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LIntroduction

A number of experiments on trapped single ions or atoms have been performed in recent years [1,2,3,4].
Monitoring the intensity of scattered laser light off of such systems has shown abrupt changes that have been
cited as evidence of "quantum jumps" between states of the scattered ion or atom . The existence of such
jumps was required by Bohr in his theory of the atom. Bohr’s quantum jumps between atomic states [5] were
the first form of quantum dynamics to be postulated. He assumed that an atom remained in an atomic
eigenstate until it made an instantaneous jump to another state with the emission or absorption of a photon.
Since these jumps do not appear to occur in solutions of the Schrodinger equation, something similar to
Bohr's idea has been added as an extra postulate in modern quantum mechanics.

Stochastic quantum jump equations [6], [7],[8]were introduced as a tool for simulating the dynamics of a
dissipative system with a large Hilbert space and their links with quantum measurement the or were also
noted [9],[10],[11],[12],[13].This measurement interpretation is generally known as quantum trajectory
theory [14].By adding filter cavities as part of the apparatus, even the quantum jumps in the dressed state
model can be interpreted as approximations to measurement-induced jumps [15].

The question arises whether an explanation of these jumps can be found to result from an Colombeau
solution [16]-[18] (W, (x, t; b)), of the Schrddinger equation alone without additional postulates. We found
exact quasi-classical asymptotic of the quantum averages

(i, t, x0; 1 €))e = (J x| We(x, t; W) |?dx) e € (0,1]x €R%, i = 1,...,d, (1.1)
i.e. we found the limiting quantum average (limiting quantum trajectory) such that [18]
(im0 (i, t, xo; h,e))£=(limh_,0f x| (x, t; h)lzdx)s,e €01lx€R%i=1,..,d (12)

The physical interpretation of these asymptotics given below, shows that the answer is "yes."

II. Colombeau solutions of the Schrodinger equation and corresponding path integral
representation

Let H be a complex infinite dimensional separable Hilbert space, with inner product <:-> and norm |- |.
Let us consider Schrddinger equation:

—ih (?) + HOY() = 0,%(0) = ¥o(x),(2.1)

t



H(t) = — (%) A+V(x £).2.2)

Here operator H(t): R x H - H is essentially self-adjoint, H(t)is the closure of H(t).
Theorem 2.1. [19],[20].Assume that:(1) Wo(x)€L2(R%),(2) V(x,t) is continuous and
SUPerd cefo,r) |V (%, t)]) < +00.Then corresponding solution of the Schrodinger equation (2.1)-(2.2)

exist and can be represented via formulae

m )d(n+1)/2
4mith

l.IJ(t’ x) = 1iIn‘)‘L—)c>o ( f]Rd f]Rd dedxl dxnlpO (xo)exp [%S(xo,xp v Xy Xnt1s t)],(ZS)

where we have set x,,,; = xand

m|xj;,—x;]?
S(XOJ X1y o0 X Xt 15 t) = ?:1 [ZW - V(xi+1' ti)];(2-4)

where t; = % Let g,(t)be a trajectory; that is, a function from[0, t]toR? with g,,(0) = xpand setq, (t;) =
x;,i =1,...,n + 1.We rewrite Eq.(2.3) for a future application symbolically for short of the following form

W(E,x) = limy, [, oo DIgn(©]%0((0)) exp [ S(gn(0), % 0)].(2.5)

where we have set (i) S(q,(t),x;t) = S(xg, X1, -, X, Xne1; t) and (i) D[q, (t)]that is, a

)d(n+1

Dlaa(®)] = ()" 7y dx.(2.6)

4mith

Trotter and Kato well known classical results give a precise meaning to the Feynman integral when the
potential Nx, t)is sufficiently regular [18]-[19]. However if potential {x, t) is a non-regular this is well
known problem to represent solution of the Schrddinger equation (2.1)-(2.2) via formulae (2.3), see [19].
We avoided this difficulty using contemporary Colombeau framework [16]-[18]. Using

replacement x; — H"‘:waj € € (0,1],k = 1we obtain from potential x, t)regularized

potential V,(x, t), e € (0,1], suchthat V._,(x,t) = V(x, t)and
®  (%GD), € GRY,
(i) SUPyerd refo,r| Ve (X, B)]) < +o0,€ € (0,1].(2.7)
Here G(R%) is Colombeau algebra of Colombeau generalized functions [16]-[18].

Finally we obtain regularized Schrddinger equation of Colombeau form [16]-[18]:

—ih (a“’a—f”) + (ﬁs(t)Tg(t))s =0, (¥.(0)), = ¥o(x),(2.8)
Ho(®) = = () A+ V., ).(2.9)

Using the inequality (2.7) Theorem 2.1 asserts again that corresponding solution of the Schrodinger
equation (2.8)-(2.9)exist and can be represented via formulae [18]:

(P.(t, x))‘g =

4mith

d(n+1)/2 )
(limn_,oo ( n ) St o Jipa @20y .. do ¥ (o) eXP [ésg(xo,xl, ey X X1} t)]) (2.10)
£



where we have set x,,; = x and

2
. —\yn m X141 =%l
Se(X0, X1, wr) Xy Xpy15 ) = X T (/)2

— Vo, )|, (211)

where we have set t; = %

We rewrite Eq.(2.10) for a future application symbolically of the following form
: i

