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Abstract:

This work dates from January 2016 as a result of my remarks related to physics made during my high studies.

I try in this work to explain the cause behind the inability of Newtonian mechanics to describe correctly many
phenomena where the studied object rotates at a very high linear speed.

I proved that, in this case, the velocity field is not equiprojective and that the famous formula for changing the reference
frame is not correct.

I made an application to the case of the GPS system satellites, then I presented a new method for studying a rotating
system velocity without needing the conventional steps of changing reference frames.

I finished my work by demonstrating the formulas of the main differential operators and I presented them with all the
related steps and calculations by using the elementary surfaces.

I am eager to discuss the results of this work further with physics and mathematics specialists, and I hope that my
formulas will help to simplify the study of many difficult physics phenomena.

Keywords: Newtonian mechanics, Rotations, derivative, perpendicularity, Nabla, Gradient, Curl, Divergence,
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Introduction:

Even nowadays, there are many electromagnetic phenomena where we will always make mistakes
by using the normal mathematical tools in their study. They are in general all the phenomena where
the studied object rotates at a high linear speed, especially when its speed exceeds three quarters of
the light speed. Because in this case the study mistake becomes very coarse and impossible to
neglect.

Furthermore, the scientists are obliged to use the relativity of time as a difficult explanation or
statistical physics as a solution to the contradictions found by the conventional change of reference
frames. This problematic is described as a historical crisis of Newtonial classical mechanics. [1]

I proved first in the part A of my thesis that in this case the velocity field is not equiprojective and
that the famous conventional fsteps for changing the reference frame is not correct.

I presented also a method for studying rotating systems velocity without needing the normal change
of reference frames that requires the perpendicularity of a rotating vector and its derivative. [2]

I presented also an application to the case of the GPS system satellites, then I finished my work by
demonstrating geometrically, in the part B, the formulas of the three important differential
operators: Gradient (nabla), Divergence and Curl.

I presented those differential operators with all the related steps and calculations by using the
elementary surfaces. However, the results found will make the convinced readers change their
vector and matrix calculations especially with the famous navier-stokes equations. [3]

I remind the readers that this work is a revision of personal previous work made since January 2016
entitled “mémoire en physiques”. [4]

Part A: Rotations of Newtonian mechanics:

1. Introduction:

We know that: f'(x)=lim af . However, in physics, the infinitesimal variation dx is never null

dx-»0 dX
when we study the movement in a physics phenomenon except at rest. Consequently, we shouldn’t
use f’ the derivative of the function f. We should use Z_i instead which is the differential divided

by the infinitesimal variation.



2. Remarks:

Fig.1: The trigonometric circle of radius r=1.

Let’s consider the circle of radius r=1 in the figure 1, where b is the length of the circular arc and a
is the circular arc chord and dg is the circular arc infinitesimal angle.
Consequently b= do and S is the area of the circular segment that is the area of the surface between

2
a and b, where S:%X(d p—sin(dg)) .

And we consider that h=sin(d¢) and c=cos(dp) and c+e=1.

Remark 1:
sin(d ¢)

If dg is small enough, then ~1esin(dg)~d g (1)

and in this case S~0 therefore a and b become combined which means a~b. Also, in this case, h~ d¢

therefore by using Pythagoras’ theorem we conclude that: e’+h’=a’ed ¢'+e’~d ¢

consequently: e’~0<e~0 and thus e disappears and cos(dg)=c~1.

We conclude that: sin(d ¢)~d g=cos(d ¢)~1 )

and we remark that in this case cos(d ¢)*+sin(d ¢)’#1 consequently, trigonometric identities are

unusable when sin(dg)~ dg.

By Al-Kashi’s theorem we prove also that a~0 which implies that dp~0. And this is remarked also

with: cos(d gp)~1edge~0 and this is absurd since d exists during the study of the rotation in a

physics phenomenon where we should have normally cos(dg) < 1.

We conclude that the approximation with sin(dg)~d¢ is unusable.

If we use sin(dg)~ dg and cos(d ¢)~V1—d ¢ 3)

by using Pythagoras’ theorem in the trigonometric circle, then in this case:
e~1—V1—-d¢’=e~2—d ?—2V1—d ¢

Hence: e’+h’~d¢'~2-2V1-d¢

Consequently: 2~d @#+2y1—d ¢*=4~d ¢*+4—4d G+4d ¢*\1—d ¢

2 2 2

We conclude that: lwdf + 1—d<p2=>(1—df ) ~1—-d¢’




4 2

And thus: 1+dl_q60_d2(p ~l-d¢'=>d¢'~-8

We proved that if we use sin(dg)~ dg and cos(d ¢)~V1—d ¢ , then this implies that

d ¢’~—8 which is a contradiction. Hence, the use of this approximation is false and can cause
errors in the study of the rotation in a phenomenon.

Remark 2:
Now let’s use the limit of l—cdo—s(zdw) when do tends to zero.
@
2
We have consequently when dg is small enough: cos(d ¢)~1— d2¢ 4)
Consequently, by using Pythagoras’ theorem in the trigonometric circle:
2
sin(d g)~d @x 1_d;p (5)

In this case S#0 even if we notice that a tends to do (a~ d@) when we use Al-Kashi’s theorem in the
triangle of the figure 1. S#0 because a equals approximately d¢ but b equals exactly dg and the

2
formula S 2% X(d g—sin(d¢@)) prevents us to consider that a=b.

This approximation is correct and causes no contradictions. Consequently, we can use it without
risking any errors.

All the trigonometric identities are usable in this case since cos(d ¢)’+sin(d¢)’=1 and since the
triangles of the trigonometric circle in figure 1 stay all valid.

Remark 3:
d(pz 2 . d(p 2 . d(p dqp
cos(d g)~1~ 5 edy N2(1—C08(d(p))w4sm(7) @sm(T)mT (6)

consequently trigonometric identities are not usable for dz_cp . We conclude that we should fix de

as the smallest detectable variation in the phenomenon studied rotation which depends on the
detection technology in order to avoid mathematical contradictions.

2 2
The fixed do will respect the formulas: cos(d )~ l—dTw and sin(dg)~dgx41— df :

However, in this case we should use dt as the variable.
During the rotation in Newtonian mechanics, we have a fixed infinitesimal variation which defines
the fixed change d¢ that happens in different changing durations At. For example, in a polar
coordinate system (p,¢,z=0), we will have:
dé)(p) _dé(q)_délg), . _délq) .
= = Xp=—"""X@ ()
dt At AtX do

where: (p:i—f and dt=At is the variable duration of each d¢. You will find in this document an

example of this method application that deals with the case of GPS systems.

Important:
ig
These approximations imply that: Ze #i(cos(¢)+isin(g))
@

consequently: e'’#cos(@)+isin( )



ei(p e—i(p ) eifﬂ
And thus: cos(qp)¢7+ 5 and: 51n(<p)¢—.——.

