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Preface

A combinatorial map is a connected topological graph cellatly embedded in a
surface. As a linking of combinatorial con guration with the classical mathematics,
it fascinates more and more mathematician's interesting.td function and role in
mathematics are widely accepted by mathematicians today.

On the last century, many works are concentrated on the comimtorial prop-
erties of maps. The main trend is the enumeration of maps, paularly the rooted
maps, pioneered by W. Tutte, and today, this kind of papers ar still appeared on
the journals frequently today. All of those is surveyed in lui's book [33]. To deter-
mine the embedding of a graph on surfaces, including cologira map on surfaces
is another trend in map theory. Its object is combinatorialzation of surfaces, see
Gross and Tucker [22], Mohar and Thomassen [53] and White [7@specially the
[53] for detail. The construction of regular maps on surfase related maps with
groups and geometry is a glimmer of the map theory with other athematics.

In fact, maps as a kind of the decomposition of surfaces, staie given more
attention to its role in surfaces theory, such as the Riemansurfaces, Klein surfaces
and manifolds theory. As a simple case of the general mands] we know that
Riemann surfaces have become a source of the mathematicalative power. Many
good ideas for the manifolds with higher dimension are inspd by the Riemann
surfaces. The relation of maps with Riemann surfaces has bdaown in 80s in the
last century. Then how to realization or making combinato@l re nement for the
Riemann surfaces, Riemann geometry and nally, the Smaraadhe geometries by
maps is a very interesting problem. Unless the enumeratiorf anrooted maps on
surfaces, more attentions are given to the combinatorial rement of some famous
results in Riemann surfaces, Klein surfaces arsdmanifolds in this book. Although
the results obtained are quite elementary, it is still valuble probe by researchers,
especially, those of mathematicians in combinatorics, Klesurfaces or Smarandache
geometries.

Now we outline the main contents in each chapter.

Chapter 1 is preliminary. We introduce the conceptions of Klin surfaces,
Smarandache geometries, maps and the semi-arc automorphigroup of a graph.
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A relation for maps and Smarandache manifolds (abbreviatestmanifolds) and a
scheme for the enumeration of unrooted maps are establishadthis chapter. The
last section determines the relation of the number of embeuidjs and rooted maps
of a graph on genus. A general equation for the total genus gnbmial and rooted
total map polynomial is found in this section.

As a combinatorial model of the Klein surfaces anstmanifolds, Chapter 2 con-
cerns the automorphisms of a map, a Klein surface and armanifold. The voltage
map in the topological graph theory is de ned by algebraic ahsome common results
are reproved under this de nition. Conditions for a group bimg that of a map are
gotten in the rst two sections. A combinatorial re nement of the Hurwitz theorem
in Riemann surfaces, and similar results for the Klein surées ands-manifolds are
obtained in the Section 3. The Section 4 concerns the order af automorphism
of Klein surfaces ands-manifolds by maps, which is an interesting problem for re-
searchers in the Klein surfaces and Smarandache geometri€le results gotten in
this section are better than those of results already known.

Chapter 3 presents a necessary and su cient condition for argup of a graph
being that of a map. This chapter also give all concrete reentation of automor-
phisms of maps underlying a complete graph, a semi-regulasagh and a bouquet,
which is di cult in the researching of Klein surfaces.

Chapter 4 is concentrated on the enumeration of unrooted ma@ands-manifolds
by applying the results obtained in the previous chapters. fie enumeration prob-
lem of unrooted maps on surfaces is generally recognized ault problem. The
unrooted complete maps, the semi-regular maps and one faceaps on orientable
and non-orientable surfaces are enumerated in this chaptefhe last section gives
an elementary classi cation for the closed-manifolds by maps.

The last chapter presents some open problems related to theeRann geometry
and Smarandache geometries for the combinatorial maps. Atugh it is called
open problems, in fact, any solution for one of these problemeeds to establish
a new mathematical system rst. But as soon as the system haén established,
the contribution of combinatorics to classical mathematis, such as, the Riemann
geometry and Smarandache geometries is realized. Those theewish of mine, and
they are also the main problems considered by me in the follow times.

The main part of this book is my post-doctor report in the Chirese Academy
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of Sciences in 2005. Many colleagues and friends of mine hgiven me enthusiastic
support and endless helps in preparing this book. Without #ir helps, this book
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Chapter 1 Preliminary

All surfaces are 2-dimensional compact manifolds withoutdundary, graphs are
connected, possibly with loops or multiple edges and groupse nite in the context.
For terminology and notation not de ned in this book can be sen in [33][34] and
[35] for graphs and maps and in [6]73] for groups.

x1. Klein surface and s-manifold

1:1 De nitions

1:1:1 De nition of a Klein surface

The notion of Klein surface is introduced by Alling and Greenleaf [2] in 1971
concerned with real algebraic curves, correspondence wittat of Riemann surface
concerned with complex algebraic curves. For introducinchis concept, it is need
to enlarge analytic functions to those of dianalytic functhns rst.

Now letf : A1C be amapping. Writez = x+ iy;X;y 2R ;i = p—1;2:
X iy andf(2) = u(x;y) + iv(x;y) f(2) = u(x;y) iv(x;y)for certain functions
uv:AlR

A mappingf : A1 C isanalytic on A if %f = 0 (Cauchy-Riemann equatioh
and is antianlytic on A if $'=0:

A mapping f is said to bedianalytic if its restriction to every connected com-
ponent of A is analytic or antianalytic.

Now we can formally de ne a Klein surface.

A Klein surface is a Hausdor , connected, topological spac8 together with a
family P - f(Ui; i) ji 2 1gsuch that the chart fU;ji 2 I gis an open covering of
S,eachmap ; : Uy ! A; is a homeomorphism onto an open subsét; of C or
C" =fz2C:Imz 0gand the transition functions

\ \
= g U Uy ! iU Y):
are dianalytic.

The family P is said to be a topologicahtlas on S.
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The boundaryof S is the set

@S = fx2 Sjthereexistsi 2 1;x 2 U;; i(X) 2R
and (U) C*g:

The existence of Klein surfaces is obvious, for example, aeRiann surface is
. . . . P
a Klein surface viewed as an orientable surface with empty boodary and  to be
analytic functions. Whence, we have the following relatian

f Riemann Sufacesg f Klein surfaces g:

The upper half planeH = fz 2 Cjilmz > Ogwith f(U, = H; 1=14)gand the
open unit discD = fz 2 Cjjzj < 1g with f(U; = d; ; = 1p)g in Care two Klein
surfaces with empty boundary and analytic structures.

If kK(S);g(S) and (S) are the number of connected components @S the
topological genus and the Euler characteristic of a surfa& then we have that

Theorem 1:1:1([2])

8
<2 29(S) k(S); if S is orientable

S) =
(5= 2 g(S) k(S): if Sisnon orientable
1:1:2 De nition of a Smarandache geometry

By the history, we know that classical geometries include & Euclid geom-
etry, the hyperbolical geometry and the Riemann's geometryEach of the later
two is proposed by denial the 5th postulate for parallel lirein the Euclid postu-
lates of geometry. TheSmarandache geometriess proposed by Smarandache in
1969 ([61]), which is a generalization of the classical geetmes, i.e., the Euclid,
Lobachevshy-Bolyai-Gauss and Riemannian geometries mag bnited altogether in
the same space, by some Smarandache geometries. These lastngtries can be
either partially Euclidean and partially Non-Euclidean, @ Non-Euclidean. It seems
that the Smarandache geometries are connected with tiRelativity Theory (because
they include the Riemann geometry in a subspace) and with thearallel Universes
(because they combine separate spaces into one space) &&jj|
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In [61], Smarandache de ned several speci c types of Smadache geometries,
such as theparadoxist geometrythe non-geometry the counter-projective geometry
and the anti-geometry He also posed a question on the paradoxist geometry, i.e.,
nd a nice model on manifolds for this paradoxist geometry ahstudy some of its
characteristics

An axiom is saidsmarandachely denied in the same space the axiom behaves
di erently (i.e., validated and invalided; or only invalided but in at least two district
ways).

A Smarandache geometris a geometry which has at least one smarandachely
denied axiont . At present, the Smarandache manifolds (abbreviates-manifolds)
are the central object discussed in the Smarandache geonmetrtoday. More results
for the Smarandache geometries can be seen in the referefdg$16],[27] [28], [32]
and [58] [59] etc..

