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KĈ

h(u
−1

)

1− uKν

*

'

∫
ν

∑  d
*
u ĥ(0)+ ĥ(1) ĥ(χ,ρ)

L(χ , ρ ) = 0

∑

h(µ−1
)

1− µ
d

 *µ
Kν

*

'
∫

ν

∑
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∑ ĥ( ɶχ
0
,ρ)

L( ɶχ0 , ρ )  =  0
  Reρ  =  1/2

∑

h(u
−1

)

1− uKν

*

'

∫
ν

∑  d
*
u












M H

k(z, w)


M( f )(z) = 






U(h): Cc

3(X ) $ Cc
3(X )


(U(h)p)(x) = !


U(h) kh(x, y) 

(U(h)p)(x) = !




   ⋯   
Zero points

"#$ =    ⋯   
Geometrical side

"#$

   ⋯   
Eigenvalues of Laplacian

"#$ =    ⋯   
Geometrical side

"#$

 k(z,  w) f (w)dµ(w)
H∫

   ⋯   

Characters

"#$ =    ⋯   

Geometrical side

"#$

h(g)(U(g)ξ )(x) d
 *
g

CK
∫

kh (x,  y)ξ(y) d
 *
y

CK
∫



1.   Zeta-Functions and L-Functions 


Definition 1.1.  (Bruhat-Schwartz space)
AK S (AK) P fo o K

3 f
3

Rn o
fo Ko fo = 1Oo 

o 1A: G $ {0, 1} A 3 G

1A(x) = 



[An example]
S (AQ) =  =  f

3 # 

f
3

 ! S (R) fp ! S (Qp) fp = 1Zp p



Ko
* Irr(Ko

*) (ro, Vro) Ko
*


ro( f )y = f !S (Ko)


trro( f ) ro( f ) 

trro Ko
*


trro( f ) = 


trro |0, o 


|o(g) = |0, o (g)ugus      s ! C


|o Ko

*



1   ⋅⋅⋅    x ∈A

0   ⋅⋅⋅    x ∉A





fp
p≤∞

∏ fp
p<∞

∏

 f (g)π
ν
(g)y  d

 *
g

Kν

*∫

  f (g)trπ
ν
(g) d

 *
g

Kν

*∫



Definition 1.2. (Local zeta-functions) fo !S (Ko)

D|
0, o s ( fo) = G fo, D|

0, o s H = 

Re(s) > 0

D’|
0, o s ( fo) = G fo, D’|0, o s H = 

s Re(s) > 0




Definition 1.3. (Global zeta-functions) |0 =Po |0, o

f !S (AK)

D|
0
 s ( f ) = G f, D|

0
 s H = 

Re(s) > 1

D’|
0
 s = Po D’|0, o s 

D’|
0
 s ( f ) Re(s) > 0



Lemma 1.1. | = Po |o |o(g) = |0, o (g)ugus  s ! C Re(s) > 1


D| ( f ) =  =     6 f ! S (AK)

D| ( f ) = L(|0, s) D’| ( f ) D’| ( f ) s Re(s) > 

0


Proof. Re(s)>1 f (x)|(x) = f (x)|0(x)uxu

s
 

Re(s)>1

               D’|o ( fo)  =  

                             =  -  

                             =  -  

                             =  - |o(o)  

                             = (1 - |o(o))  

                             = (1 - |0, o (o)uous)   

D|o ( fo) = (1 - |0, o (o)uous)
-1

D’|o ( fo)

fν (g)χ
0, ν (g) g

s
d*g

Kv
*∫

 ( f
ν
(x) − f

ν
(ν

−1
x))χ

0, ν (g) g
s
d*g

Kv
*∫

f (x)χ
0
(x) x

s
d
*
x

AK
*∫

f (x)χ(x)d*
x

AK
*∫ f (x)χ

0
(x) x

s
d
*
x

AK
*∫

f (x)χ(x)d*
x

AK
*∫

( f
ν
(g) − f

ν
(ν

−1g))χν (g)d
*g

Kν

*∫
 fν (g)χν (g)d*g

Kν
*∫  f

ν
(ν

−1g)χν (g)d*g
Kν

*∫
 f
ν
(g)χν (g)d*g

Kν

*∫  f
ν
(g)χν (νg)d*g

Kν

*∫
 fν (g)χν (g)d*g

Kν
*∫  fν (g)χν (g)d*g

Kν
*∫

 fν (g)χν (g)d*g
Kν

*∫
 fν (g)χν (g)d*g

Kν
*∫



Po D|o ( fo) = L(|0, s) D’| ( f )