Remark 4:
2
In order to simplify the results, we will consider that cos(d ¢)=1— 49 .nd
dg¢’
sin(d ¢)=d X 1_T (not only approximations).
We deduce that:
. . d(p2 d(p2 .
cos (@+d @) =cos( @)X cos (d ¢)—sin(¢)Xsin (d ¢)=(1— 5 )X cos(@)—d x4 1— 1 Xsin (@)
(8)
and:
dg¢’ dg¢’
sin( g+d @)=sin(@)xcos(d ¢)+cos(¢p)xsin(d ¢)=(1— 2¢ )xsin(@)+d gx4/1— f X cos( @)
)
Consequently:
2
dczsq()(p)zcos(ﬁﬂddq&; Cos(¢): Z¢XCOS(¢)— 1—qu0><sin(qo) (10)
. . . 2
and: d51n(q0):sm(q0+dq0) sm(qo): d(stin((p)+\/1—d¢ X cos (@) (11)
do do 4
dg¢’
dtan(g) "
and: = (12)
de d¢ » do dg’ _ .
(1——-)Xcos (@) ——EX4/1——Xsin(2¢)
2 2 4
d¢’
dcot () 1
and: = (13)
de de'\ . v.do do’ .
(1—T)><sm(q0) X 1—T><sm(2q0)
where we can check that:
sin'( @)= lim dsL(m)=cos(qp) and: cos'(¢@)=1lim M=—sin(¢)
dgoo  d@ dgs0  d@
and: tan’'(g@)=lim dun(g) 1 - and: cot'(¢)=lim deot(g) 1 :
dgs0  d@ COS((p) dgs0  d@ sjn((p>
We can also deduce by using these approximations that:
B 2
_[sin(<p)d(pz—q/l—dT(pX(cos(B)—cos(A))—dz—(px(sin(B)—sin(A)) (14)
o ~d d¢’
and: fCOS((p)dQ):T(pX(COS(B)—COS(A))+\/1— f X (sin(B)—sin(A)) (15)
A

calculated above.

by integrating dCZ;(ﬁﬁ) and dsin (g)

dg
These two integrals are only approximate sums since do is fixed as d@>0. However Riemann’s
definition of integrals requires that d¢ tends exactly to zero.
However, we can also check from above that:



dii( ¢)

B B

lim f sin(¢@)d p=cos(A)—cos(B) and:

dg=0 4 dp=0 4

lim fcos(<p)d @=sin(B)—sin(A)

ftan )Jdg and fcot )Jd@ are left as a challenge to the readers!!!
Remark 5:
We can prove easily that:
2
cos(qp):—dcos(qa)—dLsz((p) (16)
dg
N o d’sin (@)
and: sin(¢@)=—dsin(p)———— (17)
dg
2 .
Consequently: tan(¢)= d’sin (@ )+dq72><dsm(<p) (18)
d*cos(@)+d ¢ xd cos( @)
2
and: cot(g)= d’cos( ¢ )+d<pz><dcos(g0) (19)
d’sin(@)+d ¢’ X dsin (@)
. 2 2
And also: (ds;nq()go)) +(dcgsq(]<p)) =1 (20)
d’sin * d’cos ?
and: | §¢>>+( §¢))::1 . (21)
do dgy

3. Conclusion 1:

Let’s consider that 1i(¢) is a rotating vector that belongs to the plane of its rotation ¢.

Hence:

do

-

du - —d -

B9, ()= O (g 0
@ 2

because do exists during the study.

Where: ||d(";—(¢f”)||=||a((p)|| and: <dg<;>,a<(p>>=arccos<‘;’<”>

Consequently:

4. Results and applications:

Result 1:

2

_dg
2

When using the approximations: cos(d ¢)= and sin(d

¢)=d px
is a rotating vector that belongs to the plane of its rotation ¢, then dii(

(o)

7

et Q=) i) Lol gsinl ) b 1~ X i gl cos o)) =2 X g 1 -2 2

(22)

(23)

(24)
1-92 it iy)

is not orthogonal to

. Consequently, the famous method of reference frames change becomes false and unusable

in Newtonian mechanics. Furthermore, the velocity field becomes not equiprojective for solid

mechanics.



Result 2:

In cylindrical coordinates (p,®,z):
2

dé,(p) —de . dg’ .
dpq) = XE, (gl 1= xE (g) (25)
de,(p) —do_ . d¢' .
and: d‘”qp == X€,(@)—/1- i xé,(¢) (26)

Important example:
We will study the case of The GPS system satellites by proving the real time at a given satellite. We

will need no time dilation in this proof.

Let’s consider that the speed V of the satellite is constant V=k;,

By using the correct approximations above:
C’g—tM:dg—f”Xep(t)—%x(pxﬁ)(t)Xep(t)w(t)x ¢x\/ 1—d7¢x e (1 27)

Where M stands for the position of the satellite that has a circular orbit of angle .

Since the speed vector given to the satellite is tangent to the circle of the wanted trajectory, we

2

should have: dg—it)xf(t)—%x¢><p(t)><e7>(t)=6 (28)

Hence: dp_(t):@X oXp(t) (29)
dt 2

Consequently: p(t):exp(dz_qﬁx @+In(h))=h Xexp(d—qup) (30)

Where: h is the initial altitude of the satellite.
The linear speed V of the GPS satellite is the constant speed that equals the initial speed given to the
satellite in order to start orbiting.

2 B —
Consequently: V:p(t)x(ox\/l—dT(pXew(t) (31)

And thus: d—qu 14

ST Xexp(—_g¢><g0):exp(—_j¢)><(p+ln(—v - )
hxw/l—d—(p hxil1 949
4 4

We should remark that:
* p(t) increases in the beginning of the GPS satellite lifetime with a very slight change thanks
to the initial launching power from earth.
* =0 at the point where the satellite started orbiting after being launched.

(32)

. . . . . d
* ¢ is always increasing and exceeds 2m, consequently ¢ is always positive and —?20 .

* do is the constant smallest variation of the satellite angle that we can detect, and dt is the
time needed for that variation.
Since we consider in our study that de is constant and dt is the variable, we conclude that:

dt:£><1/1—d—¢2><dq0><exp(@><<p) (33)
% 4 2

and thus dt depends on the satellite rotation angle .

application:
The real time AT needed by the satellite to make the first lap around the earth after it is launched is:

& h d¢ .dg h de¢’ < dg¢
AT:Z(VX 1- 4 Xd(pXexp(17xd(p))+At=vx 1- 1 xdgx Y. (exp(i——))+At

i=1 i=1 2

(34)




21 21
7 (pJ (the floor of ) (35)

Where: K=| o

2
d
and Atzgx\/l—df ><dq)1><exp(%><2n) (36)

and d@,=2a—-KXdg . (37)

Result 3:

In spherical coordinates(r,0,0):

__0Oe,  0g . .08, 08, . ._oe, Je,

der—a—(pd(p+m6 and: deg—wd(p+ﬁ0 and: de(ﬁ_a—cpd(p"'w
since (€,,&,e,) don’t change by the variation of r but only 8 and ¢.

oe, — - -
Also: & ngeﬁ 1—¥Xeg (38)

(39)

and €, are always in the rotation plane 0.

oe, - . —
And also: g =0 since e,
Consequently, e, doesn’t change by the variation of 6.

