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Abstract

We present a novel formulation of particle physics that dispenses with
space-time derivative operators in favour of null cone integrations. It is
shown that the loss of locality incurred is compensated by gains in con-
ceptual and mathematical simplicity, the absence of non-physical gauge
degrees of freedom and the concomittant complications of ghosts etc..
Central to the formulation is a dimensionless homologue of the Lagrangian
density, formed from integrals of scalar product terms over null cones. In-
stead of covariant derivatives, the gauge fields are represented by rotations
over the simple product of the internal and Lorentz symmetry groups. We
demonstrate that application of a variational principle to this quasi-action
functional yields essentially the same equations of motion as the SM. As a
consequence of the enlarged symmetry group, the primordial electroweak
Higgs field is shown to be the origin of all bosonic degrees of freedom, not
just the Goldstone modes, prior to the symmetry breaking that reduces
it to an isospin carrying scalar.
Although this paper is restricted to considerations of leptons and the elec-
troweak SU(2)L × U(1)Y symmetry group, the extension of the method
to quarks and SU(3)C ⊂ SO(10) would appear to be straightforward and
will be the subject of a subsequent paper.

1 Motivation

Its magnificient successes notwithstanding, the Lagrangian of the Standard
Model is clearly not the final word in mathematical representation of the phys-
ical world. There is however currently no empirical evidence in favour of any of
the (mostly SUSY-based) models that still remain standing after the complete
lack of evidence for any BSM particles at the LHC and elsewhere. It therefore
behoves us to subject the a priori assumptions of the lagrangian model to the
minutest scrutiny. One such assumption, sacrosant since at least the 1930s,
is that the space-time derivatives of particle fields are as fundamental as the
fields themselves. For example, QFT treats fermionic ψ and ∂µψ as conjugate
variables. If however one looks at the Minkowskian geometry of space-time
with an unprejudiced eye, this equality of status appears to rest on a somewhat
shaky foundation. Specifically, it could be argued that, in order to synthesize
∂µψ(x), nature needs to have knowledge of ψ(x) at 8 infinitesimally separated
field points xµ±δxµ. But of these 8 points, only one lies within the past cone of
the causally connected past. The derivative field value ∂µψ therefore contains
contributions that are causally unrelated to one another. Thus ∂µψ would ap-
pear to be inherently less fundamental object than ψ.
This misgiving concerning derivative fields has led me to look for a formulation
of particle physics that is (initially) innocent of space-time derivatives but from
which the familiar differential equations of motion emerge naturally. The obvi-
ous candidate tool was the null cone, on account of its intrinsically Minkowskian
geometry and nice fourier properties, which we summarize in the next section.
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2 Fourier properties of null cones

Consider a complex spinor Λ =
(
λ1 + iλ2, λ3 + iλ4

)
of metric dimension + 1

2 ,
with a U(1) degenerate mapping onto the past null cone with vertex at the
origin of x:

xµ = Λ†σµΛ

dΛ =

4∏
i=1

dλi = 2πδ(t2 − r2)d4x = 2π
d3r

r

It can be shown that, for all k2 6= 0∫ 0

−∞
e−ikνx

ν

dΛ =
1

k2
(1)

and ∫ 0

−∞
xµe
−ikνxνdΛ =

2ikµ
k4

(2)

The product of two Λ cones maps onto (xµx
µ > 0) space-time with a U(1)L ×

SU(2)× U(1)R degeneracy:

xµ = x1,µ + x2,µ = Λ†1σµΛ1 + Λ†2σµΛ2∫∫
e−ikνx

ν

dΛ1dΛ2 =
1

k4
(3)

dΛ1dΛ2 = 4π2d4x

So, for an arbitrary field f :

f = ∂ν∂
ν

∫
fdΛ =

1

2
∂µ∂ν∂

ν

∫
fxµdΛ = (∂ν∂

ν)2

∫∫
fdΛ1dΛ2 (4)

3 Fermions on cones

Consider the following dimensionless analogue of the lagrangian density for a
multiplet of a freely propagating Dirac fermions with a diagonal mass matrix
m:

Qf =

∫
ixν
[
ψ†LσνψL + ψ†Rσ̃νψR

]
dΛ−

∫∫ [
ψ†LmψR + ψ†RmψL

]
dΛ1dΛ2 (5)