(¥e(t,0), = (limpers f )2 DIG(O1¥0(42(0)) exp [1 S: (a0, % D)]) , (212)

or of the following form

(¥e(t.)), = (limyo [, Pala(®1%0(00()) exp [+5.(4(®), ¢, x:0)]) . (213)

.
For the limit in RHS of (2.12) and (2.13) we will be used canonical path integral notation

(#e(t,2), = (fy0ox PLAOI¥o(4(0)) exp [15.(4(0, 4(0))]) ,(2:19)

whereS,(4(6), a(®) = f; [542() = Ve(a(s), 9)] ds.
Substitution n = 8k + 7 into RHS of the Eq.(2.10) gives

(‘I’g(t, x))g =

. (8k+7)ym) (4k+4) i
(hmk_m ( 4nmm) Ja o Jpa @Xodxy ... dXgisr W (xo)exp [%Ss(xo,xl, voer Xgk+7 » Xgk48) t)])s.(2.15)

We rewrite Eq.(2.15) for a future application symbolically of the following form

. i
(¥e(t,)), = (1Mo [, (o D¥ 02O ¥0(4(0)) exp [1S. (4n(®), 3 D)]) , (216)
or of the following form

(¥t ), = (limy, [, DEIAO1¥(40(0)) exp [5.(4(®), @), x:0)]) . 217)

K
For the limit in RHS of (2.16) and (2.17) we will be used following path integral notation

(¥e(6:2), = (S D A@1¥0(a(0)) exp [15:(a(0), 4())]) -(214)

II. Exact quasiclassical asymptotic beyond Maslov canonical operator.

Theorem. Let us consider Cauchy problem (2.8) with initial condition ¥,(x) given via formula

n/* 1(x=x0)*
Fol) = (2m)4/4pd/4 exp[ zno ]’(3'1)
where 0 <h «7n <« 1 and x? = (x,x).
(1) We assume now that: (i) (Vg(x, t))g € G(RY), (ii)V,—o(x,t) = V(x,t): R, x R* > R and

(iii)Vt € R, functionV (x,t) is a polynomial on variable x = (x, ..., x4), i.e.




V(x,t) = Xyajem 9o (O, a = (iy, .., ig), x% = xil X ... X x;‘i, llall = ¥4, i,(3.2)
(2) Let u(r, t,A,x,y) = (u1 (T t,,%,y), .., uq(t,t, 4, x, y))be the solution of the boundary problem

?uT (Tt Axy) _

= Hess[V(4, Du"(z,t,4,%,y) + [V'(4,D)]",(3.3)
u(0,t,4,x,y) = y,u(t, t,1,x,y) = x.(3.4)

Here 2= (A4, ..,40) € RLUT(1, 6,4, %,y) = (u (5, t, 4, %, ), ., ua (T, £, 4, X, y))T,

92V (x,t)
6x,-6xj o=

VAt = ([

Vv (x,t) [6V(x,t)
6xd

] _A)and Hess[V(A,1)] = [ (3.5)

) ey
0x1 ly=) 2

(3) LetS(t, A, x,y) bethe master action given via formula

S(t,4,%,) = [, L@(r,t,4,%,),u(t,t, 4, x,),7) dr,(3.6)

where master Lagrangian L(u,u,7) are

L(,u,t) = %1’12(1', t,Ax,y) —V(u(t,t,Axy),1),1= (%, ...,%

)2 = (i,11),(3.7)
V((t,t,4,xy),7) =u(t,t,4,x,y)Hess[VA, DT (t,t,4,x,y) + VA, Du"(t,t,4,x,y). (3.8)

Let y, = y.,(t,A,x) € R? be solution of the linear system of the algebraic equations

aS(t,A,x,y) - g __
[—ayi =0,i=1,...d (3.9)

(4) Let £ = 2(t,4,x,) € R be solution of the linear system of the algebraic equations
V(642 +2—x,=0. (3.10)
Assume that: for a given values of the parameters t, 4, xothe point X = X(t, 4, x,)is not a focal point on a
corresponding trajectory is given by corresponding solution of the boundary problem (3.3).Then for the

limiting quantum average given via formulae (1.1) the inequalities is satisfied:

limpol(i, £, x0; Y — 4] <
0

E—

< 2||dets,, ., (t2.2(t 4, xo),ycr(t,/l,J?(t,/l,xo)))”_l 1% Lx),i=1,..,d (311

Thus one can to calculate the limiting quantum trajectory corresponding to
potentialV (x, t)by using transcendental master equation

Zi(t, A xy) =0,i =1,...,d.(3.12)
Proof. From inequality (A.15) and Theorem A1, using inequalities (A.53.a) and (A.53.b) we obtain

limesolim nool(®;, T; 0,1, 4, &) — A;| < limyLo[ Ry (T, 1) + Rp(T, D],i =1,..,d, (3.13)
0—-0

where



Ry(T, ) = [ dx{[, o, D [a@ONE(q@) (D cos[ES1(@,0. 4T}, 314
1 1 2
Ro(T,2) = [ dx {1 D a@I¥(q)llg:(DIEsin |15, q.4D)]} . (315)
We note that
R(T,2) = [ dx [Ry(x, T, D]°, Ry(T,A) = [ dx [R,(x, T, D], (3.16)

where

Ri(x,T,2) = [

- rrex DT AO1(g(0) g, (DI cos[£5,(6,4,4,T)] =

= [ dy foery=x D*[4@O1¥(q(0) g (DI cos [15:(4, 4. 4.T)] = [ dyRe e, T, ), (317)
q(0)=y