—

a —
In order to find: g , o€y
o

since:

is always perpendicular to the plane of the rotation 6.

—

e - —
k) and a—qj , we should make the projections of e, , e, and
e, in the suitable cylindrical coordinates (p,9,z) with the same plane of rotation ¢ that contains

always e, and the same vector e, of the spherical coordinates.

0
Hence: €,=sin(6)xe,+cos(6)xk and: &,=cos(6)xe,—sin(6)xk

and: e, ,=e A€, where: €, isthe same in the two coordinates systems.
ok _z oe, e, —dg_ - do' ..
Also: %:0 consequently: a—(p:sm(e)x6(/’)251n(0)><(T¢><ep+\/1— er¢) (40)
de, de, —-dg_ - d¢ .
And: a—(p":cos(e)xaézcos(G)X(T(pXeﬁ\/l— f X¢€,) (41)
with:  &,=sin (6)Xxe,+cos(6)xe,
and thus:
08, — i
a(pf:%xgn(e)zxa—%@xgn(z49)><e*9+sm(¢9)>< 1—df X, (42)
— _ 2
and: g—?:%xﬂnﬁH)Xa—d—z(chos(H)Ze9+cos(0)><\/1—df xe, (43)
a_' 2 2
and: ae(/;”:—sin(ﬁ)x\/l—df Xé'r—cos(ﬁ)x\/l—dT(pxé;—cg—@XE; (44)
5. Conclusion 2:
2 2 2
dé= (%+ ;Xsin(é’)z)xé’ﬁ(d ex\/1—¥—df Xsin (2 6))><€H+dqp><\/1—df X sin(6)x e,
(45)
and
2 2 2
d@:—(d@x\/k%—df xSin(ze))xa—(%ﬂz‘p Xcos(@)z)xé’ﬁdqpxdl—df Xcos(6)xe,

(46)



2 2 2
and also: de,=—d gXx l—dTCPXSin(H)xé’r—d(pm 1—dT¢><cos(8)><E;—dT(p><E; (47)

6. A new method to avoid the conventional method of changing reference frames:

We will present a new method to avoid the famous method of changing reference frames that needs
the perpendicularity between a rotating vector and its derivative.

When a given reference frame with orthonormal direct axes is making any revolution, this
revolution can be decomposed to three simple revolutions, and each one of these simple revolutions
is around one of the three axes. However each axis changes only by two simple revolutions that are
the simple revolutions around the two other axes and not by the revolution around itself.
Consequently, let’s consider that a is the angle of the simple revolution around the axis i, B is the
angle of the simple revolution around the axis j ,and y is the angle of the simple revolution
around the axis k where (i, j’, l;) are the three orthonormal direct axes of the reference frame
that makes any given revolution. This revolution is composed of the three simple revolutions of
angles: «, B and y. Let’s study each one of the three axes independently from each other. The
simple revolution doesn’t influence its axis but the two others. Hence each axis is influenced by
two simple revolutions and thus we can use a spherical coordinates system to study each axis.

We will calculate % s % and % which are the derivatives of i s j and k inan

absolute fixed reference frame (Ox,Oy,0z)

This method is useful in order to avoid the difficult projections of i, } and k in the absolute
fixed reference frame. Furthermore, the three derivatives will be calculated without making any
change of reference frames. However, the functions a(t), f(t) and y(t) of the three simple
revolutions must be well known before making this study.

-

Step 1: The study of the vector i :

Let’s consider that i=e, , j=e, and k=e, where: €,
spherical coordinates system.

We conclude that: y=6 and « has no effects on i . However, we should find the relation between ¢
and both  and y.

, €, and e, are the vectors of a

G L ] by
I S *
= e |
‘\\.\ ‘
\l4 /
é)ﬁ ‘ Q
"Q
\\H,,G, " '/Si/%/
R =y Y,

Fig.2 : The circle of rotation [ and the ellipse of rotation ¢.



ai_
dt

Th_e»ﬁgure 2 shows that the intersection of the rotation 3 plane and the rotation ¢ plane is the axis
Ox of a Cartesian coordinates system. And the orthogonal projection of the circle made by the
rotation P inside the plane of e, is an ellipse made by the rotation ¢. We consider that O is the
center of the ellipse whereas ¢ is the angle between €, and Ox .
AB is perpendicular to the plane of the rotation ¢ which is the plane of €, that is the plane of
the_t»wo Cartesian vectors Ox and (_)51 . ) L
AC isin the plane of the rotation § which is the plane of i and AC is perpendicular to the
axis Ox .
We can prove that: AC=sin(f) and AB=sin(p)Xcos(6) (48)
OB isin the plane of &, with: OB=v1—AB’=y1—sin(B)*xcos(6)’ (49)
2 2
And the equation of the ellipse is: %+y—2+ 1

where a= (the half of the ellipse major axis), and b= (the half of the ellipse minor axis).
Consequently: a=1 and b= sin(0)

And also: x=OBXcos(¢) and: y=0BXsin(¢)

Therefore, the ellipse equation becomes:

cos((p)zx(l—cos(@)ZXsin(ﬁ)z)+%((g;z X(1—cos(6) xsin(p)*)=1 (50)
onsequently: cos(¢) = tan (6) PR tan(y ) —
Consequently: () (cos(6)’xsin(B))—1 cos(6)* (cos(y)’xsin(B)’)—1 cos(y) (1)

and this equation doesn’t change even if: (p>72_r and: p>Z .

Since we know exactly the functions ((t) and y(t), we can deduce easily the function ¢(t) in order to
be able to calculate do(t), especially that: 0<p< g =0< qasg and: §< psm= g <@p<nm and

also: JT</3<377[=> < (pS% and also: 37ﬂ<[3’<2 JTZ>%< Qp<2m .
However we can only use this formula when y#0 and y;«ég

But we notice that if yzg and y stays fixed, then always ¢=[ and thus we can study i easily

by using cylindrical coordinates system.
Finally, by using the formula of de. , we conclude that:

dt d 2 dt dt 4 4 dt dt

(52)
Hence:

dy dy de, _de, no: dy dy de _de,_ - do, dwi
— (= x =L x—x Xi+(=5X 41— ——Ix——X
(53 %+ X g st (W X+ L=y = ox g o xsin (2 y) )X+ =5 oxy 1= =

(53)
where: @:(t)=0(t) in step 1.

