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The First Noether theorem with taking account of second 
derivatives in Lagrangian, space curvature and asymmetric 
metric tensors. 
 
                      Vyacheslav  Telnin 
 
                                    Abstract. 
 
This Part VII deals with the first Noether theorem.  It takes into account not 
only the first derivatives of the fields  by the coordinates  in Lagrangian, but 
also the second (this permits to apply this theorem to gravity, since the second 
derivatives from the metric tensor enter in the Lagrangian of the gravitational 
field). 
 Also this theorem is generalized on the curved spaces. 
 And at last it's generalized on asymmetric metric tensors. 
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1) Action function.         

 
It is said in [1] that if g is the determinant of the metric tensor and S – the scalar function 

constructed from a system of fields, then magnitude  
                                            )1.1(4

∫ ⋅−⋅= xdgSA  
is invariant relative to coordinate transformations. And so it is possible to take A as the action 
function for this system of fields. That can be generalized and on N – dimensional spaces. 
                     )2.1(gSL −⋅=               L - Lagrangian 
 
 
2) Field equations.                   
 

Let   );;( ,, klikii uuuLL =  

iu here is the symbol for any field. Let us vary A by the iu : 
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If  at any iuδ  вариация  Aδ = 0, then we get the equations for iu  : 
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3). First Noether theorem.                                                                                         
 
We will follow [2], and in some places will add new formule. 
:  
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Covariant derivative here takes into account the space curvature: 
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Covariant derivative here takes into account the space curvature. 
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Covariant derivative here takes into account the space curvature. 
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Let us find kg ;νµ for asymmetric νµg . 
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)1.4.3(0; =λ ksg  

From  0; =µν kg  it follows  0; =− kg  

Taking into account 
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[The Christoffel symbols for the for the asymmetric metric tensor must be taken from [3] -  
(2.35)] 
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we obtain  
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Taking into account (3.3) и (3.4)  we have : 
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      We have thus shown that to each continuous s – parameter transformation of coordinates 
(3.1) and field functions (3.2), there correspond s time-independent invariants  (3.8) nC   (n = 1, 

…, s ). That is the first Noether theorem (at 0)( =nj ). 
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If 0)( ≠nj  then we can get from (3.6) 
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From here we see that the values 
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are independent of time. That is the first Noether theorem for the asymmetric metric tensors in 
curved spaces with taking into account the second derivatives in Lagrangian.  
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