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1 Introduction

Albert Ei n s tGemeralbRelativityis the current theory acceptedfor describingGravitation It
elegantlyexplainsthe gravitational force as the manifestation of spce curvature causegitherby
anar bitrary movement -&rdme orivethe preseree of energy Gnitsifoenfse r e nc e
including mass) within itsurroundhgs. Althoughthesecauses are essentiatlifferentin nature they
producethe sameeffect they change the geometpgrceived This was cledy expressd by Einstein

in his fiEquivalence Principlé  w hhe statel that inertial and gravitational forces act identically on
mass Free falling objects are deviated byinertial and gravitational forcebecause they follow
geodesics which depdrbm strait lines when the geometig/curved Energy, mass andll physical
fields evolveover this curved spadéne andare responsible fdats curvatureat the same timen this
elegant picturggeometryplays a fundamentatole.

Although this hasbeen successfullycontrasted in many waygp to a high degree of accuraape
theory is not complete in the seribatthere are manissued or whi ch i texpldmatos. n ot gi
L e tre@adlsomeof them:

Why spacedime is four dimensional or seems to be like that?

Canmatterbe modeled outf somegeometricaspect oftie manifol®

Is the Cosmological Constamtull?

CanElectromagnetismhe integratedvith Gravitationin a geometric we/

If the previouds possible camther gauge fieldbe includedhlong withElectromagnetism
From where theStandard Modél forces ad symmetriesomefrom?

=A =4 =4 -8 -8 =9

Mainly those aspectre convenientlyfixed or ignoredn order tomove onto reality modelingbut it

would be niceif the theory itselfcould explainthem O f course thiGenethbesnot
Relativityd strengthbut constitués the verymotivationfor latter research performed by Einstein and

many othermathematicians anghysicists likeDavid Hilbert, Ernst Reichenlacher, Jan Schouten,

Arthur Eddington,HermannWeyl, Elie Cartan,TheodorKaluza andOskarKlein to mention thevery

firsts. Unification of all know forces under a single theory where eankcanbe seenas a different

aspecbf the existing geometry is byormean®ne ofthe mosattractivegoaki n t @liy/sicg.d s

To integrate all known forcestimthe same miture morefactshave to be addressagart from those
covered byGeneral Relativity the Standard Modeldescribingparticle physics, the mechanism by
which particles gain the known masses, the internal symmetries in play, the existing particle flavors
and families not to mention the inevitabl®uantum Mechanicaecessaryo understand and work

with all of them Such thingsan be observed in the labs andstly can becorrectly explainedvith
theactualguantummodek developed fodescribingparticle physics

No matter how complexesultsthe model for describing particleand field interactions or how
incompatibleQuantum Mechanicand General Relativityappearto be it is highly desirablghat the
theory beyondould be mainly based oandruled out ly the geometc properties of spacgme and

the internatspace Since quantum modeling of reality ke correct way taescribethings at very
shortscalesandGeneral Relativityshouldbe its classical limitat thestandard scalthen a geometric
founddion for a unified quantumfield theory would be responsible for the geometritructure
describedbfEi nst ei nMhsattdse avrhy. i t iquantizingthewgmaatdtional fieldinh i nk o
order to take its geometrical content down to the quantumdwost to have a clue on what a
geometrical foundation woultbok like at that level But Gravity has resisted to every standard
guantizingattempt.Actually any Quantum MechanicBeld theory isbeingdefined over a flat space
time (null connectionand flat metrig and introducesgauge fields throughhe connection and
curvatureof someassociatednternatspace.Gravity on the otherhandis all aboutspacetimed s
curvature(standard connection and curved metri®)en if both theories were taken to ogerusing

the same connectighdr Lagrangiansvould not combinavell in their present formvithout affecting
eachother These factsnake both approaches quite incompatible from the geometric point of view.
What is needed is a commorodelng thatbetterintegrates the geometrynto its foundations.

3
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The presentheory achievesuchunification working at the classical levand it is assumethat any
symmetry or geometriproperty consideredill be reflectedon the quantundomain Starting with
expresns as general as possible it will be shown how to builchgrangiancompatible with
General Relativity that includes Electromagnetismand other gauge fieldsThe resultingtheory
requireshe manifold to béour-dimensional

This isa brief descriptiorf the topics seen on each chapter:

On chapter 2 the main geometric variabdesl some of their properties are introducghlat is the
metric and the connection; gauge group generators will be introduced latter on chajpteostulate
is proposedon low to buildt he t heoryds Lagrangi an talahaevd
Lagrangeos egyanwlichresultshelpfulfad rs oobt ai ni ng t he f
derivative operator is introduced for achieving a more compact notatien @tpressinthe resulting
equatiors.

On chapter 3 it is showthatE i n s tGenenal@Rslativitycan be obtained following the previous
postulate when usingthe EinsteinHilbert Lagrangian The concept of compatible theory is

introduced Observations armadewith respect tahoselimitations found when trying to introduce
additional fields likeElectromagnetism

On chapter 4 an alternative Lagrangian is given for obtaiaingeory compatible witlGeneral
Relativity The solutionconditionsfor achievihg suchcompatibility are given It is shown how a
stressenergytensor can be obtained out of geometric componéd® solutions are given as

examples: one for the vacuum and another representing a relativistic perfect fluid. Some insight is

obtained abuat the nullity of theCosmological Constant

On chapter 5 the previous Lagrangian is extended for incliglagjromagnetismrhe corresponding

field equations are ¢hined as well as the known compatible set. é&xiglainedwvhy cur rent s

introducedwith the usuabctionterms.

On chapter 6 the invariantieatallows introducingelectromagnetisns analyzed in more detail. It is
seen how it affects tensoand derivative operators. Rules are givenrestrict tensor algebra

according to this inariance. Some insight is obtainaldoutthe possibility of introducing mass terms

based on vector potentahen modeling bosonicontributiors on a particlefield Lagrangian

On chapter 7t is explained howother gauge fieldgan be introduced. The cagsponding group
generatorsbecome fields representinghe Homogenous Lorentz grougnd will be taken as

fundamentalariableslike the metric and the connectionhd Lagrangian is modeled to grant their

known propertiesand some additional onén analyss is carried out on how the torsi@an be
representedby independent internal components afal which internal symmeyr are they

responsible. Based on that a suggested interpretation is given for matching this scheme with the

Standard Mod@ sstructure vhich can be used as a guidance in future research related to the
introduction of particldields within the current theory. Also a more fundamental set of elementary

particles is proposed whichayfind its placein such extended theory.

On chapter 8 thé.agrangian is giverfor introducing gauge fields in a way that compatibility is
grantedon the resultingsolution set. Field equations are displayed and a paitjatis given on the
equivalent compatible set.

On chapter 9 a resume is done on the camhs obtained and some suggestions are given for future

research based on this paper.

c al
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2 Geometrical Objects and Postulate

2.1 Metric and Generalized Connection
This field theory will bestartedon ageneric n-dimensionakreal manifold M " contairing a Riemann

Metric gij whichwill be usedas usuafor measurindengths, angles and any other relevant geometric
guantity(distance, surfac&polume etc.):

@1y $ g't g'(X) / g' =g’ Riemann Metric
@12 $ g;(X) / gik'gkj =d}

The manifoldwill alsocontaina General Affine Connection G ik which allows perforning parallel
transport operations between contiguous tangent sﬁ@@ﬁg, and the correspondingensor
covarantdifferentiation This connectiorwill be in general norsymmetric in its lowemdexpair.