The idea of ans-manifold was based on a hyperbolic paper in [69] and credite
to W.Thurston. A more general idea can be found in [59]. Accding to the survey
[27] of H.Iseri, ans-manifold is combinatorially de ned as follows:

An s-manifold is any collection C(T;n) of these equilateral triangular disks
Ti;1 i n satisfying the following conditions:

(i) Each edgee is the identi cation of at most two edgess; g in two distinct
triangular disks Ti; Tj;1 i;j nandi6 j;

(i) Each vertexv is the identi cation of one vertex in each of ve, six or seven
distinct triangular disks.

The vertices are classi ed by the number of the disks arounchém. A vertex
around ve, six or seven triangular disks is called aelliptic vertex, a Euclid vertex
or a hyperbolic vertexrespectively.

An s-manifold is called closed if the number of triangular diskis nite and each
edge is shared by exactly two triangular disks, each vertex completely around by
triangular disks. It is obvious that a closeds-manifold is a surface and its Euler
characteristic can be de ned by the Theorem 1:1.

1:2 Classi cation of Klein surfaces and s-manifolds

A morphismbetween the Klein surface$ and S®is a continuous magf : S! S°

1Also seewww.gallup.unm.edu/~ samrandache/geometries.htm
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such thatf (@$% @®8and givens2 S, there exist chart (U; ) and (V; ) at s and
f (s) respectively, and an analytic functionF : (U) ! C such that

()= FCON;

where, : C!C " :x+iy! x+ijyjis a continuous map.

An automorphismof a Klein surfaceS isan 1 1 morphismf : S! S. It has
been known that for a given Klein surfaces, the set AutS of automorphisms ofS
forms a group with respect to the composition operation and §H = P GL(2; R).

Let be a discrete subgroup of AuH. We say that is a non-euclidean
crystallographic groug shortly NEC group) if the quotient H= is compact.

More results can be seen in [11]. Typical results for autongirisms of a Klein
surfaceS are as follows.

Theorem 1:1:2([11]) Let S be a compact Klein surfaceg = g(S) and k = k(S),
then
(i) there exists anNEC group suchthatAutS= N () = ,where =Aut H.
(ii) if S satis es the condition2g+ k 3 if S is orientable andg+ k 3if S
is non-orientable, thenAut S is nite.

Similarly, two s-manifolds G(T;n) and G(T; n) are called to beisomorphic if
thereisan 1l 1 mapping :G(T;n)!C ,(T;n) such that for 8Ty; T, 2 C(T; n),

(Tl\ T2) = (Tl)\ (T2):

If G(T;n) = G(T;n) = (T;n), is called anautomorphismof the s-manifold
C(T;n). All automorphisms of ans-manifold form a group under the composition
operation, called the automorphism group of ars-manifold C(T;n), denoted by
AutC(T; n).

x2. Map and embedding of a graph on surface

2:1 Graphs

Combinatorially, a graph is a 2-tuple (V;E) consists of a nite non-empty
set V of vertices together with a setE of unordered pairs of vertices, i.e.E
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V  V([22],[35][70]). Often denoted byV (), E() the vertex set and edge set of
the graph .

The cardinal numbers ofjVj and JE]j are called theorder and the size of the
graph .

We can also obtain a representation of a graph representing vertex u by a
point p(u), p(u) 6 p(v) if u6 v and an edge (; v) by a curve connecting the points
p(u) and p(v) on the plane.

For example, the graph in the Fig. 11

1 v
84 82
- w
Ch
SR D
T e

Fig 1.1

isagraph =(V;E)with V = fu;v;w;xgand

E = f(u;u); (v;Vv); (w;w); (x;X); (u;v); (v;w); (w; X); (X;u)g:

A walkof a graph is an alternating sequence of vertices and edges e;; U,; &;
;€n;Un, With & = (uj;ui4p) for 1 i n. The number n is the length of the
walk. If u; = up+1, the walk is said to beclosed and openotherwise. For example,
ueveoweswesxesweyv is a walk in the graph of the Fig. 11. A walk is called atrail
if all its edges are distinct and apath if all the vertices are distinct. A closed path
is said to be a circuit.

A graph is connectedif there is paths connecting any two vertices in this
graph and issimpleif any 2-tuple (u;v) 2 E() V() V() appears once at
most andu 6 v.

Let be a graph. For 8u 2 V(), the neighborhood NV(u) is de ned by
NY(u) = fvj(u;v) or (v;u) 2 E() g. Its cardinal jNY(u)j is called the valency of the
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vertex u in the graph , denoted by (u). By the enumeration of edges, we know
the following result

“u2v  (W=2EQ

2:2 The embedding of a graph on surfaces

A map on a surfaceS is a kind of partition S which enables us to obtain
homeomorphisms of 2-cellb(x;y)jx?>+ y> < 1;x;y 2 Rg if we remove fromS all
the curves used to partiteS. There is a classical result for the partition of a surface
gotten by T.Rad in 1925.

Theorem 1:2:1([52]) For any compact surfaceS, there exist a triangulationfT; i
lgon S.

This theorem is fundamental for the topological graph thegr which enables us
to discussion a surface combinatorially.

For any connected graph = (V() ;E()) and a surface S, an embeddingof
the graph in the surface S is geometrical de ned to be a continuous 1 1 mapping

I 'S. The image () is contained in the 1-skeleton of a triangulation of the
surfaceS. If each component inS () homeomorphic to an open disk, then the
embedding is said a 2-cell embedding, where, componentsSn () are called
faces. All embeddings considered in this book are 2-cell emaldings.

Let be a graph. For v 2 V(), denote by N€¢(v) = fe;;e; ;e g all the
edges incident with the vertexv. A permutation on e;;€&,; ;e (, is said apure
rotation. All pure rotations incident a vertex v is denoted by%v). A pure rotation
systemof the graph is de ned to be

)= f%viv2V() g

and all pure rotation systems of the graph is denoted by%).
The rst characteristic for embedding of a graph on orientale surfaces is found
by He ter in 1891 and formulated by Edmonds in 1962, states a®llows.

Theorem 1:2:2([17]) Every pure rotation system for a graph induces a unique
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embedding of into an orientable surface. Conversely, every embeddingaofiraph
into an orientable surface induces a unique pure rotation sigm of .

According to this theorem, we know that the number of orienthle embeddings
of agraph is Syovp (V) DL

The characteristic for embedding of a graph on locally ori¢able surface is used
by Ringel in the 1950s and gave a formal proof by Stahl in 19782][62]).

From the topological theory, embedded vertex and face can lveewed as disk,
and an embedded edge can be viewed as an 1-band which is de aed topological
spaceB together with a homeomorphismh: 1 | ! B, wherel =[0;1], the unit
interval.

De ne a rotation system -() to be a pair (J; ), whereJ is a pure rotation
systemof ,and :E() ! Z,. The edge with (e) =0 or (e) =1 is called type
0 or type 1 edge, respectively. Theotation systemof a graph are de ned by

%)= f3;)32%); E() ! Zg

Then we know that

Theorem 1:2:3([22][62])Every rotation system on a graph de nes a unique locally
orientable embedding of ! S. Conversely, every embedding of a graph! S
de nes a rotation system for .

For any embedding of the graph , there is a spanning tred@ such that every
edge on this tree is type 0([43]). Whence the number of embedgs of a graph
on locally orientable surfaces is

20 Y ( (v) 21!
v2V ()

and the number of embeddings of on the non-orientable surées is

Y
20 1) ( (v) 1)

v2V ()
The following result is theEuler-Poincae formula for an embedding of a graph
on surface.

Theorem 1:2:4If a graph can be embedded into a surfac® then
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O "0+ 0= (5

where, () ;"() and () are the order, size and the number of faces of the graph

, and (S) is the Euler characteristic of the surfaces:

8

(S) = <2 2p; if S is orientable;
- 2 q; ifSisnon orientable:

2:3: Map and rooted map on surface

In 1973, Tutte gave an algebraic representation for an embaidg of a graph on
locally orientable surface ([66], which transfer a geomatal partition of a surface
to a kind of permutation in algebra.

According to the summary in [33], amapM = (X. ;P) is dened to be a
basic permutationP, i.e, for anyx 2 X . , no integerk exists such thatP*x = x ,
acting on X. , the disjoint union of quadricellsKx of x 2 X (the base set), where

K=11;; ; g is the Klein group, satisfying the following two conditions:
(Ci) P=P 1 ;
(Cii) the group ; =< ;; P > is transitive on X.

For a given mapM = (X. ;P), it can be shown thatM = (X. ;P )is
also a map, call it thedual of the map M. The vertices ofM are de ned as the
pairs of conjugatcy orbits ofP action on X. by the condition (Ci) and edges the
orbits of K on X. , for example8x 2 X . ,fx; X; X; x gis an edge of the map
M. De ne the faces ofM to be the vertices in the dual mapM . Then the Euler
characteristic (M) of the map M is

M)= (M) "(M)+ (M)

where, (M);"(M); (M) are the number of vertices, edges and faces of the misip
respectively.

