek, (49)

and
ω = sik. (50)

The upper curve in FIG. 1 corresponds to the electron sound, while the lower curve corresponds to the
ion sound. The group velocity of ion sound in the long wave limit (k → 0) is

vig =
dω

dk
=

√
s2eω

2
ip + s2iω

2
ep

ω2
ep + ω2

ip

, (51)

which is between se > vig > si .

6 Damping in vortex plasma

In rarefied plasma, the main damping mechanisms are electron-electron, electron-ion, and ion-ion colli-
sions. Such damping of disturbances can be described by the following replacement of operators in all
equations

∂

∂t
+ (vα·∇)⇒ ∂

∂t
+ (vα·∇) + εα. (52)

Here the parameter εα is the characteristic collision frequency. In the case of dense plasma, it is also
necessary to take into account the diffusion damping of plasma disturbances, which can be described by
the following replacement of operators

∂

∂t
+ (vα·∇)⇒ ∂

∂t
+ (vα·∇)− µα4, (53)

where µα is the coefficient of viscosity of plasma components. In general case both of these mechanisms
must be taken into account, which leads to the following operator replacement:

∂

∂t
+ (vα·∇)⇒ ∂

∂t
+ (vα·∇) + εα − µα4. (54)
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Thus instead of linearized equations (24) and (25) we have

1

sα

(
∂

∂t
+ εα − µα4

)
vα +∇uα +∇×wα = aαEα,

1

sα

(
∂

∂t
+ εα − µα4

)
uα +∇ · vα = 0,

1

sα

(
∂

∂t
+ εα − µα4

)
wα +∇ξα −∇×vα = aαBα,

1

sα

(
∂

∂t
+ εα − µα4

)
ξα +∇ ·wα = 0,

(55)

and corresponding equations for internal electromagnetic field

∇ ·Eα = 4πe (ni − ne) ,

∇ ·Bα = 4πe (gi − ge) ,(
∂

∂t
+ εα − µα4

)
Bα + sα∇×Eα = −4πen0 (wi −we) ,(

∂

∂t
+ εα − µα4

)
Eα − sα∇×Bα = −4πen0 (vi − ve) .

(56)

Corresponding Poynting-type relations are written as(
1

2

∂

∂t
+ εα

)(
v2
α+w2

α+u2α+ξ2α
)

+ sα (∇ · {uαvα + ξαwα + vα ×wα})−

µα (uα∆uα + ξα∆ξα + vα ·∆vα + wα ·∆wα) = aαsα {vα ·Eα+wα ·Bα} ,
(57)

(
1

2

∂

∂t
+ εα

)(
E2
α + B2

α

)
− µα {(Eα ·∆Eα) + (Bα ·∆Bα)}+

sα (∇ · [Eα ×Bα]) = 4πen0 {Eα · (vi − ve) + Bα · (wi −we)} .
(58)

Let us denote
_

�e =

(
∂

∂t
+ εe − µe∆

)2

− s2e∆, (59)

_

�i =

(
∂

∂t
+ εi − µi∆

)2

− s2i∆. (60)

Then from equations (55) and (56) we obtain the following generalized sound wave equation{(_
�e + ω2

ep

)(_
�i + ω2

ip

)
− ω2

ipω
2
ep

}
P̃α = 0. (61)

All sound waves described by equation (61) have the following dispersion relation((
iω+εe+µek

2
)2

+s2ek
2 + ω2

ep

)((
iω+εi+µik

2
)2

+s2i k
2 + ω2

ip

)
−ω2

ipω
2
ep = 0. (62)
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7 Electron-positron vortex plasma

In the case of electron-positron plasma the index α in equations (55) and (56) should be interpreted as
α ∈ {e, p} , where e is for electrons and p is for positrons. For electron-positron plasma we have the
equality of speeds of sound, plasma frequencies and other parameters

se = sp = sep,

ωep = ωpp = ωepp,

εe = εp = εep,

µe = µp = µep.

(63)

This simplifies the system of equations (55) and (56). In the case of a cold, strongly interacting electron-
positron plasma, the following approximation is valid:

ñe = ñp,

ṽe = ṽp,

g̃e = g̃p,

w̃e = w̃p,

n0e = n0p = n0.