Fa0y,T,2) = fymr=x D* la@1¥(q(O)lq (DI cos[25:(@.0.4T)]  (318)
q(0)=y

and

RoC0 T ) = [ D* a1 (@)l (DJz sin [5,(6,4,4,T)] =

= fdy fq(T):xD+[Q(t)]lP(CI(O))“ql(T)”% Sin [%Sl(q' q,ﬂ., T)] = fdyjéZ(x! y' T' A)' (319)
q(0)=y

Ro(0,3,T,2) = Jymr=x D*[a1¥(q(0))[1g, (D2 sin [1 5,4, 4,4, 7)) (3:20)

q(0)=y
From Eq.(3.18) one obtain
R, (x,y,T,A) = i[ﬁl_l(x, ¥, T,A) + Ry,(x,v,T, D), (3.21)
where
- 1 i .
Rys (6,9, T, 1) = fam=x D*[a(®O1¥(q(0))[lg: (DI exp [+ 51(4, 4, 2,7, (3.22)
q(0)=y
- l . .
Ri2(6,T,2) = Jyay=x D*[a(O1¥(q(0)) [q:(TIT2 exp [~ 55,6, 0,4, T)]. (3.23)
q(0)=y

Let us calculate now path integral ®R,,(x,y,T,1) and path integral R,,(x,y,T,1),
using stationary phase approximation. From Eq.(A.23) follows directly that action
S$:(q,9,A,T) coincide with master action S(t, A, x,y) is given via formulae (3.6)-(3.8)
and therefore from Eq.(3.22) and Eq.(3.23) one obtain

Fu1 (6,3, T,2) = fyrr=x D*[a(O1¥(q(0)) 1 (T2 exp [($:.a.4D)] =
q(0)=y

= Ry3 oy T2 = [l ¥@exp[£5(6,4,x,y)] (3.24)

and

F12009,T,2) = Joery=+ D [a(O1¥(q (@) [lg, DIz exp [15,(4,4,2.7)] =
q(0)=y



o 1 ;
= Ryo (6,3, T, ) = [l ¥(exp - 58, 4,x,y)|. (3.25)
From Eq.(3.17) and Eq.(3.24) we obtain
Ri(x, T, ) = [dyR,(x,y,T, ). (3.26)

Substitution Eq.(3.25) into Eq.(3.26) gives

~ l 5
RiaG T2 = [z [ dy Pexp [+5(t,4,%,)| (3.26)
Similarly one obtain

Rap (o T,2) = [Inllz J dy ¥Odexp|-L5(4,%,y)] (3.27)

Let us calculate now integral ®,,(x,T,1) and integral R,,(x,T,1) using stationary
phase approximation. Let y., = y,.(t,4,x) € R be the stationary point of master
action S(t,A,x,y) and therefore Eq.(3.9) is satisfied. Having applied stationary phase
approximation one obtain

Ri1(x,Yer (,4,%), T, A) =
[|detSJ/ch/cr(t’ A%, Yer (8,2, %)) |]_%[|xl-|]% P(y., (£, 4, x))exp [%S(t, A X, Yer (E, A, x))], (3.28)
Ri2(xYer(t,4,%), T, 2) =
[|detSycryCT (t, 42, Yer (8, 2, x))|]_%[|xi I]% P (yer(t, A, x))exp [— %S(t, A X, Yer (t, A, x))].(3.29)
Substitution Eq.(3.28)-Eq.(3.29) into Eq.(3.21) gives

ﬁl (X, ycr(tt A! X), T, /1) = % [ﬁl,l (X, ycr(t! A' X), T: A) + jél,Z (X, Yer (t' A' X), T' A)] —

4 1
= [|dEtSycrycr(t’ A X, Yer (t, A, x))” 2[|x; |2 ‘P(ycr(t, A, x)) X

X {exp [%S(t, A x, Ve (t, A, x))] + exp [— %S(t, A x, Ve (t, A, x))]} =

= [|detSy,,y,, (6,4, 2%,y (¢, 4, X))l]_%[lxil]% ¥(y.r(t, A, x))cos [%S(t, A%, Ver(t, 4, x))]. (3.30)
Substitution Eq.(3.30) into Eq.(3.16) gives
Ry(T,A) = [ dx [ dx [R,(x, T, D]" =
= J dx [|detS,, . (£,2,% (6,2, 0)|] 7 i W2 (3 (8, 4,00 cos? [25 (£, 2,5,y (£,2,5)) ] (3.31)
Similarly one obtain
Ry(T,2) = [ dx [ dx [R,(x, T, D]" =
= [ dx [|detS,y., (& 2,2, Yo (6, 2,0 [ 12 19% (ver (8, 2, 20)sin? [£5(6, 4,3, e, (8,4,20) ] (3.32)

Therefore

R(T,A) = R(T,A) + R,(T, A1) =



=2 [ dx|[|detS,_,,. (¢4, %,y (t,4,%)) |]_1 |26 1% (Ver (8, 4, X)) (3.33)

Substitution Eq.(3.1) into Eq.(3.33) gives

d/ — -
R(Tl A) = Z;T;d/zfdx [|det53/cr3/cr(t’ /L X, }’cr(t; /L x))l] 1|xi|exp [W] (334)

@2

Let us calculate now integral (3.34) using Laplace’s approximation. It is easy to see that
corresponding stationary point £ = £(t, 4,x,) € R% is the solution of the linear system of the
algebraic equations (3.10). Therefore finally we obtain

R(T,2) = 21%,(6, 4, xo)] [|dets, e, (62,206 4%, 36 (6.4, 26, 2,200) )| + 08,

i=1,..d. (3.35)

Substitution Eq.(3.35) into inequality (3.13) gives the inequality (3.11). The inequality (3.11)
completed the proof.