For example, the graphK 4 on the tours with one face length 4 and another 8 ,
shown in the Fig. 12, can be algebraic represented as follows:
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Amap (X; P)with X, = fXyiZiuviw; X y; 2 U; Vi W; X; Y 25
u, vi w; X; y; Z; u; Vi w gand

P = (xv;2)( x;u;w )(z; wi3vo )y, Vv, w )
(x;z;y )xswyu )(zyviu )y, w v o)
The four vertices of thismap ard (x;y;2);(X; z; y )g,f( x;u;w );(x; w; u )g,
f(z; uyv );(z;v;u )gandf(y; v; w );(y; w; v )gand six edges are
fe, e; e; e g, where,e 2 fx;y;z;u;v;wg. The Euler characteristic (M) is
(M)y=4 6+2=0.

Fig 1.2

Geometrically, an embedding of a graph on a surface is a map and has an
algebraic representation. The graph is said theunderlying graphof the map M
and denoted by = ( M). For determining a given map K. ;P) is orientable or
not, the following condition is needed.

(Ciii') If the group | =< ; P > is transitive on X. , then M is non-
orientable. Otherwise, orientable.

It can be shown that the number of orbits of the group | =< ; P > in
the Fig.1:1 action on X. = fX;y;z;u;Vv;w; X; y; Z; U; V; W; X; Y; Z; U;
V; W, X; Y, Z; U, V, W gis 2. Whence, it is an orientable map and

the genus of the surface is 1. Therefore, the algebraic repeatation is correspondent

with its geometrical mean.
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A rooted mapM* is a mapM such that one quadricellx 2 X . is marked
beforehand, which is introduced by Tutte in the enumeratiorof planar maps. The
importance of the root is to destroy the symmetry in a map. Thais the reason why
we can enumerate rooted maps on surfaces by combinatorialpapaches.

2.4. Classi cation maps and embeddings of a graph on surface S

2:4:1 Equivalent embeddings of a graph

From references, such as, [2270] etc., two embeddings J1; 1);(J,; ») of
on an orientable surface S are called equivalentif there exists an orientation-

preserving homeomorphism of the surfaceS such that :J;!J ,,and =
If (J1; 1) = (J2; 2) = (J; ), then an orientation-preserving homeomorphism
mapping (J1; 1) to (J,; 2) is called an automorphism of the embeddingJ(; ).
Certainly, all automorphisms of an embedding form a group,ahoted by Aut(J ; ).

Enumerating the non-equivalent orientable embeddings of eomplete graph
and a complete bipartite graph are considered by Biggs, Wit Mull and Rieper
et al in [6];[54] [55]. Their approach is generalized in the following Sectid2:3:2
for enumerating non-equivalent embeddings of a given gramn locally orientable
surface in the view of maps on surfaces.

2:4:2 1Isomorphism of maps

Two mapsM; = (X! ;P;) and M, = (X2 ;P,) are said to beisomorphic if
there exists a bijection

Xt oIx 2
such that for8x 2 X ! ,

)= (s ()= (x) and Py(x)= Pz (x):

Call anisomorphismbetweenM; and M,. If M; = M, = M, then an isomorphism
betweenM; and M, is called anautomorphismof M. All automorphisms of a map
M form a group, called theautomorphism groupof M and denoted by AuiM .
Similarly, two rooted mapsM}; MJ are said to beisomorphic if there is an
isomorphism between them such that (x) = y. All automorphisms of a rooted
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map M " also form a group, denoted by Autl". It has been known that AutM " is
trivial ([33]).

Using isomorphisms between maps, an alternative approacbr fdetermining
equivalent embeddings of a graph on locally orientable sardes can be gotten, which
has been used in [4349] [50] for determining the number of non-equivalent embed-
dings of a complete graph, a semi-regular graph and a Caylesagh = Cay(G : S)
with Aut = R(G) H, is de ned as follows.

For a given mapM underlying a graph , it is obvious that Aut M j Aut .
We extend the action8g 2 Aut on V()to X. ,whereX = E(), as follows:

8x2X. ,if x9=y,thendene(x )%= y; (x)¥=y and( x )9= vy .

Two maps (embeddingsM1; M, with a given underlying graph are equivalent
if there exists an isomorphism between them induced by an element. Call an
equivalence betweerMi; M,. Certainly, on an orientable surface, an equivalence
preserve the orientation on this surface.

Theorem 1:25LetM =(X. ;P) be a map with an underlying graph, 8g 2 Aut .
Then the extend action ofy on X. with X = E() is an automorphism of magV
I 8v2V(M), gpreserves the cyclic order o¥.

Proof Assume that 2 AutM is induced by the extend action of an automor-
phismgin , u;v2 V(M) and u® = v. Not loss of the generality, we assume
that

U=(X1;X2; X @)X @: ;X2 X1)

V=(ynya YN Y v Y2 Y1)

Without loss of generality , we can assume that

(X1; X2, X @)®=(ynyas Y w)

that is,

(0(x1);9(x2); s 9(X W) =(YnYas Y w):

Whence, g preserves the cyclic order of vertices in the mad .
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On the other hand, if the extend action ofg 2 Aut on X. preserves the cyclic
order of each vertex inM, i.e., 8u 2 V() ;9v 2 V() such that u9 = v. Assume
that

Y
P= u
u2v(M)
Then
Y Y
P9= ud = v=P:
u2v(m) v2V (M)

Therefore, the extend action ofy on X. is an automorphism of the magM . \
2:5 Maps as a combinatorial model of Klein surfaces and s-manifolds

2:5:1 The model of Klein surfaces

Given a complex algebraic curve, it is a very important prol@m to determine its
birational automorphisms. For curveC of genusg 2, Schwarz proved that AutC)
is nite in 1879 and Hurwitz proved jAut(C)] 84(g 1)(see [18]). As observed by
Riemann, groups of birational automorphisms of complex apraic curves are the
same as the automorphism groups of the compact Riemann swd#a. The latter can
be combinatorially dealt with the approach of maps.

Theorem 1:2:6([8][29]) If M is an orientable map of genug, then AutM s iso-
morphic to a group of conformal transformations of a Riemanmsurface of genus

p.

According to the Theorem 11:2, the automorphism group of a Klein surface
has the same form as a Riemann surface. Similar to the prooftbe Theorem 56
in [29], we can get a result similar to the Theorem:2:6 for Klein surfaces.

Theorem 1:2:71f M is a locally orientable map of genug then AutM is isomorphic
to a group of conformal transformations of a Klein surface ajenusq.

Proof By a result in [8], AutM = Ny (A)=A, WhereT =<a;b;ga?= = 2=
(ba? = (aQ™ = (ch" =1 >, A T and T can be realized by an automorphism
group of a tessellation on the upper planeh a NEC subgroup. According to the
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Theorem 11:2, The underlying surfaceS of M hasS = H=A with = Aut H =
P GL(2; R) being the automorphism group of the upper half planél. SinceT
we know that AutM = Nt(A)=A N (A)=A, isomorphic to a group of conformal
transformations of the Klein surfaceS = H=G. \

2:5:2 The model of closed-manifolds

For a closeds-manifold C(T; n), we can de ne amapM by V(M) = fthe vertices in
Q(T;n)g; E(M) = fthe edges inC(T;n)gand F(M) = fT;T 2 C(T;n)g: Then, M
is a triangular map with vertex valency?2 f 5; 6; 7g. On the other hand, if M is a
triangular map on surface with vertex valency2 f 5; 6; 79, we can de neC(T; (M))

by

qAT; (M) = ffjf 2 F(M)ag:
Then, C(T; (M)) is an s-manifold. Therefore, we get the following result.
Theorem 1:2:8 Let C(q'; n), M (T;n) and M (T;n) be the set ok-manifolds with
n triangular disks, triangular maps withn faces and vertex valencg f 5; 6; 79 and
cubic maps of ordem with face valency2 f 5;6; 79. Then

(i) There is a bijection betweeM (T;n) and C(el'; n);
(i) There is also a bijection betweeM (T;n) and C(el'; n).

x3. The semi-arc automorphism group of a graph with applicati on to
maps enumeration

3:1 The semi-arc automorphism group of a graph
Let be a graph with vertex set V() and edge set E(). By the de nition,

an automorphismof on V() S E()isan1l 1 mapping (; )on such that

vt v tEQ Y EQ)

satisfying that for any incident elementse;f, (; )(e)and (; )(f)are also incident.
Certainly, all automorphisms of a graph form a group, denoéd by Aut.
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Now an edgee = uv 2 E() can be divided into two semi-arcse,;e,. Call u
the root vertex in the semi-arce,. Two semi-arcey;f, are saidincident if u = v
or e = f. The set of all semi-arcs of a graph is denoted by(%(). A semi-arc
automorphism of a graph, rst appeared in [43] and then appdid to the enumeration
rooted maps on surfaces underlying a graph in [46], is de rkas follows.