(64)

Such plasma does not generate electromagnetic fields and from equations (55) and (56) we obtain the
usual wave equation for sound waves((

∂

∂t
+ εep − µep∆

)2

− s2ep∆

)
p̃ep = 0, (65)

where
p̃ep ∈ {ñe, g̃e, ṽe, w̃e, ñp, g̃p, ṽp, w̃p} . (66)

The dispersion relation for the equation (65) is

ω2 − 2iω
(
εep + µepk

2
)
−
(
εepµep + s2ep

)
k2 − µ2

epk
4 − ε2ep = 0. (67)

In the case of hot electron-positron plasma, relations (64) do not hold and from equations (55) and (56)
we obtain the following generalized equation for sound waves:

((
∂

∂t
+ εep − µep∆

)2

− s2ep∆ + ω2
epp

)2

− ω4
epp

 P̃ep = 0, (68)

where
P̃ep ∈

{
ñe, g̃e, ṽe, w̃e, Ẽe, B̃e, ñp, g̃p, ṽp, w̃p, Ẽp, B̃p

}
. (69)

The dispersion relation for the equation (69) is((
iω + εep − µepk2

)2
+ s2epk

2 + ω2
epp

)2
− ω4

epp = 0. (70)
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Figure 2: The schematic plots of dispersion curves for electron-positron sound waves.

This equation has two branches of dispersion characteristic

ω = sepk + i
(
εep + µepk

2
)

(71)

and

ω =
√
s2epk

2 + 2ω2
epp + i

(
εep + µepk

2
)
. (72)

If k = 0, then we have two meaning of frequency

ω = 0, (73)

and
ω∗∗ =

√
2 ωepp. (74)

The damping parameter is
δ = εep + µepk

2. (75)

The schematic plots illustrating dispersion relations (71) and (72) are represented in Fig. 2, where
the lower curve corresponds to an ordinary sound wave with linear dispersion law and the upper curve
corresponds to plasma sound wave with cutoff frequency ω∗∗.

8 Nonlinear equations with generalized Lorentz force

Let us denote the new operator

D̂α = ie1
1

sα

(
∂

∂t
+ (vα · ∇) + εα − µα∆

)
− e2∇. (76)
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Then the generalized sedeonic equation for a two-liquid plasma model, which takes into account the
Lorentz force can be represented in the following form:

D̂α (ie1u− ie2ξ + e2v + e1w) = −αα
(

1 + e3
vα
sα

)
(e3Eα − iBα) . (77)

The corresponding sedeonic equation for internal fields has the form

D̂α (e3Eα − iBα) = −ie14πe (ni − ne)− e2
4π

sα
e (nivi − neve) +

ie24πe (gi − ge)− e1
4π

sα
e (niwi − newe) .

(78)

Equations (77) and (78) are equivalent to the following system:

1

sα

(
∂

∂t
+ (vα · ∇) + εα−µα∆

)
vα+∇uα+∇×wα = aαEα+

aα
sα

vα ×Bα,

1

sα

(
∂

∂t
+ (vα · ∇) + εα−µα∆

)
uα + (∇ · vα) =

aα
sα

(vα ·Eα) ,

1

sα

(
∂

∂t
+ (vα · ∇) + εα−µα∆

)
wα+∇ξα−∇× vα = aαBα−

aα
sα

vα ×Eα,

1

sα

(
∂

∂t
+ (vα · ∇) + εα−µα∆

)
ξα + (∇ ·wα) = −aα

sα
(vα ·Bα) ,

(79)

and
∇ ·Eα = 4πe (ni − ne) ,

∇ ·Bα = 4πe (gi − ge) ,(
∂

∂t
+ (vα · ∇) + εα − µα∆

)
Bα + sα∇×Eα = −4πe (niwi − newe) ,(

∂

∂t
+ (vα · ∇) + εα − µα∆

)
Eα − sα∇×Bα = −4πe (nivi − neve) .

(80)

Upon linearization, the equations (79) and (80) transform into equations (55) and (56).
The sedeonic equation for the plasma in an external electromagnetic field has the following form:

D̂α (ie1u− ie2ξ + e2v + e1w) =

−αα
(

1 + e3
vα
sα

)
(e3Eα − iBα)− αα

(
1 + e3

vα
c

)
(e3Eex − iBex) ,

(81)

where Eex and Hex are electric and magnetic field strengths.

