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Abstract:

This work dates from January 2016 as a result of my remarks related to physics made during my high studies.
I try in this work to explain the cause behind the inability of Newtonian mechanics to describe correctly many
phenomena where the studied object rotates at a very high linear speed. | proved that, in this case, the velocity
field is not equiprojective and that the famous formula for changing the reference frame is not correct. | made
an application to the case of the GPS system satellites, then | presented a new method for studying a rotating
system velocity without needing the conventional steps of changing reference frames. | finished my work by
demonstrating the formulas of the main differential operators and I presented them with all the related steps
and calculations by using the elementary surfaces. | am eager to discuss the results of this work further with
physics and mathematics specialists, and | hope that my formulas will help to simplify the study of many
difficult physics phenomena.
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1. Introduction

Even nowadays, there are many electromagnetic phenomena where we will always make mistakes by
using the normal mathematical tools in their study. They are in general all the phenomena where the
studied object rotates at a high linear speed, especially when its speed exceeds three quarters of the
light speed. [1,2,3] Because in this case the study mistake becomes very coarse and impossible to
neglect.

Furthermore, the scientists are obliged to use the relativity of time as a difficult explanation or
statistical physics as a solution to the contradictions found by the conventional change of reference
frames. This problematic is described as a historical crisis of Newtonian classical mechanics. [4]

I proved first in the part A of my thesis that in this case the velocity field is not equiprojective and
that the famous conventional steps for changing the reference frame are not correct.

I presented also a method for studying rotating systems velocity without needing the normal change
of reference frames that requires the perpendicularity of a rotating vector and its derivative. [5,6,7]

I presented also an application to the case of the GPS system satellites that avoids the relativity of
time.[8,9,10]

| finished my work by demonstrating geometrically, in the part B, the formulas of the three important
differential operators: Gradient (nabla), Divergence and Curl that can be found different in other
works.[11,12,13]

I presented those differential operators with all the related steps and calculations by using the
elementary surfaces. However, the results found will make the convinced readers change their vector
and matrix calculations especially with the famous navier-stokes equations. [14,15,16]

I remind the readers that this work is a revision of personal previous work made since January 2016
entitled “mémoire en physiques”. [17]
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Part A: Rotations of Newtonian mechanics:

1. Introduction:
ar

We know that: f'(x) = - However, in physics, the infinitesimal variation dx is never null when

we study the movement in a physics phenomenon except at rest. Consequently, we shouldn’t use f°
the derivative of the function f. We should use % instead which is the differential divided by the
infinitesimal variation.

2. Remarks:

b

Fig.1: The trigonometric circle of radius r=1.

Let’s consider the circle of radius r=1 in the figure 1, where b is the length of the circular arc and a
is the circular arc chord and de is the circular arc infinitesimal angle.
Consequently b= doe and S is the area of the circular segment that is the area of the surface between

2
aand b, where § = % X (do — sin(de)).
And we consider that h=sin(d¢) and c=cos(d¢) and cte=1.

Remark 1:

If do is small enough, then sin(de)

a0 = 1 & sin(de) = do 1)
and in this case S=~0 therefore a and b become combined which means a=b. Also, in this case, h=~ do
therefore by using Pythagoras’ theorem we conclude that: e? + h? = a? & d@? + e? ~ dg?
consequently: e? ~ 0 & e = 0and thus e disappears and cos(dg)=c=1.

We conclude that: sin(dg) =~ de = cos(dp) = 1 (2)
and we remark that in this case cos(dg)? + sin(dg)? # 1consequently, trigonometric identities
are unusable when sin(d)~= de.

By Al-Kashi’s theorem we prove also that a~0 which implies that dp~0. And this is remarked also
with: cos(dg) = 1 & d¢ =~ 0and this is absurd since d exists during the study of the rotation in a
physics phenomenon where we should have normally cos(de) < 1.

We conclude that the approximation with sin(de)=d¢ is unusable.
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If we use sin(de)~ de and cos(dp) = /1 — dp? 3)
by using Pythagoras’ theorem in the trigonometric circle, then in this case: e = 1 — /1 — d@? =

e? ~2—dep?—21—dg?
Hence: e? + h? ~ dp? = 2 — 2,/1 — d¢?
Consequently: 2 = dg? + 2,1 — d@? = 4 ~ do* + 4 — 4d@? + 4dp?\/1 — d¢?

25 2

2
We conclude that: 1 = d% +.1—-de?= (1 — d%) ~1—dg?

4 2
Andthus:1+dl%—d%z1—d<p2:>d<p2z—8

We proved that if we use sin(dp)= do and cos(dg) =~ /1 — d¢?, then this implies that dp? ~ —8
which is a contradiction. Hence, the use of this approximation is false and can cause errors in the
study of the rotation in a phenomenon.

Remark 2:

1-cos(de)

Now let’s use the limit of pe when do tends to zero.

2
We have consequently when do is small enough: cos(dg) = 1 — d%. 4)

Consequently, by using Pythagoras’ theorem in the trigonometric circle: sin(dg) = do X

1 ~2 ()

In this case S#0 even if we notice that a tends to do (a~ dg) when we use Al-Kashi’s theorem in the
triangle of the figure 1. S#0 because a equals approximately do but b equals exactly d¢ and the

2
formula S = % x (dg — sin(dg) )prevents us to consider that a=h.

This approximation is correct and causes no contradictions. Consequently, we can use it without
risking any errors.

All the trigonometric identities are usable in this case since cos(d@)? + sin(dg)? = 1and since the
triangles of the trigonometric circle in figure 1 stay all valid.

Remark 3:
2 2
cos(dp) ~ 1 — d% e de? ~ 2(1 — cos(d(p)) ~ 4sin (%‘p) S sin (%‘p) ~ %‘p
(6) )
consequently trigonometric identities are not usable for 7"’. We conclude that we should fix do as

the smallest detectable variation in the phenomenon studied rotation which depends on the detection
technology in order to avoid mathematical contradictions.

2
The fixed do will respect the formulas: cos(dg) = 1 — d%and sin(de) = dp X ’1 - dT(pz.

However, in this case we should use dt as the variable.

During the rotation in Newtonian mechanics, we have a fixed infinitesimal variation which defines
the fixed change do that happens in different changing durations At. For example, in a polar
coordinate system (p,p,z=0), we will have:

dey(p)  dej(p)  dey(o) ~__dey()

dt At AtX - X¢ = do x¢ (7)

d
where: ¢ = =%

example of this method application that deals with the case of GPS systems.

and dt=At is the variable duration of each dg. You will find in this document an

Important:
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These approximations imply that: % # i(cos(¢) + isin(p))
consequently: e'? # cos(¢) + isin(¢p)

e~io

. el®  e-io L. el® .
And thus: cos(¢) # -t and: sin(p) # - " 5
Remark 4.
2
In order to simplify the results, we will consider that cos(dp) =1 — d%and sin(de) = dp X

1- quoz (not only approximations).