Denition 1:3:1 An'1 1 mapping on X%() such that8e;f, 2 X%() , (&)
and (f,) are incident if ¢, and f, are incident, is called a semi-arc automorphism
of the graph .

All semi-arc automorphisms of a graph also form a group und#dre composition
operation, denoted by Aut% , Which is more important for the enumeration of maps
on surfaces underlying a graph and by the discussion of thecBen 2, which is
also important for determine the conformal transformatioe on a Klein surface.
The following table lists semi-arc automorphism groups obse well-known graphs,
which give us some useful information for the semi-arc autarphism groups, for
example, Aut%Kn = S, but Aut %Bn = S,[S;] 6 Aut Bj,:

Aut% order
Kn Sh n!
Kmn(m 6 n) Sn S, m!n!
Knn S,[Sh] 2n!?
Bn Sh[S:] 2"n!
Dp, S S 2n!
Dpk'(k 6 1) | SIS Sn S2AS] | 2 'nik!l!
Dpﬁ;k S, S (Sz[sk])z 2%k+1 n1K12
table 3.1

Here, Dp, is a dipole graph with 2 verticesn multiple edges andDpX' is a general-
ized dipole graph with 2 verticesn multiple edges, and one vertex wittk bouquets
and another,| bouquets. Comparing the semi-arc automorphism groups in¢hsec-
ond column with automorphism groups of graphs in the rst caimn in table 31,
it is easy to note that the semi-arc automorphism group are thsame as the auto-
morphism group in the rst two cases. In fact, it is so by the fdowing Theorem
1:3:1.
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For 8g 2 Aut, there is also an induced action gj% on X%(), g: X%() !
X%(), as follows:

8e, 2 X%() y9(eu) = (9(E)guy:

All induced action of the elements in Aut on X%() is denoted by Aut J%. Notice
that

Aut = Aut j%:

We have the following result.

Theorem 1:3:1 For a graph without loops,

Aut% = Aut j%i

Proof By the de nition, we only need to prove that for 8 1 2 Aut% , = %j 2
Aut and 1= j%. In fact, for any 8e,;fy 2 X%(), where, e= uv 2 E() and
f=xy2E(),If

1(e) = fy;

then by the de nition, we know that

1(ey) = fy:

Whence, %(e) = f. That is, %j 2 Aut.
Now since there is not a loop in , we know that %j = id if and only if
= id . Therefore, 1 is induced by %j on X%(), that is,

N

N=

Aut% =Aut jz: \

Notice that for a given graph X%() = X ;ifwe equale, toeande, to e
for an edgee= uv 2 E().

For a given mapM = (X. ;P) underlying a graph , we have known that
AutM | Aut, which made us to extend the action of an automorphismg of
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the graph on X. with X = E() to get automorphisms of a map induced by
automorphisms of its underlying graph. More detail, we cangg the following result.

Theorem 1:3:2 Two mapsM; = (X. ;P;) andM, =(X. ;P;) underlying a graph
are
(i) equivalent i there is an element 2 Aut% such thatP, = P, and
(il )isomorphic i there is an element 2 Aut% such thatP; = P, or P; =
P, .

Proof By the de nition of equivalence between maps, if is an equivalence
betweenM, and M,, then is an isomorphism betweeM ; and M, induced by an
automorphism 2 Aut. Notice that

Aut = Aut j% Aut% ;

Whence, we know that 2 Aut% .
Now if thereisa 2 Aut% such that P; = P,, then 8¢, 2 X%(), (&) =
(e) (x)- Now assume thate = (x;y) 2 E(), then by our convention, we know that

if e = e2X. ,thene = e. Now by the de nition of an automorphism on the
semi-arc setx%(), if (&)= fyu, wheref =(u;v), then there must be (g/) = f,.
Notice that X%() = X . We know that (g) = (e)= f = f,. We can also
extend the action of on X%() to X. by (e)= (e). Whence, we know that
8e2X. ,

e= 1(e; (= (e andP,(e) = Pye):

Therefore, the extend action of on X. is an isomorphism between the ma;
and M,. Whence, is an equivalence between the mad,; and M,. So the assertion
in (i) is true.

For the assertion in (i), if there is an element 2 Aut% such that P; = Py,
then the map M is isomorphic toM,. If P, = P, !, then P; = P,. The map M,
is also isomorphic toM,. This is the su ciency of (ii).

By the de nition of an isomorphism between mapdvi; and M,, we know that
8x2X. ,

xX)= (xX); (X)= (x)andPy(x)= Pa(x):
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By the convention, the condition

(x)= (x) and P;(x) = P2(x):

is just the condition of an automorphism or  on X%(). Whence, the assertion
in (ii) is also true. \

3:2 A scheme for enumerating maps underlying a graph

For a given graph , denoted byE®() ;EN() and E-() the sets of embeddings
of on the orientable surfaces, on the non-orientable surtes and on the locally
orientable surfaces, respectively. For determining the mber of non-equivalent
embeddings of a graph on surfaces and non-isomorphic unredimaps underlying a
graph, another form of the Theorem 13:2 using the group action idea is need, which
is stated as follows.

Theorem 1:3:3 For two mapsM; = (X. ;P;) and M, = (X. ;P;) underlying a

graph , then
(i) My;M, are equivalent i Mq; M, are in one orbits ofAut% action on
X1() 5

(il) M1; M, are isomorphic i Mq;M, are in one orbits ofAut% < >
action on X.

Now we can established a scheme for enumerating the numbenoh-isomorphic
unrooted maps and non-equivalent embeddings in a given sdtembeddings of a
graph on surfaces by using th8urnside Lemmaas the following.

Theorem 1:3:4 For a given graph , let E E -() , then the numbersn(E; ) and
(E; ) of non-isomorphic unrooted maps and non-equivalent embguys in E are
respective

1

n(g; )= ZJT'[%J

j 1(9);

g2Aut 1
2

where, ;(g)= fPjP 2E andP9= P or P9 = Pgand
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E)= —— | i

jAUt% J gZAut%

where, ,(g)= fPjP 2E and P9 = Pg.

Proof De ne the group H = Aut 1< > Then by the Burnside Lemma
and the Theorem 13:3, we get that

. 1 X N
n(E; )= J'WJ'QZHJ 1(9)];

where, .(g) = fPjP 2 E and P9 = Pg. Now jHj = 2jAut% J. Notice that if
P9=P,thenP? 6 P,andifP? = P,thenP96 P. Whence, 1(g)T 19 )=.
We have that

1

X
nE )= 57— i (9
2]Aut% jQZAut%

where, 1(g)= fPJP 2E andP®= P or P? = Pg.
A similar proof enables us to obtain that

E)= ——— " | i

jAUt% | gZAut%

where, ,(g) = fPjP 2E and P9 = Pg. \
From the Theorem 13:4, we get the following results.

Corollary 1:3:1 The numbersn®() ;nN() andn‘() of non-isomorphic unrooted
orientable maps ,non-orientable maps and locally orienfelmaps underlying a graph
are respective

1
no = =/ j 9 , 1:3:1
0= gy, | fOF @3
1 X
nN = 0/ j N , 1:3:2
0= gt g, | O @32
2
nL(): ; ] L(g)] (133)
2
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where, 9(g)= fPjP2E ©() andP¢= P or P9 = Pg, Y(g) = fPjP 2E N()
andP9=P or P9 = Pg, i(g)=fPjP2E"() andP%9=P or P9 = Pg.

Corollary 1:3:2 The numbers ©() ; V() and () of non-equivalent embeddings
of a graph on orientable ,non-orientable and locally orientable swates are respec-
tive

1 X
(@] — HENG} H ..
()= - . i 2(9); (1:3:4)
JAUt% | gZAut% ?
1 X
N — N H ..
()= - . j 2(95  (L:35)
JAUt% ] gZAut% ?
1 X
L — L HE .
0= : . i 2(9); (1:3:6)
JAUt% | gZAut% ?

where, 9(g) = fPjP 2 E ©() andP9%= Pg, Y(g)= fPjP 2E N() and P9 =
Pg, 5(g)=fPjP2E () andP9= Pg.

