Eckhard Hitzer and Stephen J. Sangwine, Exponential Factorization and Polar
Decomposition of Multivectors in C(p,q), p + q <=3, submitted to Adv. in Appl.
Clifford Alg., 2019, 18 pages.

Exponential Factorization and Polar Decom-
position of Multivectors in C(p,q), p+q < 3

Eckhard Hitzer and Stephen J. Sangwine

Soli Deo Gloria.

Abstract. In this paper we consider general multivector elements of Clif-
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1. Introduction

The polar decomposition can be thought of as related via matrix isomor-
phisms to a factorization into an orthogonal matrix (the reverse gives the
inverse of this factor) and a symmetric matrix (the corresponding multivec-
tor is self reverse, i.e. invariant under reversion).

Motivated by previous research into the polar decomposition of complex-
ified quaternions and octonions [18], we look for exponential factorizations of
general multivectors in Clifford algebras m € C(p,q), p+ ¢ < 3, m = RS,
with the inverse of the first factor R~! usually being given by reversion, and
the second factor S = S being identical to its own reverse (corresponding
to a symmetric matrix). We aim to split each factor further into elementary
exponential functions of simple blades, usually resulting in exponentials with
blades of all grades zero (scalars) to n (pseudoscalar) in the exponents. We
further gained motivation and insight from [4], where also a form of polar
decomposition is applied to rotors in C1(3,0) and Cl(4,1). Since the factor-
izations obtained, easily allow to express the multivector inverse (compare
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also [13]) by reversing factor order and signs in the exponentials, we also
provide these.

We treat the factorization in order of increasing dimension for Clif-
ford algebras Cl(p,q), p + ¢ = 1,2, and 3. The interesting cases of mul-
tivectors in C1(3,0) and CI(0,3) have important applications in the real
three-dimensional world (e.g. in physics and robotics, etc.) and in Clifford
analysis[5], and they are simpler than the case of mixed signature CI(2,1).
Then we treat the case CI(1,2) via the isomorphism Ci(1,2) = CI(3,0).
The case CI(2,1) follows last, since the mixed signature, and the presence
of null blades and idempotents needs more case distinctions. An appen-
dix features more technical details of Cl(2,1) regarding the isomorphism
Cl(1,2) = Ci(2,0) ® CI(1,0) and the use of idempotents, and multivector
norms in C1(2,1).

Apart from the standard involutions of main (or grade) involution m,
reverse m, and Clifford conjugation 7, we also refer to principal involution
(or transposition anti-involution) [1, 2, 3, 14] in real Clifford algebras) pi(m),
which is a combination of reversion and negating the sign of every basis vector
with negative square.

The paper is structured as follows. Section 2 begins with an elementary
demonstration of this factorization in C1(1,0) and CI(0, 1). Section 3 expands
this to the case of Ci(2,0). Applying the isomorphism CI(1,1) = CI(2,0),
Section 4 treats Cl(1,1), while Section 5 deals with C1(0,2) = H in analogy
to quaternions but also introducing an exponential factorization with blades
of grades zero, one and two in the exponents. Then we treat the factorizations
of multivectors in C1(3,0) and C1(0, 3) in Section 6. Next, Section 7 deals with
the factorization in Cl(1,2) by applying the isomorphism Cl(1,2) = CI(0, 3).
Section 8 explicitly treats multivector factorization in CI(2, 1), making use of
the isomorphism Ci(2,1) 2 C1(2,0) ® CI(1,0). Finally, appendix A provides
details of the isomorphism CI(2,1) = Ci(2,0) ® CI(1,0), including a look at
the role of idempotents in Cl(2,1) and norm definitions for multivectors in
Cl(2,1).

2. Factorization in Cl(1,0) and C1(0,1)

The algebra C1(1,0) is isomorphic to hyperbolic numbers. A general element
m € CI(1,0) is given by

m = mgy + mieq, e% =1, mg,mi €R. (2.1)
It can be expressed in the form
m = (4 aer)hi(er), (2.2)

such that 8 > |a| > 0, and hyi(e1) = %1 or hi(e1) = =£ez. This allows to
write m as product of exponentials

m = e*m’ = e* e hy(ey),

ap = 2 In(f% —a?), a; = atanh(a/p). (2.3)
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Regarding reversion symmetry we have
m=m. (2.4)
The inverse can be variously expressed as
mt=e 0 m = e . (2.5)

The algebra C1(0,1) is isomorphic to complex numbers C. A general
element m € C1(0,1) is given by

m=my+mie;, e =—1, mg,m; €R. (2.6)
It can therefore be represented in the polar form of complex numbers