We deduce that:
cos(@ + dp) = cos(p) X cos(dp) — sin(@) X sin(de)

dg? de?
= 1—7 X cos(p) —de X 1—T><Sln(<ﬂ)

8
and:
sin(@ + dp) = sin(@) X cos(de) + cos(p) X sin(de)
de®\ _ de?
=11 — x sin(p) +de x |1 —TXCos(q))
©)
Consequently:
dcos(p) _ cos(p+dp)—cos(p) _ —do _ _ d_(pz ,
o » =— X cos(p) 1 X sin(p) (10)
. dsin(e) _ sin(p+de)-sin(p) _ —do . _de?
and: o » =— X sin(p) + /1 X cos(p) (11)
dp?
.dtan(e) =
and: = (12)
de (1—dT(”Z)xcos((p)2—d7(p>< ,1—dT(pz><sin(2<p)
d - 1-4
and: 2049 _ ! (13)

d - 2 2
¢ (l—d%)xsin(fp)2+d7(p>< ,1—‘1%><sin(2<p)

where we can check that:

sin () = 220

= cos(¢p)and: cos'(p) = dc‘;—sqf(p) = —sin(p)

_ , __dtan(p) 1 ) ' _ deot(p) _ -1
and: tan ((p) = o = cos(p)? and: cot ((P) - de - sin(g)?
We can also deduce by using these approximations that:

f: sin(p)dg = — |1 — quoZ X (cos(B) — cos(4)) — d%o X (sin(B) — sin(A4))
(14)

and: ff cos(p)de = _;ﬂ X (cos(B) — cos(A)) + [1-—- qu;Z X (sin(B) — sin(A))

(15)
by integratingdcgf:‘p)and dsin(p)

calculated above.

These two integrals are only approximate sums since do is fixed as dp>0. However Riemann’s
definition of integrals requires that d¢ tends exactly to zero.
However, we can also check from above that:

29



f: sin (¢)dg = cos(A) — cos(B) and: ff cos (p)de = sin(B) — sin(A)

f: tan(p)deand f: cot(¢)dgare left as a challenge to the readers!!!

Remark 5:
We can prove easily that:

cos(¢@) = —dcos(p) — @ C?:Z((p)

and: sin(gp) = —dsin(p) — L;‘(‘P) (17)

(16)

d?sin(@)+de?xdsin(p)
d2cos(@)+dp?xdcos(p) (18)
d?cos(@)+de?xdcos(p)

d?sin(@)+de?xdsin(p) (19)

And also: (%;m)z + (—da;s(:")))z =1 (20)

and: (—dzzzz((p))z + (—dzg;;((p))z =1. (21)

Consequently: tan(p) =

and: cot(p) =

3. Conclusion 1:

Let’s consider that 1(¢) is a rotating vector that belongs to the plane of its rotation ¢.
Hence:

T = MO = ()| X (%‘” X (cos(@)T + sin(p)]) + [1 = x (sin(p)i -

de do

cos((p)f)) =_(;—(pX17(<P)+1/1_dT¢ZXﬁ(<p+§)

(22)
Consequently: (‘p) X U(p) = =L x ||u(@)||> = 0 (23)
because do ex1sts durlng the study
Where: || %2 || = [[i(p)]| and: < o e ))A = arccos (22) (24)

4. Results and applications:

Result 1:

When using the approximations:cos(dg) =1 — d—"’zand sin(de) = dp % /1 - d—"’z if u(p)isa

( )

rotating vector that belongs to the plane of its rotation ¢, then ——is not orthogonal to u(¢).

Consequently, the famous method of reference frames change becomes false and unusable in
Newtonian mechanics. Furthermore, the velocity field becomes not equiprojective for solid
mechanics.

Result 2:
In cylindrical coordinates (p,¢,z):

dey(9)  —-dop  — de?
;—¢=T(pxep(q0)+ /1—%Xe¢,(q)) (25)
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nd: e _ 24

=2 we2(0) - [1 -2 x2(0) (26)
de 2 o\P 4 p\P

Important example:

We will study the case of The GPS system satellites by proving the real time at a given satellite. We
will need no time dilation in this proof.

Let’s consider that the speed V of the satellite is constant V=K1,

By using the correct approximations above: ‘f—tM = d’;(tt) X ey(t) — dT"’ X @ X p(t) Xey(t) +

p(t) X @ X /1—dT(”2xe(p(t) 27)

Where M stands for the position of the satellite that has a circular orbit of angle .
Since the speed vector given to the satellite is tangent to the circle of the wanted trajectory, we

should have: d‘;(tt) X ey(t) — %‘p X @ Xp(t) Xey(t) = 0 (28)
Hence: d‘;—(tt) = %‘p X @ X p(t) (29)

. _ e — a9
Consequently: p(t) = exp X+ In(h)) = h X exp > X (30)

Where: h is the initial altitude of the satellite.
The linear speed V of the GPS satellite is the constant speed that equals the initial speed given to
the satellite in order to start orbiting.

Consequently: V = p(t) x ¢ X /1 - dT"’Z X e, (t) (31)
de 14 —-do —-de %4
Andthus: — = ———=Xexp|— X @) =exp| — X o+ In| —— (32)
dt hx ,1_d<fz ( 2 ) 2 hx ’1_df2

We should remark that:
(1 p(t) increases in the beginning of the GPS satellite lifetime with a very slight change thanks
to the initial launching power from earth.
(] @=0 at the point where the satellite started orbiting after being launched.

. . . . . d
[J o 1s always increasing and exceeds 2w, consequently ¢ is always positive and d—(f > 0.

1 do is the constant smallest variation of the satellite angle that we can detect, and dt is the
time needed for that variation.

Since we consider in our study that do is constant and dt is the variable, we conclude that: dt =

/ de? d
1—%xd<pxexp(7(p><g0) (33)

and thus dt depends on the satellite rotation angle .