Step 2: The study of the vector j :

By following the same method, let’s consider that l—e , }'2 ¢ and l;:é; where: €,
€, and e, are the vectors of an other spherical coordlnates system.

We conclude that: =6 and 3 has no effects on } . However, we should find the relation between
¢ and both o and y. And Let’s consider that: @,(t)=@(t) in step 2.

tan (o)’ L1
cos( )’ xsin(y)’)—1 cos(a)’

b

The ellipse equation gives: cos(¢,)’= ( (54)

in(y)

4 2
di_ (ﬂ9><d—‘9 4999 Gin(0) )><1+(d—3><\/ 4o’ _dg L@ sin(20))x G+ L8 5,1 - df xsin( 0)xk

-

Xk



Consequently, we can deduce easily the function @,(t).
And thus by using the formula of dé, again, we conclude that:

-

God d g’ . de, d 2 de, d
dj %x\/l— P2 ysin(a)i—(9¢x 4@, 2% 8P in (g ))X]+(d—a><\/1 da” €% CPy Gin(2a)) xk

£ dt 4 2 Tdr o 2 T dt dt 4 4 7 dr
(55)
Step 3: The study of the vector k :
By following the same method, let’s consider that =&, , j= e, and k=¢ where: €, ,

€, and e, are the vectors of an other spherical coordinates system.
We conclude that: =0 and y has no effects on k . However, we should find the relation between
¢ and both o and 3. And Let’s consider that: @3(t)=¢(t) in step 3.

2
tan () L1 (56)

(cos(B)*xsin(a))—1 cos(B)
Consequently, we can deduce easily the function @s(t).
And thus by using the formula of dé& again, we conclude that:

dp \/ d/J)2 do, do; . d g, \/ d§0§ . - dB_dp de;_de, N T

e 1— — X X 2 X X]—(—X— X k

dt (dt 4 a g <sin(2B))ir— 4 (B =5 x gty X g xsin(6))
(57)

The ellipse equation gives: cos(¢,)’ =

7. An important advice:
The result of this vector study should preferably be used with the formula: AE C:f vXdp during

the energetic study of a system, then simplifications can be made in order to find the correct
expression of the kinetic energy variation AE_

Part B: Differential operators:

The differential operators gradient (nabla), divergence, curl and Laplacian provide information
about about a field of scalars or vectors situated immediately in front of the studied point M
according to the orientations of the axes of the used coordinates system.

Let’s prove the formulas of each differential operator geometrically by using the three coordinates
systems in an Euclidean space where the field lines are considered continuous vector functions.

1. The operator gradient (nabla):

Let’s consider a function of locations points: f:E->IR . Where E is the Euclidean space and the

function f is differentiable and thus continuous.
E-> R

M~ (M)
In each of the three coordinates system, the operator gradient has this form: df =grad f xdM .

Consequently: f: makes a scalar field.

The Cartesian coordinates System (x,y,z)

of 4. Of 4, 0f 4_(Of = of - of codv o ady 5 )=(Of = 0 =, 0f =
d .dx .dy .dz .e )Xldx.e +dy.e +dz. — xdM
F= 0x +8y +82 (6x et 6y 62 &)X (dx. &+ dy eyt )= (ax "+8y ey+8z 2
(58)
. Vr=gradr=f #,90f +,9f >
Consequently: Vf—gradf—a. *ay e+ E, (59)
The cylindrical coordinates system (p,,z):
of of
d fd ——.dg+—.d
f= Prag a9y, & (60)
and dM:dp.él'o+p.d<p.é;+dz.é'z (61)

and: _V>f =gradf=A.e,+B.e +C.e, whereA,B and C are the coordinates of _V>f .



Consequently: df:ﬁ:rd fxm A.dp+B.p.dep+C.dz (62)

We conclude this identification: A=2—£ (63)
0
and: B_ﬁ a—f (64)
of
C= .
and e (65)
| o o2l sl gall g

Andthus: Vf=grad f=755-€* q0><10.e(p+ L (66)

The spherical coordmates(r,@,gg ):

df—af dr+ 2L a0+2L 44 (67)

06 oQ
and dM—dr.er+r.d0.e9+sm( 0).r.dg.e, (68)
and: Vf=gradf=A.¢+B.,+C. e, where A,B and C are the coordinates of Vf .
Consequently: df =grad fxdM=A.dr+B.r.d 6+C.sin(6).r.dg (69)
We conclude this identification: AZ% (70)
. g=1,9f
and: B= ><a 0 (71)
1 of

d C=—><— . 72

a r.sin(@)” 0¢ (72)
: _ _of 7,1 0f >, 1 Of ~

And thus: Vf—gradf—ar.er+r>< 9.e9+r Sin(@)x oG (73)

Clarifications:

. dM is an infinitesimal displacement that depends on the used coordinates system.

* The studied function f must be expressed according to the coordinates system of the used
reference frame, then we use the coordinates of M in the final expression.

. g_ra>df characterizes the variation of f in the space for a given displacement dM .

* df changes depending on M the studied point of the space, because to each point M
corresponds a value f(M), and also, dM s immediately in front of the studied point M
according to the orientations of the axes of the used coordinates system . Consequently,

ﬁif is a vector field that depends on the value f(M) at the location of the point M
and also on the coordinates system being used.

«  df=grad fxdM=||gradf||x||dM||xcos(Q) consequently gradf is located ata

rotation angle T from dM in the anticlockwise orientation: cos(Q)=(gradf,dM) .

* The level surfaces are the space surfaces where f stays constant. And gradf is
perpendicular to its level surfaces.

2.The flow and the operator divergence:
The elementary flow is: d ¢= AxdSxh=divAxdt
divA is ascalar field where:
. A s a vector field
e dS and dr are consecutively the elementary surface and volume of the used coordinates
system.
. n is the unit normal vector to dS.
For a closed surface we orientate 7n towards outside the surface. Also, dS and dt change from a
coordinates system to an other. Consequently, div A depends on the coordinates system being
used.




The Cartesian coordinates System (x,y,z):

We remark that: dt=dx.dy.dz and dS,=dS,=dx.dy and dS;=dS,=dy.dz and dSs=dSe=dx.dz.