It will be useful toexpresst as the sum cd SymmetricConnectionG x and aTorsiontensor& jk -

@13 $ ajk ! (_Bijk +Ejk / F G jk :Gikj SymmetriecConnection
(2.1.5) i @jk =- @kj Torsion
@16 " V(X)) , W(X) - & 5JV‘ SNTAV +Gy VK Covariant Derivatie
|
i

DW T uW - Gy W,
Notice that thisTorsionis half of thestandardorsion tensor:

@19 €1 L(Gk- Gy)=1Tk

When the so cdled Compatibility Conditionis imposed to the metrithe Sandard Riemann
Connectiorcan beobtained fromt and its first derivatives

@17 D¢ =pu g’ +Gu.g’ +Gw.g" * 0 Compatibility Condition

218 - Gy =1.0“{u0;} * £.9“.(10; *H,0, - 1G;) StandardConnection

The general connectionan be expresseas the sum of thetandardone plusa Delta TensorD i
which in turn can be decomposed int8yanmetrieDeltatensorandthe Torsion

19 Gk=Gi+ Djk =Gk +Dj + |§jk / Bjk = [_jkj SymmetrieDelta tensor

_@.‘l(
1
_GT](

Torsion

—— ——D:

2.2 Connectiond s d etensons e d
The following vectoffields can be definefrom the general connectidny self contractios

(2.2.1) G 1 G% SymmetrieConnection Trace
(2.2.2) E 1 §<|k Torsion Trace
(2.2.3) él Gu=G+6& RightConnection Trace
(2.2.4) (LE; 1 Gy = G- EJ Left:Connection Trace
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Also thetrace of thestandard connectiozan be identified withefollowing me t rgradiénts

225 G G =p(n(y- [gg))

With the generalconnection ékij and its firstorder derivatives &urvaturetensor can be defined
along with two relatednesobtainedrom it by sdf-contraction:

(2.2.6) R’i ikt |.1ij| - pf;',-k +@rk.é‘j| - Gy .érjk Curvature
2.2.7) F~2j| 1 ﬁkjkl = ukékn - I.I,E-:] +éé’ it - Gn.G ik Ricci Tensr
(2.2.8) ﬁk, 1 Rl = uké - M(Ti Segmentalensor

By construction the followingdentitieshold:

2290 Rj=- R

(2.2.10) R K+ F~€ik|j + F~€i|jk = 2.(‘5kEj| +5j§|k +’5lgkj) +4.(Ekr g i +Ejr .Em +Elr .Ekj)
(2.2.11) 5mF~2i i +i5kF~2i jim +15| R jmk = - 2.(|’:\~’i jkr.glm +R j|r.§mk +R jmr.gkl)

(2.2.12) \:l = ukéku - é'jk .ékn - 5,3

(2.2.13) Iij =- Ry

Curvatures corresponding todifferent connectionsdefined over the same manifold(that is
connections differingma generic tens®' jx ) become related by the following expressions:

(2.2.14) éujk 1 @jk + D'k ®
(2.2.15) Ii'ujkl = Hkéujl - Y éujk +éurk .étrjp - éurl .é‘rjjk =
= F~2ijk| +‘5kDijI - 5, D'i - 2.@k|.Dijr +D'w.D"j- Du.D i =
~. 70 . 70 . = . . .
=Rw+D,D'j - DD - (2.@k| +D'w - D'«).D'yy - D'%.D"j +D'n.D" i
L e tinffalucea compactotationfor the roationalof any vector, shown with therevioustraces
(2.216) Uéj ' “ié - Ujé
2 WG UG- WG

@219 MG ' UG- K1,G

Also somesymbolswill be definedfor the components of the righbntracted curvature arttie
associated contraction against thetric

= r ¥

@29 R ! 3.(R +R)) SymmetridRicci Tensor
=) Yoy s o

@220 Ri*3.(R - Ry) =p, & +1.u ) SkewSymmetric Ricci Tensor
b,

Generdized Curvature Scalar

i

221 R g“.

r

From (2.2.D) and considerin@?.2.3), (2.2.4pnd(2.2.8)the following identity can be obtained:

o H .
@222 R;-3.R =p,E +p@
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2.3 The Geometrical Postulate

Geometrywill be imposedinto the theoryby consideringthe fundamentalgeometric objectstlie
metric, the generalized connecti@md later the gauge group generatassjynamicvariableswhich
vary independeht from one another. Theinsageandvariational independence comes frtme fact
that theyrepresentonceptuallyindependenattributescharacterizinghe containing manifoldOther
dynamic variables will be allowed as far as they introduce geometrical constmithe previous
ones (i.e. index symmetries, differential rélans, etc.).The Lagrangianwill only contain first
derivativesof those fundamental variablesombinedup to conforming second order differential
terms

23.1) GeometricalTheory - | 1 kﬁ_(g g™ Gﬂw,p‘ﬂGﬂw E“ﬂ,p‘ﬂl%'zﬂ,(C))dW
y

@32 & gM(X) , Gw(X) , I%'zﬂ(X) - Fundamental Variables
l X

(2.33) : (C)(X) - Constraining Variables
~ ¥
|

@3y | L a(g" g™ Gﬂw,HﬂGﬂw,Eﬂ,wEﬂﬂ)*‘C b(g", pg" Gﬂw,uﬂGﬂw,Eﬂ,uﬂEﬂﬂ)

() ¥ (y)

235 - d(C~) ) b(gﬂﬂ,pﬂgﬂﬂ,éﬂﬂﬂ,pﬂéﬂﬂﬂ,%1;1],“11%1111) 10 Constraining Equatios
y ) X X

2.4 Variational Principle and Noéther Currents

The Variational Principlestates thathe actionintegral mustremainstationary withfield variations
having fixed valueson any hypervolumed o ma ibourddary This leads tahe usual Lagrang® s
equations

@41 1 * kpj(d,K 9)dW I d,Kq Generic field and first order derivatives
b 0 ™ )

42 "dq, D [/ dgq(D)r0 -
(x) (x)

dlo a uk U.L --&:
H M

— ——) :
-0 O oo

vo% FBQJO

0+ ™
If the actionadmits symmetries such thamainsstatonaryunder certain parametgariations then
byN o £ t hheoretn & conserved current can be defined bastdkon

wJ =0 NIRRT

HIJ(Q) ()
This last equation turnsito a chargeconservation lawf the corresponding charge definedas
usual

44 " D - DQ1! ﬁ]deK =0

Because of th&eometrical Postulate he constr ai ni ng v aaurreathtlalss won o6t
no physical conserved attribute will be associated to them

43 "dq [ d*O0 -
(x)

The Lagrangiarfunction L(q, 4, q) is ascalardensity sahe resultingield equationsobtainedby
(CUN )
usingthe standard equation (2.4\&j)| inevitablyinvolve tensordensities.
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The following methodavoids working with them letts assume thé.agrangiandensity can be
representedis the product of aReference Bnsity s (which cannever be null)and alLagrange
Scalar functionL , both depending on the dynamic variables

@45 L(g,pugq)* s(a,u9)L(q,p0) / Ié s(9,44 Q) Reference Density
® (G T € N U R € i I
} L(d,k Q) Lagrange Scalar
(SIS

Based orthemtheL agr ange 6 s emodifeedfar diracly retuaimg tebser expressions

(24.6) EquivalentLagrangés Equations
% L 8 L ge W KW W g D4 HL
H 0- —— +abl )- —+ My ol + ML+ My =0
“BUAG MO @ UG Mg HKG T 5 MWQ Y pg
C W+ ™ ¢ ) ) ) -+ ) )
@earn | y tin(s) : s.0 Densitys Function

AlsoN o = t kewerendcanberewrittenso thathe conservatiodivergencdaw becoms tensaial:

49 BDJIF- (G- uy)JIi¥=0

a o]
a9 | Jitt ol +L. 4 8dq EquivalentiN°® e t ICernerd s
éﬁl Hd - HHGG o

2.5 Variational Derivative

Given a connectionel s defineits Variational Derivative by subtractingto the corresponding
covariantderivativeoperatora term containing thelifference between theonnection rightrace and
the densityfunctiond gradient Forageneral connectiothis will be of the form

251 PV 1DV - (G- py)V Variational Derivative

(25.2) ISKWij ! 5kW” - (Q - W)W
é.
This derivative operator appears naturally tmose field equations obtainedvhen the varying

parameteof equation(2.4.6)is the generalized connectidd i, andalso in thecurrents divergence
law (24.8):

253 BDJIIK- (G- uy)Ji=0 - PJi=0

Notice thatbecause ofhe term subtractedhis operatordoes not follow the Leibnitz rul&Vhenthe
connectionbecoms standardhis operatoreduces to the usuabvaiantderivativeand the Leibnitz
rule is recovered

~.

(25.4) ij 1 ij - 5kVi = DKVi
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3 Einsteinbs Gravitation

3.1 Einstein-Hilbert Action

As a starting pointetd seehow to obtainE i n s tGeavity @gsations out of an actidhat follows
the Geometrical PostulateSince the resulting connectias expected tde symmetricin its lower
index pairsuchconditionmustbeimposed through a suitableagrangian

eLy gt - w5 fi/- |gw|a k' 2./C+6krs.g(rs8dw Einstén-Hilbert Action
D -
@12 | CJ(X) =- Ck“(X) Lagrang® Multiplier

The action is written in terms of the metric and the generalized connestittre only fundamental
variables The first two terms in theLagrangianare those fromthe EinsteinHilbert actionwith a
cosmologicaterm. Thethird one is a Lagran@emultiplier which forceghetorsionto be null.