IV. Quantum anharmonic oscillator with a cubic potential.

Let us consider quantum anharmonic oscillator with potential
V(x) = mezxz —ax®+bx,x € R,a,b > 0(4.1)
supplemented by an additive sinusoidal driving. Thus
V(x,t) = mTwzxz — ax? + bx — [Asin(Qt)]x. (4.2)

The corresponding master Lagrangian given by (3.7), are

LGu,) = (2)i2 - m ((“’72) + (ﬂ)> 2 _ (mw?d + 3aA? — b — Asin(Qt))u.(4.3)

2 m

z Yl :
We assume now that: % I % > 0 and rewrite (4.3) of the form

L(,u,7) = (m/2)02 — (mw21/2)u?+ g(4, tu, (44)

where w(A) = /2 |w72 + 3%1 and g(A,t) = — [mw?A + 3aA* — b — Asin(Q - t)].

The corresponding master actionS(t, 4, x, y)given by(3.6), are

S(t,A,x,y) = e [(cosmt)(y? + x?) — 2xy + Z_xff (A4, 7) sin(wt) dt +
%Y = S sinmt Y YT e Og ’
2y t q 2 t T q q
+ %fo g4, 1) sin(@(t — 1)) dr — Wfo Jo 94, D g @, 5)sinw (¢t — 7) sin(ws) dsdr].(4.5)

The linear system of the algebraic equations (3.9) are

aS(t,A.x,y)

2t :
ke 2ycoswt — 2x + Efo g, t)sin((@(t — 7))dr = 0. (4.6)
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Appendix

Let us consider now regularized Feynman-Colombeau propagator(Kg ., Ty, 0))8
given by Feynman path integral:

Re(,T1y, 0:0,0) = fyeny=xD*[a(®)]exp |1 51(4,T;0,D| exp [~ 352(a(1), V)] exp [ 5:(.0, )], (A1)
q(0)=y

where h € (0,1],
$1(q,T;0,1) = [ dt[{[q(t) — 1% 0, 1}], (A2)

S,(q(M), D) = [q(T) = A%, A= (A4,...,44) €ERY, (A3)
$:(4.0.7) = [, L), q(®),0) dt, L(G(t),q(t),t) = ZG2(0) = Ve(q(0), ), Voo (5, ) = V(x,0),  (A4)
V(x,t) = g1()x + g, (Ox* + gs(®)x® + - + g, (£)x7, (A5)

a = (ill ---’id)lxa - x]l_l X .. X x:id; ”a” = Zg:l iT‘t

(@), ) = V(ge(®),6), q:(t) = (q16(8), ., Quc(®)), (A6)
i) = #(;zt)lzk,s €01}k =1 (A7)

Here: (1)o € (0,1], & < ogand (2) for each path q(t) such
that q(t) = Yooq a,sin (nTm) +u(t,T,y,x),u(0,T,y,x) =y,u(T,T,y,x) = x,where u(t,T,y,x)
is a given function, operator {p(t); g, [} are

. t - . t
(a(0); 0,1} = Thoy 0 apsin () + T ansin (5).(A8)
(3) D*[q(t)]is a positive Feynman “measure”.

Therefore regularized Colombeau solution of the Schrddinger equation corresponding to
regularized propagator (A.1) are

(Ye(T,x;0,1, 1)), = (fwdyW(Y)kg(x,le, 0; 0, l)) =

&



( j D*[q(t)]‘P(q(O))BXp[—%S(q.T;a.l./l)]eXp[%Sg(q,q.T)D =
q(T)=x

&

= <f 4y fyry=x D*[a(O)1¥(q(0))exp [~ 35(q, T 0,1, D)) exp [+5:(d. 0 T)]) (A9)
q(0)=y €

Here
5(q,T;0,1,1) =51(q, T;0,1) + S2(q(T), 1). (A.10)
Let us consider now regularized quantum average

(% T 0,14 e)e = (J7, dax; [¥e(T, %0, L)) . (A11)

From (A.5) and (A.11) one obtain

(12730, eDe < (J dx {f, o, D*a@I(a(O) la: (M 2exp [~ 15(a, Ts 0,1, )] cos [ Se(da, T)]}Z)s +

+(J dx{f, gy, DA (@)l (D1 2exp [~ 250, 30,1, )] sin [+ 5.6, g T)]}Z)s (A13)