@€y

m = e*m’ = e*e a=3In(md+mi), a1 =atan2(mi,mo). (2.7)

The multivector is again self reverse m = m, and the inverse can be written
in three different ways as

—1 — Q0

m~t=e"%m =e ™ m/ = e * pi(m). (2.8)

3. Factorization in C1(2,0)

A general element m € CI(2,0) can be represented as

m = mg + mie; + Mmaea + mise12,

mo, mi, ma,mip €R, €3y = —1. (3.1)
We can rewrite m as

li
m = mye; + maesy + mg + miseio = au’ + bR,

a=/m?+m3 b= /mi+mi,,
W' = (miey +maeg)/a, R=(mo+mizern)/b, u?=RR=1. (3.2)

If mieq + moes = 0 or mg + mize12 = 0, then the factorization is already
complete in the form

m = bR = e¥0e*2°12 ap = In(b), g = atan2(mqa, mp),
S=b=e, S=S5,
R=e@2 R loe¢g®n2_R_R= pi(R), m™'= e"R, (3.3)
or
m=av =e*u, af)=1In(a), m=nm,
Wl = = = pi(u)), mTl=e %, (3.4)

We therefore assume from now on that both mie; + moes # 0 and mges +
mize; # 0, and compute

m = au' +bR = (au'R™* +b)R = (au + )R,

u=1uR™' = Ru, u? =uu=1uu=uRRu =1 (3.5)
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We can therefore always rewrite m € CI(2,0) as
m = (8 + au)hi(u)R, (3.6)

such that 5 > a > 0 and hy(u) = 1 or hy(u) = u. This leads to the general
factorization (with R from (3.2))

m = e* e hy(u)e**1? = SR,
=1In(f% —a?), a; =atanh(a/B), g = atan2((R)2ey, (R)o),

Qo =
S =eeUhy(u), R=e"2%2 =81y,

[

—_— —_—
STl = em0emMUp (u), e M = emnu = g—a1u,

S=S, Rl'=e™2=R=R=pi(R), m '=RI'S (37

4. Factorizing Cl(1,1)
The isomorphism C1(2,0) = CI(1, 1) with

1=1, Ei=e1, Ea=e12, FEi12=cey, (4-1)
where {e1, e} is the orthonormal basis of R?, and {E;, F} is the orthonormal
basis of R11, allows to factorize m € CI(1, 1) by first isomorphically mapping
it to C1(2,0), factorizing it there (as shown above in Section 3), and map the

factorized result back to CI(1,1).
We get

4.1
m = mqg + m1E1 + m2E2 —+ m12E12 (:) mo +mie; +moei2 + Mige€s. (42)

To factorize this multivector mg + mie; + moeia + mizes in Cl(2,0), we
simply exchange the places of my and mj2 in (3.1) to (3.7). And finally
we map the factorization obtained back to CI(1,1) with (4.1). The inverse
will be with m = e®m/ : m™1 = e®m/. Viewed strictly in CI(1,1), the
exponential corresponding to e** will no longer have a single grade one
vector as argument, but a sum of vector plus bivector.

5. Factorization of C(0, 2)

Because of the isomorphism to quaternions C1(0,2) = H the result is straight
forward

7 )
m = mo + mie; + moes + mise1a = |mle®2’ = e*0e®2’
2 — 2 2 2 2
[m[” = mm = mg +mi +mj +miy, o= In(|m),
g e + maez + Mmigei2

- 2 2 2
Vmi +ms + mi,

ay = atan2(y/m?2 +m2 +m2,/|m|, mo/|m|),

m~ =m/|m| = e e, (5.1)
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Indeed any factorization known for quaternions H can be realized via the
isomorphism C1(0,2) 2 H in C1(0,2) as well.

Furthermore, we can factorize m € CI(0,2) in exponentials specified by
grade
m = eaoealueagelg

= e (cos a1 €os g + u Sin (g €os g + w eqg Sin (g Sin g + €19 €os @ sin ag),

u? = —1, u e R%?, (5.2)
by computing
Vmg + m%z)

Im| ’
_miep “+ moes

ap = In(|m]), Q= arccos (

as = atan(mya/mo), e~z (5.3)

|m| sin aq
For the factors S and R and for the inverse of m we then have, respectively,
S =eMent  §=§ §Tl= e a0y
R=¢*2 R '=R=R=pi(R) =e 2,
mt=R157L (5.4)
And no matter what factorization we choose (via isomorphism to quater-
nions, or directly as in (5.2)), after defining m’ = e~ *m, we can always

express the inverse multivector by

1

m= :m/|m| — e Q0 /—1 r—1

m/~t m/mt =m’ = pi(m)). (5.5)