If we suppose that the “quasi-action” Qf is invariant w.r.t. variations in ψ and
ψ† then:

∂Qf
∂ψ†L

= 0 =⇒
∫
ixνσνψL dΛ−

∫∫
mψR dΛ1dΛ2 = 0 (6)

∂Qf
∂ψ†R

= 0 =⇒
∫
ixν σ̃νψR dΛ−

∫∫
mψL dΛ1dΛ2 = 0 (7)

=⇒

{∫∫
[iσν∂νψL −mψR] dΛ1dΛ2 = 0∫∫
[iσ̃ν∂νψR −mψL] dΛ1dΛ2 = 0

(8)

..where we have used (4).
For typographical reasons, we will formally omit the implicit integration mea-
sures dΛ and dΛ1dΛ2 for the rest of this paper.
Although the fermion masses m are constants in the present epoch, let us con-
sider a primitive earlier state in which they are in the form of a Higgs-type field
Φ that couples fermions of opposite chirality. Dimensional and renormalizability
considerations lead us to consider the following general form for the quasi-action
of the combined lepton + electroweak Higgs fields system:

Qlφ =

∫ [
ixν [ψ†Lσ

νψL + ψ†Rσ̃
νψR] + 〈0|Φ†Φ |0〉

]
−
∫∫

ψ†LΦYψR + ψ†RΦYψL + 〈0|
[
µ2Φ∗Φ− λ(Φ∗Φ)2

]
|0〉 (9)
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where µ has the dimensions of mass and λ is a dimensionless self-coupling con-
stant and Y is a (diagonal) matrix of Yukawa coupling constants.

4 SO(6) × SO(3,1)

The fermions of one family can be assigned to the 16 ⊕ 16 (complex spinor
representation) of SO(10) and the leptons of one family to the 4 ⊕ 4 of an
SO(6) subgroup[1]. By including spin as an extra rank, the fundamental adjoint
representation becomes the product of Lorentz and internal charge symmetry
operations. Representing the SO(8) vacuum by |0〉 (≡ |0, 0, 0, 0〉) with the
orthonormality property:

〈0| τa × τb × τc × σd |0〉 = δ0aδ0bδ0cδ0d

..where we have used σν rather than 1
2τν in the 4th rank so as make a clarifying

distinction between charge and spin spaces.
We have fermions: 

ν̂L↑ |0〉 = |−1,+1,−1,+1〉
êL↑ |0〉 = |+1,−1,−1,+1〉
ν̂R↑ |0〉 = |−1,−1,−1,+1〉
êR↑ |0〉 = |+1,+1,−1,+1〉

(10)

The conserved hypercharge, isospin and electric charge operators are:
Y = [τ0 × τ0 × τ3 × τ0]− 1

2 [τ0 × τ3 × τ0 × τ0]− 1
2 [τ3 × τ0 × τ0 × τ0]

T3 = 1
4 [τ0 × τ3 × τ0 × τ0]− 1

4 [τ3 × τ0 × τ0 × τ0]

Q ≡ 1
2Y + T3 = 1

2 [τ0 × τ0 × τ3 × τ0]− 1
2 [τ3 × τ0 × τ0 × τ0]

In the chiral representation of the first two ranks of this algebra:

ψ ≡
(
ψL
ψR

)
≡


νL
eL
νR
eR


and the field introduced in (9) has the following 16 complex components:

Φ = φµν [τ1 × τµ × τ0 × σν ] (11)

where µ, ν = {0, 1, 2, 3}.
Invoking the invariance of QlΦ w.r.t. each component of Φ, we have:

∂Qlφ
∂φ∗µν

= 0 =⇒ φµν =

∫
[µ2 − 2λ(φ∗νµ φµν)]φµν dΛ (12)

The only solutions of (12) are the trivial φµν = 0 or1 µ2 ≈ 2λφ∗νµ φµν .
We suppose that at some point in the early universe, the underlying symmetry
of Qlφ was broken by φ00 acquiring a real v.e.v. v =

√
µ2/2λ.