For a simple graph , since Aut% = Aut by the Theorem 1 :3:1, the formula
(1:3:4) is just the scheme used for counting the non-equivalent &eddings of a
complete graph, a complete bipartite graph in the referensd6} [54] [55}[70]. For
an asymmetric graph, that is, Aut 1 = id , we get the numbers of non-isomorphic
maps underlying a graph and the numbers of non-equivalentrebeddings of the
graph by the Corollary 1:3:1 and 13:2 as follows.

Theorem 1:3:5 The numbersn®() , nN() andn() of non-isomorphic unrooted
maps on orientable, non-orientable surface or locally sade with an asymmetric
underlying graph are respective

Q

v2V ()

((v) 1!

n°() = 5 ;

(=2 01 () 1
v2V ()

and
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MNO=@ O 1 %) Y (v
v2V ()

where, () is the Betti number of the graph .
The numbers °() , N() and () of non-equivalent embeddings of an asym-
metric underlying graph are respective

°O= | () DL

v2V ()

‘=2 0 7 (W 1

v2V ()
and

NO=@ O 1 ' ()

v2V ()

x4. A relation among the total embeddings and rooted maps of a
graph on genus

4:1 The rooted total map and embedding polynomial of a graph

For a given graph with maximum valency 3, assume thatr;() ;&() ;i O
are respectively the numbers of rooted maps with an underhyy graph on the
orientable surface with genus () + i 1 and on the non-orientable surface with
genuse()+ i 1, where () and e() denote the minimum orientable genus
and minimum non-orientable genus of the graph , respectivg De ne its rooted
orientable map polynomialr[]( x) , rooted non-orientable map polynomiak[ ]( x)
and rooted total map polynomialR[ ]( x) on genus by:

X )
rfl(x)= ri() x5
i 0

X .
el(0=" ®&() X

i 0
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and

X CoX :
RII(x)=  r()x+ ®\()x"
i 0 i1
The total number of orientable embeddings of s Q (d 1! and non-

9 d2D()
(d 1)!, whereD() is its valency sequence.
d2D()

Now let g () and @(), i O respectively be the number of embeddings of on

orientable embeddings is (2) 1)

the orientable surface with genus()+ i 1 and on the non-orientable surface with
genuse()+ i 1. The orientable genus polynomiad[ ]( X) , non-orientable genus
polynomial g[ ]( x) and total genus polynomialG[ ]( x) of are de ned by

X .
gll(x)= a() x

i 0
X .
gl(x)= @&() x
i 0
and

X . X .
G[l(x)= g()x'+ @&()x"

i 0 i1

The orientable genus polynomiaf[ ]( x) is introduced by Gross and Furst in
[23], and in [19][23] [24], the orientable genus polynomials of a necklace, a boed,
a closed-end ladder and a cobblestone are determined. Th&t@enus polynomial is
introduced by Chern et al. in [13], and in [31], recurrence laions for the total genus
polynomial of a bouquet and a dipole are found. The rooted emtable map polyno-
mial is introduced in [43] [44][47] and the rooted non-orientable map polynomial
in [48]. All the polynomialsr[]( x); e[ ]( X); R[]( x) and g[]( x); e[ ]( X); G[]( x) are
nite by the properties of embeddings of on surfaces.

Now we establish relations of [ ]( x) with g[]( x), ¢[]( x) with ¢[]( x) and
R[]( x) with G[]( x) as follows.

Lemma 1:4:1([25][45]) For a given mapM, the number of non-isomorphic rooted
maps by rooting onM is

4'(M)
jAUtMj’
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where" (M) is the number of edges M.

Theorem 1:4:1 For a given graph

JAuty Jr](x) =2 "()al1x) ;

jAuts je[1(x) =2 "() gl1(x)

and

JAuts JR[I(x) =2 "()GLIK)

whereAut% and"() denote the semi-arc automorphism group and the size qf

respectively.

Proof For an integerk, denotes byM ( ;S) all the non-isomorphic unrooted

maps on an orientable surfac& with genus ()+ k 1. According to the Lemma

1:4:1, we know that

X 4'(M)

re() = : -
M2M o :S) JAUtM |

4"() X jAut% < > j_
jAut% < > JAUtM j

Ivam o is)

Sincejaut; < > j=jAuty < > )ujM™t 7 jandjAut,
< > )uj=jAutMj, we have that

4" x . <>
() = oo ()< — MAE T
JAUty Imam ( is)
2'() () .
jAUt%j .

Therefore, we get that

X .
iAuts J10) = jAuty | rOx’
i 0
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X _ .
jAuty jri()x
0

X .
2'() g() x'=2"() g[l( x):
i 0
Similarly, let ™ (( ;S) be all the non-isomorphic unrooted maps on an non-
orientable surface$ with genuse()+ k 1. Similar to the proof for orientable
case, we can get that

! _ 4"() X jAut% < >
<) = jAut, < > | jAULM |
2 M28 ( ;8)
! X <>
- ‘ 4 () . J.MAUI%_ J
JAUL 1 < >
2 M28 ( ;8)
_ 2060 .
jAUt% i
Therefore, we also get that
. . X . . i
JAuty je[](x) = jAuty jr(O)x '
0

= " 20 80) ¥ =2°() €1 %):
0

Notice that

X X .
RII()= r()x+  ®()x'

i 0 i1

and

X . X .
GlI(x)= g x'+ &()x"
1

i 0 i

By the previous discussion, we know that fok 0,

20 90 ngp,() =

jAut% J

2'() &0 .

re() = At |

Therefore, we get that
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. . . . X X _
jAut; JRIG) = jAuts jC rOx '+ BOX )
i 0 i 1

X jAut% ji(Ox '+ jAut% ir(Ox !
i, 0 i1
2'() g(O) X'+ 2°() @() x "=2"() G[I( x):

i 0 i 0

This completes the proof. \

Corollary 1:4:1 Let be a graph ands 0 be an integer. Ifrg() andgs() are
the numbers of rooted maps underlying the graphand embeddings of on a locally
orientable surface of genus, respectively, then

jAUt% jrs() =2 "() gs() :

4:2 The number of rooted maps underlying a graph on genus

The Corollary 1:4:1 in the previous section can be used to nd the implicit
relations amongr[]( x), e[ ]( x) or R[]( x) if the implicit relations among g[ ]( x),
gl 1( x) or G[]( x) are known, and vice via.

Denote the variable vector 1;X,; ) by X,

r()=( vB2() seu() sro() sra() sr20) 5 )

g0)=( &) a() ;90) squ() sa(); ):

The r() and g () are called the rooted map sequencand the embedding sequence
of the graph .

De ne a function F (Xx;y) to be y-linear if it can be represented as the following
form

FOGy) = f (XX ) + h(Xa;Xo; )X Yi + 1(X1;X2; )>< v );

i21 20

where, | denotes a subset of index an® a set of linear operators. Notice that
f(X1;X2; )= F(x;0), where 0=(0;0; ). We have the following general result.
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Theorem 1:4:2 Let G be a graph family andH G . If their embedding sequences
o() ; 2H; satis es the equation

Fh(xd()) =0 ; (4:1)

then its rooted map sequenceg )y ; 2 H satis es the equation

.‘Au -
X s ()=

and vice via, if the rooted map sequenceé)r; 2 H satis es the equation

Fu(xr())=0 ; (4:2)

then its embedding sequenceé)g; 2 H satis es the equation

2"()
Fu (X; =
0 faut, 1907
Even more, assume the functiof (x;y) is y-linear and -20—: 2 H is a constant.

JAut 1 j?
2
If the embedding sequence$ )y; 2 H satis es the equation(4:1), then

Fu(xr())=0

whereF, (x;y) = F (X y)+( jAZJt(i - 1)F (x 0) and vice via, if its rooted map sequence

a() ; 2H satis es the equation(4:2), then

Fi(xg()) =0 :
jAut 1 j
whereF,] = F(x; Y+ (g~ DF(x0).