6. Factorization in C(3,0) and C1(0, 3)

Unit vectors u, unit bivectors is, and the central unit pseudoscalar i = €103
in CI(3,0) square to

w?=+1, ii=-1, i2 = —1. (6.1)

Unit vectors u, unit bivectors is, and the central unit pseudoscalar i = €123
in CI(0, 3) square to

u? = —1 -1, i? = +1. (6.2)
The even subalgebras of both C1(3,0) and C1(0, 3) are isomorphic to quater-
nions H: Cly(3,0) = Cl3(0,3) = H. That means general multivectors m in

CI(3,0) and CI(0,3) can always be represented as complex (i*> = —1) or
hyperbolic (i2 = 4+1) (bi)quaternions:

-2
) l2

m = p+iq, (6.3)
where in both cases p and ¢ are (isomorphic to) quaternions
p
p = apeapip’ q — aqeaqiq’ ap’ aq E Ra_’ 2127 = Zg = —1’ (6.4)

with bivectors i,,i, € Cla(3,0) or € Cly(0,3).
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Remark 6.1. Note that for a; = 0 or ap, = 0 the factorization is already
achieved in the form of

m = apeapip = e gy =1n ap,
or m =ia,e*’n = ie®0eia of =1In aq. (6.5)
In the rest of this Section, we therefore assume that both a, # 0 and aq # 0.
Clifford conjugation maps
ip = —ip, ig = —ig, i — . (6.6)

Clifford conjugation applied to (6.4) is equivalent to quaternion conjugation.
Therefore we obtain

min = (p+iq) (P + iq) = pp + i*qq + 125 (7 + ¢p)
= af, + izag +i2apa4 cos(p, q) = ro +irg € R+ iR, (6.7)

and cos(p, q) being the cosine of the four-dimensional (4D) angle between
quaternions p, g, because %(p@ + ¢p) expresses the inner (or scalar) prod-
uct in four dimensions for quaternions. We thus have |cos(p, ¢)| < 1, which
means for the hyperbolic case (i = +1): 7o = a2 + a2 > [2apaq| > |r3| =
2|apaq cos(p, q)|.

We can always factorize mm and compute its square root as

mim = e 23t Vmim = e®0 et (6.8)

with
e = (rg — i2r§)i, g = %ln(rg —i%rd), (6.9)

and

1 { atan2(r3,r9) for m € CI(3,0) (6.10)

Y atanh(rs/rg) for m € CI(0,3)

Next, we devide m by the central square root vmm and obtain the normed
multivector

M= Lﬁ = me e (6.11)
mm
with unit norm
MM =1. (6.12)

The resulting form of M will therefore be (similar to (6.3) and (6.4))
M = P+Qi = ape®P'? +iage®?'? = PP (ap +iage” *P'Pe?'?) (6.13)
with

MM =1=ap +i’ap. (6.14)
The two quaternions P and () can be computed explicitly as
P = (M)even; Q= (M)oaai ", (6.15)

with amplitudes

ap =V Pﬁ, aQ = \/ Qi, (616)
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unit bivectors

2 . (P)y
(Pl = =PR in = (6.17)
(@l = V(@2 ig= Egijl, (6.18)

and phase angles
ap = atan2((P)aip", (P)o), aq = atan2((Q)2ig ", (@)o), (6.19)
Computation of M M yields
M M = e®P'P (ap +iage “P'Pe®@Q)(ap + iage Q'R PP )T PP
="' (a} + i2a2Q +iapag(e” PP el 4 eiO‘QiQ)eo‘Pip)efo‘PiP
=a% + i2a2Q +iapage®P'T (e *PIP QI 4 T OQIQAPIPYgTAPIP
(6.20)

Because M M = a% + iQaé = 1 we must have the second term in round
brackets to be zero

eTOPIPePQIQ | oTAQIQeAPIP — oTAPIPEAQIQ 1 (pTOPIPAQIQ)Y — (), (6.21)
We now analyze M further
M = ape®P'? +iage®?'Q® = PP (ap + agi(e” *PiretRie —())
(6.21) VPP (ap + aQi(e_o‘PiPeaQiQ — %e_apipeaQiQ — %(e_“PiPeQQiQ)N))
= eorir (ap + aQi%(e_aPiPeaQiQ — (e_apipeaQiQ)N)), (6.22)
where the term
%(e*a”“’eo‘@i@ — (e79PiPeriQ)™) = (g7 PP QiQ), (6.23)

is a pure bivector. Multiplied with trivector i we get a vector with length w
and unit direction u, u? = 1 for CI(3,0), and u* = —1 for CI(0, 3),

. _api . __.ap 1
wu = i(e” PP eIRRY, =4 o (P71Q),. (6.24)