D| ( f ) D’| ( f )
Re(s) > 0

K 



2.  L
2(X) and L

2(CK)



f !S (AK) Rr!K* f (rx)

X r$0 = 0 Rr!K* f (r$0) = Rr!K* f (0) f (0) ! 0 Rr!K* f (0) 

= 3 f (0) = 0 Rr!K* f (rx) = Rr!K  f (rx) (  f (0) = 

0 ) dx = uxud 
*x d ax = uaxud 

*ax = uaxud 
*x 

= uaud x


=  = uxu-1


uxu $ 0 uxu-1

 = 0 K 
:

AK = 0



Definition 2.1. 
S (AK)0 = { f !S (AK) |     f (0) = 0, = 0 }






CK T(a)m = m a!CK,  m!

T(a)m = uau m g!CK,  m! Ker L  = S (AK)0

f (0)  = 

uju



Definition 2.2. L2(X, dx)0 S(AK)0

2

 = 


L2(X, dx) S(AK)

 f (rx)dr
K∫

 f (rx)dr
K∫ f (r) x

−1
dr

K∫  f (r)dr
K∫

 f (r)dr
K∫  f (r)dr

K∫
f (x)dx

AK
∫

f (x)dx
AK
∫

0 →  S (AK)
0
 →  S (AK) L

→  ℂ⊕ℂ(1) →  0

ℂ ℂ ℂ(1)

ℂ

ℂ ℂ(1) f ( j
−1
x)dx

AK
∫

f (x)dx
AK
∫

 f   f (rx)
r∈K*

∑  

2

dx
CK
∫







f (x)!L2(X, dx)0 (Tf )(a) f (x) CK 


(Tf )(a) = uau

1/2
Rr!K* f (ra)     6a!CK 



Lemma 2.1.  f (x)!S (AK)0

(Tf )(a) = uau
1/2
Rr!K* f (ra)     6a!CK 

6n 7cu (Tf )(a) u # c e-nuloguauu

(T )(a-1) = (Tf )(a)

Proof. f (x)!S (AK)

uxuRr!K  f (rx) = Rr!K (rx
-1)

(p) =  a AK

uxuRr!K*  f (rx) = Rr!K* (rx
-1) + ( -uxu f (0) + (0) )

(0) = f (x)!S (AK)0 uxuRr!K*  f (rx) = Rr!K* (rx
-1)


ux-1u

1/2
Rr!K* (rx

-1) = uxu
1/2
Rr!K*  f (rx)

(Tf )(a) uau $ 3 (Tf )(a)

uau uau $ 3 n c

u (Tf )(a) u # c uau
-n

K

L2(CK, d*x) 


2

= 




0→ L
2
(X)

0
→ L

2
(X)→ℂ⊕ℂ(1)→ 0

f̂

f̂

f̂ f (g)α (gξ)dg
AK
∫

f̂ f̂

f̂ f (g)dg
AK
∫ f̂

f̂

 ξ  ξ(a)
2

d
*
a

CK
∫



Proposition 2.1. 
(Tf )(a)!L2(CK)


Proof. f (x)!L2(X)0 

! 13

dx = uxud*x

 = !  = !  13
K





H , L2(CK)/Im(T) U CK L2(X, dx)

V CK L2(CK, d*x)


(U(g) f )(x) = f (g-1x) 6g!CK, x!AK




T(U(g) f )(a) = the restriction of  f (g-1x) 

                                                  = ugu
1/2

(V(g)Tf )(a)           6a, g!CK


T(U(g) f )(a) = V(g)(Tf )(a)



Proposition 2.2. 
Im(T) V


Proof.  f ! L2(X)0 (Tf )(a)

V(g)(Tf )(a) = Rr!K* f (rg-1a)

f (g-1x) ! L2(X)0 ( T f (g-1x) )(a) = Rr!K* f (rg-1a)

V(Im(T)) 3 Im(T) Im(T) V

g0! CK fg0
-1(x) = f (g0

-1x)


 = !  = !  