9 conclusion

The advantage of sedeons is that they form the associative noncommutative algebra taking into account
properties of physical quantities in relation to space-time inversions and enabling correct calculations to be
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performed simultaneously with different physical values. We used this mathematical toll to formulate the
system of self-consistent equations, which describes the vortex plasma within the framework of two-fluid
hydrodynamic model. It is shown that the internal electric and magnetic fields generated by fluctuations
of the mechanical parameters of the plasma can be taken into account separately for the electronic and
ionic components. These fields satisfy modified Maxwell-like equations, which show that the fields are
incorporated in plasma and propagate at the speed of sound. Linearized equations form a closed sys-
tem that describes sound waves, in which values ñα and ṽα describe longitudinal expansion-compression
waves and values g̃α and w̃α describe vortex-twisting waves. We have shown that the system of hydro-
dynamic equations for electron-ion plasma motion and equations for internal electromagnetic field can
be transformed in fourth-order wave equations, in which the spectrum of eigenwaves has two branches
corresponding to the hybridization of electron and ion sound waves. In the case of electron-positron
plasma the spectrum of eigenwaves has two branches corresponding to conventional sound waves with
linear dispersion low and plasma waves having nonlinear dispersion low with cutoff frequency. Also we
show that sedeonic equations can be easily generalized to take into account the damping in plasma.
The proposed equations can be potentially applied for description of the ionization and recombination
processes in multicomponent plasma.
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[15] S. Demir, M. Tanışlı, Spacetime algebra for the reformulation of fluid field equations, International
Journal of Geometric Methods in Modern Physics, 14(5), 1750075 (2017).

[16] V.L. Mironov, S.V. Mironov, Reformulation of relativistic quantum mechanics equations with non-
commutative sedeons, Applied Mathematics, 4(10C), 53-60 (2013).

[17] S.V. Mironov, V.L. Mironov, Sedeonic equations of massive fields, International Journal of Theoret-
ical Physics, 54(1), 153-168 (2015).

[18] V.L. Mironov, S.V. Mironov, Sedeonic equations in field theory, Advanses in Applied Clifford Alge-
bras, 30, 44 1-26 (2020).

[19] V.L. Mironov, S.V. Mironov, Generalized sedeonic equations of hydrodynamics, The European Phys-
ical Journal Plus, 135(9), 708 1-17 (2020).

[20] F.E. Chen “Introduction to Plasma and Controlled Fusion”, vol. 1: Plasma Physics, Plenum Press,
New York, 1984.

[21] V. Krishan, “Two-Fluid Description of Plasmas”. In: Astrophysical Plasmas and Fluids. Astro-
physics and Space Science Library, vol 235. Springer, Dordrecht, 1999.

[22] J.G. Logan, Hydrodynamic analog of the classical field equations, Physics of Fluids, 5, 868-869
(1962).

[23] H. Marmanis, Analogy between the Navier-Stokes equations and Maxwells equations: Application
to turbulence, Physics of Fluids, 10, 1428-1437 (1998).

[24] T. Kambe, A new formulation of equation of compressible fluids by analogy with Maxwell’s equations,
Fluid Dynamics Research, 42, 055502 (2010).

[25] T. Kambe, On fluid Maxwell equations, In Springer Proceedings in Physics, vol. 145, ”Frontiers of
fundamental physics and physics education research”, Eds. B.G. Sidharth, M. Michelini, L. Santi. p.
287-296. Springer, Heidelberg, 2014.

[26] R.J. Thompson, T.M. Moeller, Numerical and closed-form solutions for the Maxwell equations of
incompressible flow, Physics of Fluids, 30, 083606 (2018).

15



[27] A.C.R. Mendes, F.I. Takakura, E.M.C. Abreu, J.A. Neto, Compressible fluids with Maxwell-type
equations, the minimal coupling with electromagnetic field and the Stefan-Boltzmann law, Annals of
Physics, 380, 12-22, (2017).

[28] A.C.R. Mendes, F.I. Takakura, E.M.C. Abreu, J.A. Neto, P.P. Silva, J.V. Frossad, Helicity and
vortex generation, Annals of Physics, 398, 146-158, (2018).

[29] M. Tanışlı, S. Demir, N. Sahin, Octonic formulations of Maxwell type fluid equations, Journal of
Mathematical Physics, 56, 091701 (2015).

[30] R.J. Thompson, T.M. Moeller, A Maxwell formulation for the equations of a plasma, Physics of
Plasmas, 19, 010702 (2012).

[31] R.J. Thompson, T.M. Moeller, Classical field isomorphisms in two-fluid plasmas, Physics of Plasmas,
19, 082116 (2012).

[32] B.C. Chanyal, M. Pathak, Quaternionic approach to dual magneto-hydrodynamics of dyonic cold
plasma, Advances in High Energy Physics, 13, 7843730 (2018).
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