And also:  d ¢,= AXdS, X, =—A,Xdxxdy
and: d¢,= ATXdS ,XM,=A"* XdxXdy

where:
z
Consequently: d ¢, =d ¢,+d ¢,= —.dr
because: ﬁ’z:—ﬁ]:lz .
And also:  d ¢,=AXdS,XiT,=— A XdyXdz
and: d¢,=A*XdS,XiT,=A* xdyxdz
where: A+ =
Consequently: d ¢ ,=d¢p,+d ¢,= —dr
because: ,=—m,=i .
And also: d¢5=:4><d55><r_1;:—Ay><dx><dz
and: d ¢=A*XdSgXM;=A" XdxXdz
where: A" =
Consequently: d¢,=d ¢.+d ¢;= tdt
because: M=—1.=j .
0A, 8A 6A
And thus: d ¢=d ¢, +d ¢,+d ¢, ( L)xd T
8y 0z
. - aA 0A, A,
We finally conclude that: div A=——+—2+
ox 0y 0z

The cvlindrical coordinates system 7):

(74)
(75)

(76)

(77)

(78)
(79)

(80)

(81)

(82)
(83)

(84)

(85)

(86)

(87)

In the cylindrical coordinates system: OM =pX E;3+zxﬁ where M is a point of the space.

0T 4 S

e =

In the figure 3, the elementary volume is: d 7=pXd ¢XdpXdz .

Also: dS,=pXd ¢Xdz
and dS,=(p+dp)Xd gpXxdz

e(v/ duz,/\\if‘w-//dz
.tazh \\,/ |

Fig.3 : The elementary volume dt and the elementary surfaces dS;and dS..
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45, md A5, | dSsand dSg

21 3
Y
'Y | A ¢ b ¢
L—*) ‘\/—‘?“
T, af
Fig.4 : The elementary similar surfaces dSs, dSs, and the elementary similar surfaces dSs and dSe.
In the figure 3, we prove by using circular sectors that: dS,=dS,=dpXdz (91)
And: dS.=dS,=d pXd ¢x (p+dz—p) (92)
Hence: d¢1 =AXdS, X, =—A X pXd pXdz (93)
and: d¢,=A*XdS,xW,=A* X(p+dp)xd gXdz (94)
0
where: A% =A, ap (95)
A, 0A, do
Consequently: d ¢,=d ¢,+d (/52:(7”+ 6,()[ ><(1+7)).d T (96)
because: n,=—n,=e, .
And also: d ¢,=AXdS,Xit,=—A, Xdpxdz (97)
and: d¢,=A*xdS,Xi,=A* xdpXdz (98)
0A,
where: A+ =A_+ 50 do (99)
0A, 1_0A,
Consequently: d ¢,=d ¢p;+d p,=—5— 5o Ixd QDXdedZ—p 5o XdTt (100)
because: m,=—-n,=e, .
And also: d¢5::4><d55><ﬁ'5:—AZ><dp><dqp><(p+%) (101)
and: d¢,=A*XdSXm,=A* xdpxd (px(p+dz—p) (102)
0A,
where: A* = Az+6_' dz (103)
z

A 0A
:—Zxdcpxdpxdzx(md—p):( +@)>< ‘xdt (104)

Consequently: d ¢,=d ¢.+d ¢, 57 2 20’7 0z

-

because: ng=-—n.=k .

A 0A 0 A
Hence: dq):dq)p+d¢¢+d¢Z:(Tp+(1+d—[§))xa—p"+%x ¢+(1+@) 6zZ)XdT (105)
A, A, A 0A
We finally conclude that: dWA_7 +(1+ dp)xaap, ll?xaaq) +( +§—/'(O))>< 5 - (106)
z

The spherical coordinates(r.6.9):
In the spherical coordinates: OM= rxe. and €, isalways in the plane of the rotation 6. And the

elementary volume is: d 7=r’Xsin(6)xd Oxd ¢xdr . (107)
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Fig.5 : The six elementary surfaces forming an infinitesimal volume. And the elementary similar surfaces
dS1 and dSz

In the figure 5, the vector that is the radius of the circular arc made by dg is always in the plane of

e, .And by using circular sectors: dS 1=d82:(r+d—2r)><d oxdr . (108)

3

,oin (0+d6) . gy

i U
Fig.6 : The elementary surfaces dSs;and dS..
In the figure 6: dS3=(r+%)><sin(0)2><d pXdr (109)
and: dS4:(r+%)><sin(0+d0)2><d<p><dr (110)
455 d 5S¢
Fosin(@can) . dv | /1 1Y Tadnmale,de) a¥ /

\
P\/I. \\, ID‘Z

Fonng@ . dY

Fig.7 : The elementary surfaces dSs and dSe.



In the figure 7, we flatten the surface dSs consequently we get a trapezoid shape that has the

following height h;:
1
h,=(r*xd &*+r*xd ¢ X(sin(6+d 6)—sin(6) )*)? (111)
Hence:
h,X(rxd@Xsin(6+d 6)+rxd ¢Xsin (6 2 i ’_sin(0)* %2
ds, = XX gm0 AOP X XSINO) _ g g (s 6 ) sin ) —d g7 (L0 —sin O
(112)
We make the same with the surface dS¢ and we get a trapezoid shape that has the following height
1
hy:  hy=((r+dr)’xd & +(r+dr)’xd ¢’ x(sin(6+d 0)—sin(6))*)? (113)
And:
h,X((r+dr)xd @xsin(6+d 0)+(r+dr)xd ¢Xsin (6 2 - 2_sin(g) 21
dS,= ((r+dr)xd gxsin| . J+{r+dr)xd pxsin| )):(”f'") ><d(p><d6><(4(sin(0+d6)+sin(6))2—d<p2><(sm(6+dZ)g Sl“(9)))2
(114)
We have: d¢1=7x><d51><ﬁl=—Aq,><d49><dr><(r+%) (115)
and: d¢,=A*XdS,Xm,=A* ><d¢9><dr><(r+d7) (116)
. + aA@
where: A* =A + 59 de (117)
dr
Consequently: d ¢ d¢+d¢:ﬁ><d6><d<p><dr><(r+— =( “or )X A(’]Xdr (118)
' PO de 27 ‘rxsin(9) 0@
because: mn,=—n,=¢,
And also: d¢3=Z><d53><ﬁ'3=—A8><sin(¢9)2><dcpxdrx(r+%) (119)
and: d¢4:K:><dS4><ﬁ;:A+9><sin(¢9+d¢9)2><d(p><dr><(r+%) (120)
because: n,=—n,=e, where: At,=A,+—=57 70 - .do (121)
Consequently:
d g,=d ¢,+d p,=— A, Xsin( 0)°xd q0><dr><(r+d7)+A Xsin(6+d 6)° Xd(pxdrx(r+d—)+aai0><sm(0+d 07 xd HXd(derX(r+d2—r)
(122)
Hence:
dr 0A, sin(6+d6f , dr dr, (sin(6+d ) ~sin(6])  dr  0A, sin(6+d6] , dr
d ¢y=AgXd pXdrX(r+—X(sin(f+d 6] —sin( 0] J+—=7X X[r+—)xd =AX Ay r+—JXdt
¢H 0 (p ( 2) ( ( ) ()) 0 Sin(ﬁ)XrZ ( 2) 0 ( ) d0 sm(@) 09 sin(@))(r2 ( 2)
(123)
Let’s consider that:
sin(6+d 6)°—sin(6)* _ dsin(6)° . dsin( 0)
B(0)= = =2X O) X ——= 124
(6) 10 70 sin(6)x—— (124)
. 2
And also: D<9):W—+d¢9) (125)
sin(6)
We conclude that:
1 dr dt O0A, 1 dr
dp,=A,X(—+—)XB(0 X D(0)X(=+—)Xd 126
o= Ay (r+2r) ( ) sm( )"‘53 ( ) (r+2r2) T (126)