Onthis actionareference density aralLagrangé scalarcan beeasilyidentified

313 S(Gy) * +- |Gyl

~ - ~ = - =
@19 L(g",Gw,uCm.C™M * g“ R, - 2/, +C 6%

The resultingdensitys functionhas the following nonnull derivatives

@15 ¥t In(y- [Oy|) - % =- 39 : W =G
Theequivalent. a g r aequgatoddsr this kind of actiorbecome
YR TR

(3.18) W d +G. =0 / q . gij

kﬁl MOG MO HWg 00

W+ ™ )

(3.17) &” 3:0;:.L =0 / q=g

Hg (x)

3.2 Field Equations
The field equationsbtainedfor the action (3.1.1re

(3.2.1) aé,jk ) @jk =0

) Pg » ~ s £
G22 ay ) R-3(R-2/,+C" 6&%).g,=0
323 dOK ) Isigjk - ai".lsrgjr + 2.8 g” =C~3ijk

Sincethetorsionis null this equation setan befurthersimplified into the following

P P P
(8:24) D Ri-2Rg;=-/.9
(3.25) - ¥ P.g' =0

T
(3.26) 1[ ékij =0
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Equation (3.2.5urns intothe Compatibility Conditiorif the followingconnectiob s teresirnexists

@2n " Dk [/ Dag*+Dwg" - Dirgh=0

328 Gi! Gi+Di - Digjk:O

Suchextensiorturns out to be nuldlue to index symmetrieo the fiédd equations reduce exactly to
General Relativityor thevacuumwith a given osmologcal constant

@29 Rj-3Rg;=-/.9

(32.10) Digjk =0

With this approachit was shown that General Relativitycan beobtainedby following the proposed
GeometricalPodulate althoughthe resulis limited to the vacuuntase The parametetensorC, Mis

a geometrieauxiliary objectthatimposes an indexsymmetryconstraint on the resultingpnnection
It does not participate in the final equatienxeit cancels to cero

3.3 Compatible Theories

A theory compatiblewith General Relativitywill be one were the solutions for the later become a
particularcasein the former solutiorset One way for obtaining suctheoryfrom the previous one
would be tantroduce constraininfields in theaction(3.1.1) withtermns like the following

. . «
@2y gt - - |9w|-§3@krﬂq -2/,+C" 6% +f8dw

D
@3y | flai(g““,uﬂg““,é“w,uﬂé“w)+(G)(X).bi(g““,uﬂg““,é“w,uﬂé“w)
Y )

Although this takes t@ metricequation like (3.28) with an additionaktressenergy tensoderived
from the 7 function and its variablesthe componentszi and bi shouldgenerate aonnection

equation like (3.23) which admits the standard connectid®x as a solution This demands the
following condition to hold:

i a uf o pf pr ik K
Eijk1 He j - —*G. ' EiJ = El
%) é% Lij§ WGk MGk %) %)

Very restricting is the fact that derivativase not allowedor the constraining variables makiitg
impossible to obtain second order differential emues on them. Thisexcludesthe chanceto
introduce field-potentials as constraining variabledy using derivative termslike with
ElectromagnetismSince the connection reduces to the standard one the only way to introduce vector
potentials would be througthe metric by following the KaluzKlein construct[8]. This last
procedure will be depreciated in favor of a better one.

(333

For overcoming the previous limitatisanother compatiblaction will be proposed withotihe nult
torsion constraint This will allow introduéng additional fields (potentiat) through thegeneral

connectionand not through the metriét the same time it will fixt he mani f ol dés di

while enablinga conformalsymmetrywhichwillbeu s ef ul f or t he .theoryods

10
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4 Four-Dimensional Conformal Gravitation

4.1 Conformal Gravity Action

By removingthe nulttorsion constrainand the cosmological tefrandby squaringhe Generalized
Curvature scalar in action (3.1.1) the resulting onebecomes invariant under conformal
transformatios whenapplied to themetrictensor

@1 lee? - meorfi- |gw 2g . O.dW Conformal Gravity Action

D
A conformaltransformatioron the metrican be expressed as:

@12) gt e¥.g , Gix® Gu

This action remains invariarnly whenthe manifold iour-dimensional:

D

@iy - " (X)) lig=lee @ n=4
Under such conditions if a metric is a solution of the resulting field equations then those obtained
from it by a conformal transformation will also be solutioB®the metricwill be determind up to a
conformal factor A four-dimensional manifold will be assumed from now on in order to allow this
symmetry

4.2 Field Equations
The corresponding field equationscome

__ Lo L .
o @) K18

~ . — I - o
uz2) Gy ) P/(Rg")- d'P (Rg")+2&\.(Rg") =0

fg

4.3 Two Solution Sets
Solutions to the previouield equations can be classified in tweparatesetswhich will be called
CompactandStandard

(431) Compact Set

1
o
<O

Standard Set

g" +28.g" = ad“.g" u (In R) g™u(n R)

N
w
L
=
1
Al
D¢
-. @
I
o
) = = D = = oy
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Fromequation(4.3.4)the following equalitycan be deduced
B _
@35 R(X)=4/_©» Curvature PhaseEquation

@36 | F(CX)1 - f{g, P g% +2&)dx® Global Phase
C

The functionF(C, X) will be calledGlobal Phaselt dependonacurve C which ends at the point
X where the equation (4.3.5) is being evaluated

For thecompactsetthe uniquefield equation just fix one degree of freedamongthose existing
within the metric and th&ymmetric Rcci tensor This allows lots of solutionswhich can strongly
depart fromGeneral Relativityones.

4.4 The UniguenessConstraints

The CurvaturePhaseequation(4.3.5) involves a generic curd€ which ends at the poinh space

where the equation is being evaluafEde genericCurvaturescalarshouldbe determined by the field

equations up to an arbitrary conformal transformation. But the election of the curve has far more
degrees of freedom than a simple conformal transformaiibis impliesboth sides ofequation
(4.3.5) canét c omp e omgaewall defired fanctiont hehr a tt dos | vehayw es came
condition should be imposed in order to calculatmiguesolution: éher a prescription is given for

considering oly one curve ending at each point or the theory is tailavaetbpend as less as possible
onthesecurves.

Based on that one choice has to be made between the follbvargnstraints

(441 PathDependenceé&onstraint

For each pointX there exists a prescription for defining a single cu@/ending at it for
which aunique solution can be calculated.

This converts th&lobal Phaséanto a well defined functiomhich become dependent on the
family of curves onsideredAn exampleof such rulewould be the following:definefor each

point X, a family of opencurves{C} startingat it which can reach ery point X in a
neighborhoodaround itwith a wique parameterizatiorset This could be for example a
family of geodesics starting aX, (Gaussian normal coordinates)d theneighborhoodwill

extend to the surface of first intersectioRsr covering the whole Universe manf these
patches would have to be considered with theresponding boundary conditis for
preserving t hewhanegangfromone neigloborhobdtaantigugusone

(442) Path Independenc€onstraint
TheGlobal Phasef hddsthe following property:

4azy $F | gir.lskg”‘+§.§1 MF Path Independendgonstraint

With this constraintequation (4.3.5) will depend only dhe starting and ending points of the
curve consideredassuming that the manifoldasconnected on&hen only a prescription for
determining the starting point is needed.

12
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4.5 GR-Compatible Field Equations

The solutions for thetandardset have a specialgnificance they will take us back on the track of
General Relativity For achieving this lets notice that for the followiggneralconnectionequation
(4.3.4)simplifiesvery close to the standa@bmpatibility Condition

@51y " Gik! G +Dk : Gk Gy

@52 |/ Connection Compatibility Condition
Di.g™+0%.9" - (g, .Dsp.gs"+§.l‘5i + IKD::).g"k +§.di".I§r.gjr +2B,.g" 10

(45.3) 452) . (434) - big* - g¥*.9, Dg”® =0

From this last equation th@aetric Compatibility Condition(2.1.7) cannotbe deducecdkven though
both equations share the standemdnection as solution

@s9 " Gy /' Dg"=0 - Bg"-g"gD,g"=0

This happens due to the conformal invariance of equati@mjdinherited by (4.3) but missingin
Ei nst ei nd $iecemnlitioa (bi2)omil be callddConnection Compatibility Conditioand can
be decomposed imithe following twoindependenbnes

(45.5) Eik =- %(dj g B aﬁg)

Connection Compatibility Conditions

<& oo

(4.5.6) Dikj +D(ij - CfiK.(Djrr +Djr) =0
Onemore onditionis necessary for obtainingpmpatibility withGeneral Relativity

P
457y R4/, Relativistic Conformal Gauge

This condition will be calledrelativistic Conformal Gaugand stands for a special choior the
metricd conformal gauge. Since the Lagrangian is invariant under conformal transformations
i mposing this ctoefiddeguatomsr the@physicef theif sbldians.