Thus in full generality, the multivector M can be represented by

M ="' (ap+agwu) = (ap +agwu')e*"'P, u' = e*P'Pue PP, (6.25)
Note that unit vector u’, is simply a rotated version of u. Computing

MM = e*"'" (ap +aqwu)(ap —aquu)e” *F'F = ... = ap —uajw’, (6.26)

shows by comparison with (6.14), that w? = 1, i.e. w = 1. Without restriction
of generality, we can therefore express
M = e®P'?(ap + agu) = (ap + agu’)e®P'?,

MM = ap —v?ad) = ap —uagy =1, (6.27)
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TABLE 1. Multiplication table of C1(3,0).

1 e] () [} €12 €23 €31 €123

1 1 el e2 €3 €12 €23 €31 €123
el el 1 €12 —es1 €2 €123 —e€3 €23
e e2  —ei 1 €23 —e1 e3 €123 €31
e3 es €31 —e23 1 €123 —e€2 e1 €12
e12 | ei2  —e2 el €123 -1 —e31 e —e3
€23 €23 €123 —es3 €2 €31 -1 —€12 —e1
es1 | esn es3 €123 —e1 —e23 €12 -1  —e2
€123 | €123 €23 es1 e12 —e3 —e1 —ex —1

We thus end up with
M = ™20t = ¥ g02iz
- { atanh(ag/ap) for CI(3,0) }
atan2(ag,ap) for C1(0,3) [’
In total, we therefore have
m = Mv/mm = e*212e214e0 3

. . ’ . .
Q212 ealueagl — eOlO eozlu e()(212 eOé3Z. (6.29)

=e%e
We can further write
-~ ’ ’
m=SR, S=8=e%en? Gl wemrw
R —_ eazlge(x;}l’ R—l _ R _ e—afzzze—agz’

m~'=R71S7h (6.30)

7. Factorization of Ci(1,2)

The results of the previous section lend themselves to factorize multivectors
in CI(1,2) = CI(3,0), based on the isomorphism Ci(1,2) = Ci(3,0). We
list the multiplication tables, Table 1 for CI(3,0) and Table 2 for CI(1,2).
Cl(1,2) = CI(3,0) can be verified from Tables 1 and 2, which can be brought
into agreement by indentifying

1=1,FE =e1,Ey = e12, B3 = e31,

B3 = €2, Fa3 = e33, B3 = e3, F123 = €123, (7.1)

where {E1, Eo, E3} is the orthonormal vector basis of R1:? generating Cl(1, 2),
and {ej, ez, e3} is the orthonormal vector basis of R? generating C1(3,0).
Factorization of multivectors m € CI(1,2) can be achieved by mapping
m via the isomorphism (7.1) to its isomorphic counterpart m’ € CI(3,0),
then factorize m’ in C1(3,0), and finally map the factorized form back with
applying (7.1) again in reverse. In particular the unit vector u € C1(3,0) and
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TABLE 2. Multiplication table of Ci(1,2) = C1(3,0).

1 FE, FEio Fs1 FEo Ebs E3 E123
1 1 By Eis  Exn E> Ea3 E3 FEi23
Ey Ey 1 Es —FEs3 €2 Ei23 —FE31  Ea3
Fi2 | B2 —E» 1 Fas —Fi FEs FEi23 FEs
FEs1 | En FEs —Fo3 1 Ei23 —FEq2 FEr Es
Es Ey —-Ei2 Ei E;2z3 -1 —FE3 Es3 —Es
Foz | E23  FEi23 —E31  Eio Es -1 —-FE, —FE;
E3 E3 E3r  Eias —E1 —Es  Eo -1  —Ep
Ei23 | Ei23  Eas Es E, —E31 —-Ei —Eis -1

the unit bivector i5 in (6.29) become
U = ure] + uses + uses = U1E1 + U2E12 + U3E31, (72)

i3 = bige1a + bazeas + bzrez; = bio o + bazFaz + b3y B, (7.3)

with u2 +u3 +u2 =1, and b2, + b3; + b3, = 1.

Viewed strictly in Cl(1,2), the exponentials corresponding to e** and
e“2®2 will therefore no longer have a single grade one vector or a single grade
two bivector as respective arguments, but in both cases a sum of vector plus
bivector will appear as arguments.

8. Explicit approach for C1(2,1)

See Appendix A for the details of the isomorphism Ci(2,1) = Ci(2,0) ®
Cl1(1,0) and the role of idempotents in CI(2,1).