X

<I=

application:
The real time AT needed by the satellite to make the first lap around the earth after it is launched is:

AT—ZK: hx 1 d(pzxd X ('dgoxd) + At
. % 4 ety ¢
i=1
K
h / de? _dp?
_VX 1——4 ><d<pXZ (exp(z—z + At
=
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Where: K = [Z—Zj(the floor of 2—’;) (35)

_*h /_d_wz 4o
andAt—VX 1 " Xd(p1><exp(2 XZn) (36)

and do, = 2m — K X do. (37)
Result 3:
In spherical coordinates(r,0,0):
0 0 g e 080G o 05 05
de, = 29 do + > fand: degy = ” do + oy fand: de, = »” do + Y 0
since (e, e, e—(;)don’t change by the variation of r but only 0 and ¢.
Also:%z_;ﬂxe_r’+ 1-2% x &5 (38)

4
_deg _ —dO _ —, , ez _ _,
and: 5 = 5 X¢€ 1 T Xer (39)

since: e,.and egare always in the rotation plane 0.

de, = . —. . . —
And also: % = 0 since e, is always perpendicular to the plane of the rotation 6. Consequently, e,
doesn’t change by the variation of 6.

dp’' d¢
cylindrical coordinates (p,,z) with the same plane of rotation ¢ that contains always e,and the
same vector e, of the spherical coordinates.

Hence: e, = sin(#) x e, + cos(8) x kand: eg = cos(9) X e, — sin(8) X k

and: e, = e, A egwhere: e is the same in the two coordinates systems.

.9k _ 3 9% _ % _ g LN P
Also: e Oconsequently: 0 sin(@) x 0 = sin(0) x( Xt |1——=X e(p) (40)

: e, N e .
In order to find: and ai(;”, we should make the projections of e, egand e in the suitable

. 0% _ % _ 290 o / _a e
And: 5y cos(0) X e cos(0) x ( —Xep+ [1-——X e(p> (41)
with: e, = sin(6) X e; + cos(8) x eg
and thus:

de;  —d . — d . — . / de?  —,
ﬁ:T(pXSlTL(Q)ZXeT—T(pXSlTL(ZB)Xeg+Sln(9)x 1—%xe<p

o9

(42)

and:2%¢ = 2% sin(20) x &; — 22 x cos(8)2ey + cos(8) x |1 — @ e (43)
Y 4 T o 4 ¢
0% _ / _ae? / _de? o de

and: P sin(@) x |1 X er cos(6) x |1 X e —— Xeg,

(44)

5. Conclusion 2:

do? de? ’ de? de?
de_r’=—<7+%><sin(6)2>xe_r’+ df x 1—T—%xa‘n(29) X eg + do
de® . _
X 1—T><sm(9)><e(p

32

(45)



2 2 2
and: dﬁz—(dex /1—dTez—dT><sin(29)>xe_r’—(%+d%><cos(9)2)xe_9’+d(px

dp? —
fl - X cos(8) X e,
(46)
2
and also:de, = —d¢ x /1—dT‘p2><sin(6) X e, —dp x /1—dT‘p2><cos(9)><e_9’—d%xE;

(47)

6. A new method to avoid the conventional method of changing reference frames:

We will present a new method to avoid the famous method of changing reference frames that needs
the perpendicularity between a rotating vector and its derivative.

When a given reference frame with orthonormal direct axes is making any revolution, this
revolution can be decomposed to three simple revolutions, and each one of these simple revolutions
is around one of the three axes. However each axis changes only by two simple revolutions that are
the simple revolutions around the two other axes and not by the revolution around itself.
Consequently, let’s consider that a is the angle of the simple revolution around the axis 7, B is the
angle of the simple revolution around the axis J, and y is the angle of the simple revolution around

the axis kwhere (7, k )are the three orthonormal direct axes of the reference frame that makes any
given revolution. This revolution is composed of the three simple revolutions of angles: a, 3 and y.
Let’s study each one of the three axes independently from each other. The simple revolution doesn’t
influence its axis but the two others. Hence each axis is influenced by two simple revolutions and

thus we can use a spherical coordinates system to study each axis.

. di dj__,dk . . T .
We will calculate d—;, d—iand = which are the derivatives of 7,jandkin an absolute fixed reference

frame (Ox, 0y, 0z).
This method is useful in order to avoid the difficult projections of ?,jandﬁin the absolute fixed
reference frame. Furthermore, the three derivatives will be calculated without making any change of

reference frames. However, the functions a(t), B(t) and y(t) of the three simple revolutions must be
well known before making this study.

Step 1: The study of the vector 7:

Let’s consider that 7 = €/, = egand k = e,where:e;’, egand e are the vectors of a spherical
coordinates system.

We conclude that: y=60 and a has no effects on 7. However, we should find the relation between ¢
and both  and y.
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Fig.2 : The circle of rotation J3 and the ellipse of rotation ¢.

The figure 2 shows that the intersection of the rotation 3 plane and the rotation ¢ plane is the

axisOxof a Cartesian coordinates system. And the orthogonal projection of the circle made by the
rotation B inside the plane ofe,, is an ellipse made by the rotation ¢. We consider that O is the

center of the ellipse whereas ¢ is the angle between e and Ox.
ABis perpendicular to the plane of the rotation ¢ which is the plane of e, that is the plane of the two

Cartesian vectors Oxand Oy.
ACis in the plane of the rotation B which is the plane of 7and ACis perpendicular to the axis Ox.

We can prove that: AC = sin(f)and AB = sin(B) X cos(6) (48)
OBis in the plane of e with: 0B = V1 — ABZ = /1 — sin($)? x cos(6)? (49)

2 2
And the equation of the ellipse is: 2—2 + z—z +1

where a= (the half of the ellipse major axis), and b= (the half of the ellipse minor axis).
Consequently: a=1 and b= sin(0)
And also: x = OB X cos(g)and: y = OB X sin(¢p)

sin(g)?

Therefore, the ellipse equation becomes: cos(@)? X (1 — cos(0)? x sin(B)?) + TR
(1 —=cos(8)? xsin(p)?) =1 (50)

2 2
Consequently: cos(¢)? = tan(6) —= tan(y) +——(51)

- (cos(8)2xsin(B)2)-1  cos(6)? - (cos(y)2xsin(B)2)-1 = cos(y)?
and this equation doesn’t change even if: ¢ > gand: g > g

Since we know exactly the functions B(t) and y(t), we can deduce easily the function ¢(t) in order to
be able to calculate do(t), especially that: 0 < f < g =20< @< gand: g <KL => g <@ <
nandalso:n<,8<37”:>n<<p<37”andalso:37”<3<2n:>37"<<p<2n.

However we can only use this formulawheny # 0 and y # g

But we notice that if y = gand y stays fixed, then always ¢=f and thus we can studyieasily by using

cylindrical coordinates system.
Finally, by using the formula of de;’, we conclude that:
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(52)Z—z=—(612—9 i +—x ><sm(6)) (%x /1—%—df><2—(f><5in(29)>xf+
Z(fx fl—ix_s‘m(e)xk

Hence:

a_ _ (& %1-z»d_y_d_vz_%%- ?
” (2 + tXSln(]/))Xl+<th 1 " . xthsm(Z)/)>><]+
dor o [ _avt o k

X 1 4><sm(y)><k

(53)

where: @1(t)=o(t) in step 1.

