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ABSTRACT
A formulafor Particular solutionsto any Linear Second Order Inhomogeneous
Ordinary Diffrential equationsis presented. For second order ODEs these make the
methods of undetermined coefficients and variation of parameters obsol ete.

Finding a particular solutions to alinear inhomogeneous ordinary differential
equation has always been a process of determining homogeneous solutions, and then
adding any particular solution of the inhomogeneous equation. The well-known methods
of undetermined coefficients and variation of parameters have long been the standard in
determining this particular solution. The former has sometimes been considered ’ ad-hoc’,
and both can beintricate. A relatively simple formulais presented here which allows the
particular solution to be written and evaluated immediately.

The following theorem, which is afundamental basis to proving the theorem for the
particluar solution formula, islong well-known (see [1] or [3]).

Theorem |.1: If s isan arbitrary differentiable function, V is an integrable
function, and y is atwice-differentiable function, then:

dysy= eI o
=Y+ Py + (=5 —s2—sV)y = 0.
The path to the following theorems establishing the particular solution formula came
through the following analysis.

Consider first alinear first order ODE:



W+ Pu= Q= e—jpdx<uejpdx> e IdefQ jpdx

So,if: u=4y' +By+C

= Ay'+By+C=c¢ JdeerJ.de
ﬂy n %y _ Ze dexJ.erdedx—Z

=y = e*J. %dx"-<%eJ.PdXJ-QeJ.dedx_ %)e.l. %dxdx

(4y' +By+C) +P(4y' +By+C) = Q
= Ay"+A4'y'+By' +B'y+ C' + PAy' + PBy + PC = Q

y= e_.[ %dxj(%e_jpdijedexdx - %)e-[ %dxdx

(I.1)
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So: s =4 :
y=e Isdxj Ze deij dexdx_% e.[sdxdx

zy”+|:s+(7+P):|y'+|:sl+s(7+P):|y: %_%

V—s+A—+P
. _[sdxj-( J.(s V)de~ 1Qe—j(s—mdxdx_%>e.|'sdxdx

= V' + 1 +[s' —s2 +sﬂy=%—%—%(V—s—A—,)
_ _ 9.
c=0, W—A.

)= e—jsdx J ( J- We—j(s—V)dx e f @ |

=y + W +[s' —s2+sV]y = W.
Verification:
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— (ye‘[sdx>/ _ (J‘ We—j(S—mdxdx)e‘[(ZS—V)dx
|: - I Vx| :|, - f (s—V)dx
= |e O +sy) | = We

= eiJ.(SfV)dx[(y/ +59) = (s—= (' +sy):| = We

PC

- I (s—V)dx
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=y +sy +sy—sy s+ W +sVy =W
=SV + + (" —s2+sV)y =W
s =—r:

y= eJ. tdx J.(_[ Wej(l+V)dxdx)e—J.(2t+V)dxdx

=>y'+ W+ [t -2 -tV]y=W.

(1.3)

These results may be stated as follows.

Theorem I1.1: If s isan arbitrary differentiable function, 7 is an integrable
function, and W is atwice integrable function, and y isa
twice-differentiable function, such that:

Y'+ W+ (=s' =52 —sV)y = 0.
then, aparticular solution, y, , to:
1 / / 2 _
Wt Vyp + (=" —s=sV)y, = W,
is:
vy = eJ.sdx -“(I We-l‘(s+V)dxdx)e—J‘(2s+V)dxdx.

proof:
Let:

b= j sdx J- ( J- We _[ (s+7)dx dx)e—I(ZHV)dx iy
then:

) = Sejsdx I(j Wej(s+mdxdx)e—j(2s+V)dxdx . e—‘[(s+V)dxj We‘[(s+V)dxdx

oy o S/ejsdx iq Wef(s+V)dxdx)e—j(zs+V)dxdx N Szefsdx iq Wej(s+mdxdx)e—j(zs+mdxdx N
. Sejsdx ( I Wej(s+V)dx dx)e—'[(ZHV)dx .

s+ me—j(sw)dxj We.[(s+l/')dxdx N e—j(s+V)dx We‘[(s+V)dx

(s +S2)efsdx Iq Wej(s+V)dxdx)e—j(zs+mdxdx+

J‘(5+V)dx - _[ S

+ s(j We dx)e
—(s+ V)e_-[(s+V)dxj We-[(S+V)dxdx + W

= (S/ + sz)e-[de I(‘[ WeJ(S+V)dxdx)e_.[(2g+V)dxdx +

~ Ve—'[(sw)dx J WeJ‘(S-%—V)dx s W
SO.

Y+ =("+ sz)eJde I(_[ We-[(ﬁmdxdx)e_-“(zwmdxdx +



Ve I(S+V)de-W I(S+V)dx W

+ VseI s J.(j. WeJ (HV)dxa’x)(fI (ZHV)dxdx +

Ve I (s+7)dx I (s+7)dx

J. We dx

= (s +s5%2+ Vs)eIde [ WeJ
=V + W+ (=" —s2=sV)y=W
H

(s+V)dx (2s+ V)dx

a’)I dx+ W

Corollary I1.2: If Visan integrable function, and W isatwice
integrable function, and y;, isatwice-differentiable
function, such that:

Vit Vyi+Qyn =0
then, aparticular solution, y, , to:

Yo+ Vy,+Qyp =W,

Yp = yhj(% [ Wyhe-[ dea’x)e_J " g

is:

proof:

Again, asiswell knownfrom[3]:  y = eIde =y + W +[-s' —s2—sV]y = 0.
So, if y, isasolution of: '+ +Qy =0,
then 3s = ;—Z suchthat Q = —s' —s2 —sV.
So, if y, isasolutionof: y" + 1y + Qy = 0;
then a particular solution y, of )f” + W'+ Qy =W isgivenby:
Vix

Vp = yhj(% [ Wyhej dedx)e_ dx.

Since:
U
Jh Dy
ejsdx _ ej T, dx _ e_[ Yho — elnyh = Vi
and:
—2j d —zj Zh g _[ )
e sax Yh x — ErS — e—2|nyh — elnyhz — yzz — %.
Y
]

Corollary I11.2 manifests the particllar solution formulafor second order linear
inhomogeneous ordinary diffrential equations. It shows that beyond equations with
constant coefficients, that particular solutions can be quite complicated and demanding.
Indeed, the method of undetermined coefficients is useless in more demanding problems,
and, although using the Wronskian method can be applied, my Corollary 11.2 formula
requires only one of the homogeneous solutione be determined - and is far more



compactly and elegantly written.
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