Let m € Cl(2,1), be a general multivector. We assume a factorization
into two factors m = RS with distinct symmetries under the reverse involu-
tion

R=R ' RR=RR=1, S=2&. (8.1)
We intend to write R and S in terms of exponential functions as
R = €2}y (ig)e** hy(i), S = e*e " hy (u), (8.2)

with four real phase angles {ag, a1, as, a3} € R, unit vector u € RP*9, unit
bivector iz € Cla(p, q), and unit pseudoscalar i = eja3, 2 = 1. The four phase
angles, the vector v and the bivector i3 can be determined as explained below.

Remark 8.1. Because hyperbolic elements with positive square, like u = ey,
19 = eg3 0T 1 = e123 may occur, the factorization may require additional fac-
tors {£1, du, 4ig, i}, encoded in {hy(u), ha(iz), h3(i)}, hi(u)? = ha(iz)? =
h3(i)2 =1, hl(u)_l = h1<u), hg(i2>_1 = hg(ig), hg(i)_l = h3(i), needed
to cover all four segments of the respective hyperbolic plane, divided by the
asymptotic lines through the origin in the directions 1 £u, 1 +1i9, and 1 +1.

Remark 8.2. After establishing the explicit forms of R and S in (8.2) as
detailed below, the computation of the inverse of m is straightforward, as
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C|If7';?£q él%,,_z%l%,7 1815@196:8-6_&21'2 ho (iz)e—agihg(i) _ e—(xgihB (i)e—(xgig ho (iz),

STl = e Mty (y). (8.3)
First, we compute the product of the reverse of m with m
— ~— -~ -1,
mm = (RS)RS = SRRS =SS =S5*=a+bu, w*=¢{ 0, , (84)
+1.

where a,b € R. We assume that S? # 0. But note that there are multivectors
with zero square, e.g. e1+e3, (e1+e3)™ = e1+es, (e1+e3)~ (e1+es) = eF+e3 =
1—1 = 0. Therefore for S? = 0, m will have null vectors like e; +e3 as factors.
These could be removed by contraction with (e; — e3)/2 = pi(e; + e3)/2,
because (e1 +e3)](e1 +e3)/2= (e —€2)/2=(1+1)/2=1.

Note that mm = S? is self reverse. That means it must be composed of
scalars and vectors. The vector part bu = (S2); of S? yields for (bu)? # 0,

52
“= g (8:5)
For unit vector u, u?2 = —1, we compute
e’ =a’+b°, ag=1In(a®+b?), o = jatan2(b,a), (8.6)
§?% = g2t — o200 (cog(20 ) 4+ usin(20)), S = e*0e™Y, (8.7)
R=mS™ ' =me e ™% RR=1. (8.8)
The combination! aju for u? = 0 can be defined as
o = %%, ap = $In(a), S% =" =**(14 2a1u), (8.9)
S =e%e®  R=mS ' =me e % RR=1. (8.10)
For u? = 1 we can always rewrite S? € R + uR in one of four forms
S%=+(B+au) or S%==£(B+ au)u, (8.11)
such that 8 > |a| > 0. Then we can determine
el =B —a? ap=1iln(p®—a’), o = iatanh(a/B), (8.12)
S§% = e20e21up ) (y),  hy(u) = +1 or +u. (8.13)
We will divide m only by e®0e®*  which results in
R=me “e "% RR=hy(u). (8.14)

1We can exclude the case of S = a+a, a € R, a € RP9, §2 = (5§2); # 0, S* = 0, because
S2 = (a+a)? = a? + 2aa + a® = 2aa means a? = —a?. And if a would square to zero
(necessary for S* = 0), then also the real scalar o would have zero square, therefore «
itself would be zero. But then S = a, and S? = 0, contrary to the assumption S2 # 0.
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R= eadzhg( ) aﬂzhg(lg)
cos(ap) +igsin(ag), ha(iz) =1, (R)2 <0,

= (Chag + iShag)hg(i) 14+ asio, hg(iz) =1, <R>% =0,
(ch(ag) + iz sh(az))ha(iz), (R)2 >0,

(8.15)

because i> = +1 in CI(2,1). For brevity, we also use the notation c3 =

cosh(as) and s3 = sinh(as). Further expanding R gives (ordered by grade
from 0 to 3) for (R)2 < 0

R = (c3cosag + sgsin(az) éia + czsin(ag )iz + s3 cos(ag)i)hg(i),  (8.16)
for (R)3 >0
R= (Cg chag + s3sh(ag) iia + c3 sh(az)ia + s3 Ch(ag)i)hg(i)hg(ig), (8.17)
and for (R)2 =0