For: dS. and dSg

Let’s consider that: ~ F(6)=(sin(6+d #)+sin(6))’ (127)
sin(@+d )’ —sin (6)°\*> _,d(sin(6)’), . dsin(6)’
d: = = =(2X X 128
and: G (g)= (SN EHAOZIIOL ) ALy (5 in ) ML) (128)
2 1
Consequently: d¢5=AXdSSXr7;=—ArXrZXd(p><d0><(4F(H)—d(p2><G((9))2 (129)
— - (r+dr)2 2 %
and: dg¢,=A*XdS Xm,=A"* X xd pxd OX(4F(0)—d ¢’XG(0)) (130)
b Dom=— : 131
ecause: ng o (131)
1
0A 2 (4.F(0)-d¢’xG(0))
We conclude that: d¢r=(Arx(i+i)+a—rr><(%+%) )><( (H)sfl(%) G(9)) xdr (132)
And thus:
1+¢ L
2r \0A 1, dr dr_ 0A 1, dr dr 1, 0A 1 drl (4F(6)-d¢'xG(6)}
dg=dg+dg+d¢ = ——XdT+A X XB(f —=XD(# XA T4H A X[+ =+ —LX(=+— Xd
p=dg+dg, ¢(ﬂ (rXSiH(H)) 00 T (r 2r) () sm() 00 () (r Zr) T( (41‘ 2!‘) or ) SIH(G) T
(133)
We finally conclude that:
dr 1
1+— =
N 8A A 2 ) _ 2 2
r><sm(0) 5(/) r 2r 5111(0) 00 T 2r 4r2 2r r 2 2r sm(H)
(134)

By using the demonstrated approximations:

B(H)Z—dH><sin(H)2+\/1—%><2><sin(H)Xcos(H)z_—;Iex(l—cos(Z 0))+\/1—%Xsin(2 0)

(135)
And:
D(0)=(1-47) xsin B+ 2d 6x(1- 40 ) \/1—¥><cos( +adx(1-20)x 2 130
AndAISO'
F(0)= (( 03 ) (1—cos(20))+%x(l—%) (1+cos(28))+(4—3d62+%xd04—%)2><d8><sin(20)
(137)
And:
G(9)=B(6)2:(%+%)+Cos(40)X(¥—%)—%Xcos(20)+?x\/1—¥Xsm(48) d0x1/1—¥><sin(20)
(138)
Clarifications:

* In order to calculate the divergence of A ina point of the space M(x,y,z), we should
replace by the data of A inthe expression of the chosen reference frame coordinates
system. Then, we integrate the final expression by using the coordinates of the studied part
of the space if the integration is possible.

* Thesix vectors 1, that are normal to the elementary surfaces are oriented towards outside.

Consequently, for a uniform field A ,when d¢>0 , the field vectors that are in the
studied part of the space, in the orientation of the used reference frame axes, have the same



orientations of the vectors 7, .And thus the field A is divergent in the studied part of

1

d I
the space and d—¢=d ivA>0
T
* Inthe case when d ¢<0 |, the field vectors in the studied part of the space have
orientations opposite to the vectors 1, orientations. Consequently the field A is

d —_—
convergent in the studied part of the space and d—¢=d ivA<0
T
 Inthe case when d¢=0 ,andthe field A exists in the studied part of the space, this
means that every field vector has its opposite across each elementary surface. In this case

%Zd ivA=0 , otherwise the field is tangent to all the elementary surfaces and thus it is

a rotational field.

3. The operator curl:
In an orthonormed direct reference frame of axes (e),€,,e;) , we can define the operator curl as:

rotA e,
rotA:ﬁ)’tA'.é’z

rotA. e,
rot A.e,.dS,,=dC,
And it is a vector field that respects the following Stokes’ theorem: o A. e,.dS,,=dC,
rot A.€,.dS,,=dC,
Where: dS1,, is the elementary surface in the plane (€},€,) ,dSisis the elementary surface in the
plane (e),e;) and dSyis the elementary surface in the plane (&,,e,) ,and Also: dC;,dC,and
dC;are respectively their closed boundaries of the corresponding elementary surfaces in the
reference frame planes. These boundaries are outlines oriented anticlockwise when we are
observing the surfaces from the inside (center) of the reference frame.
dC1:K1>1Xd11X€2+K1>2Xd12X€3_K:3Xd13><é>2_K;1><d14Xé;
We prove that:  dC,=A) Xd, X &+A,Xd,,X&— A Xd,,X&,—A,,Xd,, X &, (139)
dC3:A31Xd31><‘3+A32Xdazxa_A33Xd33X‘§;_A34Xd34X‘Z
Where: dj is the elementary length of the elementary surface sides. And Aj is the field vector of
A that coincides with dy.
The boundaries are drawed by starting from the studied point M(x,y,z). Consequently, the sides of
the elementary surfaces have elementary sides d;; in common.

The Cartesian coordinates System (X,y,z):

0Cy by ¢y LIS
\'*' - '< = \‘ ) ? ; i ﬁ,7,7<-._ S
| | ! | |
(R A ~ | v
_q)\ 4 = M= | = Y ‘?f A
| f % dax | b |
| (3)3) | e Gy7)
{ \ f '73 - !
s £ 4 o~
5 € .

Fig.8 : The boundaries dC;, dC, and dC; of the cartesian coordinates.



In the figure 8: dS;;=dy.dz
and: dSi;=dx.dz
and dS;,=dx.dy
And: dC,=A, Xd X&+A,Xd,X&—~A,Xd X&—A,Xd, XE,
Consequently: dC,=—A, Xdz—A™ Xdy+A*, Xdz+A K Xdy
By following the same method we prove that:
dC,=—A Xdx—A*, Xdz+A* Xdx+A, Xdz
And: dC,=A Xdx+A* Xdy—A* Xdx—A, Xdz

0A
Where: A +y1=Ay1+—y1.dz

0z
d A+ =A oA, d
: =A,+—.
an z, z, ay y
0A,
and also: A* =A + *.dz
> 2 6Z
0A,
and: A*,=A,+ “.dx
2 2 ax
dalso: A* =A 08, d
: = + .
and also WAt ly
d A* =A +$ d
and: =AY S X

with: A,=A,=A, and: A=A =A and: A,=A,=A,
because the sides of the elementary surfaces have elementary sides d; in common.