With φ00 ≡ v + h we have:

∂µ∂
µh = −2λ[v2h+ 3λvh∗h+ λh∗h2] (13)

...which describes a scalar particle with effective mass MH =
√

2λ v and tri-
and quartic self-interactions.
The v.e.v. of the Higgs field in the same representation as (11) is:

Φ0 = (v + h)[τ1 × τ0 × τ0 × σ0]

In a generalization of the Goldstone mechanism, the remaining 15 components

1The cosmological ΣψY ψ charge term is negligible compared to each of the static LHS
terms, so the approximation holds to a very high order of accuracy
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can be expressed as non-unitary rotations of Φ0 in the SU(2)×U(1)×SO(3, 1)
space. In the representation space of the leptons:

Φ = e−Θ∗
Φ0e

Θ ≡ (v + h)

(
e−Θ∗

L 0

0 e−Θ∗
R

)(
0 1
1 0

)(
eΘL 0

0 eΘR

)
= (v + h)

(
0 eΘR−Θ∗

L

eΘL−Θ∗
R 0

)
(14)

Φ† = (v + h∗)

(
0 eΘL−Θ∗

R

eΘR−Θ∗
L 0

)
The Yukawa terms in (9) are formally independent of the proto-Higgs field
components when expressed in terms of transformed fermions ψθ defined by the
counter-transformation:

(
ψLθ

ψRθ

)
≡

(
eΘL 0

0 eΘR

)(
ψL

ψR

)
(
ψ†Lθ ψ†Rθ

)
≡
(
ψ†L ψ†R

)(e−Θ∗
L 0

0 e−Θ∗
R

) (15)

=⇒ ψ†LΦYψR + ψ†RΦYψL ≡ ψ†LθΦ0YψRθ + ψ†RθΦ0YψLθ

The effective low energy chiral (L,R) couplings for the SU(2) and U(1) sub-
groups are respectively (g, 0) and (g′, g′) so we define:

ΘL ≡ i
2

(
gw3

ν − g′bν gw+
ν

gw−ν −gw3
ν − g′bν

)
σν

ΘR ≡ i

(
0 0

0 −g′b∗ν

)
σ̃ν

(16)

with ν = {0, 1, 2, 3}.
As will be shown below, the w3

0 and b0 components correspond to the number of
electroweak charge quanta and the w±0 components correspond to the number of
isospin-changing events. Assuming that the universe as a whole is uncharged,
the said components will all be zero, allowing us to replace the ν index by
j = {1, 2, 3} in the following expansion:

〈0|Φ†Φ |0〉 = |v + h|2
[
4 + Tr

[
(Θ∗R −ΘL)2 + (Θ∗L −ΘR)2

]
+O(g4) +O(g′

4
)

]
≈ |v+h|2

[
4−Tr

[
−gw3

j + g′bj gw+
j

gw−j gw3
j − g′bj

]2

+

[
gw3∗

j − g′b∗j −gw+∗
j

−gw−∗j −gw3∗
j + g′b∗j

]2]
= 4|v + h|2

[
1−

[
(g2 + g′

2
)(z2

j + z∗2j ) + g2(w−j w
+
j + w−∗j w+∗

j )
]]

(17)

where aν , zν are related to w3
ν , bν by the Weinberg rotation:(

zν
aν

)
=

(
cos θW − sin θW
sin θW cos θW

)(
w3
ν

bν

)
, tan θW =

g′

g

In terms of these new variables, and using for convenience:
q ≡ g sin θW

g2
z ≡ g2 + g′

2

g′z = g cos θW − g′ sin θW
(18)

... (16) becomes: 
ΘL = i

2

(
gzzν gw+

ν

gw−ν −2qaν − g′zzν

)
σν

ΘR = i

(
0 0

0 −qa∗ν + g′ sin θW z
∗
ν

)
σ̃v

(19)

4



Rewriting (9) in terms of these transformed fields, together with additional
bilinear boson propagator terms Qb

Q ≡ Qb +Qlφ ≡
1

2

[
aνa

ν + a∗νa
ν∗ + zνz

ν + z∗νz
ν∗ + w+∗

ν w−ν∗ + w−∗ν w+ν∗]
+

∫ [
ixν [ψ†Lθe

Θ∗
Lσνe

−ΘLψLθ + ψ†Rθe
Θ∗
R σ̃νe

−ΘRψRθ]

+

∫
|v + h|2

[
1−

[
(g2 + g′

2
)(z2

j + z∗2j ) + g2(w−j w
+
j + w−∗j w+∗

j )
]]

−
∫∫ [

ψ†Lθ[v + h]YψRθ + ψ†Rθ[v + h∗]YψLθ

+ λ

∫∫
2v3(h+ h∗) + 5v2|h|2 + 2v|h|2(h+ h∗) + |h|4 (20)

We suppose that (20) expresses the complete quasi-action for the leptonic elec-
troweak sector and that the independent fields (for the purposes of the varia-
tional principle) are ψθ, ψ

∗
θ , aν , wν , zν and h.