R = Ch(ag) + Sh(OLg) (%) ig 1+ Ch(Oég) (6%) iz +1 Sh(Otg). (818)
For (R)3 # 0 we can compute
: (R)2
19 — (819)
[(R)2|
This allows us to compute for (R)3 < 0
1
tan g = <J2§>22 , az = atan2((R)ai5 ', (R)o). (8.20)
0

We can immediately divide R by e*2%2 to obtain a linear combination of scalar
and trivector, that can be expressed as

Re=** ={b+ai or (b+ai)i} = (b+ ai)hs(i), (8.21)
such that b > |a| > 0, and h3(i) = 1 or h3(i) = i. Note that an overall sign
will already be accounted for in e*2%2, i3 = —1. Next we compute

ag = atanh(a/b), (8.22)
and finally obtain the total factorization
R = eo2iz { Zzw or } — o2z aal (7). (8.23)

For (R)3 = 0 it is easier to first analyze the combination (R)q + (R)3 in
the form of

o+ (e ={ TETED T b= ramm, s

2The case of (R)3 = 0 can only occur for ag = 0, and then simply chas = cosh0 = 1,
shas = sinh 0 = 0.
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such that 8 > |a| > 0, and four possible values for h3(i) = 1 or hs(i) = %i.
We then obtain

a3 — atanh(a/B), (R)o+ (R)s :{ if:a or } — ihg (). (8.25)

Next, we divide R by the central factor (R)g + (R)3 to obtain
R((R)o + (R)3) " =1+ agia,  agis={(R{(R)o+ (R)3)™"),. (8.26)

Therefore for (R)3 = 0 we obtain the total factorization of R as

. +et  or
R = (1 + 04222) { 4 st }
= (1 4+ agiz)e®hz(i) = e**"2e*3 h3(i). (8.27)
For (R)2 > 0 we can ignore a total sign common to (R)o and (R)s,
which can be taken into account later in connection with the e®3* factor. So

we assume without loss of generality, that we can bring (R)g + (R)2 in the
following form

(R)o + (R)2 = {a+biy or (a+bis)iz} = (a+ biz)ho(is), (8.28)

with a > |b| > 0, and hg(iz) = 1 or ha(iz) = i2. We can then compute the
cosh ag-factor common to (R)o and (R)s by

coshaz = v/a? — b2 (8.29)

Furthermore we get

ag = atanh(b/a), (8.30)
and hence
<R>0 + <R>2 = t coshag { Za;z 7Z_2 ' } = tcoshas e@2i2 hg(iz). (831)
Next we divide by e®2%2hy(i3) to obtain
ani ) +(8+ i), or . .
212 J— J—
Re hQ(’Lz) = { :l:(ﬁ + OéZ)Z } S (ﬁ + al)h3(1)7 (832)

such that § > |a| > 0, and hs(i) = £1 or hs(i) = £i. Using «, 5 and hs(i)
we compute

ag = atanh(a/p), (B + ai)hs(i) = e***h3(i). (8.33)
Thus the full factorization of R for (R)2 > 0 results in
R = e™2™2¢%" hy(ig)h3(i). (8.34)

In this way we have been able to explicitly compute the four real phase
angles {ag, a1, ag, a3} € R, unit vector u € R4, unit bivector i € Cla(p, q).
For the special cases of a null vector u # 0, u?> = 0, we only obtain the



Polar Decomposition 13

Eckhard Hitzer and Stephen J. Sangwine, Exponential Factorization and Polar
DecorhpdsitionohMidtivectorSimiCinp fog e=81lkubritted to AdV, ifs Appl, We
Clisfasdodlgin2fikOpi&lpagesmbination awgis.

m = e®22e%3% Iy (i9) hy(i)e0 e hy (u)

= ™0 €222 Iy (ig) ™1 hy (u) €2 hy(i). (8.35)

9. Conclusion

In this paper we have considered general elements of all Clifford algebras
C(p,q), p+ q < 3, and studied multivector equivalents of polar decomposi-
tions and factorization into products of exponentials, where the exponents
are frequently blades of grades zero (scalar) to n (pseudoscalar). Depending
on the algebra, we used methods of direct computation or applied several
isomorphisms, to simplify the computation at hand or make use of known
results in isomorpic representations. It may be possible in the future to ex-
tend this approach to even higher dimensional Clifford algebras. The present
work can e.g. be applied in the study of Lipschitz versors, see e.g. E.4.2 in
[19], pinor and spinor groups, etc.
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Appendix A. Properties of Cl(2,1)

A.1. The isomorphism CI(2,1) = CI(2,0) ® CI(1,0)
The multiplication tables for C1(2,1) (Table 3) and tensor product C1(2,0)®
Cl1(1,0) (Table 4) are seen to be isomorphic by indentifying

(]—a 1) = ]-, (El» ]-) = €1, (E27 1) = €2, (7E12a h) = €3,
(Er2,1) = eq2, (E1, h) = eas, (B2, h) = e31, (1, h) = ejas, (A1)



Polar Decomposition 15

TABLE 3. Multiplication table of CI(2,1).