Proof According to the Corollary 14:1 in this chapter, for any integers o
and 2 H, we know that

JAuty jrs() = 2 () g() :

Whence,

2'()

0s()



Chapter 1 Preliminary 26

and

_oAu
60 = 5 "0

Therefore, if the embedding sequence¢)y; 2 H satis es the equation (41),
then

jAut 1 .
Fu (5 =0

and vice via, if the rooted map sequenceg )y ; 2 H satis es the equation (42),
then

2'()

P (X .jAut

-9()) =

Now assume thatF, (X;y) is ay-Ilnear function and has the following form

Fa(x;y) = f (XX ) + h(xa; Xz )X Yi + (X1 Xz; )x v )
i2l 20

where O is a set of linear operators. Iy (x;g()) =0, that is

Foaxe )+ howxs ) 6O+ 1kwxa ) (@ ()=0

i21; 2H 20; 2H
we get that
X JAut: |
f(Xy;%2; )+ h(Xgx ) 5703 ri()
i21; 2H ()
( y (A
+ X1; X2; r :
20; 2H 2" ()
Since 2 O is a linear operator andJAzut() i 2 H is a constant, we also have
jAut: j X
f(xy%2; ) + > 2—h(xg;X2; ) ri()
() i21; 2H
JAuty |

X
2'() raixss ) 20; 2H =0




Chapter 1 Preliminary 27

that is,
2'() X X
. f(XiiX2r )+ h(Xaixz; ) )+ 1(xsxe; ) (r()=0:
JAUt% J i21: 2H 20; 2H
Therefore, we get that
Fu(x;r()) =0 :
Similarly, if
Fu(x;r())=0 ;

then we can also get that

Fi(x;9()=0 :

This completes the proof. \

Corollary 1:4:2 Let G be a graph family andH G . If the embedding sequence
g() of agraph 2 G satis es a recursive relation

a(i; ) 6()=0;

i2J; 2H
whereJ is the set of index, then the rooted map sequendg r satis es a recursive
relation

x a(i; ) jAuty j
2—ri()=0;
w20 U

and vice via.

A typical example of the Corollary 14:2 is the graph family bouquetsB,; n
1. Notice that in [24], the following recursive relation forthe number g,(n) of
embeddings of a bouqueB, on an orientable surface with genush forn 2 was
found.

(n+1)ga(n) = 4@2n 1)2n 3)(n 1*n 2)gn 1(n 2)
+ 4(2n 1)(n 1)gn(n 1)
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and with the boundary conditions

On(n)=0if m Oorn O;

%(0) = g(1) =1 and gn(0) = gn(1) =0 for m O;

B2 =4;0(2)=2;gn(2)=0for m 1L

SincejAut%an = 2"n!, we get the following recursive relation for the number
rm(n) of rooted maps on an orientable surface of genus underlying a graphB,, by
the Corollary 1:4:2

(n* D 2Jrm(n) = 2n @n 3)(n 1’0 2)rm 1(n 2)
+ 22n 1)(n 1(n 2)rp(n 1)

and with the boundary conditions
rm(n)=0if m Oorn O;
ro(0)=ro(d)=1and r,(0)=rpn(1)=0for m O;
re(2)=2;r1(2)=1;gn(2)=0for m 1L

Corollary 1:4:3 Let G be a graph family andH G . If the embedding sequences
o() ; 2 G satis es an operator equation

(9()=0:

20; 2H
whereO denotes a set of linear operators, then the rooted map seques() ; 2 H
satis es an operator equation

X jAut% ] ())=0
m re))=u0,
20; 2H 2 ()
and vice via.
Let =( 1 20 ;&) 2n,ie, 2 i = 2n with positive integers ;. Kwak

i=1
and Shim introduced three linear operators ; and to nd the total genus

polynomial of the bouquetsB,;n 1 in [31], which are de ned as follows.

Denotes byz andz ' =1=z the multivariate monomials ¢ z, and 1= ® z,,
i=1 i=1
where = ( 1; 2; ; ) 2n. Then the linear operators ; and are de ned

by
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1y — f j+1 | 1
(2= Iz
(zh=" (F+ 25

and

Z+ +2

(z9= " 2,0 Z)2g 1+ 1L D)z )

1 i k J J
Denotes by’l‘[Bn](z,-) the sum of all monomialz or 1=z taken over all embed-
dings of B, into an orientable or non-orientable surface, that is

A X X 1
1Bnl(z) = i (Bn)z + T (Bn)z
" 2n " 2n
where,i (Bn) and T (B,) denote the number of embeddings d8,, into orientable
and non-orientable surface of region type. They proved in [31] that

MBoalz)=(+ +)  fBuE)=(+ +) ”(32+z1)

and

GBnulX)=(+ +) n(_2 + Zl)]z, x forj 1and (C)-
Where, (C ) denotes the condition

(C ): replacing the powerl+n 2 of xbyiifi Oand (1+n+1i) by i
ifi O

Since
jAut 1 B]
J 3% nl _ 2”n!:2n n 1)1
2'(By) 2n
and ; ; are linear, by the Corollary 1 :4:3 we know that

(+ +) Bal3),

R[Bn+1](x) onnl JZJ‘ =xforj 1land (C)
(++) "E+2D)
[a] sz=xforj 1 and (C):

2kK!
k=1
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For example, calculation shows that

RBAI) = X+

5 4
R[B =2+ X+ —+ —;
Bad() =2+ x+ >+ =

41 42 22
R[B3](x )— ate”t 7+5+10x

and

488 690 304 93

R[B4](x )— —t+ —+ —+ Y+14+70x+21x:

x3 X2

30



Chapter 2 On the Automorphisms of a Klein Surface
and a s-Manifold

Many papers concerned the automorphisms of a Klein surfacich as,[L][15]
[26] [38] for a Riemann surface by using Fuchsian group and [9][10] [21] for a
Klein surface without boundary by usingNEC groups. Since maps is a natural
model for the Klein surfaces, an even more e cient approachsj perhaps, by using
the combinatorial map theory. Establishing some classicatsults again and nding
their combinatorial re nement are the central topics in this chapter.

x1. An algebraic de nition of a voltage map

1:1 Coverings of a map

For two mapsM = (X. ;®)andM =(X. ;P), call the map ¥ covering the
map M if there is a mapping :X. !X . suchthat8x2 X. ,

(x) = (x); x) = (x) and PB(x)= P (x):

The mapping is called acovering mapping For 8x 2 X . , de ne the quadricell
set  (x) by

Y(x)= frje2 (X. and (%)= xg:

We have the following result.

Lemma 21:1Llet : X. !X . be a covering mapping. Then for any two
quadricellsxy;x2 2 X .

(i *xdi=i x2i. .

(i) If X1 6 Xp, then  1(xy) Yxp) = ;.

Proof (i) By the de nition of a map, for x;;x, 2 X . , there exists an element
2 3=<;; P>suchthatx,= (Xy).
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Since is an covering mapping fromi1 to M, it is commutative with ;  and
P. Whence, is also commutative with . Therefore,

'x)= M (x))= ( *(x1):

Notice that 2 jisan1l 1 mappingonX. . Hence,j (x)j=]j (xv)j.

(i) If x; 8 X, and there exists an elemeny 2 l(xl)T Y(x,), then there
must bex; = (y) = X,. Contradicts the assumption. \

The relation of a covering mapping with an isomorphism is inhte following
theorem.

Theorem 2L:1let :X. !X . be a covering mapping. Then is an isomor-
phism i isanl 1 mapping.

Proof If is an isomorphism between the map#l = (X. ;®) and M =
(X. ;P), thenit must be an 1 1 mapping by the de nition, and vice via. \

A covering mapping from M to M naturally induces a mapping by the
following condition:

8x2X. ;g2 AutM; :g! g (x):

We have the following result.

Theorem 2:1:21f :X. !X . isa covering mapping, then the induced mapping
is a homomorphism fromAut 1 to AutM .

Proof First, we prove that for 8g2 Autfl andx 2 X . , (g) 2 AutM.
Notice that for 8g2 Autffl andx 2 X . ,

g ‘M= (9 ') 2X;

and 8xy; X, 2 X . ,if X3 6 X, then g  (x1) 6 g (x2). Otherwise, assume
that

g '(x)=9g '(x)=x02X. ;

then we have thatx; = g ! 1(Xg) = x,. Contradicts to the assumption.
By the de nition, for x 2 X . we get that



Chapter 2 On the Automorphisms of a Klein Surface and a s-Manifold 33

=9 *x=9 =9 =g = X);

=9 *MM=9g =9 =g = &

Notice that (P)= P. We get that

Px)= g 'P(X)=gP ‘(x)= Pg '(x)=Pg '()=P (X

Therefore, we get thatg 12 AutM, ie., :Autf1 ! AutM.
Now we prove that is a homomorphism from Aufil to AutM. In fact, for
8010 2 Autlll, we have that

(1%) = (1%) *=(g1 gz H= (&) (%):
Whence, :Autf ! AutM is a homomorphism. \

1:2 Voltage maps

For creating a homomorphism between Klein surfaces, voltagnaps are exten-
sively used, which is introduced by Gustin in 1963 and extenely used by Youngs
in 1960s for proving the Heawood map coloring theorem and gealized by Gross
in 1974 ([22]). Now it already become a powerful approach fgetting regular maps
on a surface, see [H7];[56] [57][65]], especially, [56] [57]. It often appears as an
embedded voltage graph in references. Notice that by usinget voltage graph the-
ory, the 2-factorable graphs are enumerated in [51]. Now wevg a purely algebraic
de nition for voltage maps, not using geometrical intuition and establish its theory
in this section and the next section again.