With conditions (4.5), (4.56) and (45.7) whenidentifying G x with G i, the standardequation
set carfinally betransformednto:

(45.8) |Ejk =- %(d}lsk - Of(ISJ)
@4s9 D +0 - dik.(Djrr +D0x) =0
(45.10) ’E)igjk =0

k

@s11) R, - 3.Rg; ZBZ—;Q.T.. - /1.9,

. 4 - 1 kr
(45.12) Te T|J ! S,Skg ([)u -39 Dkr gu)
/i
n 9 — = = (& \ &) — (&
@s19 | D, -B,0y+D%Dk- BB +1.®D +b,D)- Dy.D
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This isGeneral Relativityhavinga stressenergytensor and a cosmological tesuits solutions are
also solutions ofhe currenttheorywhich provests compatibility

A stressenergy tensof4.5.12) is obtained out oEomponents coming from the general connediio
(4.5.13) so it can be sagtich tensor is theanifesation ofsome geomeir aspect of the manifoldit
can be used for adeling continuais-matter fields based orthe GeometricalPostulate(é agsome
wood out ofnarbledé ) gainingthis waya strong geometrical foundation.

A nonnull torsion(4.5.8)is admittedwhose traceontributes to the resulting stremsergy tensoin
(45.13)

4.6 The Compatible Family of Curves
According to (4.3.5) and (8.7) the Relativistic Conformal Gaugénd so the possibility of having
compatible well defined solutions equivalent to séhg the Global Phaseo cero

(46.1) F(C,X) 10

This can be achieved in a variety of wayglthe type offamily-curve considered becomes relevant.
If any curve is to be allowed then the previous condition translates into:

ws2 g, P.g*+2&10
But the family of curves can be constrained resulting in different compatibility conditions.
For example 1itds possi bl e suchzxase comditon 4é.1) becomey c | 0 ¢
equivalent to th&ath Independence Constramentioned in (4.4.2):
@sy g, P.g*+26&1 uf - F(C,X)* fjF.dXc =0
C
This constraintayalso apply tmpen curves holding:

(4.6.4) ]?(X) 1 f(Xo)

Thebigger the family of curves the smaligill be the set of compatible solutions.

4.7 Vacuum solutions
Vaauum solutions are obtained for the followiigcuum Connection

~.

w1y Gl Gi+d .3 Vacuum Connection

Where a, is an arbitraryvectorfield that will becalledvVacwm Potential

Conditions (4.5.8) and (4.5.9) hdior this connectionvhile the stresgnergy tensor (4.5.12) becomes

null. Equality (4.62) is also true sthese solutions live in theelativistic Conformal Gaugedomain

The simplified equation set bexnesthe one forGeneral Relativitg s vacuum9arsd in (3
(3.210):

@720 Ry- %.Rgij =- /c.gij
(47.3) E)igjk =0

Connection (4.7.1)s commonly known abeinga projective transformatioof the standardne

14




On the Geometrical Unification of Gravitation and Gauge Fields Juan Andrés Musanipolo

48 Per f ect F Endrgy BessorSt r e s s

As an example of a geomettici ke mat t er f iKidlingdectbrédidican generate theow a
standardstressenergy tensofor a perfect fluid:

48y " a(X) / ba, +ba =0
With thisfield the following deltatensor can beonstructedor the general connection:
48y Diti(g,a -d.a.-da)

Suchtensorhold conditions (4.8) and (4.90) as itshould be
Thecorrespondingtressenergy tensor can be deriviallowing equations (4.12) and (45.13):

@83 Ty =(e+p)MV, - pg;

1
(48.4) & V,=(a“a,) a4 Velocity
i
1 — ct k .
“ss) | | e =3g-a.a, Mass Density
I
! @k
(4.8.6) i p=- m.a a, Pressue

WhereV'i s the fluidés rcerespdnihgto tetiieation wfeectar a.iandye f i el d

and p the masadensity and pressure respectively, both depending on thé feddiule

| tidtesesting to notice that a complealue connection is needed for modeling matter. This strongly
suggests thathe currenttheory may bewell extended to the complex domaimhe resulting
connection (standard plus (4.8.2)) looks similar in shape tootige considered by Weyl in his
unification theory[8].

49 The Cosmol ogi cal Constant candét be Null

From (4.3.2) and (4.3.5}) can be seen thahe cosmological constarttecomesassociatedo the
standardsolution set which is the orleading toGeneral RelativitySuchconstant an 6t be t aker
have a cero value becausa that casehe solution set would become thempactone Although

compatible solutions may exist undéis lastsetthey would not becompletelydetermined by the
correspondindield equation.So when talking abouteneral Relativityasbeingwell definedby the

theory the cosmological constant should be assumed to be different than cero:

(49.1) General Relativity @ /.0

C s

4.10 Relation between Standard Differential Geometry and General Relativity

While the metric isbeing scaledoy conformal transformatien distance vectorand the affined
connectionare not That 6 s georgetricn melsureankentemain invariant under those
transformationsFor example angles betwegtvariantvectors are conserved but vector modales
not.

(4101) gj = e Xof , Al = A , Bi = B'
(4102) |A|2 =g, A“A - |Ai|2 =e? WZ . |Alz
(4103) COS(AB) =g, .A“B' .|A{'1.|B|'l - cos(AiBj) = cos(AB)

15
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Thespae-time intervalresults to be neinvariant and so do the velocity vector

@104y dS°1 g, .dX .dX"’ - dSi? =% dS° ., ds
@105 V'1 dx - Vi=€e V' V'
ds

For suchreasols mostgeometric measures undeethctualconformal theory depends on the gauge
selectedGeneral Relativityphysicsis recoveré afteradoptingthe Relativistic Conformal Gaugand

so do thestandardmeasurmentessentiad (up toa constant scaling facforHere it can be seen that
the standard differential geometry becomes a special @ase more elaboratedone where the
geometric objects definegthould benvariant undeconformal transformationsf the metric The fact
that the geometrysimplifies with the Relativistic Conformal Gaugés the reason whyGeneral
Relativitybecomes very special (preferredg¢ference for describing realityhe relation isimilar to
the oneSpecial Relativitymaintainswith General Relativitybeing the first a specialcase of the
secondwhendefinedon a neighborhoodsmall enoughwith respect to the existing curvatuaadan
inertial coordinatesystemis being used asraference

4.11 Noether Currents
TheNo6ethercurrents for each geometric vari@besult

(4.11.1) Cgij ) J'=0

(g™

~ _ P ~. N
@112 Gi ) (éﬂ] )' =2R.(0".cCw - g“.d3)

T
So farthe currentsassociatd to themetric becomenull which implies thanofi me t r i ccartodh ar ge 0
consideredOn thisrespecthe fundamental variable behaves as a constrainingTotei s woul dnét
the case if the actiois constrained for example by introducing the followingglla a n g ewhich t er m
depend on the metriand itsfirst orderderivatives

@113 - |gw|.(3i wum.(®,9" - g*.g, D.g®).0" / Gyt 3.0“{n0;}

Such term turns th€onnection Compatibility Conditianto a field equatn.
The payoff for such change would baheory having nomull metric currents and a stressergy

tensorcontainingthe parameterC‘fi ikm Which becomes a real physical field. The solutions for the

theory will be stretched in range whilee compatibility with General Relativityemains untouched.
Terms like this one will be considered laterthis paper.

5. Conformal Electromagnetic Gravitation

So far theFour-Dimensional Conformal Gravitatioproved to bea theory compatible witiseneal
Relativity, but something important is missing: it does not conkattromagnetismBy following

the Geometric Postulatéhere is no way to introduce such fiedly with this actionand additional
constraining terms. As discussed in (3.3) with thesteinHilbert Lagrangianthe solution will be
reached by addingewfundamentaterms. For knowing what terms to add a good starting point will
be to consider th¥acuum Potentiads a candidate for tHelectromagnetione. Doing soprevents
the currentactiontermto generate any unre@lectromagneticstressenergy tensor. Thgood one
would be generated byiew termswhich should preservethe existing compatibility withGeneral
Relativity Only this wayGravitationandElectromagnetisrwill be able tomerge seamlessly.