1 el () es €12 €23 €31 €123

1 1 el e2 €3 e12 €23 €31 €123
e1 e1 1 ez —es1 €2 €123 —e3 €23
€2 ea  —e1s 1 €23 —e1 es €123 €31

e3 es es1 —e23 —1  eio3 €2 —e1 —€12
e12 | ei2  —e2 el €123 -1 —e31 e —e3
€23 €23 €123 —es —€2 €31 1 €12 €1
es1 | esn es3 €123 e1 —e23  —e12 1 €2
€123 | €123 €23 es1  —el2  —e3 el €2 1

TABLE 4. Multiplication table of CI(2,1) 2 C1(2,0) ® CI(1,0).

(1,1) (F1,1) (E2,1) (—E12,h) (E12,1) (E1,h) (E2,h) (1,h)
(1,1) (1,1) (F1,1) (E2,1) (—E12,h) (E12,1) (Ei,h) (E2,h) (1,h)
(Er,1) | (B1,1)  (1,1) (Ei2,1) (=E2,h) (E2,1) (1,h) (E12,h) (E1,h)
(E2,1) | (F2,1) (—E12,1) (1,1) (E1,h) (—FE1,1)(—Fi2,h) (1,h) (E2,h)
(=E12,h)(=E12,h) (E2,h) (=E1,h) (=1,1) (1,h) (E2,1) (—=E1,1)(—=E12,1)
(F12,1) | (B12,1) (—=FE2,1) (F1,1) (1,h) (=1,1) (=E2,h) (E1,h) (Ei2,h)
(Ev,h) | (E1,h)  (1,h) (Ei2,h) (—E2,1) (E2,h) (1,1) (Ei12,1) (E1,1)
(E2,h) | (B2,h) (—E12,h) (1,h) (FE1,1) (—FE1,h)(—Ei12,1) (1,1) (E2,1)
(L,h) | (L,h) (E1,h) (E2,h) (—Ei12,1) (E12,h) (E1,1) (E2,1) (1,1)

where {e1, ez, e3} € R%! generate Cl(2,1), {E1, E2} € R? generate Cl(2,0),

and h € R! generates CI(1,0).
That means a multivector in CI(2,1) can be expressed via the isomor-

phism as
m = mo + mier + Mmaez +Mm3ze3 + mi2e12 + Mazez3 + M31€31 + M123€123
= mo +mie1 + maeg + Mmizeiz + (Mi23 + mazer + ma1ez — maeiz)eizs
N
m' =mg(1,1) + m1(F1,1) + ma(Ea, 1) + mi2(E12,1)
+ maas(1, h) + mas(E1, h) + ms1(E2, h) + ms(—E12, h)
= (mo + m1E1 + maFEy + mi2Eq2,1)
+ (mi23 +ma3zEy + ma1 By — m3Ei2, h)

=@ 1) +(ah), (A.2)
with p,q € Cl(2,0)
p=mo+miE1 +maoFEs +mi2E2,
q = mi23 +maz By +m3z1Ey — m3Ei. (A.3)

A.2. Taking idempotents of Cl(2,1) into account and multivector norms

Finally, we add some considerations that take the idempotent structure of
Cl1(2,1) into account. Using Clifford conjugation (combining reversion and
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grade involution) allows to compute, see (6.2) in [13],
mm =1y +irs € R +iR. (A.4)

For Ci(2,1) the pseudoscalar squares to i2 = +1, and computation
of the square root of mm requires rog > 0 and |rs| < r¢. The idempotent
representation

14 1—i
id, = ;”, id_ = 22, idy +vid_ =1, id, —id_ =1,
id% =idy, id> =id_, idyid_ =id_idy =0, (A.5)

leads to
ro+irs = ro(idy +id_) + r3(idy —id_) = (ro + r3)id4 + (ro — r3)id_
= Vo 73 idy +\/To — 75 id_
= (V7o ¥ r3idy + Vo —13id_)? = \fro + i3 (A.6)

And the two coefficient square roots /rg + r3, /o — r3, can only be com-
puted if rg+73 > 0 and rg —r3 > 0, that means rg > |r3| > 0. Graphically, in
the 7o, r3-plane, the square roots of ro+irs can be computed in the cone (seg-
ment of the plane, symmetric domain around rg-axis, ro > 0) with rq > |rs|,
if we want to avoid the use of complex square roots.