Denition 2:L:1letM = (X. ;P) be a map andG a nite group. Call a pair
(M; #) a voltage map with groufs if #: X. | G, satisfying the following condi-
tion:

(i) 8x2X . ;#(x)=#X);#( x )= #(x)=# Y(x);



Chapter 2 On the Automorphisms of a Klein Surface and a s-Manifold 34

(i) 8F = (x5y; ;2)(z; ;y; X ) 2 F(M), the face set ofM, #(F) =
#(X)#(y) #(z) and<#(F)JF 2 F(u);u2 V(M) >= G, where, F (u) denotes all
the faces incident with the vertex.

For a given voltage graph M;#), de ne

X#;#:X; G

Y Y
P* = (Xgi¥g:  1Z)(Zg Y g Xg);
(xy; sz)(zi yix )2V(M) 992G
and
# =
4 Y

= (Xg;( X )g#(x)):

x2X . 092G
where, we uselq denoting an element ;) 2 X . G.

It can be shown thatM # = (X «. «; P¥) also satisfying the conditions of a map
with the same orientation as the mapM . Hence, we can de ne the lifting map of a
voltage map as follows.

De nition  2:1:2 For a voltage map(M; #) with group G, the mapM* = (X# ;P*)
is called its lifting map.

For a vertexv = (C)(C 1) 2 V(M), denote by fCg the quadricells in the
cycleC. The following numerical result is obvious by the de nitionof a lifting map.

Lemma 2:1:2 The numbers of vertices and edges in the lifting ma&p* are respective
(M*)= (M)jGj and "(M*) = "(M)jGj

Lemma 213 LetF = (C)(C 1) be a face in the mapvl. Then there are
jGj=a(F) faces in the lifting mapM# with length jFjo(F) lifted from the faceF,

whereo(F) denotes the order of Q #(x) in the group G.
x2f Cg
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Proof Let F = (u;v  ;w)( w; ; V; u ) be a face in the mapM and k is
the length of F. Then, by the de nition, for 8g 2 G, the conjugate cycles

(C)" = (UgVgrwys 5 Ugsr)s VorFyeys > WaaF)2s 5 Wawor) 1(r))

(Ug Vgerys 3 Ugs(ry: VarFynays s Was(Fyzi 3 Wanoe) 1Fy) &

is a face inM# with length ko(F). Therefore, there argGj=q(F) faces in the lifting
map M#. altogether. \.
Therefore,we get that

Theorem 2:1:3 The Euler characteristic (M#) of the lifting mapM # of the voltage
map (M; G) is

N= i X 1y
(M*)= JGI( (M)+ (1+2);
m20 (F (M))

whereO(F (M)) denotes the ordeio(F) set of the faces inM.

Proof According to the Lemma 21:2 and 21:3, the lifting map M # hasjGj (M)

vertices, jGj" (M) edges andGj P % faces. Therefore, we get that
m20 (F (M)

M%) = (M%) *(M%)+ (M)
X
iGi (M) j Gj"(M)+ jG] 1

m20 (F (M))
L X 1
GI( (M) (M)+ =
m20 (F(M))
L X 1
JGI( (M) + (1+2)
m20 (F(M))

x2: Combinatorial conditions for a group being that of a map

Locally characterizing that an automorphism of a voltage nyais that of its
lifting is well-done in the references [40] [41]. Among them, a typical result is the
following:
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An automorphism of a mapM with voltage assignmen# ! G is an auto-
morphism of its lifting map M # if for each faceF with #(F) = 1g, #( (F)) = 1g.

Since the central topic in this chapter is found what a nite goup is an automor-
phism group of a map, i.e., a global question, the idea usedthre references [40][41]
are not applicable. New approach should be used.

2:1 Combinatorial conditions for an automorphism group of a map

First, we characterize an automorphism group of a map.
A permutation group G action on is called xed-free if Gy = 1g for 8x 2 .
We have the following.

Lemma 2:2:1 Any automorphism groupG of a mapM = (X. ;P) is xed-free on
X.

Proof For 8x 2 X . ,sinceG AutM, we getthatG, (AutM ). Notice that
(Aut M)« = 1g. Whence, we know thatG, = 1g, i.e., G is xed-free. \

Notice that the automorphism group of a lifting map has a obwus subgroup,
determined by the following lemma.

Lemma 2:2.2 Let M* be a lifting map by the voltage assignme#t: X. ! G.
Then G is isomorphic to a xed-free subgroup oAutM# on V(M #).

Proof For 8g 2 G, we prove that the induced actiong : X #. « ! X 4.« by
g :Xn! Xgnis an automorphism of the mapv #.

In fact, g is a mapping onX «. » and for8x, 2 X «. «, we getg :Xg 1, ! Xy.

Now if for xn;yr 2 X #. #;Xn 6 Yr, we have thatg (xn) = g (yr), that is,
Xgh = Ygt, by the de nition, we must have that x = y and gh = ¢f, i.e., h = f.
Whence, x, = ys, contradicts to the assumption. Thereforeg is1 1onX «. «.

We prove that for x, 2 X . «, g ia commutative with *; # and P*. Notice
that

g #Xu:g(x)u:(x)gu: Xgu= 0 (Xu);

g #(Xu) =g(x )u#(x) =(x )gu#(x) = Xgu#(x) = #(Xgu) = #g (Xu)
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and

Y Y
= g XusYor 5Za)(Z w5 Y u X u)(Xy)
(xy; z)(z; ;yix )2V(M)u2G

= g Yu = Ygu
Y Y

= (Xgu;ygu; ngu)( z gu; y y gu; X gu)(xgu)
(xy: 52)0(z; ;yix )2V(M)gu2G

= P#(Xgu) = P#g (Xu):

Therefore,g is an automorphism of the lifting mapM *.
To seeg is xed-freeonV (M), choose8Bu = (Xn;V¥h;, Z0)(Zh, ;Y n Xn)2
VIM);h2 G. If g (u) = u, ie,,

(Xghs Yon:  3Zgh)(Zgn; 5 Y gns X gn) = (Xns¥ns  5Za)(Zhy 3 Y hs Xon):

Assume thatXg, = Wh, wherew, 2 f Xn;¥h: 120 Xy Yy 5 Zn0. By the
de nition, there must be that x = w and gh = h. Therefore,g = 1g, i.e., 892 G,
g is xed-free onV(M).

Now dene :g ! g. Then is an isomorphism between the action of
elements inG on X «. » and the groupG itself. \

According to the Lemma 22:1, given a mapM and a groupG  AutM, we
can de ne aquotient mapM=G = (X. =G;P=G) as follows.

X. =G=fx%jx2X. g
wherex® denotes an orbit ofG action on X. containing x and
Y
P=G= (x%y% )0 5y S x O
(xy; z2)(z; syix )2V(M)

sinceG action on X. is xed-free.

Notice that the map M may be not a regular covering of its quotient map=G.
We have the following theorem characterizing a xed-free aamorphism group of a
map onV(M).
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Theorem 2:2:1 An nite group G is a xed-free automorphism group of a map
M =(X. ;P)onV(M) i there is a voltage map (M=G; G) with an assignment
#:X. =G! G such thatM = (M=G)*.

Proof The necessity of the condition is already proved in the Lemm&2:2. We
only need to prove its su ciency.

Denote by :M ! M=G the quotient map fromM to M=G. For each element
of 1(x®), we give it a label. Choosex 2 1(x®). Assign its labell : x ! Xy,
i.e., [(x) = x1,. Since the groupG acting onX. is xed-free, ifu2 (x®) and
u = g(x);g 2 G, we labelu with I(u) = x4. Whence, each element in (x®) is
labelled by a unique element irG.

Now we assign voltages on the quotient mapl=G = (X. =G;P=G). If x =
y;y 2 }(y®) and the label ofy is I(y) = y;;h 2 G, where,I(y ) = 1g, then
we assign a voltagér on xC,i.e., #(x®) = h. We should prove this kind of voltage
assignment is well-done, which means that we must prove théor 8v 2 1(x®)
with I(v) = j;j 2 G, the label of v isl(v) = jh. In fact, by the previous labelling
approach, we know that the label ofv is

I(v) I(gx) = 1(g x)

I(gy) = I(ghy ) = gh:

Denote byM ' the labelled mapM on each element irX. . Whence,M' = M.
By the previous voltage assignment, we also know th#d ' is a lifting of the quotient
map M=G with the voltage assignment# : X. =G! G. Therefore,

M = (M=G)":

This completes the proof. \
According to the Theorem 22:1, we get the following result for a group to be
an automorphism group of a map.