16
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5.1 Conformal Electromagnetic Gravity Action

Let 6s c oVasuund Eonnectidples a comatible symmetric delteensorand identifythe
vacuumpotential with theElectromagnetione:

611) Gkl Gk +Qi +c.d.A EM-GR Connection
(5.12) € Qu*Qy

I
(5.13) boQf+Q5-d.Q +Q) 10

This will be called theéElectromagetic Gravity Connectignwhere A, is the usuaElectromagnetic

potential andc, the corresponding coupling constante brsionof suchconnectiordepends entirely
on theElectromagnetigpotential

1 Gx=1c.(d.A-d.A)=-1( & - of(é) EM-GR Torsion

Introducing the potentiathis wayis also supported by the fact théetcurvature tensor for any
connectiorremainsinvariant whenthe connectionsimodified inthe following way:

Gis " (X)), E‘Jijk - { éii K 1 (~3‘,-k +0“]:.|,lk/ - ﬁii K= ﬁijkl

This changavhich wascalledLambda Transformatiohy Einsteinbreaks the indegsymmetry on ay
symmetric connectiomaking this proprty to lose relevancdt motivated him to look for unification
betweerGravitation andElectromagnetismising anonsymmetric field theoryAlthoughsuchtheory
did not succeethistransformatiorfound to be useful in theurrent paper

For theEM-GR connectionthe lambdafunction can be seen agpresentinghe gauge freedom of
ElectromagnetisirLatter this will be proved to be corramder the appropriate conditions

For finding the correcElectromagneticterms for the Lagrangian only those cortiwederived
tensors being invariant under lambda transformatieifis be considered. This ensures that after
constraining the generalized connection to EMGR ong the correct equationsanemerge.There
are only twoindependentensorsthat can be fonedfrom thegeneralconnectionand its firstorder
derivativeswhich are lambdanvariant:

(5.16) I-_\;i jki , I,léJ

All other invariant termsan be derived from #émby tensoroperations
For preserving theagrangand sonformal symmetry the addition@rmsshould havehe form

(517) /- |g<|m|-gkr'gS|'Xkrsl

Where X, is ageneric expression fguadraticcombinations ofambdainvariant tensorebtained

from those in(5.16). Such combinatin of first order differential terms will generate thexpected
second ordedifferential equations foElectromagnetism

Also thosequadratic combinations should not break compatibility Vi@d#meral Relativityachieved
by the current action term This rde out many combinations leaving the following terms to be
combined:

518 R, , R; , R K+ ﬁiljk +R Kij , LléJ
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This is consistent with the fact that aflthese termsnustvanish when castraining to the standard
connectionin order to preserve compatibility

519 Gi! Gk - R, = Fﬂij = HGJ =0 ﬁijkl + I:\;iuk + ﬁiklj =0
By following those rules first tentative for thactionwould be

(5.110) G
sl as

G &6 HH .
IGenerall k0'~ - |g'|]ﬂ|'gkr'g (; r'Rsl +k1'R<S'RrI +k2'RKs'RI +k3'ués'uél +

gH £ . H .
+K, R R, +Ks R +1 R LG, +
* k7'(§mk50+ §m0k5+ |5r]r]5°")'(|5()rlm + ﬁomn + ﬁolmr) +
+ kg'gmn'gop'(ﬁokSm+ ﬁ0mks+ ﬁosmk)-(ﬁprln + ﬁpnr| + ﬁplnr)gdw

Within this action some extra conditioslled EM-GR Splitting Conditionsnust be met by the
constantsk, for preserving compatibility and obtainirg neat separation betwe&ravity and
Electromagneim

Gy K, =ik K, =- k :J EM-GR Splitting Conditions
u
_ _ T
.1k . k=-ikoke3k b
(5.112) d-éﬂw-fieldequation - Digjk =0 ’ DkF k — 0

When theEM-GR connection is in use these conditions \g#éherate theplitting of thefield equation

analog to(4.2.2) into the standardCompatibility Conditonand t he second pair
equations They become mandatoryfor maintaining compatibility withGeneral Relativity The
resulting Lagrangian and field equations wlle those from the~our-Dimensional Conformal
Gravitation with extratorsiondependenterms(that is, they vanish if the torsion doeBYy this way
Electromagnetisnbecomes alirect manifestation of torsion and preserves its independence from
Gravitation Finally dter adoptinghe splittingvaluesandrenaming the constants

by 1,3,5,89 - (1,2,3,4 the candidate action for unification results

(5.113) G G & H C%nformalElectromagneti((_‘aravity Action
oo g i & £ £

ICEMG t I(o - |g1m|-gk -9 I-gR«-FQ +k1-(R<s' %R@)(Fﬂ - %-R|)-+

D

S £ H

+ kZ'HQS'HéI + k3(R<s - %R(s)uél +

+ k4-gmn-gop-(§oksm+ ﬁomks+ ﬁosmk)-(ﬁprln + ﬁpnrl + ﬁplnr) +

- (%k1 +%k3 + 3.k4).(§mkso+ ﬁmoks"' ﬁmsok).(ﬁorlm + ﬁomrl + ﬁolmr)gdw

32ky./

3cte?

(5.114) [/ 3k, +k,*

That thenewtermsaretorsiondependentan be seehy considering identies(2.2.10) and2.2.22).
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5.2 Field Equations
The corresponding field equations become:

521 oy’ ) ﬁ.(ﬁ’j- g;) =
H £ H = H & H
=k.(- ('%kv 3 |3 9).(Ry - 3R+ (RE - 3 R).(Re - $.R.)-g;) +
+k2'(_ @k G +3 U@« U@ g|])+

B . B H o
+%k3('(RE( ZR)HGK (R - 'Rj )-Héw“%-('%'%-Rr)-H@r-gu)’f

Lk 3R HRM 4 RM).(R%n + RPoy + RPnj) +
+(R™+R™+R™).(R ,, + Ry + Ry ) +
+3. (R +R"™ +R™).(RPrin + RPun + RPinr).g; )+
- Gk 32U +3K) [ (R o+ Rl +R™0). (R + Romy + Rm) +
F1R™ + R+ R ). (Rom + Romn + Romr).; )

o

622 B ) P, (RgX)- P
5 H

- 5 H o 5 H
=- kl.(ﬁi(gk - dpP (ﬁ%f - LRI +2.@i,.(ﬁ% 1R"))+
~ ) +€( =

- 4. ks (F~’iu@k 0" P uE !
o H %
- 1k (P o (R” - 3R + 8y (R” - 4.
H e
*7&4%PA% LRy + & (B - 1R +
+1k.d) (P &+ @rp.u@’) +
+2.(5 K + 2k +3K,).(P ,(R® + R + R9) + & (R + RA + R™) +
+P p(I?ijki + ﬁji P+ ﬁjki p) + &rp.(ﬁjrpi + ﬁjirp + ﬁjpir) +
+P (R™ +RPY +RP) + B (R™, + R+ RIP)) +
- 6_k4_(|5p(§jpk + ﬁkjp + ﬁpkj) +€<rp_(§jrp + R;pjr + ﬁrpj))
This last equation can be shortly written as:
~ = ~ = - .
623 P, (Rg™)- P (Rg")+26%.(Rg")=Q*

From this the following expression can be deduced:
© - - . . . ) o
(5.24) R.(gjs.(DigSk- 9%.9, D,9") +2.(6 +1.(a" & - djk.é))) =Q"“+1.(dQ - &Q)

25 | Q"

19



On the Geometrical Unification of Gravitation and Gauge Fields Juan Andrés Musanipolo

If the generalized connectida expressed as the standard phes as delta tensor the following identity
holds

5260 Gkl Gx+Dyi - 5kg” - g’ .gkrﬁsgrs =(D«+D'%)- ¢'.g,.(0° +Dp)

This delta expression corresponds to@tmnection Compatibility Conditiof@.5.6).
Using this (5.2.4) translates into:

g = - = \ & |
527 R(DS+D - d.(D% + D) +2(B +1.(¢ B, - ¢ 5))=Q" +1.(¢Q - Q)
Starting with equation (5.2.3) by contraction of thesixgair (ij) the following one€an bederived:
28 Q1 Q" =0 - IsruEi +E €& =0
By contraction of indexes (ilgn (5.2.3)this otheris obtained:
P ~ = = G
29 W(nNR)=- (g, P,g"+2&+1R*Q)