Assuming for CI(2,1), that r¢o > |rs| is fulfilled, we can compute

vmm = +/rg + r3idy + /1o — r3id_
= L(Vro+rs+ro—r3) + 5(vro + 75 — Vro — r3)i. (A7)

This can be represented as exponential by computing

1
er = (7“3 — rg) 4 = iln (r% — T%), (A.8)
a3 = 3 atanh(rz/ro), Vmim = e®0 e, (A.9)

Since ro > |rs| is restrictive to only one of four segments in the hyper-
bolic rg, r3-plane, it is of interest to investigate the other three segments of
the 79, 3-plane. We now show, that even for i> = +1, the linear combination
ro + ir3 always can be cast into exponential form and additional factors +1
or +i as follows.

For r3 = 0, we will either have o = 0 (origin of the rg, r3-plane, then
m has zero determinant, and also no inverse), or we can represent the real
scalar (on the ro-axis) as mm = roy = e?@°.

The more interesting case r3 # 0, assuming 0 < a < 3, leads to one of
the following five situations
mm = tai (here rg = 0)

mm = [+ ai
mm=—0Fwi = —(f + «ai)
mm = ta + fi = (8 + ai)i
mm = Fa — fi = —(f £ ai)i
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For the first item, we can compute e2* = a, ag = % In(«). For the remaining
four items we can always compute a3 = Satanh(+a/3) and ap = 1 In(8? —
a?). We can therefore represent mm, in one of the following three forms

mm = +ie*™ or (A.10)
mm = + e (cosh(2a3) + isinh(2a3)) = + e**0e2*3¢ or (A.11)
mm = +ie** (cosh(2a3) + i sinh(2a3)) = i e?*0 237, (A.12)

Since i with 72 = +1 has no square root, only the second line allows to directly
compute the square root of mm. Note, that the negative sign in —e2®0e23?
would necessitate the use of the complex imaginary unit I € C, I? = —1,
which would necessarily drop out in the total factorization, because m is
assumed to be real from the very beginning. We observe, that the third line
subsumes the first when az = 0.

The square root of the exponential factors e2*0e2?3? can always be taken,
using ag and as. We may therefore define for i2 = +1 the special norm

Im|y = Ve2aoe2asi = g0t (A.13)

Division of m by this special norm leads to

m — ‘ +1,
M+ = m, M+ M+ = hg(l) = { +i (A14)

Finally, some further insights, which may be worth noting, can be gained
by changing again to the isomorphism view point Cl(2,1) = Cl(2,0) ®
Cl(1,0). Every m € C1(2,1) can be written as

m = mo + mie1 + moez + mae3 + Mmi2e12 + Mazeaz + Mz1€31 + Mi123€123

= mg + mier + maea + miseis + (Migg + Mmaszer + mziea — Mzeiz)eras,

(A.15)

or with p,q € Cl(2,0),
p = mg + miey + moeg + mizeqa, (A.16)
q = mi23 + mazer + M€z — Mm3eq, (A.17)

as hyperbolic (i = 1) linear combination of two multivectors in C1(2,0) with

m=p+1q. (A.18)
The product mm gives
mm = pp + qq + 2i3(pq + ¢p), (A.19)
where
PP =Py + Py — Pt —ph =Dp, 44 =qq, (A.20)
%(P@ +qP) = poqo + p12q12 — P11 — P2G2 = %(ﬁq +gp). (A.21)

Therefore we also have

mim = p + Gq + 2i3(pg + gp) = mm. (A.22)
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A non-zero product mm can always be represented as
, +1 . .
wam = (8-+ai) { 5} | =3+ i), (A.23)
with 8 > |a| > 0, and hs(i) = £ or hg(i) = £i.
For hs3(i) = 1, we have

mim = e2*0 23t Vmi = e et (A.24)
and obtain the multivector factor M of unit norm (using Clifford conjugation)
m JE—
M=— MM =1. A.25
Vmm (4.25)
We can express M as
M =P+ Qi, (A.26)
with
P = MO + M1€1 + MQSQ + M12612, (A27)
Q = M3 + Mazer + Mziea — Mzeqa, (A.28)
and because of MM = MM = 1 have
PP+QQ=1 3(PQ+QP)=3PQ+QP)=0, (A.29)
that means o _
PQ + PQ = PQ + PQ = 0. (A.30)

Assuming that PP is not zero (i.e. P is invertible) we can rewrite

M =P(1+iP7'Q)=P(1+ i%ﬁ@) =P(1+ i;—?(ﬁc} —-0))

L
= P(1+i==(PQ - }PQ - 1QP))

— PO+ i%%(ﬁ@ —QpP)). (A.31)
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