Step 2: The study of the vector J:

By following the same method, let’s consider that 7 = e, j = e;and k = egwhere:e,, ggand epare

the vectors of an other spherical coordinates system.

We conclude that: a=0 and B has no effects on J. However, we should find the relation between ¢

and both o and y. And Let’s consider that: ¢2(t)=¢(t) in step 2.
tan(a)? 1

(cos(a)2xsin(y)2)-1  cos(a)?

Consequently, we can deduce easily the function @2(t).

And thus by using the formula of de, again, we conclude that:

dj _ d de} . . o (da_da  dg; d da da?
4 202y /1—ﬂxsm(a)z—(—><—+ﬂ>< "’zxsm(a)) +<—><./1— -
at— dt 4 2 Tat 2 dat 4

22 o 292 d(pz X sm(Za)) (55)

The ellipse equation gives: cos(¢@,)? =

(54)

4

Step 3: The study of the vector E;

By following the same method, let’s consider that 7 = eg, j = e and k = e;where:e,, egand epare
the vectors of an other spherical coordinates system.

We conclude that: f=0 and y has no effects on k. However, we should find the relation between [0)

and both o and . And Let’s consider that: @3(t)=(t) in step 3.
tan(B)? 1

(cos(B)2xsin(a)?)-1 + cos(B)?

Consequently, we can deduce easily the function @3(t).

And thus by using the formula of de, again, we conclude that:

ak _ (aB _ 4B _des des o3 / <ﬂ% : 2
dt—(dtx 1-— X dtxs1n(23)>1+ X [1— x sin(B) X J

B df | dos  dps , . o2\ T
(TXE+T><?><Sm(ﬁ))xk (57)

7. An important advice:
The result of this vector study should preferably be used with the formula: 4E, = [ U X

The ellipse equation gives: cos(@3)? = (56)

%during the energetic study of a system, then simplifications can be made in order to find the
correct expression of the kinetic energy variation AE..

Part B: Differential operators:
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The differential operators gradient (nabla), divergence, curl and Laplacian provide information
about about a field of scalars or vectors situated immediately in front of the studied point M
according to the orientations of the axes of the used coordinates system.

Let’s prove the formulas of each differential operator geometrically by using the three coordinates
systems in an Euclidean space where the field lines are considered continuous vector functions.

1. The operator gradient (nabla):

Let’s consider a function of locations points: f: E — R. Where E is the Euclidean space and the
function f is differentiable and thus continuous.

Consequently:f:E - RM — f(M) makes a scalar field.

In each of the three coordinates system, the operator gradient has this form: df = gradf x dM.

The Cartesian coordinates System (x,V,z):

df =a—f dx+a—f dy+a—f.dz = (z—f ex+a—f E‘;+a—f e_z’) (dx.e; +dy. e, +dz.e,) =
(Zﬁ—x’+"—f —y’+"f e;) x M (58)
Consequently: 7 f = gradf = a—f e, + z—]yc.e_y’ + %'2 (59)
The cylindrical coordinates svstem (p.0.2):
df =L . dp+L . dp +%L.dz (60)

ap 2 oz

and dM = dp.e, + p.dg.e, + dz.e, (61)
and: Vf = gradf = A.e, + B.e, + C.e, where A,B and C are the coordinates of vf.
Consequently: df = Wf x dM = A. dp+B.p.dp +C.dz (62)
We conclude this identification: A = Z—£ (63)
and: B =%><Z—£ (64)
and ¢ = 2L, (65)
Andthus 7f = gradf—a—f g+a—f><; +2L % (66)
The spherical coordlnates(r 6 .0):
df =2L.dr+2L.do + L d(p (67)
and dM = dr.e, + . d9. eg + sin(0).r.do.e, (68)
and: Vf = gradf = A.¢; + B.eg + C.e, where A,B and C are the coordinates of 7 f.
Consequently: df = gradf X dM = A.dr + B.7.d6 + C.sin(0).r.dg (69)
We conclude this identification: A = Z—’; (70)
and:B = 3 X Z—]; (71)
and C = T.Si:l(@) = (72)
And thus: ﬁfzﬁfzg— +- xa—f _9’+rsm(6)><aa(’; e, (73)

Clarifications:

(1 dM is an infinitesimal displacement that depends on the used coordinates system.
[ The studied function f must be expressed according to the coordinates system of the used
reference frame, then we use the coordinates of M in the final expression.

[1 gradfcharacterizes the variation of f in the space for a given displacement dM.
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[1 df changes depending on M the studied point of the space, because to each point M

corresponds a value f(M), and also, dM is immediately in front of the studied point M
according to the orientations of the axes of the used coordinates system . Consequently,

gradf is a vector field that depends on the value f(M) at the location of the point M and
also on the coordinates system being used.

0 df = gradf x aM = ||gradf]|| % ||EA7|| X cos(2) consequently grad f is located at a
rotation angle 2 from dM in the anticlockwise orientation.

(1 The level surfaces are the space surfaces where f stays constant. And gradfis
perpendicular to its level surfaces.

2.The flow and the operator divergence:
The elementary flow is: dg = 4 x dS x i = divA x dt
divAis a scalar field where:

0 Ais a vector field
[ dS and drt are consecutively the elementary surface and volume of the used coordinates
system.
(1 7is the unit normal vector to dS.
For a closed surface we orientate ritowards outside the surface. Also, dS and dt change from a

coordinates system to an other. Consequently, divA depends on the coordinates system being used.

The Cartesian coordinates System (x,V,z):
We remark that: dt=dx.dy.dz and dS;:=dS>=dx.dy and dSs=dSs=dy.dz and dSs=dSe=dx.dz.

And also: dp, = A x dS; x7i; = —A, X dx X dy (74)
and: dp, = A* x dS, X 7i; = A*, X dx X dy (75)
where: A", = A, + aAZ .dz (76)
Consequently: d¢, = d¢1 +de, = AZ .dx.dy.dz = —Z dr (77)
because: n, = —n1 = k.

And also: dps = A X dS; X i3 = —A, X dy X dz (78)
and: dp, = A* X dS, X 7, = A*, X dy X dz (79)
where: A", = A, + — an .dx (80)
Consequently: d¢,. = d¢3 +dpy =X dx.dy.dz = ZE . dr (81)
because: n, = —n3 =1

And also: d¢ps = A X dSs X g = —A, X dx X dz (82)
and: dpg = A* X dSg X Tig = A%, X dx X dz (83)
where: A*), = A, + %. dy (84)
Consequently: d¢,, = d¢s + dpe = %.dx. dy.dz = aaiyy.dr (85)

because: ne = —n. = J.