5 Electrons and photons

With zν = wν = 0, (19) reduces to:
θL →

(
0 0

0 −iqaνσν

)

θR →

(
0 0

0 −iqa∗ν σ̃v

) (21)

electrons are decoupled from neutrinos:

(
eLθ

eRθ

)
→

(
e−iqa·σ 0

0 e−iqa
∗·σ̃

)(
eL

eR

)
(
e†Lθ e†Rθ

)
→
(
e†L e†R

)(e−iqa∗·σ 0

0 e−iqa·σ̃

) (22)

and (14) reduces to Φ→ Φ0

The part of Q that is dependent upon aν , eL and eR is just:

Qa =
1

2
[aνaν + aν∗a∗ν ] +

∫
ixν [e†Lθe

iqa∗·σσνe
iqa·σeLθ + e†Rθe

iqa·σ̃σ̃νe
iqa∗·σ̃eRθ]

− ye
∫∫

e†Lθ
v + h√

2
eRθ + e†Rθ

v + h∗√
2

eLθ (23)

∂Qa
∂aν

= 0 =⇒ aν = q

∫
xν
[
e†LσνσµeL + e†Rσ̃µσ̃νeR

]
∂Qa
∂a∗ν

= 0 =⇒ a∗ν = q

∫
xν
[
e†LσµσνeL + e†Rσ̃ν σ̃µeR

]
In terms of the current density Jν ≡ e†LσνeL + e†Rσ̃νeR we have:

a0 = a∗0 = q
∫
xνJν = 0

aj = q
∫
xjJ0 − x0Jj + iεjkixiJk

a∗j = q
∫
xjJ0 − x0Jj − iεijkxiJk

(24)

This set of equations expresses the unification of quantized charge with the
electric and magnetic field that it sources.
Using (4):

aj = q

∫∫
∂jJ0 − ∂0Jj + iεjki∂iJk (25)
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=⇒

{
∂jaj = q

∫∫
∂j∂jJ0 − ∂0∂

jJj = −q
∫
J0

∂0aj + iεjkl∂
kal = q

∫∫
∂j∂

0J0 − ∂0∂0Jj − εjkl∂kεlcd∂cJd = −q
∫
Jj

(26)
..where we have used ∂νJν = 0. Similarly:

a∗j = q

∫∫
∂jJ0 − ∂0Jj − iεjki∂iJk (27)

=⇒

{
∂ja∗j = q

∫∫
∂j∂jJ0 − ∂0∂

jJj = −q
∫
J0

∂0a∗j − iεjkl∂ka∗l = q
∫∫

∂j∂
0J0 − ∂0∂0Jj − εjkl∂kεlcd∂cJd = −q

∫
Jj

(28)
...which allows the following identification with the 4-vector potential of the
electromagnetic field, fixed in the Lorenz gauge:

A0 = ∂jaj = q
∫∫

∂j∂jJ0 − ∂0∂
jJj

Aj = ∂0aj + iεjkl∂
kal

Aν = −q
∫
Jν

(29)

Analogously to (7):

∂Qa
∂e†Lθ

= 0 =⇒
∫
ixνeiqa

∗·σσνeL − ye
∫∫

v + h√
2
eiqa

∗·σeR = 0

∂Qa
∂e†Rθ

= 0 =⇒
∫
ixνeiqa·σ̃σ̃νeR − ye

∫∫
v + h∗√

2
eiqa·σ̃eL = 0

=⇒

{∫∫
eiqa

∗·σ[iσν
←→
∂ν eL −meeR] = 0∫∫

eiqa·σ̃[iσ̃ν
←→
∂ν eR −meeL] = 0

(30)

where me = yev/
√

2 and we have omitted the term in h for the sake of clarity.