From this identity it can be seen tHat adoptingthe Relativistic Conformal Gaugthe following
condition should be reached

= ~ = & .
6210 R 4/, a f12/..(g, P ,g" +2.6)+Q).dx =0
C

According to (5.2.4) if the&Connection Compatibility Conditio(#.5.6)is met therthe firstequation
can be decomposeddrthe following setwvhich will be usefuin later analysis

G211 D,g%*- g*g, .E~)pgrp 10 Generalized Compatibility Condition
(5.212) Té Qijk —. jS"
% L = ~ =~ i i i
(5213 - | 2REK+§ +§) =(Q, +Q'x+Q.))
|
I P = = = = | RG] O i )
S 2RE.EG-d€)-&-§)=1Q-dQ)-Qi- Qx

Considenng (5.2.8), equality (5.22) implies the followingone

\J 1 Il

(5215 - Q' =-Q'=0

5.3 GR-Compatible Field Equations
Whenconsidering thé&lectromagnetic Gravity Connectidhe following identities hold:

63 Gk ! G +Qu+c.dl.A EM-GR Connection

sa ¢ Bor-0"0,5,0°=0
|

1
o

o | oFgreifs0 3
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With connection (5.3.1) quation (5.28) transforms directly into the second pair idfa x we |l | 6's
equationdor null currents
534 (528 - b, F*=0

All conditions (5.2.0), (5.2.11) and (5.2.2) are met:
639 - Q=-Q . Q/+Qk+Q/i=0 , L(dQ-dQ)-Qi-Qk=0

The first pair of Ma x w e lddntdysconmeéngfrora the definision bfshe o bt ai n
Electromagnetidield as the rational of a vector potential, which was introducetth the EM-GR

Connection

36 K ' WA - A - wF +uF +F, =0

With identities seen on(5.3.3) equation (5.20) shows that for this connection tHeelativistic
Conformalgauge hold -

(537) (5.2.10) - I5:4./C

Considering all of this and doing the corresponding substitutibaesrésultingcompatible field
equationsbecome

639 Qi ! Qy : Qi +Q% - d.(Q+Q¥) t 0
(5.3.9) E)ig"k =0
6319 D, F*=0

31y DF +Diji +D, ij =0

I

6312 R~ 3RO =0T - /gy + 2% (ﬁ( R Fy +%'Fkr'Fkr'gij))

2 c4 Py 1 ~kr P
(56.3.13 ]\e Tij 1 W'(Qij - 59 'ri'gij)
A
!
|

S 1 k. k. r 1 k. K. rok
i - DkQ ij +Q|r.Q jk +5'(DiQ jk +‘DjQ|k)' Qu.Q rk

(53.14)

The absence of current terms in (5.adnderthe EM-GR connection isaken to be a consequence of
a missing representation for particle fields. Such tapia pending issue and requires a thinner
analysisto be done in futuresssearch

5.4 About the Current Term

For including the missing current in equation (503.dne may be tempted to add to the Lagrangian a
termof the form

(541) /- |gw|.gkr.gs'.k5.\]krs.§ / Jie * T

After selecting appropriately the correspondikg constant thelesired resulivould be obtained:
(542) Dijk =- icll.Jj / Jo 1%
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Alsoa corresponding er m woul d be adde-dnergyequatibne Ei nst ei nds

643 R -1Rg =.+3/ k(-3 G- 1.6+ .+ E&yg)

Theterm(5.4.1)c an 6t be consi dered t o thawoaldforaethellityai ni
S

of the torsionbés tr ace HRedctromdgnetioector gotensiac ont e xt

(544 Ay ) E:O - Null Electromagneticfield ???

Thencurrens should depend on the fundamental variallleddemandnew terms to be included in
the current Lagrangian.

6 The GaugeUnification

61 Beyond TWeogyl 06s

So far it was shown how the action proposaded orthe Geametrical Postulateallows obtairing
Gravitation and Electromagnetisnmiogether. Conformahvarianceacting on the metric and lambda
invariance acting on the connectiarere introducedecausehe first imposes four-dimensional
manifold and permits recoveng compatibility with General Relativitywhile the secondllows to
correctlyintroducethe Electromagnetigpotentialand field The most interesting thing about having
thosesingleobjectsymmetries ighis: they can b&ombined to represettie manifetation ofa U (1)

gaugesymmety acting ona specific set obbjectson the manifold(other than the metric anthie
connectiofina A g e ad mekterdi ct ransf or mati on

The effect on the action variablean bedescribed byhis transforméon law:

©11y gite”.g , Gkt Gi-d

This conjugation ofsymmetries does natliminate any of themis just a particular cadeut it will
prove to be a useful oneince it allows introducing the abelian gauge group needEik
transformationon the metricand the Lagrangian in udeoks quite similar to thosein We y | 6 s
unification theory[8] (first and third terms of the Lagramgdsealar(5.1.13) except thatn this case
general connection withorsion is allowed and otherterms related to Electromagnetismare
consideredAlso adifferentinterpretdion is givento the associatedymmetryandthe wayit operates

on tensorsand it is shown on what conditions theompatibility with General Relativitycan be
recoveredThis transformatiorw o nbé& tarriedout on all tensorsincesome of thenshouldremain
invariant. For understanding this lets introducertbeessargoncepts.

6.2 Diffeomorphisms and Parallel Transport
Considera coordinate system change where each pXinis taken to a nearby onX by a linear
transformation defined by a vector fiethX' :

LlXii i i
X GrRdx

— —’—)(‘D:

i
2 Xit X +dX(X) - uLf((" @d - pdx’
i

The representatiorof anycovariantvector fieldV' in the new coordinate systeran be obtained by
applying the usual coordinateansformation law

622 Vi(Xi) = “uii VE(X) =V 4V dX

k

22

ng
re

S

s



On the Geometrical Unification of Gravitation and Gauge Fields Juan Andrés Musanipolo

This expression relates representaiof the samevector field evaluated at different points with
different @ordinate systems. It is not atentity between tensors evaluated at the same point.
I will becomefitensoriab oncethe first opeand is expressed in the initial coordinate system:

623 Vi(X'+dX") =Vi(X)+dX*(X) Vi (X)+...
(6.24) - Vi@av - LV
(dx)
625 | (dl;()Vi Ldx p V' - Ve dx Lied derivative alongX'

Expression(6.2.4) is equivalent to (6.2.2nd haveall the fields evaluatedn the initial coordinate
systemThetran s f or mat i onds o pkigderivative. r esul ts to be the

The diffeomorphism considered corresponds to a change of coordinates where the tensor fields are not
being modified. In that senséia pdssivé t r ansf or mati on.

Now consi der adivdoneftakdalveatorfietdd/' andparalleHransport it using the
mani f ol dds g eGfjeatonga givemisplacernentield dX' :

626 Vi(X+dX) =V (X)+dX" (X)DV'(X)

For extractinga tensoral equationout of thisexpressiona coordinate changes doneso thatthe
starting pointX is taken to the ending or&X +dX) alongdX':

627 Vi(X)@V' +®,dX' - 28 4.dX")V*

This active transformationp toa first differential ordetbecomesharacterized by the product of the
vector field with the following tensor operator

629 Vi @U'V* I Ut d+D,dX - 28,.dX" =d +D,dX - E;.dX’

The resultinginear operatoilJ'; only contains elementassociated tthe transformatioritself and

A

will be the same no matter thensformingvector consideredIt 6 s i nt er estthimg t o
operator depends on a connection hagngpposite torsion with respect to the original one.

6.3 Loop Transformations

If the paralel transport of a vector fiel done alon@ closed infinitesimal curv€ the ending point
becomes the original ors®thereis no need to applyng coordinate systerchange since the equation
obtainedresultstensoral. In thatcase thetransformatiorwill be calledLoop Transformation
Suchchangewill depend on theurve consideredndtranslates into #&nsoroperatorinvolving the
general connection artgnsorsderivedfrom it. The simplest case is obtained when the curve is a

fiparallelogran defined by two infinitesimal vector fieldsdX' and dY' (simplest kind of loop)
which were parallel transported along each other for obtaining the opposite sides and the gap caused
by the torsion waspmpended for having the necessary closure.