 f (rx)
r∈K*

∑  

2

dx
CK
∫

(Tf )(a)
2

d
*
a

CK
∫ a

CK
∫ f (ra)

r∈K*

∑
2
da

a
f (ra)

r∈K*

∑
2

da
CK
∫

0→ L
2
(X)

0
→

T

L
2
(C

K
)→H→ 0

g
−1/2

a
1/2

g
−1/2

g
−1/2

g
−1/2

a
1/2

g
−1/2

f (rg
0

-1gx)
r∈K*

∑
CK
∫

2

dx g
−1

f (rg
0

−1x)
r∈K*

∑
CK
∫

2

dx g
0
g

−1
f (rx)

r∈K*

∑
CK
∫

2

dx



f ! L2(X)0 g! CK 13

g0  fg0
-1(gx)! L2(X)0 g0 fg-1(gx)! L2(X)0  

g! CK


 = !  = !

Rr!K*  fg0
-1 (r; x) = Rr!K* f (rg0

-1x) g0
  = g 13

13 f (g-1x)!L2(X)0

K 



CK  (V, L2(CK))

U L2(CK) L2
d (CK)

(log2 )d/2



Definition 2.3. L2
d 
(X)0 L2

d 
(X) (d21) 

S (AK)0 S (AK) 

 = !

L2
d 
(CK ) 

 = !

CK



L2 


Polynomials are dense in the L2

d 

the orthogonal polynomials in L2
d are a complete orthogonal set in L2

d 



g
0
g

−1
f (rx)

r∈K*

∑
CK
∫

2

dx

f
g0

-1 (r;gx)
r∈K*

∑
2

dx
CK
∫ g

-1
f
g0

-1 (r;x)
r∈K*

∑
2

dx
CK
∫ g

-1/2
f
g0

-1 (r;x)
r∈K*

∑
2

dx
CK
∫

f
g0

-1 (r;gx)
r∈K*

∑
2

dx
CK
∫

g
-1/2

f
g0

-1 (r;x)
r∈K*

∑
2

dx
CK
∫ g

−1/2

a  ξ  

2

δ
=  ξ(a) 

2
(1+ log2

 a  )δ /2
d

 *
a

CK
∫

f
δ

2

f (rx)
r∈K*

∑
2

(1+ (log x )2)δ/2 dx
CK
∫

 ξ  

δ

2

ξ(a)
2
(1+ (log a )2)δ/2d*

a
CK
∫

d
 *
g

g∈[1, Λ]∫ ∼ logΛ          Λ→ +∞



L2
d



Proposition 2.3. 
(V, L2

d 
(CK )) 

 = O((log )d/2)       $ 3

 = O((log )d/2)       $ 0


Proof.

= !  

                  = !  

             = !

= !

t(u) = (1+ u2)
d/2

 =  # c . t(log y),     c = 2
d/2


 = !  

                             = !  

# c 
.  = c 

.  

# c 
. (1+(log )2)

d/2

( )
2/d

# (c 
. (1+(log )2)

d/2
)
2/d

# c
2/d . (1+(log )2) # c

4/d . (1+(log )2)



 # c
4/d . 



 # c
4/d

    $ 3  # c
4/d

    $ 0 

 V (a)  

δ
a a

 V (a)  

δ
a a

 V (a)ξ  

δ

2

ξ(a−1g)
2

(1+ (log g )2)δ/2d*g
CK
∫

ξ(a−1g)
2

(1+ (log aa−1g )2)δ/2d*g
CK
∫

ξ(g)
2
(1+ (log ag )2)δ/2d*g

CK
∫

 V (a)ξ  

δ

2
 ξ  

δ

2

t(log  xy)

t(log  x)

t(log  x+ log  y)

t(log  x)

 V (a)ξ  

δ

2
 ξ(a-1g)  

2

ρ(log g )d*g
CK
∫

 ξ(g)  

2
ρ(log ag )d*g

CK
∫

 ξ(g)  

2
ρ(log a )ρ(log g )d*g

CK
∫ ρ(log a )  ξ(g)  

2
ρ(log g )d*g

CK
∫

 V (a)  

δ

2
a

 V (a)  

δ

2
a

 V (a) 

δ

4/δ
a a

 V (a) 

δ

4/δ

(log a )2

1+ (log a )2

(log a )2

 V (a) 