From Eq.(A.5)-(A.13) one obtain

(%, T;0,LA4,6) — 4l = [(&;, Ts 0,4, &) — A [~ dx|¥ (T, x; 0,1, D)|?| =

=17 dxlx; — 4] [ (T, x; 0, LD < [ dxla; — 4] [We(T, x50, L, D)|? =
1 1q /. 2
= J dx {f, ;) D [aO1¥(q(®)[1q:(T) = A,|]/?exp [~ 5(q, T; 0,1, 1) cos [+5.(q,4, 1]} +

2
+ [ dx{f o D*a(O1¥(q(0)[1qi(T) — 4[12exp [-25(q, T; 0,1, )] sin[;5.(¢. 4. D]} (A14)
Using replacement q;(t) —A; = q;(t),i =1, ...,d into RHS of the Eq.(A.9) one obtain
K2, T;0,LA,€) — 4] <

< + 1/2 18(q,T; 0,1 LS. q + AT}
< J dx{[, 7, D*[a®1¥(q(®)[lg:(NI12exp [~ £ 5(q,T; 0,1)] cos [ S.(q,q + 2, D)]} +

2

+J dx {f, gy D [a@O1¥(a(0)[1q: (T V?exp [~ 35(q, T3 0, D sin [5.(d,q + 4, 7]}
= [dx[I2(x,T;0,1,4, )] + [ dx [I12(x,T; 0,1, 2,€)]. (A.15)
Here
S(q.T;0,1) = $,(q, T;0,) + S,(a(1)), $1(q. T; 0,1) = [ dt[{[q(D)]% 0, 1],

S,(q(M) = [q(T)]% 1 e R? (A.16)



and

L(x,T;0,l,4,¢) =

= Jymy=x D 14 O1¥ (@) 14 (D)1 2exp [~ 3 5(q, T; 0, cos |15 (a4 + 2,T)] (A17)
L(x,T;0,l,2,¢) =

= [y=x D 4O (@) laD 2exp | =35 TionD|sin[iS.@a +AD]. - @19)

Let us rewrite a function V.(q(t) + A,t) in the following equivalent form:

VS(Q(t) + A' t) — Vs,O (q (t)’ t, A) + Vs,l(q (t), t, A), (Alg)
Vs,O(q (t)’ t, A) — aé‘,l (Q(t), t, A)Q(t) + aé‘,Z (Q(t); t, A)qz (t)’ (AZO)
V€,1 (q (t)’ t, A) — a£,3 (Q(t), t, /1)613 (t) + -t as,a (Q(t), t, A)qa (t)’ (AZl)

where a€=0,1 (q (t)’ t, A) =0 (t’ A)' a€=0,2 (q (t)’ t, A) =G (t’ /1)' o232 a£=0,06 (q (t), t, A) — Ca(t, A)
Let us evaluate now path integral I,(T;o,l,1) given via Eq.(A.17). Substitution Eq.(A.19) into RHS of the
Eq.(A.17) gives

Li(x,T;0,l,A¢) = 11(1)(x, T;o0,l,A¢) + Ifz)(x, T;0,l,A,¢) =

o D [aO1E(q0) g (D Tzexp [~ 25(q, T; 0, D] cos [-S.1 (4, g + 4,T)] cos [ So(q + 4,T)] +

+ [y D A@1¥(a (@) (D1 2exp [~ 3.5, T 0,1 sin [+ 504(,0, T sin [~ 38..2(4,4,T)], (A22:2)

L(x,T;0,l,A¢) = 12(1)(x, T;0,l,A¢) + 12(2)(x, T;0,l,A4,¢) =
1
[ rymx DY 1AO1(q(0)) [ (T) 12exp [~ 25(q, T3 0, D) cos [+ 5e1(d,q + A, T)] sin [+5,2(q + 1, T)] +

+ Jyry= DHA@1¥(a(O) 1DV 2exp [~ 3.8(q, T3 0,0 sin [151(6,0,4,T)] cos [~ 7S.2(q, 4. T)], (422.b)

where
Se1(q,q.AT) = fOT Le(q(@®),q(®),t, 1) dt, L(q(t),q(t),t, 1) = ?qz(t) = Veo(q(0),t, 2), (A.23)
Se2(@ A T) = [ Ve (q(®), £, D) dt, (A.24)

11(1)(x, T;0,l,A¢) =
Lo etyoe D*la@1# (4Ol (T) 2exp [~ 25(0,T; 0, D) cos [25,1(6,9.4, )| cos [2S.2(@, 47|, (A25.)
q(T)=x q q qi €xXp A q, 150, Cos h &1 q, 94 CoS A &2 q,4, ’ - -a
12(1)(x, T;o,l,4,¢) =

[ty D*a@1# ()l (T) J2exp [~ 25(q, T 0, D) cos [25:1(6,4,4,7)| sin [ Se2 (0, 47|, (A25)

11(2) (x,T;0,l,A,¢) =



[ irye D 1a(O1¥(q(0))[1q:(T) 1V 2exp [ 15(q, T; 0, D) sin [+ 5.1(4, 4,2, T) | sin [~ 25,.,(q, 4, T)]. (A26.2)
12(2)(x, T;0,l,A,¢&) =

[ iryex D 1A% (q(0))[10,(T)1Y2exp [~ 15(q, T; 0, D] sin [+ 5..1(d,4,2,T)| cos [-25,.,(q, 4, T)]. (a261)

Let us evaluate now n-dimensional path integral 1(1) (x,T;0,l,1,¢):