Theresultingoperator cathenbe expressed using therrespondingurvature tensor:

631 Vi @U'V* / U'jt d +R jpsdX'dY®
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6.4 Absolute and Relative Transformations

Looking to the previous transformations two kinds can be distinguished: those that depend on the field
being transformed and thosk not. The firsts are linear operators containing derigatto be
evaluated on the transformed fieldere hey will be calledRelative TransformationsThe seconds
become tensor fields depending only on the transfiiomagents and will be referred Adsolute
Transformations

Among this terminology the st examplg(6.2.4) becomes a relative transformation while ttker
two (6.2.8) and (6.3.1esult to beabsolute.

6.5 Absolute Transformationsas a Group

Absolute transformations are the most interestéintitiessince theyexistas independerstandalone
fields. They interact with all transformed fields ira homogeneous wawnd can be generally
representedsthefollowing sum:

651) U';1 +T' dg+T'i.dg.dg+T';.dg.dg.dg+..
( : : (a) ? (ab) (? (b) (abo (a) (bc)7 (66)7

Where Ti,-,T',- ,..,le are arbitrary tense which define the transformaticend dc)] a finite set of
(a) (ab) (a..z) a
infinitesimal scalarfunctionsactingasdriving parameters
These transformations are invertible since an inveaisealways be found
-1 -1
652 $ Uy [/ ULWUY = 0’;
-1

653 U'j ! d +VI dg+V';.dg.dg+V'; .d
( ) : (a) C] (ab) (a) (bc)7 (abo (C] (b) (C)

(6.5.4) ? V'j =- T'j
1 (a) (a)
655) [ T V' :'T|j+T|k.Tkj
| (ab) (ab) (@ (b)
(6.5.6) ! Vij =- Tij+Tik.Tkj+Tik.Tkj-Tik.Tkr T
l[ (abg (abg (@) (bg (@O (c) @ ) (o
é .

Theyrepresenatransformatiorgroupwhich will be calledAbsolute Transformation Group

6.6 Absolute Transformations asthe Key Invariance Symmetry

I n the plan of constructing a field t hbsolurery base
transformationdased orgeometrical objectwill be considered. As shown in the previous examples

they can be defined by combining parallel displacements and loop transformations which are well
understood geometrical operations but in principletearysformatiorbuild out of geometrical objects

will be good even if itd 0 e s n 6atdireht anterpretadn as acompositionof knownfi mo v ©% 0 .

course knoebased loop will generateabsoluteloop transformatios and in that caséhe resulting
transformationsnaybe classified according the correspondinfpop-invariants

Invariance undethe actionof absolutetransformationsvill be the keyprinciple of the theory.
For being generic enough the geometrical objeotsideredwill be displacement fields, the mnigt,
thegenerakonnectiorand gauge group generatarsich will be introduced later

(6.6.1)

AT-GeometricaField Theory @  Field equations are covarianhder AT (dX", gy, Gl, %)Iﬂ).
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6.7 Invariant Tensors

During absoluteransformationsome tens@remain uichangel.

The mani fol dobs p o unddr sanahsautealoom tramsformatioALA)NsSb any
displacement vector fielihking two pointswill remain the same:

671y Xi=X - dXi (X) = dX'(X) (ALT)

Any scalar fieldalsoremains the same undan ALT and so do the contraction betwesenovariant
and a contravariant vector fields. If bothre transformindields this implies that the contravariant
transforming tensashould be the inverse of the covariant one:

- fi(X) =£(X) - Vi“Wj =V*W, ¢
-1

ok i iy i
é - Uk-Uj_- - UJ: J

—H

672 Vi =U"YWWVK

b N et

I
Wi=U" W,
TheKroneckerdeltaor Identitytensomremains invariant under any absolute transformatdr) $ince
covariant and contravariant transforming tensors are irvfrsa one another:
-1

(6.7.3) dji =U ik.O'rk.U i = d; (AL)

From (6.7.1) and (6.2) results thathe gadient ofa scalar functioris also invariant under an§LT:

©.74 dfi(X) =df (X) (ALT)

dXi (X) =dX'(X) (ALT) WFi(X) =puf(X)  (ALT)

k<r> —_— C:—)—) [
1

df =pf.dx"

It will be seen that gauge fields will be included into the theory by imposing its Lagrangian to be
absolutdloop invariant under suitable transformations based onctmeespondinggauge group
generators.

6.8 Index Rules and Types

For beingconsistent with a different transformation law foansformingand invariant vector fields,
only vectors (indexes) of the same kindn be added or contracted. The sum or contraction of
different kind of vectorsesults in a tensor having an arbitrary transformationviene the absolute
characteristic of the transformation is lost:

©81) Vi=U'\ VX a
A 1 e . o
Wi =W - 1 YT SUR WE UV W) | VW
1 ~
YrView' 2 g P VWi =UR VW, . VEw,

Exceptions to thisule apply totensors that can be considered to be either transforming or invariant. A
geneal case would be thosproportional tothe identity tensor A particular case for a gan

transforming operatod '; would be those tensors commuting with it

682 Alj =UWAUY, Ci'j U (A +F. )V
Bi'i =B,
C'it Aj +f.d} ?
D'j1 B +fd ?

—— ——>D:

Diij = ij+f.d}j

\<r) —_— C:—)—) >
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683 Al =UWASUY, - Alj =UWACUY = AU UY = A

U'.AS - AUk 10

<o

The transforming tensors'; when acting orthemselves can also be consideasdransforming or
invariant.

Self-contraction is allowed whe&vercontractedndexes are of the same type:

684 A= UK.ASUY, = A

To resume there are thrkimds of indexes: thélransformingones, thdnvariant ones and those like
in the identity tensowhich act inpairs of mixed indexes (covariant and contravariahgt can be
consdered to besithertransformingor invariant.Theselastwill becalledNeutralindexes.

6.9 Connection Index Types
Consider the covariant differential on any vector field:

691 DV't BV .AX =@V +GCkV)dX'

(692 DWW BDW.AX = (@W - G5 W,).dX'

The connectionébés | ast c odX a breingpamALT-imvaridné vector soitc ont r a
should be alscALT-invariant according to index rulesThe otherconnectionindexes may be

contracted with either transforming or invariant vectiree the same connection is used with all of

themso they shoulébehave as neural-pair.

~

693 Gk - k- Invariant i, j T Neutral

6.10 The Connection transformation law

The transformation law for the connection can be obtained by demaatubntutetransformatios to
commute with theovaiant derivative operation

G0y BV BV

There are two possible ways to define such relation depending on the type of vector considered.
For transforming vector fiekthis yields the follaving law:

_— _1 . _—~ . _—~ . fond -1
6102 Vi =U%VE - Gik=U;"U"'1Gx-pU'")=Gi+U'+ b U"
For invariant vector fielsithe lawshouldread
©.103) Wi =Wk - E—Ziijk = ajk
These two transformation laws can coeXighe theory fixe the connection field up to a degree of

-1
freedom given by thextensionU'; B, U"; produced byheabsolute transformatidn play.

In other words connectiordiffering only on an AT-extensionshould be regarded as representing the
same geontdcal object whichbecomesnequivalence clagsndertheseAT.
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The theoryds field equat i onaen nsehcaqiilatbnd dasd gnd b e
completely invariant tahe action ofthe proposedransformatios. So do the resulting fieldand all

the physics involvedAs a consequence of this the connection can be considered to follow
transformation law (6.10.3ndall physics equationshould bdnvariant undethese changes

When considering a transformatiap to afirst order in the tansforming parametgrthe connection

will change afollows:
-1

6104 U'j=df +Tij.C(j +..., U’ :cﬂ-Tij.c(i +...
() (@ (a) (@
(6.10.5) - éii ik @@jk - E~)k('l("),- ((Zla?)

6.11 Conformal Electromagnetic Gravitation asan Absolute Invariant theory
Conformal and lambda transformations can benjugatedto represent and absoldtmp
transformation correspomd) to a U(1) gauge group the one associated télectromagnetism

(although particle wave functions and phase invariance were not introduced). The corresponding
operatos andthe effects on the connection are

©111 U'j 1 d}.ecl'/ , Uit d}.e'cl‘/
U@ u@

-~ -~ . fd -l -~ . .
(6.11.2) - Gk=Gx+U' D U", :ij-Cl.d}.uk/
The metricwill beconsidered to batransforming tensor:

©113) gi t U'w .U’ .g" =& ¢
U UE

Considering thd_agrangiarterms:

1 The metric is an absaaietransforming tensor biit changs conformaly soit does not affect
thecurrentLagrangiamor the physics involved

1 The curvature results invariant since the absdhatesformation produces a lambdae on
the connection

1 The torsionrtraced motaionaltermsare alsanvariantfor thelambda transformation

Because of these tHeagrangianresultsinvariant and the Conformal Electromagnetic Gravitation
becomesn absolutenvariant theory with respect to transformations (6.11.1).