δ

4/δ

(log a )2 a
 V (a) 

δ

4/δ

(log a )2 a



 = 

# c $ 3 # c $ 0

K



CK 

CK a character of CK = |0u .
 u 

t
( t! iR) |0  

CK,1 { g! CK |ugu =1 }  CK  

= { }


(V(g)p)(x) = c(g)p(x)    6g!CK


p(x)

 
! L2

d 
(CK) cuCK,1

 = |0 V 

cuCK,1
 = |0 c = |0u .

 u 
t 

( t ! C )


u gu

Re(t)
  # ,    g ! CK

(a > 0) (a < 0)

# , g ! CK Re(t) > 0 Re(t) < 0 

t ! iR 

c =  |0u .
 u
t         t ! iR 

! (g) = c(g)


L2

d,  = {p(x)
 
! L2

d 
(CK)

 
| p(g

-1x)  = (g) p(x) 6x!CK  6g!CK }


L2
d, |0

 = {p(x)
 
! L2

d 
(CK)

 
| p(a

-1x)  = |0(a)p(x)   6x!CK 6a!CK,1}



L2
d, |0 

(CK ) = L2
d,

(|0) = {r
 
!

 
| ruCK,1

 = |0} = { |0u .
 u 

t
  | t ! iR }  

 V (a) 

δ

4/δ

(log a )2

 V (a) 

δ

 (log a )δ /2
 











4/δ

 V (a) 

δ

 (log a )δ /2
 

a
 V (a) 

δ

 (log a )δ /2
 

a

ɶχ
0
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Ŵ(t) g
it
dt

−  ∞

∞
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Ĉ
K ,  1

ɶχ
0

ɶχ
0

ɶχ
0

δ −1

2

h(g)W (g) d
 *
g

CK
∫

ĥ
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=   G(U(h)RK) f , {H 

      = !




  =  G f (x), (R 

x
K U 

x(h)){H 

           = !  

           = !


U(h)RK


= !   

                              = !  

                                          = !


q!O 

*
S

Iq =  




tr(RKU(h)) = tr(U(h)RK) = 



ρΛ (z)α (z(x − y))dz
AS
∫ α (z(x − y))dz

z∈AS, z ≤Λ∫

α (z(x − y))dz
z∈AS, z ≤Λ∫  ⋅⋅⋅  x ≤ Λ

              0                    ⋅⋅⋅   x > Λ









k(x,  y)ϕ(y)dy  W(x)dx
AS
∫AS

∫ ϕ(y) k(x,  y)  W(x)dx dy
AS
∫AS

∫

k(x,  y)W(x)dx
AS
∫ k

τ
(x,  y)W(y)dy

AS
∫

k(x,  z)rΛ(z
AS
∫AS

∫AS
∫ ,  y)dz f (y)dy  ϕ(x)dx

f (x) rΛτ (x,  z)kτ
(z,  y)dz

AS
∫  ϕ(y)dy

AS
∫ dx

AS
∫

rΛτ (x,  z)kτ
(z,  y)dz

AS
∫    f (x)dx  ϕ(y)dy

AS
∫AS

∫

rΛτ (x,  z)kτ
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∫
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∫
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AS
∫
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(z,  qx)dz

AS
∫ dx
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Iq
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kx(z, qx) = k(qx, x + a)

rK
x(x, z) = tK(x)F (tK)((x - (x + a)) = tK(x )F (tK)(- a)
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       = !
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-1
(tK)(a)
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-1
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∫
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λ
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∫
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∫
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∫
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t = 0
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Theorem 4.1. h!S (CS) K $3

tr(RK U(h)) = 2log’(K)h(1) +  + o(1)

2log’(K) = Ko
* CS u $ (1, 1, 

g, u, g, 1) # ’
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f (x)! S (AS) f (x) (F f )(x) uxu> K
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k(qx,  x + (t − a) + 2a)ρΛ (x)F (ρΛ )(−a)da
AS
∫
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∫

rΛτ
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AS
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∫

rΛτ (x,  z)kτ
(z,  qx)dz

AS
∫ dx

x∈D∫ v(x,  ξ)
AS
∫

x∈D∫  vΛ(x,  ξ)dξdx

v(x,ξ)dx dξ
x∈D, x ≤Λ, ξ ≤Λ∫

Iq
q∈O*

S

∑ v(x,ξ)dx dξ
x∈D, x ≤Λ, ξ ≤Λ∫

q∈O*
S

∑

h(u
−1
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1− uKν
*
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ν∈S
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*
u

 d
*
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K PK BK K PK

BK QK 
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(tK(p)F( f (x))(p))(x)!
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upu> K BK 3 Im(PK K) BK 3 Im( K PK) RK