I8 (x,T; 0,0, 2,€) =
= [y D [4O1¥(q()) g (T Tzexp [~ 25(q, T3 0,1)] cos [£5.1(6,4,4,T)] cos [ S..2(4,4,T)] =
= [y D [aO1¥(q(0)) g (T Texp [~ 28(q, T3 0, )] {cos [5.1(6, 4.4, T)] + 1} cos [£S.2(q,.7)] -
~ Loy DR LA @1¥(q(0) [l (T) Jzexp [~ 2 5(q, T; 0,1 cos [25.2(q,2,)] (Aa27)
From Eq.(A.27) one obtain the inequality
0@ Tio L 40| < | Dila@I¥(q(®)q(T) Tzexp [~ 2500, T; 0, D] {eos[E$.1 (4, q.4.1)] + 1| -
~ Loy DR LA @1¥(q(0) [l (D) Jzexp [~ 2 5(q, T; 0,1 cos [25,2(q,2,7)] =

= |1y D 1O (g (0)) 1 (T [zexp [~ £5(q, T 0, D] cos [+ 5.1 (4, 4,2, 7)]| +

+ [ D@ (@) llales |-+ T0.0)] -
q(T)=x
— [,y DRI (g ()14, Texp [~ £5(q,T; 0,1)] cos [£5..2(q, 4, 7)) (A.28)

From Inq.(A.28) one obtain the inequality

10 T0,L2,8)] < |f, iy DO (O g (T Tzexp |~ £5(q, T3 0, D) cos 25,16, 4,4, 7)] | -

o ip—2i i 2i
— 21 S [y DR LA (9O) 19 (D[S 2 (0, A, D] exp [~ 35(a, T 0,1)] =
= 10T 0,046, )| - 52, & 21’; 2 RO (x, T; 0,1, m), (A29)
where

)0, T; 0,1, 4,6, k) =
= [y DA [ O1¥ () [ (T Tzexp [~ 25(q, T 0, D] cos [ S.x (@0, 4T, (A30)
RO 50,40 = f, 0 Dila@1¥ ()i (DIE[Se2(q,2, 7] exp [~ 215G, T30,D] . (A3D)

1
Using replacement gq;(t) = hzq;(t),t € [0,T],i = 1,...,d into RHS of the Eq.(A.31) one obtain



i = 4 1 2i
RO (x,T;0,L,m) = hI/* Jamy=2Di [q(t)]‘P<fl2q(0)> [lg: (D[S (1/2q,1,T)] exp [~ 2 5(n'/2q,T; 0,1)| =
g — - 1 2i
hY*hi2 [ dy fqmﬂ% D; [a(®1%(q(0))[1q:(TI12[8.2(q, 4, T, 1] exp[-S(q, T; 0, D] =
a(0)=7
= n/*+0i2RO (x, T; 0,1, n), (A32)

where

= 2 - d/4 2
Hq®)] = D} [hzq(t)],t €[0,T], ¥(q(0)) = (2n)77d/4h‘1/4 exp [nqz(o)]’ see Eq.(3.1) and

S:2(q, AT, h) = fOT Ve1(q(0),t,2, 1) dt, (A.33)

‘78,1 (Q(t); t, A, h) — a8,3 (q (t), t, A)q3(t) + et haT_s‘ae‘,a (Q(t), t, A)qa(t) (A34)

RO TioLm) = [dy [z D [a(OF(q(0) g (DI[S..2(q, 4, T, )] exp[~S(q, T3 5, )], (A35)
a(0)=1

From (A.29)-(A.35) one obtain

1 _\igi g
|11(_1r3(x, T;o0,l,2, £)| < |]§‘1,2(x, T;o0,l, A, ¢, h)| — ha izl((;z;hlﬁg)(% T;0,l,n) =
1
< 10, T; 0,1, 2,6, 8)| — A4, (x, T; 0,1,n), where (A36)
- . _ v DR 50 :
Ec(x,T;0,L,h,n) =Y, B R (x,T; 0,l,n). (A.37)

Proposition A.1. [21]-[23] Let {Snm}zzzo
Then the iterated limit: lim,,_,, (limm'_msn,m) existand equal to a ifand only if lim,, .S,
exists for each n € N,

Proposition A.2. Let 11(1)(x, T;o0,l,A, & h) = 11(1)(x, T;o,l,4,&), where 11(1)(x, T;o0,l, A, ¢€) isgiven via
Eq.(A.25) and let 11(2)(x, T;o0,l,A & h) = 11(2)(x, T;o,l,A, &), where 11(2)(95, T;o,l,A,¢) isgiven via

Eq.(A.26). Then I(x,T;0,1,1,€) =

be a double sequence s:N X N — C. Let lim,, 008y = Q.