The point of havig a conformal symmetry in the theoryow becomesclear the Electromagnetic
gauge effect on the metric can be canceled out by a suitable conformal transformétiemsdric
andtheassociatedgeometry maygtand stillfor any observer

The U(1) gaugefreedom will contributeto the Global Phasewhen considering th&elativistic
Conformal Gauge

6118 7(CX)" - f{g.P.g*+28)dX°- 2¢. f =- {0, P.g%- (A - 2 pf)dx®
C

(EM)) c (EM))

In that casehe metricconformal gauge wilbe alsocompensang the Electromagnetiqggaugewhen
reaching compatibility.
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6.12 The Electromagnetic Ptentiald gansformation law: isthe Higgs boson necessa®y
Considering th&M-GR connectionthe transformation lavior a U (1) regaugingoecomes:

©121) Gk =Gk +Q'k +Cl.d}.A( - E—:-iijk =Gk +Q'i +q.d}.(A; H/ )
It looks like the potential is transformirgcording tahe standardyauge rule foElectromagnetism
6122) A - A=A IS

But dueto absolutdnvarianceindex behaviorthe vector potentlacomes to benvariantmaking the
previoustransformation rule not a true ariehe good onshouldbe

6.12.3) A, - A=A

The gaugeextensiorterm appearing in the connection is caused by the connection transformation law

not by the vector potential on&his enables the vector potential to be placed directly into the

Lagrangian The correspondingontributions to the field equatiobh&comegawge invariantThis fact
turnsout to be quite interesting since it allowsparticletheory formulatiorto introduce masgerms

based on the fieldds potenti al bdson fields Theactuat o

Higgs mechanism usddr tha purposein the Standard Mode[7] may not be necessaryat all since
mass termsan be introduced without breaking any symmeffat may happen ifparticle physics
andthe Stardard Modelcan bebothreformulatedwhile beingbased on the present theory.

6.12.4) Standard Modd kagrangian -  ..+0"“.g%>.m,.A.A +... Mass terms are allowed

7 Introducing Other Gauge Symmetries

7.1 Gauge Field components

Following YangMills steps onceelectromagnetisnhasbeenaddressed theext st@ is to generalize
the theory for allowing other gauggoups Sincethe Conformal Electromagnetic Gravitatiomorks

in a fourdimensional manifold it turns out that not all the symmetfethe Standard Modetan be
introducedwhile using a real domaijust because there are not enough dimensisnkeast there is
space for introducingrmther SU(2)3 SU(2) representation without having to talk aboutextra

Internal Space

For introduci ng begilmihagenerggaoggroup s | et 6 s
The elements defining thgroupare:

711 E'j(X) Group Generators ~ / E'«.E"- EX.E 1 C.E
(a) (@) (b () (a) (cab (c)
e
712y C Structural Constants / 1§ ct1-C
(cab ‘| (cab (cba)
1 c.c+c.c+cCc.Cc1t1o0
| (edd (dbg (ed9 (dah (edh (dca)
713 A(X) Vector Potentls
(a)
714 H;(X) Gauge Field / Hi * WA- 1 Atc,. % ALA
(@ () (@) (a) @9 () (¢
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Where E'; are tensor fields having the role of group generato(t@t,)) are the groupods
(a) ca
constants A, the field potentials c,their corresponding coupling constaand H; the associated
(a) (a)
gauge field. Theywill be integrated ito the generatedconnectiorin the followingway:

715 Gi! Gk +Qi +Cl.d}.A( - c.E'j A

(@ (a
Like in YankMills theory thetransformingoperator will be:
_ . . -1 , .
71e) U'j1? Exp(cg.I(E')j(X).{)(X)) , U'i ¥ Exp(- cs.l(E)j(X).{)(X))

The generatds traceshouldvanishcausinghe operat r 6 s d e tb bavealinitvaluet

717y E%10 - de{Uij
(a) (a)

=1

Properties (7.1.1) and (7.1.&)e absoluténvariantwith respect tdelectromagnetisn(6.11.1) and the
actual Gauge transformations (7.1.6) so they can be impossihg invariant constrainingfields

(Ci=C).

As seen in (6.10.5)n any infinitesimal transformationdefined by & j the connection transforsn
(@)
like:
718 Gik @Gi-c,.(®, E'j.d +Eud)
@ @ @ (@)
This ALT-extensionwill not leavethe Lagrangian invarianinless tle group representatiormnd the
transforming parametefslfill someextraconditions

7.2 Metric Constraint and the HomogenousLorentz Group
The metricwastakento be atransformingtensorwhen applying thdJ (1) absolute transformation

associated t&lectromagnetisnand @mpatibility with Genera Relativitywasrecoveredy selecting
the RelativisticConformal Gauge For any other absolute transformatioree if compatibility is not
metthe Lagrangian shoulcemain invariantThis will be achieved by granting the invariance of its
components likehe curvature, the torsiemaced sotational and thenetric. Sincethere is no other
symmetry like the conformainethat can be used fmompensatinghanges on this last tensie
allowedtransformations should lmnstrainedo those of théHomogenos Lorenz Group which are
the ones leawxg the metricnvariant From thisthe Lorentz constraintesults

721y  gj=USU"ig, ! g LorentzConstraint

This can be traduced tm symmetrieson the group generat@ indexes When considering an
infinitesimal transformatiomp toafirst order this definition turns out to be

r22) E;+E; 1 0 Group Generatoros
@ (@
/ al {1,2,34,5,6

The group generatoere sixskewsymmetrictensorsn their covariant form and their tra&become
null as expressed earligr (7.1.7)

Conditions (7.22) areAT-invariantwith respect tdElectromagnetisnand Gaugetransformations so
they canalsobe imposedisinganinvariant constrainingjeld.
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Froman inertial coordinate system these tensarsbe taken to be tifi@llowing set:
Lorentz Group Generators

e

e+

(7.2.3 Eij Le
o g

¢

e

E * ¢

@

After raising the first index with the metric they become:

erl o
16 -1 a
(7249 Qg ~ . -1
g 1
e
E 1 g1
@) é
_ e
e
H e
E'j1¢
@ e
e

'
[uN

+1

ccBoos

oocooon

ccBocon

ocoooon

E, *
©)

()

,\
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i
E;?
©)]
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D>~ D+ D~ D~ D

D> D D~ D D

+1

Eij = g"‘.Ekj

-1

coodon

+
coodon

ocoooon

ocoooon

Eij 1
(3)
Eij 1
(6)
Eij 1
3)
Eij 1
(6)

('D_;('D~ @ D D D

DD D D DD
-

D D D D D
i

DD D D DD
+
'S

cocool

+1

oo ooon

'
cocoof
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These tensors can be arranged in two sets: one corresponding tﬁmpaaxer:eleration%()i; andthe
X

otherassociated to space rotatio(h)é,— :
X

(7.2.5 Kij 1 Eij Kij 1 Eij Kij 1 Ei,- Acceleration
) () : v @ : (2 ®
Lij 1 Eij Lij 1 Eij Lij 1 Eij Rotation
(%) (4) ! §%] (5) ! (2) (6)

Combining these tensors the following complex set of group generators can be formed:

ol i R ; -
(7.2.6 )(() it %.((K)',-o |.(I_)';) | al {x,y,Z4  Lorentz Complex Group Generators
a a, a,
e -1 4 ) ¢ 1 oe ) ¢ 1o
i € u i € ju i e B
(727 X"yt ge b XUyt TeoXTyprge Lo
() é LU (y) é B (2) é B
é ! u é u & u
i i i
(7.2.8 X 1t Xt X 1
) ) @

These generators splits therentz Grougnto the direct sum of tw@®&U(2) algebras as itan be seen

in their commutation rules:

729 SX* X*9=j e .X*
8@ ®U (@9 (©

7219 X X 9=-i e . X
8@ mHY (abg (c)
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