QK K PK
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f !S  (AK) u xu >K h!S  (CK) 
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-1, K]}

P̂

P̂

P̂ P̂
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h!S  (CK) f (x) = uxu
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1/2
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∫
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*
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*
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*
x
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)
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ĥ( ɶχ
0
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ɶf ĥ( ɶχ
0
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0
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∫
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∫
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5.   Riemann Hypothesis 
 and Prolate Spherodial Wave Functions
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o Ko Qp

f ! L1(Qp)


(~) = 


{$}p p

{ }p =  


Cc

3(Qp)

B # pn (a) = { x ! Qp  
| ux-aup # pn } B # pn (0) = B # pn



Lemma 5.1. f ! L1(Qp) x ! 0

 = !



Proposition 5.1. B # pn ppn

pn(~) = pnpp-n(~)


Proof.
pn(~) = 

  

= !  

u~-1xup # pn uxup # pnu~up   

                                          =  = 

f̂ f (x)e
−2πi{xω }p dx

ℚp
∫

aip
i

i=−n

∞

∑ aip
i

i=−n

−1

∑

f (x−1y)dy
Qp
∫ x

p
f (y)dy

Qp
∫

ˆξ

ˆξ e
−2πi{xω }pξ

pn
(x)dx

Qp
∫

ω
p

−1 e
−2πi{x}pξ

pn
(ω −1x)dx

Qp
∫

ω
p

−1 e
−2πi{x}pξ

pnω p

(x)dx
Qp
∫ ω

p

−1 e
−2πi{x}p dx

x p≤ pnω p
∫



m pm = pnu~up u~up # p -n m # 0

 = pm

m > 0 y uyup # pm e2ri{y}p ! 1 B # pm = B # pm (y) 

y ! B # pm


 = !  = !

 = 0
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pn(~) = u~up

-1pm = pn

u~up > p -n
pn(~) = 0
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{ak} 3 B # pm
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f B # pm f B # p-n (ak)

f 




ppn pn (~) = pnpp-n (~)

= e 
-2ri{a~}p (~)  
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m $ 0 f B # pm

B # p-m f Qp  

uxup > pm m < 0  

m < - m BK Qp

K

e
−2πi{x}p dx

x p≤ pm∫

e
−2πi{x}p dx

x p≤ pm∫ e
−2πi{y+x}p dx

x p≤ pm∫ e
−2πi{y}p e

−2πi{x}p dx
x p≤ pm∫

e
−2πi{x}p dx

x p≤ pm∫

ˆξ

ˆξ
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≤p− n

)
k=0
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∐
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ˆξ
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f̂ (x)
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l
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p
≤ pn
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p
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h|(x) = 


| Qp
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uxup > pm

| B # pm 




o Ko R

uxu> K BK  R

T > 0 X > 0

}0(t) }1(t) }2(t) g


m0 > m1 > m2 > g




i. }i (t) F(}i)(~) u~u>  

      X B = {  f (t)! L2(R)  | (F f )(~) = 0,  

   6~, u~u> X }
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k
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k
)
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∞
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tK  f (t)T/2 = c = X T/2, t !R
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∞
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∞
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   0  ⋅ ⋅ ⋅  t > Λ







an  ψ
n
(c,  t)

n  =  0

∞

∑

an  ψ
n
(c,  t)

n  =  0

∞

∑

an  ψ
n
(c,  t)

n  =  0

∞

∑

an  ψ
n
(t)

n=0

∞

∑

an  ψ
n
(t)

n=0

∞

∑



K PK K

PK



K = Q S = {3, p1, g, pd }

K

(U, L2
 
(XS)) CS,1 

{g ! CS | ugu = 1} U L2
 
(XS)  

dx = uxud*x U CS,1 


dg-1x = ug-1xud*g-1x = uxud*x = dx


U CS,1 p(x)
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