And thus: dp = dep, + depy + dp, = (22 + "aAyy +22) x dr (86)
We finally conclude that: divA = a‘;" + % % (87)

The cylindrical coordinates system (p,@.z):
In the cylindrical coordinates system: OM = p X e, + z X kwhere M is a point of the space.
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Fig.3 : The elementary volume dt and the elementary surfaces dSi1and dS,.
In the figure 3, the elementary volume is: dt = p X dg X dp X dz. (88)
Also: dS; = p X dp X dz (89)
and dS, = (p +dp) X do X dz (90)
: | 4
45, and 45, d5s and 456
I
0z
4l
k| Y
;—) ‘\/’—j;
Fig.4 : The elementary similar surfaces dSs, dS., and t‘he elementary similar surfaces dSs and dSe.
In the figure 3, we prove by using circular sectors that:dS; = dS, = dp X dz (91)
And: dSs = dS, = dp x dg x (p + L) (92)
Hence: dgpy = A X dS; X7, = —A, X p X dop X dz (93)
and: d¢)2=A_+)><d52XTZ=A+pX(p+dp)><dg0><dz (94)
At =gy Ve
where: A", = A, + % .dp (95)
dd = _ (% 2% ap
Consequently: dp, = dep, + dep, = (p oL (1+ ; )).dr (96)
because: n, = —n; = e,.
And also: d¢p; = A x dS3 x 7i; = —A, x dp X dz (97)
and: dop, = A% x dS, xny = A%, X dp X dz (98)
where: A*, = A, + == aA"’ .do (99)
Consequently: d¢, = d¢3 +do, = “’ Xde Xdpxdz=~- x 2—;’ x dt (100)

because: i, = —nz = e,.
38
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And also: d¢s = A % dSs X ng = —A, X dp X do X (p + d?p) (101)

and: d¢6=de$6><n—6’=A+Zxdpxd<px(p+d7p) (102)
where: A", = A, + %.dz (103)
Consequently: d¢, = d¢s + dps = aa‘zz X dp X dp X dz X (p + %”) = (1 + ‘21—2) X % X dt
(104) )

because: ng = —ns = k.

Hence: d = ddb, + depy + dey, = (22 4+ (1 +92) x Lo 1 Py (1 4.90) 5 23 o g

(105)
We finally conclude that: divd =22 + (1 + d—p) x 2o +Ix 9y + (1 + d—p) x 2z
p p op p 0o 2p

> (106)

The spherical coordinates(r,0.0):

In the spherical coordinates: OM =r X e,ande,is always in the plane of the rotation 0. And the
elementary volume is: dz = r? x sin(6) x d6 x de x dr. (107)

® 2 35, ood 85
vr.de )
A o P o ; ,
\e ,X‘ \¥ o~ G S
= > 46

Fig.5 : The six elementary surfaces forming an infinitesimal volume. And the elementary similar surfaces
dS;and dS..

In the figure 5, the vector that is the radius of the circular arc made by do is always in the plane of
e,. And by using circular sectors: dS; = dS, = (r + %) X df X dr. (108)

B e e,

1. o (6+46) . 4P~

\ ; \
Fig.6 : The elementary surfaces dSsand dS..
In the figure 6: dS; = (r + %) x sin(8)? x do x dr (109)
and: dS, = (r + %) x sin(8 + d6)? x dg x dr (110)
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Fig.7 : The elementary surfaces dSs and dSs.

In the figure 7, we flatten the surface dSs consequently we get a trapezoid shape that has the
following height h;:

1

hy = (r? x d62 + 12 x dg? x (sin(8 + d6) — sin(6))’ )’

(111)
Hence:
dSs = h1X(er(pxsm(g+:9)+r><d(pxsm(9)) = ; X dp X df X (4(51’11(9 +do) + sin(H))2 —dp? x
1
sin(8+d0)%—-sin(6)? 2\2
(et sy’ (112)

We make the same with the surface dSes and we get a trapezoid shape that has the following height

ho: h, = ((r +dr)? xdo? + (r + dr)? x de? x (sin(0 + df) — sin(t9))2)E
(113)

And:
. . 5
dS6 _ h2><((r+dr)xd<p><sm(9+:9)+(r+dr)><d<p><sm(9)) _ (r+dr) v d(p % dO x <4(sin(9 n d9) n
1
; 2_ i 2\ 2\ 2
Siﬂ(@))z _ d§02 5 (sm(t9+dt9d)t9 sin(0) ) ) (114)

We have: d¢, = 4 x dS, Xﬁ;=—A(p><d6Xer(r+%)

(115)

and: d¢, =de5‘2 X@=A+(p><d9><dr><(r+%)

(116)

where: A, = A, + %. do (117)
dr

Consequently: d¢, = d¢, + dop, = % X dO X de X dr X (r + %) = (%%) X a@% X dt

(118)

40



because: n, = —n; = e,,.

And also: de; = 4 x dS; x 75 = —Ag x sin(8)? x dg x dr x (r +%) (119)
and: dep, = A x dS, X 73 = A*g X sin(6 + d6)? x dg x dr x (r + %) (120)
because: n, = —n; = egwhere: A*g = Ag + %. do (121)

Consequently:
dpe = dps + do,

dr
= —A4, xszn(@)zxd<pxdrx(r+ 2)+A9><sm(9+d9)2><d<pxdr

dr 04y dr
<r+ )+—><sm(6+d6)2><d9xd<p><dr><(r+7>

a0
(122)
Hence:
dr A (6+d6)? d
dpg = Ag ><d<p><dr><(r+ 2) X (sin(8 + d@)? — sin(6)? )+ 9 %x(r+§)x
_ dar (sin(6+d@)?-sin(8)?) dt % sm(9+d6)2 ar
dr = AG x (T‘ + 2) X do sin(@)xr2 + a9 sin(@)xr2 ( + 2) x dt
(123)
Let’s consider that:
__ sin(6+d6)?-sin(6)? _ dsin()? dsin(6)
B(0) = = =0 = 2 X sin(6) x =
(124)
. __ sin(6+d6)?
And also: D(8) = i@ (125)
We conclude that:
_ l ﬂ dt aAg 1 dr
dog _Agx(r+2r2)x3(9) 5 xD(6) x (> + 2)><dr
(126)
For:dSsand dS:
Let’s consider that: F(0) = (sin(@ +do) + sin(é’))2
(127)
) _ (sin(0+d6)2-sin(6)? 2 _ (d(sin(6)?) dsm(B)
and: G(0) = ( o ) = (T) (2 x sin(0) x ) 1 (128)
Consequently: d¢s = A X dSs X iz = —A, X % x do x df x (4F(9) — dp? x G(0))?
(129)
and: dpg = A* X dSg X Tig = A*, X mdr) X do x df x (4F () — dg? X G(B))
(130)
because: ne = —n. = e and: A*,. = A, + aaArT .dr (131)
1