0A 0A,
dClz—AZXdz—(Ay+ y,dz)><dy+(AZ+W.dy)><dz+Ay><dy

0z
A A
And thus: dCZ:—AXde—(AZ+a—XZ.dx)><dz+(AX+a—Zx.dz)><dx+AZ><dz
A OA,
dC3:AX><dx+(Ay+ axy.dx)Xdy—(AﬁW.dy)de—Azxdz

—-0A 0A, e .
Consequently: dC,= 5 y.dz><dy+a—.dy>< dz=rot AXiXdS,,
z y
where: dS;;=dy.dz

_aAZ aAX —_— -,
And: dC2=T.dz><dx+a—.dx>< dz=rot AX jXdS,,
X z

where: dS;=dx.dz

0A —— =
And also: dC,= 3 = dy X dx+ p Y dxXxdy=rot AXkXdS,,
y X

where: dS;,=dx.dy

—0A, 0A,
+

oz oy

We conclude finally that: r_o?_A:_aAZ.FaAX

ox oz

—0A, 0A,

oy +6x

(140)
(141)
(142)
(143)
(144)

(145)
(146)

(147)
(148)
(150)
(152)
(153)

(154)
(155)

(156)

(157)
(158)
(159)
(160)
(161)
(162)

(163)



The cylindrical coordinates system (p,©,z):

40 4G 4
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Fig.9 : The boundaries dC,, dC; and dC;of the cylindrical coordinates.
In the figure 9: dS,,=pXd ¢pXdz (164)
and: dS,;=dpXdz (165)
and: dSu:(p+d7p)><d§0><dp (166)
And: dC,=A,XpXdp+A*, Xdz—A* XpXdgp—A, Xdz (167)
And also: dC,=A, Xdz+A*, Xdp—A,Xdp—A*, Xdz (168)
And also:  dC;=A,xXdp+A*, X(p+dp)xd p—A*,xdp—A, XpXde (169)
0
. + — 4
Where: A*, =A, + L, do (170)
0A,
and: A+%=A¢1+a—z‘.dz (171)
0A,
and also: A*,=A, + azz.dz (172)
d A*,=A o4, d
and: = ZZ+W' P (173)
0A,
and also: A*,=A, + 6/007 dp (174)
and: A*,=A,+ 6;.de (175)
with: A,=A,=A, and: A,=A,=A, and: A,=A,=A, (176)

because the sides of the elementary surfaces have elementary sides d; in common.

dC,=A xpxdp+(A+

And thus:

0A
dC,=A xdp+(A +—==

Consequently:

dC,=—

0

dC,=A,Xdz+(A +8A
2=, 20 P 0z

op

[

.dzXpXd g+

0A,
—(p.d(p)XdZ—(A¢+

.dp)x

Where:

And:
Where:

dS,=pXd pXdz

—0A
dC,=—5

dS ;=dpXdz

0A
2. dzXdp+ p

0

VA

0A

0A
L. dz)Xdp—(A,+—=—=
dZ) dp ( z+ ap

A
L.do)

8
(o+dp)xd p—(A + "

0

V4

5o .d pXdz=rot AXe,XdS,,

.d pxdz=rot AXe,XdS,

L. dz)XpxXdp—A, Xdz
0z

. dp)Xdz—A,Xdp

Xdp—A, XpXdg
177)
(178)
(179)
(180)
(181)



And also:

—0A, 0A, 0A, —— =
dC3:T.d(p><dp+6—p.dp><p><d(p+( 3p )X dpxd p=rot AXkxXdS,, (182)
Where: dSlz—(p+—)><dq0><dp (183)
—-0A, 1 6A ——
Hence: . "7+ﬁ 5o “=rotAXe (184)
—0A, 0A, -
And: 6pz+ azp:rotAXE' (185)
. —0A, 2 aA 20 0A, 2dp ) =
And also: ) 2p+dp 6/0 2p+d,0+ 8/0 2p+dp+A("'2p+dp rot A Xk (186)
—0A, 1 0A,
oz o 5(P
. —0A, aA
We conclude finally that: rot A= op 8 7 (187)

-2 0A, 2(,0+dp) 0A,, 2
2p+dp’ a(p 20+dp " 0p 2p+dp’

@

b
The spherical coordinates(r,0,0): |
Ly 5 4Gy, > "\(3 g
a r® Y —> D, i s | —
t Fonn(8) .4V Ji
> | R4 39 i e
Ze ¥ 24y L
d
6.480).4Y
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Fig.10 : The boundaries dC;, dC, and dC; of the spherical coordinates.

In the figure 10:

h,X(rxd @xsin(6+d 6)+r xd @Xxsin(6 2 i 2 s 221
ds,, = (rxd gxsin : J+rxd gxsin( ))Z%XdQDXd49><(4(sin(«9+d«9)+sin(¢9))2—d(pzx(sm(g"'dg)@ sin (6)° "
(188)
Consequently, by considering that:
F(6)=(sin(6+d 6)+sin( ) (189)
. 2 . 2 2
and: G(H):(Sln(8+d0) sm(H)) (190)
do
r’ 3
We find that: dSZ3:Z><dq0><d¢9><(4F(t9)—dqasz(H))z (191)
We remind that the calculations from before gave:
d& de dée;
F(0)= (( oW, ) x(1— cos(20))+TX(1—T) X (1+cos(26))+(4—3d &+ —><d04——6) X d 6xsin(2 6)

(192)



And:

92 o 60t 1) 1+ L1240 1 L xanc

G(o

(193)
Also: dSl3:(r+d—2r)><sin(0)2><d(p><dr (194)
Andalso: dS,=(r d2r)><d6><dr (195)

We have: dC,=A,Xrxd 6+A+ Xrxsin(6+d0)xdp—A*,Xrxd 6—A,XrXsin(0)xd ¢

(196)
And:  dC,=A, xrXsin(0)xd g+A*, xXdr—A* X(r+dr)xsin(6)xdp—A, Xdr (197)
And also:  dC,=A, Xdr+A*,X(r+dr)xd 6—A*, Xdr—A,xrxd0 (198)
0A,
Where: A* =A, +—, 70 ".de (199)
A
and: A*,=A,+ 8(p1 do (200)
d al o4, d
and also: WA G, @ (201)
0A,
and: A* =A +——— or . dr (202)
0A,
and also: A +9’:A93+6—r3' dr (203)
0A,
and: A" =A + 88‘ do (204)
with: A=A =A, and: A,=A,=A, and: A,=A,=A, (205)
because the sides of the elementary surfaces have elementary sides d; in common.
And thus:

A .
a(pe.dq0)><r><d0—A¢><r><sm(8)><dqa

r)xd gXsin (0)X(r+dr)— A, Xdr

AW
+5g .dO)Xrxsin(6+d 0)xd p—( A+

dC,=A,Xrxd6+(A,

oA
dC,=A_Xrxsin(6)xd ¢+(Ar+w.d @)X dr—(

aA
dC3:Ar><dr+(AH+aA" dr)X(r+dr)xd6—(A, +5g- .dO)Xdr—A,xrxd 6o

or

(206)