2
(1) limg—olim oo [ dx [I0(x, T; 0,1, 4,€)]” <
a—0
. = 1 . -
<timy_g J dx {f, ;. D*[a@1¥(q(0) g (DT cos [ 51(¢. 4.4 D]},
2
(2) limg—olim o0 [ dx [Ifz)(x, T;o,L,A8)] =0,
g—0
3 limeolim no [ dx [11(1)(x, T;o0,L,2, 8)11(2)(x, T;0,l,A,8)] =0,
a-0
2
4) limeolim 4o [ dx [I7(x, T; 0,1, 4,€)]” <
a-0

2
’

< limpo [ dx {[, y_, D* a1 ((O) I, (T) ]z sin [251(G,9,4,T)]}



2
(5) li_m8—>01i_m h—0 f dx [12(1) (xﬁ Tl g, l; A; S)] —
a—0
(6) limg—olim oo [ dx [IP(x, T; 0,1, 2, )7 (x,T; 9,1, 4, )] = 0.
o—0

Here
$1G, 4 AT) = Sec01(@ . AT) = [ Le—o(q(6),q(0),t, 2) dt,

Le=o(4(0),q(0),£,2) = T 4*(1) = Vezoo(qa(®), £, ).
Proof (I) Let us to choose an sequence {h,,};n—; such that
() lim,, R, =0 and
. 2
() limmpo. [ dx{ g™ (x,T; 0,1, hm,n)} = liMyy s [ dox {zm ( (12) ;‘m RO, T; 0,1, n)} =

We note that from (ii) follows that: perturbative expansion

2
[dx{E.(x,T; 0,1, Ap,n)}? = h:,{d‘fdx{ ‘L?Ol( (12);1"132(1)(35 T;o,l, n)}
vanishes in the limit m,n — c. From (A.36) and Schwarz's inequality using Proposition A.1, one obtain

2
limy, o [ dx [Ifl)(x T;o,L A, c¢, hm)] < llmmnqwfdx“](l)(x T;0,0,4,& hy)| — :,{438(x,T; gl h,n)}

< hmmn_mfdx 10, T; 0,146, hm)}

+1iM o {Zh”‘*J[f dx (), T; 0,04, hm)} [ dx {E,(x,T; 0,1, hm,n»Z] + [ dx{E.(x,T; 0,1, hm,n>}2}
= im0 [ dx {](1)(x T;0,l, ¢, hm)} = limy_,olim,,_,o, [ dx {](1)(x T;0,l, ¢, h)}

1 1 2
=limy_o [ dx {[, ., D*[a(®©)1¥(q(0))[lq:(T)ITz cos [+ 51(4, 4,27} . (A38)

Let us to choose now an subsequence {Flmk}o0 such that the limit:

lim oo [ dx [1(1)(x T;0,l, A€, hmk)] exist and

lim noeo [ dx [0 (2, T; 0,1, 4, ¢, hmk)] = limyy e [ d I, T; 0,1, 4, , hm)] (A39)
From (A.39) and Proposition A.1 one obtain
lim poo [ dx [1(1)(x T;0,l,4,¢, hmk)] = lim k- {hm n-w [ dx [1(1)(x T;0,1,A,6 hy, )| } (A.40)

From (A.39), (A.40) and (A.38) one obtain

2
limeolim po J dx [Ifl)(x, T;0,1,4,8)] <
a—0

< limeolim ioes {lim nevs [ dx [IE (6, T30, 4, )] } =

a-0
= limeoolim i [ dx [I0(x, T3 0,1, 4, &, i )] <
g—0

1 1 2
< limy_g J dx {f, ;. D*a@1¥(q(0))1g:(DI]z cos [55:(4, 0,4, D]} - (A41)



The inequality (A.41) completed the proof of the statement (1).

(II) Let us estimate now n-dimensional path integral

1(2)(xT o,l,A¢e) =

Lo ryex DA A1 (a(0)) [ (T [142exp [~ 25(q, T30, D) sin [+ S¢1 (6,4, 4, T)] sin [ 5..(q, 4 T)].  (A42)
From Eq. (A.42) one obtain the inequality

18, T;0,1,2,8)| <

< Jy1yx D [@O1(0(0) 14 (D] 2exp [~ 35(q, T; 0,0 [sin [£5.2(0, 4, D] | <

p=(2i+1) l (2i+1)
< T Gy Sy P IA@I¥(a @) lq:(DIE[IS.2(a, A D] P exp |- 350, Ti0,0)] =
- h—(2i+1)
= Y0 Gy 0P (x,T;0,1,m) (A.43)

where

(2i+1)

PO Ts0,Ln) = [, o D la@1¥(a) g, DIE[S.2 (a4, T[] * Vexp [~ 5G4, 750, 1)]. (A44)

1
Using replacement gq;(t) = hzq;(t),t € [0,T],i = 1,...,d into RHS of the Eq.(A.44) one obtain
PP, T;0,1m) =
— 4 1 (2i+1)
R = J[q(t)]‘l’<fl2q(0)) g (DIE[|Se2(q, A, T)[]*" Vexp [~ 25(rY/2q, T; 0,1)| =
h

W2 [ dy [,y s DT F(a(@)a:(MIES.2 (a2, D] expl=5(q, T50,] =

a(0)=1

= n4pi250 (x, T; 6,1, 0), (A45)

where

= 4 o d/a 2
*la@] =Dyt [h2q(®)], ¢ € [0,T), ¥(q(0)) = mam exp [, see Eq.(3.1) and

$c2@AT. ) =[] Veq(q(®),t, 4, 1) dt, (A.46)

Te1(q(6), 6,4, 1) = a5(q(6), DG (E) + -+ + KT aea(q(6), £, De(2). (A47)

PP Ti0,Lm) = [ dy fyipy-x DEla@IF(a(@)llaDI] [8.2(a. 4 D[] Pexpl-5(@. Ti0, 0] (A48)
a(0)=7

From (A.43)-(A.48) one obtain



p2@+1)
i 0(21+1)|

12 (x, T; 0,14, )| < B PP, T;0,1,n) = 0.(x,T; 0,1, h, 1). (A49)

Let us to choose an sequence {#,,}m—; such that
Q) lim,, oA, =0 and

2
(i) limy, o J dx {Ogm)(x, T; 0,1, Ay, n)} = limy, 0 [ dx {Zl 0 +1)|50;)(x T;o,l, n)}

We note that from (ii) follows that: perturbative expansion

© hZ( i+1)

=0 (2i41)!