) ar 1 Ay _ (1 , dr\? (4-F(9)—dqoz><G(9))E
We conclude that: d¢, = (A X (4r2 + ;) +--X (E + ;) ) X (@) X dt
(132)
And thus:
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ar

d¢=d¢r+d¢9+d¢¢=<i>x‘%xdr+,49x(

rxsin(0)

1

dt 0Ag
T

sin(6) a6
1
2 4.F(0)-d?xG(9))?
) e+ (A, ¢ (2 ) 4 o (L )7 o LEOAOEO) g
2r 4r 2r or 2 2r sin(0)

ar
+m) XB(G) X
D(8) x G+d—r

(133)
We finally conclude that:

- 1 0A 1 dar B(0) dAg 1 dr
= —=2r utalal 24 Sl i kel Sl
divA = < ) X ap T Ae X (r T 2r2) sin(0) T 26 X D(H) X (r T 2r2) T

rxsin(8)

1
ar | 1\, 04, _ (1, ar\?) _ (4F@®)-de?xG(®))?
(Arx(m+;)+?><(z+;))x Sin®)
(134)

By using the demonstrated approximations:

dg?
B(0) = —d6 x sin(0)? + ’1 - X 2 X sin(6) x cos(0)
—d6 do?
=——X (1 —cos(20)) + /1 - X sin(20)

(135)
And:
2 2
D(8) = (1—%92) % sin(6) + 2d6 x (1 —dng) X ’1—%)(c05(9)+d92 % (1 _dTHZ) X
cos(0)
tan(6) (136)
And Also:
2
F(6) = (ﬁ_%) x (1 —cos(26)) +d762 X (1 —dTez) X (1 + cos(20)) + (4 — 3d6? +%><
1
do* — 22V x d6 x sin(26) (137)
And:

60) = B = (= + 1) 4 cosao) x (22 1) 298 cosa0y + P [1- 22
= “\7z T2)Te® 4 2) T T TS 2 4
do?
X sin(460) —do x |1 — T X sin(26)
Clarifications:

[ In order to calculate the divergence of Aina point of the space M(x,y,z), we should replace

by the data of Ain the expression of the chosen reference frame coordinates system. Then,
we integrate the final expression by using the coordinates of the studied part of the space if
the integration is possible.

[1 The six vectors n,that are normal to the elementary surfaces are oriented towards outside.
Consequently, for a uniform field A, when d¢ > 0, the field vectors that are in the studied
part of the space, in the orientation of the used reference frame axes, have the same

orientations of the vectors n,. And thus the field Ais divergent in the studied part of the
space and % = divAd > 0.

(138)
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(1 In the case when d¢ < 0, the field vectors in the studied part of the space have orientations
opposite to the vectors n,orientations. Consequently the field Ais convergent in the studied

part of the space and % = divA < 0.

(1 In the case when d¢ = 0, and the field Aexists in the studied part of the space, this means

that every field vector has its opposite across each elementary surface. In this case % =

divA = 0, otherwise the field is tangent to all the elementary surfaces and thus it is a
rotational field.

3. The operator curl:

In an orthonormed direct reference frame of axes (e;, e,, e5), we can define the operator curl as:
rotA = rotA.e; rotA. e, rotd. e;

And it is a vector field that respects the following Stokes’ theorem: TotA. e;.dS,; =

dC, TotA.e;.dS,;s = dC, TotA.e5.dSy, = dCs

Where: dS1», is the elementary surface in the plane (e7, e;),dS13 is the elementary surface in the
plane (e, e;)and dSzs is the elementary surface in the plane (e;, e3), and Also: dC1,dCzand dCsare
respectively their closed boundaries of the corresponding elementary surfaces in the reference frame
planes. These boundaries are outlines oriented anticlockwise when we are observing the surfaces
from the inside (center) of the reference frame.

We prove that: dC; = Ay; X dqq X €5 + Ay, X dyy X € — Ags X dyz X €5 — Ara X dys X €3 dC, =
Agy X dyy X €5 + Agy X dyy X & — Agz X dpz X €5 — Agy X dyy X €7 dC3 = Agy X d3y X &5 +
Agy X d3y X & — Ags X dag X &5 — Ay X dag X &5 (139)  Where: djj is the elementary
length of the elementary surface sides. And Ajj is the field vector of Athat coincides with dij.

The boundaries are drawn by starting from the studied point M(x,y,z). Consequently, the sides of
the elementary surfaces have elementary sides djj in common.

The Cartesian coordinates System (x,V,z):

3C, iy i, L1SY
| | A
A\ ¥ 8= 1 ! | ydy A
2 [ Y > |
. () {Z_I \ (1,\{),3)
PRS- @L‘ E L
1 3 ? 7 | Jy
Fig.8 : The boundaries dCy, dC; and dCs of the cartesian coordinates.
In the figure 8: dS23=dy.dz (140)
and: dSi3=dx.dz (141)
and dSi2=dx.dy (142)

ANd: dCy = Ayy X dyg X & + Ay X dyp X & — Az X diz X — Agy X dyg X €5
(143)

Consequently: dC; = -4, X dz— A", Xdy+A*, Xdz+ A, Xdy

(144)

By following the same method we prove that:



dC; = —Ay, Xdx — A", Xdz+ A"y, Xdx + A,, X dz

(145)

And: dC; = Ay, X dx + A%, Xdy — A"y, X dx — A,, X dz

(146)

Where: A%, (147)
and: A*,, = AZ1 +2 21 dy (148)
and also: A*,, = A,C2 + aA"Z .dz (149)
and: A*,, = AZZ . d (150)
and also: A*,_ = Ax3 +25 dy (151)
and: A%, = A, + 22 i (152)
with: A, = A,, = Ay,and: A, = A, = A, and: A, = A, =A4,, (153)

because the sides of the elementary surfaces have elementary sides dj; in common.
And thus: dC; = —A, x dz — (4, +22 dz) x dy + (4, +‘”‘Z dy) x dz + Ay x dy dC, =

—A, xdx—(A +2 dx)xdz+(A +2 dz)xdx+A x dz dCs = A, % dx +

(4, +— dx) x dy — (A +"Ax dy) x dx — A, % dz (154)