Consequently:

04, 0A 04, 0A, o
dC,=(A,+ AT = d 0)xrxsin(g+d O)xd - A ><r><sm(0)><d(p o ——IXrxd pxdf=——" 5y “Xrxd gxd B+ A, XrX(sin(6+d6)-sin ))><d(/)+a .d0xrxsin(f+d 6)xd p=rot AXE,XdS,
(207)
2 1
Where: d523:%Xd(pxd49><(4F((9)—d(;02><G(49))2 (208)
And:
_0A, . 0A, _ I S
dCZ—W.dandr—A(stm(H)xdqaxdr— p= .(r+dr)xsin(0)xd gXxdr=rot AX e,xdS,,

(209)

Where: dSB:(r+d—2r)><sin(¢9)2><dq0><dr (210)

_6 JE——
Andalso: dCy=—57—. (r+dr)xd6+A,xdOxdr=rot AXe,xdS,, (211)



dr

Where: d512:(r+?)><d Ox dr (212)
We conclude that:
. - i s oA i
5t Axz = g;;\gx 1 A sin(0+d 6) sm(@)1 .\ agfp. sin (6+d 6) :
%x(4F(6)—d(p2><G(t9))2 %X(4F(0)—d¢ZXG(6))2Xd0 £X(4F(0)—d¢2xc(0))2
213)
Consequently:
. oA snlfde-s o o TR} i ;
rotAXe,:%X(—%—%%WXAﬁm(MH)Xa—f;):%xqu(%@xﬂn(ﬁ)w1—¥Xcos(6))+a—gx((1—%)><sin(6)+x1—%Xd6Xcos(0))—%—/;")
rX(4F(6)-d¢'xGl6)) rX(4F(6)-d¢'xGl6)
(214)
DA
—_—— A A
And: rot AXe,= 0% p— . —aa £ dr+dr (215)
sin(0)*x (r+4-) (r+7r)><sin(8) r (r+7r)><sin(6)
_aaAer r"x(r+dr) A
And also: rot Axe,= . 21
nd also: rot AXe, r + ar + ar (216)
r+— +— =
2 2 2

We conclude finally that:

: T X(AgﬂX(_—gHX sin(9)+\/l—¥x cos(6))+ aaj?g"’x((l—dz—HZ)Xsin(H)ﬂ 1—¥><d X cos(@))—%—’y)
X(4F(0)—-d ¢*XG(6))®

OA
rot A=
sin(@)zx(r+d—2r) (r+%)><sin(9) or (r+d—2r)><sin(0)
_0A QRuy(rygr)

00 . or A

dr dr dr

re— re— re—

2 2 2

(217)

Clarifications:

* During the study, we should replace by the field coordinates in the curl formulas
demonstrated above. Then, we integrate according to the studied part of the space when the
integration is possible.

* The operator curl informs about a part of the vicinity of a studied point. This part is the part
of the space in front of the studied point in the orientation of the coordinates system being
used.

* If a coordinate of the curl is positive, then the vector field A located at the studied point
vicinity that is perpendicular to that coordinate axis is a vortex field. The vortex is
anticlockwise around the positive coordinate axis.

» If that coordinate is negative then the vortex will be oriented clockwise.

» If that coordinate is null whereas the field exists, then the field will be uniform in the part of
the studied point vicinity concerned by the null coordinate.



4. The operator Laplacian:
Let’s consider a function of locations points: f:E->IR . Where E is the Euclidean space and the

function f is differentiable and thus continuous.
The Laplacian of fis: Af=div(gradf) .
The Cartesian coordinates System (X,y.,z):

of -~ Of - .- OA,6 0A,6 O0A,

grad f= f. e . : = L+

Vf =grad f= oy e, Py ¢, and: divA '+ 5 52

Where: A is a vector field.

Consequently: Af= _& f i f g f (218)
ox’ 8y 82

The cylindrical coordinates system (p,0,2):
Vi=giaar=9L g+2L

=gradf=-L.¢e +=LXx=.e +—L.¢
grad 1Y @

and: div_A:i (1+ @) Lo L4 (14— )x —=

P o op P Og 2p"" 0z
Where;: A is a vector field.
1 6f 0 f o’ of 8f
Consequentl A 1+ xX—L+ —>< 1+ 219
q y: f= ap ( 0 ) apz p 5(p ( Zp) PyE (219)

The spherical coordinates(r,0,0):

_f 1 9f > 1 of =
Vi= gradf— e+ xage+r sm(g)xﬁcp'e(/)

and:
1+ dr 1
= 2r _0A 1 dr,_ B(0) L0A 1, dr dr 1, 0A, 1 dr} _(4F(0)-d¢'xXG(6))
divA= X——2+A,X X——~+——XD(6 A X(—+=—)+—LX
v (r><51n( )) o (r Qr) sm() 00 () (r Zr) ( (4r2 Zr) r (2 2r)) sin(H)
Where: A is a vector field.
Consequently:
1_|_dr dr 1+dr 1
= 5 — g2 2
Af=(= 2r : Xaf af>< : r 5(6) o1 frxp(e)+(ﬂx(d_rz+i +af (1 dr) )X(4.F(0) 'dqo XG(6))
rixsin(6)? a¢* 90 "sin(6) o6 r or 4r* 2r or* 2 2r sin(6)
(220)

We remind that:

B(e):—dexSm(e)a\/l—%xszm(e>><cos(e):%“”9x(1—cos(z e))+\/1—¥><sm(z 0

And:
D(H):(l—%)ZXsin(6)+2d0x(1—#) \/1—%Xcos(8)+dﬁzx(l—¥) i;jgeg
AndAISO'

F(0=(2- 22 ) x(1-cos(26) + L x(1- L x 14cos(20) +(4-3d 42 x a6~ 1L i doxsin20
And:

c(e):s(ey:(%%)msme)x(¥—%)—%ms(ze)+%x\/1—¥><sm(4e) a1~ xsin 20
Clarifications:

* During the study, we should replace by the studied function f in the Laplacian formulas
demonstrated above. Then, we integrate according to the studied part of the space when the
integration is possible.



* If Af=0 then f behaves uniformly in the location that is immediately in front of the studied

point M.

e If Af>0 then a local minimum of f exists in the location that is immediately in front of the
studied point M.

* If Af<0 then a local maximum of f exists in the location that is immediately in front of the
studied point M.

*  When we are studying the Laplacian of a function f, the gradient vectors cross diagonally
the volume made by the elementary surfaces of the divergence.

Remark:
The results found should make the convinced readers change their vector and matrix calculations
especially with the famous navier-stokes equations.
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