. 2
[dx{0.(x,T; 0, hp,n)}? = h,ln/4 [ dx { Agl)(x, T;o,l, n)}
vanishes in the limit m,n — . From (A.49) one obtain

limy, ., [ dx [I2) (x,T; 0,1, 4, ¢, hm)] < liMp nosoo [ A% {0,(x, T; 0, 1, iy, m)}2. (A50)

Let us to choose now an subsequence {hmk}w _ such that the limit:

lim gnoe [ dx [1(2)(x T;o,l ¢, hmk)] exist and

lim ynoe [ dx [12 (%, T; 0,1, 4, €, hmk)] =1y, e [ dx [I8) (1, T; 0,0, A, 6, hm)] (A51)
From (A.51) and Proposition A.1 one obtaln
lim g noo [ dx [1<2>(x T;0,l, ¢, hmk)] = 1lim ko {hm n-e [ dx [1<2>(x T;0,L,A,6 )| } (A.52)

From (A.50), (A.51) and (A.52) one obtain

2
limg—olim poo [ dx [Ifz)(x, T;o,l, 2, s)] <

o-0

< limgsolim koo {lim n-w [ dx [1(2)(x T;0,1, 2, hp, )] }

o—-0
. . @) 2
= limeolim koo [ dx [;7(x, T 0,1, 4, ¢, hmk)] =
g-0

Proof of the statements (3)-(6) is similarly to the proof of the statements (1)-(2).

Theorem A.l. Let I, (x,T;0,,A,&,h) =1, (x,T;0,l,4,¢€),1,(x,T; 0,4, ¢,h) = L(x,T; 0,l,4,¢),
where I,(x,T;0,l,2,¢) isgiven via Eq.(A.22a)- Eq.(A.22b). Then

limeoolim noo [ dx [I2(x,T; 0,1, 2,€)] <
a—0

1 2
<limpo J dx {J, ) D*[aO1¥ (0 ai (DI cos [$1(G.0.4 D]} (A.53.2)
limesolim noo [ dx [I2(x,T; 0,1, 2, €)] <
-0

2

< limpo J dx {[, ., D*a(O1¥(q(0))llg (D)2 sin [£5,(,0,4,T)]} (A53)

Here
Sl(q1 q! A' T) — S£=0,1 (q' q' A' T) = J‘(;T L£=0(q(t)ﬂ CI(t), tv A) dtr (A54)

Le=o(q(8),q(8),£,2) = 2 42(8) — Vemo,0 (q(1), £, ). (A.55)



Proof .We remain that
L(xT;0,LAeh) =IP0T;0,LA,6 k) + 12, T; 0,1, A, h). (A.56)

From Eq.(A.56) we obtain
2
[dx[2(x,T; 0,4, 6] < [dx[IP(xT;0,0,2,6h)] +
2
[dx [11(2)(3(, T;o,LAe )| +2[dx [|1£1)(x, T;o,l, 2, 8)11(2)(36, T;0,1, A& h)|] =

=[x [I0 T oL e0)] + [dx [IPT;0,LA,6,8)] +

2 2
+2 J Jdx[IP(x, T;0,L2,6,1)] [dx[IPx,T; 0,12, 1)] . (A.57)
Let us to choose now an sequences {f;,}m—1,{&x k=1, {0:};2; such that:
Q) lim,, Ay = 0, limg_,& =0, lim; 0, =0

2
(i) limyosoolimyy, e, [ dx [I2 G, T 0,1, 4, &4, )] =

1Y)

2
=limpooolimy, ., [ dx [IP(x, T; 01,1, 4, &, )] = 0, (A.58)
-0

2
(iif) iMoo limy, ., [ dx [I° G, T 03, LA, €, )] <

>0

1 2
<timy_ f dx {f, ;D a@1(@(@)llg:(DIE cos[;5:,q. 4 D]} . (459
Therefore from inequality (A.57), Eq.(A.58) and inequality (A.59) we obtain

limg—olim 40 [ dx [IF(x, T; 0,1, 4, &, B)] < limyosoolimp, ., [ dx [ (x, T; 03,1, 4, &, )] <
o-0 >0

2 2
< limoolimy ., [ dx [I0(, T; 03, L 4, €0, )| Hlimgolimy, ., [ dx [IP(T; 04,14, &, )| +
> >0

2 2
+21imk_>oolimm_m\/ [dx [IPCT; 00,14 &, k)| [ dx [IPCT; 00,14, g1, )] =

-0

2
Hﬂk—moli_nlrn—mo f dx [Ifl) (xl T, O-l’ ll /1; Ek! hm)] =

>0
2

= limy [ dx{[, 5y D*[a(O1¥(q(0)) 1 (T)Jz cos [-5,(4,4,4,7)]} (A.60)
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