Consequently: dC;, = —2.dz x dy + Ae dy X dz = TotA X T % dS,s (155)
where: dSza—dy dz (156)
And: dC, = —=.dz X dx + %2 dx x dz = rotA X ] X dS;3 (157)
where: d513—dX dz (158)
And also: dC; = _g‘;" .dy X dx + a;%. dx X dy = rot4 x k x dS;, (159)
where: dSio=dx.dy (160)
We conclude finally that: 7ot4 = T04y | 04, 04, |, Ay “OAy | Oy

ay dx dz 0y ox
(161)

The cylindrical coordinates system (p,0,z):

8C, 4Gy 46,
Q- vy de
T . rk‘l 1
T r 3
7 AR S M S
‘ i
‘ L—}—g— L___<__l . of
\ (=, ,b) \“K((,),v'b) =S 'an 5) d
B bi\b 5 N o . — > B\ Cl € 7
e 4 rs \]0 &'y e e Z ( .
Fig.9 : The boundaries dC,, dC, and dC; of the cylindrical coordinates.
In the figure 9: dS,; = p X dp X dz (162)
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and: dS;3 = dp X dz (163)

and: dSy, = (p +2) x do x dp (164)
And: dC; = Ay, XpXdp+A*, Xdz—A", XpXdp—A, Xdz

(165)

And also: dC, = A,, Xxdz + A%, X dp — A,, X dp — A*,, X dz (166)

And also: dC; = Ay, xdp+ A%, X (p+dp) Xdp —A*,, Xdp — Ay, X p X do
(167)

Where: A*, = A, +2 Zl .do (168)
and: A*,, = A, + a;‘jl dz (169)
and also: A*,, = A,, + 6252 .dz (170)
and: A*,, = A, + %.dp (171)
and also: A%, = A,, + aA“’3 .dp (172)
and: A*,, = A, + 2 2 d(p (173)
with: Ap =A,, =A 3and Ay, =4, =Apand: A, =4, =A, (A74)

because the sides of the elementary surfaces have elementary sides dj; in common.
And thus: dC; = A, prdgo+( )xdz—(A +—dz)><p><d(p A, X

Az

ap.d,o)xdz—Ap><d,oc163=Ap><dp+

ddez=Azxdz+(Ap+E.dz)xdp—(AZ+
A, +%e g dp) x do — (4, + 222 . dp) x dp — A d
(¢+E. p)x(p+ p) X (p—(p+£. (p)x p—A,XpXdep

(175)
Consequently: dC; = — e X dS,3 (176)
Where: dS,; = p X d(p X dz a77)
And: dC, = ‘ajZ.dzxdp+%.dpxdz=r—of/Tx§xd513 (178)
Where: dS;5 = dp X dz (179)
And also: dCs —_— d(pxdp+— dp><p><dgo+(A + Xdp)Xdedqo—TotAx
k x dS;, (180)
Where: dS,, = (p +2) x dg x dp (181)
Hence: aA“’ +2 Zj;;f = T0tA X e, (182)
And: j—;‘ + "’aﬁ = rotA x e, (183)
Andalso: 222 24 %% _2p ¢ 2dp =TotA x k (184)

dp 2p+dp op "2p+dp dp "2p+dp P 2p+dp

i =27 _ ~0Ap 1 04z =04, [ 04p -2 0Ap  2(ptdp) 04y
We conclude finally that: rotA = — +p'a<p o S oids 3 T
2
(185)

A
2p+dp ¢

The spherical coordinates(r.,0,0):
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Fig.10 : The boundaries dC1, dC; and dCs of the spherical coordinates.
In the figure 10:

dS,s = h1x(rxd<p><sm(9+;19)+r><d<p><sm(9)) _ ; x dg X df x (4(sin(9 +do) + Sin(9))2 _ d(pz 9

1

sin(8+d0)%—-sin(6)? 2\2
(o)) (156)
Consequently, by considering that:
F(8) = (sin(0 + db) + sin())"
(187)

. _ (sin(6+d6)?*—sin(6)? 2

and: G(6) = ( o ) (188)

1
We find that: dS,; = ; X dp X df X (4F(9) —dp? X G(H))E

(189)
We remind that the calculations from before gave:

F(0) = (\/E — %)2 X (1 —cos(20)) + dng X (1 - dTez) X (1+ cos(20)) + (4 _3d6% + Z %

1

d6* — 22V x g x sin(26) (190)

And:
G(O) = (dTez+§) + cos(46) x (dTez—l) —d—ezx cos(26) +dz—6>< /1 —dTez X sin(40) — dO X

2 2
/1 — % x sin(26)

(191)
Also: dS;5 = (r + %) x sin(0)? x do X dr
(192)
dar
And also: dS,, = (r + 7) x df x dr (193)

We have: dC; = Ag, X1 X dO + A%, X7 Xsin(0 +df) xdp — A9, X1 xdO — A, X1 X
sin(0) X do
(194)
And: dC, = A,, X X sin(0) X dep + A", X dr — A%, X (r + dr) X sin(0) X dp — A, X dr
(195)
And also: dC; = A,, X dr + A*g, X (r + dr) x df — A*,, X dr — Ag, X v X df
(196)
. + aA(Pl
Where: A%, =4, + TR deo (297)
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6A91

and:A*g, = Ap, + ” .deo (198)
and also: A*,, = 4,, + a;;z .do (199)
and: A*,, = Ay, + 22 dr (200)
and also: A%y, = Ag, + 2. dr (201)
and: A%, = A+ do (202)

with: A, = A,, = A,,and: Ag = Ag, = Ag,and: A, = Ay, = Ay, (203)
because the sides of the elementary surfaces have elementary sides dij in common.