=⇒

{[
iσν∂

ν − qσjσν(∂νa∗j )
]
eL −meeR = 0[

iσ̃ν∂
ν − qσ̃j σ̃ν(∂νaj)

]
eR −meeL = 0

(31)

..where j = 1, 2, 3 since ∂µa0 = 0, the conserved charge in (24) being a0 (= a∗0).

=⇒

{[
iσν∂

ν − q(∂ja∗j − σj [∂0a∗j + iεjkl∂
ka∗l ])

]
eL −meeR = 0[

iσ̃ν∂
ν − q(∂jaj − σ̃j [∂0aj + iεjkl∂

kal])
]
eR −meeL = 0

(32)

Using (29), this reduces to the Dirac equation for an electron in an electromag-
netic field:

=⇒

{
σν [i∂ν − qAν ]eL −meeR = 0

σ̃ν [i∂ν − qAν ]eR −meeL = 0
(33)

.

6 Leptons and electroweak bosons

We will now return to a consideration of (20) without the restriction zν , wν = 0.

∂Q
∂zj

= 0 =⇒

zj =

∫
xν
[
gzν
†
LσνσjνL − g

′
ze
†
LσνσjeL + g′ sin θW e

†
Rσ̃j σ̃νeR

]
− g2

z |v + h|2zj

(34)

...which expresses the fact that the Z-boson has a mass of MZ = gzv and couples
to both left- and right-handed fermionic currents. Similarly,

∂Q
∂w+

j

= 0 =⇒ w+
j =

∫
gxνν†LσνσjeL − g

2|v + h|2w+
j (35)
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∂Q
∂w−j

= 0 =⇒ w−j =

∫
gxνe†LσνσjνL − g

2|v + h|2w−j (36)

..which express the fact that the W±-bosons have a mass MW = gv and couple
to left-handed fermions only.

∂Q
∂ψ†Lθ

= 0 =⇒
∫∫

eΘ∗
L
[
iσj∂

νψL − ΦψR
]

= 0

σν

(
i∂ν + gzZ

ν gW+ν

gW−ν i∂ν − g′zZν − qAν
)(

νL
eL

)
− (me + yeh)eΘR−Θ∗

L

(
0
eR

)
= 0

where, in addition to the identities of (24), we have:
Z0 = ∂jz∗j
Zj = ∂0z∗j − iεjkl∂kz∗l
W±0 = ∂jw±∗j
W±j = ∂0w±∗j − iεjkl∂kw

±∗
l

(37)

Zµ =

∫
gzν
†
LσµνL + (g′ sin θW − g cos θW )e†LσµeL + g′ sin θW e

†
Rσ̃µeR −M

2
ZZµ

W+
µ =

∫
gν†LσµeL −M

2
WW

+
µ

W−µ =

∫
ge†LσµνL −M

2
WW

−
µ

Similarly
∂Q
∂ψ†Rθ

= 0 =⇒
∫∫

eΘ∗
R
[
iσ̃j∂

νψR − ΦψL
]

= 0

σ̃ν

(
i∂ν 0
0 i∂ν + g′ sin θWZ

ν − qAν
)(

νR
eR

)
− (me + yeh)eΘL−Θ∗

R

(
0
eL

)
= 0

The mass terms are clearly modified with respect to the SM. It is not clear
whether this will give rise to observable effects.

7 Conclusion

We have demonstrated the existence of a representation of particle physics from
which derivative field operators are initially absent and in which all three cat-
egories of particle field (fermionic, bosonic and scalar) appear in transformed
guise: ψ → ψθ, Aµ → ∂µΘµν , φ → Φν . The central role of the lagrangian
density (L) is here played by a quasi-action Q whose (dimensionless) terms are
recognizable analogues of those appearing in L. The conceptual simplifications
accruing from this novel approach include the unification of the Higgs with the
gauge bosons, the unification of the boson field intensities with the conserved
charges, and the disappearance of unphysical gauge modes of freedom and FP
ghosts.
By subsuming the Poincare group into cones upon which the SO(3, 1) Lorentz
group is realised as an additional internal symmetry, our approach is incompat-
ible with SUSY. It therefore predicts that no superpartners exist.
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