And thus: dC; = Ag Xr X dO + (A<p +a;%.
rXdf —A, X1 Xsin(0) X do

d@) X1 X sin(0 +df) X do — (Ag +Zi;.d(p) X

(204)
24, 24 ,
30 .d(p) X dr — (A(p +a—r¢.dr) X do X sin(8) x

And: dC, = A, X 1 X sin(8) x do + (A, +
(r+dr)—A, xdr

(205)
And also:

dA
dC3=Ar><dr+(A9 +a—r9.dr)><(r+dr)><d9—<Ar+

r

%.de)xdr—Agxrde

(206)
Consequently:

04, _ _ d4q
dc; = A"’+W'd9 ><r><sm(9+d9)><d<p—Aq,xrxsm(e)xdgo—%xrxd(pxde

—94g , _ 04,
=30 X7 xdpXdf+A,xr X (sin(0 +db) — sin(6)) ><d<p+¥.d9 X T
X sin(0 + df) x dg = T0tA X &, X dSys
(207)
1
Where: dS,s = = x dg x d6 x (4F(8) — de? X G(6))? (208)

And: dC, = 24

T.dq;xdr—Aq,><sin(9)xd<pxdr—‘1;‘%.(r+dr)xsin(e)xd<p><dr=

o
TotA X eg X dS;3
(209)
Where: dS;; = (r + %) x sin(0)? x de X dr
(210)
And also: dC; = = .d6 X dr + 22 dr x (r + dr) x d6 + Ag x df X dr = T70tA X &, X dS);
(211)
ar
Where: dS;, = (r + 7) X d@ x dr (212)
We conclude that:
T—Ot)/i) 5 e_r> _ —ZAQ 5 1 4 A, sm(9+d9)—sm(9)1 +
¢ “x(4F(0)-dp?xG(6))? Tx(4F(0)-dp?xG(6))2xdo
Ay sin(6+d0O)
-0 T (213)

Ix(4F(0)-dp?xG(6))
Consequently:
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—_— 2 4 049 , sin(0+dB)-sin(0)
X — —_ Y
rotA X e, T X ( 29 m

rx(4F(8)-de?2xG(6))?

4 1><<A(p>< 1w’)(sin(6')+ fl—d—BZXCos(H) +a;%>< (1—d—92)><
rx(4F(0)-dp?xG())2 2 4 2
sin(0) + fl — dTez X df X cos(@)) — %) (214)

; 0Ap\ _
X Ay, +sin(0 + df) x %) =

94y
— 2 Er A dA r+dr
And: rotd X ey = 9¢ - 4 -
6 sin(9)2><(r+%) (r+%)xsin(9) or (r+%)><sin(9)

(215)

_94r Mlx(r+dr)
—_— 2 — A

And also: rotA x e, = —2& + r— & (216)

T+7 r+— T+7

We conclude finally that:

— s - d
rotA = i 1><<Aq,><<i‘9><sin(0)+ fl—d—ezxcos(e))+ﬂx
= 2 4 a6
rx(4F(0)-dp2xG(6))?
(1 d92) in(o 1 do? de 9 0Ag % Ay
——) % / ———xdf x -2 — _
2 SlTl( ) + 4 COS( ) o9 ’ sin(@)zx(r+%) (r+?)xsin(9)

—94Ayr 94g
04 o ridr > 20_ 4 v X(r+dr) | 4g
or ar\ o ! ar dr dr
(r+ > )xsm(e) T+ T+ T+

(217)

Clarifications:

(1 During the study, we should replace by the field coordinates in the curl formulas
demonstrated above. Then, we integrate according to the studied part of the space when the
integration is possible.

(1 The operator curl informs about a part of the vicinity of a studied point. This part is the part
of the space in front of the studied point in the orientation of the coordinates system being
used.

(1 If a coordinate of the curl is positive, then the vector field Alocated at the studied point
vicinity that is perpendicular to that coordinate axis is a vortex field. The vortex is
anticlockwise around the positive coordinate axis.

(1 If that coordinate is negative then the vortex will be oriented clockwise.

1 If that coordinate is null whereas the field exists, then the field will be uniform in the part of
the studied point vicinity concerned by the null coordinate.

4. The operator Laplacian:

Let’s consider a function of locations points: f: E — R. Where E is the Euclidean space and the
function f is differentiable and thus continuous.

The Laplacian of f is: Af = div(gradf).

The Cartesian coordinates System (X,V,2):

Vf =gradf = .ex+--.e, +—.¢eand: divA :a_xx_|_a_yy 2

ay
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Where: Ais a vector field
Consequently: Af = — + &f + s (218)
ady2 = 0z2

The cylindrical coordinates system (p,0,z):

of ., 0f L. of -
|7f gradf——p p+6<px . 62

p
- divAd = e ap\  94p L 1 94p 4P\ o 94z
and.dw,:l— ; +(1+ p)x = +p>< = +(1+2p)>< -
Where: Ais a vector field
a*f 1 3% dp 92f
Consequently: Af = —>< (1 + ) 352 “"EX@“F (1 +5) X (219)

The spherical coordlnates(r 0.0):

. . of _ 1 of _ 1 of .
Vf=gradf=a.er+;x%.eg +Tn(0)x%.e(p

and:
dr
divd T+5- xaA(P+A X(1+dr)xB(6)+ D(9)><<1+dr>
A= x sin(6) dp 7 \r " 2r2) " sin(0) 2r?

dr 1\ 084, (1 dr\*\ (4.F(6)—dep?x G(Q))%
(A X(42+§)+6r><<§+§)>x sin(0)

Where: 4 is a vector field.

Consequently:
1+ﬂ ﬂ 2
Af = (—) —f+a—f Tary BO) L F 2 2T><D(6?)+<T (dr+i)+—f><

r2xsin(0)? r2 sin(@) 0862 412 2r ar?

(% s ﬂ)z) y (4.F(8)-dp?xG(6))? (220)

2T sin(6)
We remind that:

do?
B(0) = —d6 x sin(0)? + ’1 - X 2 X sin(0) x cos(0)
—do do?
=——x (1-cos(20)) + [1— = X sin(26)
And:

dez\> d6? d62 d6?
D(9)= 1—7 XSln(9)+2d9X 1—7 X 1—TXCOS(9)+d92X 1—T

o cos(6)
tan(0)
And Also:
do?\’? d6? 62
F(0) = (\/_ - ﬁ) X (1 — cos(20)) + > X <1 - T) X (1 + cos(26))
1
3 dg®\2
2 4 YV ;
<4 3d6 +4><d9 16) X dO X sin(26)
And:
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G(0) = B(0)? = (dng+§)+cos(46)x(dTez—%)—dTeZXCos(ZH)+dz—9x /1—dTQZ><

sin(40) — d6 x ’1 — dng X sin(26)

Clarifications:

(1 During the study, we should replace by the studied function f in the Laplacian formulas
demonstrated above. Then, we integrate according to the studied part of the space when the
integration is possible.

[1 If Af=0 then f behaves uniformly in the location that is immediately in front of the studied
point M.

(] If Af>0 then a local minimum of f exists in the location that is immediately in front of the
studied point M.

(1 If Af<0 then a local maximum of f exists in the location that is immediately in front of the
studied point M.

1 When we are studying the Laplacian of a function f, the gradient vectors cross diagonally
the volume made by the elementary surfaces of the divergence.

Remark:
The results found should make the convinced readers change their vector and matrix calculations
especially with the famous navier-stokes equations.
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