Theorem 2:2:21f agroup G;G AutM, is xed-free on V(M), then

X
iGi( (M=G)+ (1+ )= (M)
m20 (F (M=G))
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Proof By the Theorem 22:1, we know that there is a voltage assignmernrt on
the quotient map M=G such that

M = (M=G)*:

Applying the Theorem 21:3, we know the Euler characteristic of the map is

M) = iGi( (M=G)+  —  (1+3):
m20 (F (M=G)) m

Theorem 22:2 has some useful corollaries for determining the automorigm
group of a map.

Corollary 2:2:11f M is an orientable map of genup, G AutM is xed-free on
V(M) and the quotient mapM=G with genus , then

. p 2

G] = P :

8I= 577 TES)
m20 (F (M=G))

Particularly, if M=G is planar, then

. p 2

1G] = P :

2+ (1 %))
m20 (F (M=G))

Corollary 2:2:2 If M is a non-orientable map of genug, G AutM is xed-free
on V(M) and the quotient mapM=G with genus , then

. q 2

Gj = p :

15 2+ )
m20 (F (M=G))

Particularly, if M=G is projective planar, then

. 2
1G] = g :
1+ (1 %))

m20 (F (M=G))

By applying the Theorem 22:1, we can also calculate the Euler characteristic
of the quotient map, which enables us to get the following rak for a group being
that of a map.
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Theorem 2:2:31f a group G;G  AutM, then

M)+ @i+ (@)= G (M=G);

92G;g6 1
where, (g) = fviv2 V(M);v¥ =vgand ;(g)= ffjf 2 F(M);f9=fg, and if
G is xed-free onV (M), then

X
(M) + j (91 =]G] (M=G):

92Gig6 1o

Proof By the de nition of a quotient map, we know that

( - ) - l‘-\/(G) - _G i (g)
1G] gZGJ ’

and

(M=G) = orhy (G) = — " | {(9)
=G) = or = ;
f JGngejng

by applying the Burnside Lemma. Sincés is xed-free on X. by the Lemma 21,
we also know that

; "(M)
M=G) = —*.
(M=G) iG]
Applying the Euler-Poincae formula for the quotient map M=G, we get that
P . . P . ,
@i . i 1(9)]
902G M) | g0 _ _
— — + — = (M=G):
€] €] 1GJ

Whence, we have

X _ X .
Jv(@) "(M)+ ] ¢(9))= ]G] (M=G):
092G 092G

Noticethat (M)=j (1g)j, (M)=] ¢(1g)jand (M) "(M)+ (M)= (M).
We know that

M)+ @i+ (@)= G (M=G):

92Gig6 1o
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Now if G is xed-free on V(M), by the Theorem 21, there is a voltage as-
signment# on the quotient map M=G such that M = (M=G)*. According to the
Lemma 21:2, we know that

(M)
M=G) = —~:
i ( ] )= 6]
Whence, | (g9j= (M) and (J v(9)j =0. Therefore, we get that
92G g2G;961c

M)+ (@i=iG M=G):

92G;g6 1c
Consider the properties of the groufis on F (M), we get the following interest-
ing results.

Corollary 2:2:31f a nite group G;G AutM is xed-free on V(M) and transitive
on F (M), for example,M is regular andG = Aut M, then M=G is an one face map
and

M) =jGj( (M=G) 1+ (M)
Particularly, for an one face map, we know that

Corollary 2:2:4 For an one face mapM, if G, G AutM is xed-free on V(M),
then

(M) 1=jGj( (M=G) 1);
and jGj, especially,jAutMj is an integer factor of (M) 1.

Remark 2:2:1 For an one face planar map, i.e., the plane tree, the only xkfree
automorphism group on its vertices is the trivial group by tle Corollary 24.

2:2 The measures on a map

On the classical geometry, its central question is to deteime the measures on
the objects, such as the distance, angle, area, volume, catwe, :::. For maps being
a combinatorial model of Klein surfaces, we also wish to imduce various measures
on a map and enlarge its application led to other branch of méhematics..
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2:2:1 The angle on a map

ForamapM = (X. ;P),x2X. ,the permutation pairf(x; Px);(x; P 1x)g
is called anangleincident with x, which is introduced by Tutte in [66]. We prove
in this section that any automorphism of a map is a conformal apping and a rm
the Theorem 12:7 in Chapter 1 again.

De ne an angle transformation of angles ofa mapM =(X. ;P) as follows.

(x; PX):
x2X .

Then we have

Theorem 2:2:4 Any automorphism of a mapM = ( X. ;P) is conformal.

Proof By the de nition, for 8g2 AutM, we know that

g=9g; g =g andPg= gP:

Therefore, for8x 2 X . , we have

g9(x) = (9(x); Pg(x))

and

g ( x) = 9(x; Px) = (9(x); Pg(x)):
Whence, we get that for8x 2 X. , g(x) = g( x): Therefore, we get that
g=g.,e, g glt=.
Since for8x 2 X . , g g (x) = (g(x);Pg(x)) and ( x) = (x; P(x)), we have
that

(9(x); Pa(x)) = (x; P(x)):
That is, g is a conformal mapping. \

2:2:2 The non-Euclid area on a map

For a given voltage map M; G), its non-Euclid area (M;G) is de ned by
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MiG)=2 ( M)+ ( 1+ 1y
m20 (F (M) m

Particularly, since any mapM can be viewed as a voltage map\; 1), we get the
non-Euclid area of a mapvi

M)= M;lg)= 2 (M):

Notice that the area of a map is only dependent on the genus did surface.
We know the following result.

Theorem 2:2:5 Two maps on one surface have the same non-Euclid area.

By the non-Euclid area, we get theRiemann-Hurwitz formulain Klein surface
theory for a map in the following result.

Theorem 2:261f G AutM is xed-free on V(M), then

M)
(M=G;#)’
where# is constructed in the proof of the Theoren2:2:1.

iGj =

Proof According to the Theorem 22:2, we know that

o (M)
IS = T (v D
m20 (F(M))
_ 2 (M) oM
2 ( M)+ ° (1+1y  (M=G#
m20 (F(M))

As an interesting result, we can obtain the same result for ghnon-Euclid area
of a triangle as the classical di erential geometry.

Theorem 2:2:7([42]) The non-Euclid area () of a triangle on a surfaceS with
internal angles ; ; is
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Proof According to the Theorem 12:1 and 22:5, we can assume there is a
triangulation M with internal angles ; ; on S and with an equal non-Euclid area
on each triangular disk. Then

M) (0 = M= 2 (M)
2 (M) "(M)+ (M)):

SinceM s a triangulation, we know that

2'M)=3 (M):
Notice that the sum of all the angles in the triangles on the staceSis2 (M),
we get that
M) () = 2 (M) "(M)+ (M)=@2 (M) (M)

™M)
= [+ +) 1= M+ + ):
=1

Whence, we get that

x3. A combinatorial re nement of Huriwtz theorem

In 1893, Hurwitz obtained a famous result for the orientatin-preserving auto-
morphism group Aut"S of a Riemann surfaceS([11][18][22]):

For a Riemann surfaceS of genusg(S) 2, Aut™S 84(@g(S) 1).

We have known that the maps are the combinatorial model for in surfaces,
especially, the Riemann surfaces. What is its combinatoti@aounterpart? What we
can say for the automorphisms of a map?

For a given graph , de ne a graphical propertyP to be its a kind of subgraphs,
such as, regular subgraphs, circuits, trees, stars, wheels. Let M = (X. ;P) be



Chapter 2 On the Automorphisms of a Klein Surface and a s-Manifold 45

a map. Call a subsetA of X. has the graphical propertyP if the underlying graph
of A has property P. Denote by A(P; M) the set of all the A subset with property
P in the map M.

For re nement the Huriwtz theorem, we get a general combinatial result in
the following.

Theorem 231 LetM =(X. ;P) be a map. Then for8G AutM,

iveiiv2 V(M)] G

and

iG] J JAJIA (P;M)J;
where [a;b; ] denotes least common multiple o&; b;

Proof According to a well-known result in the permutation group tteory, for
8v 2 V(M), we knowjGj = jG,jjv®j. Therefore,jv®jjjGj. Whence,

iveiiv2 V(M)] jjGi:

The group G is xed-free action onX. ,i.e.,8x 2 X . , we havejGyj =1 (see
also [28]).

Now we consider the action of the automorphism grou@ on A(P; M). Notice
that if A 2 A(P;M), then then 892 G,A% 2 A(P;M), i.e., A A (P;M). That
is, the action of G on A(P; M) is closed. Whence, we can classify the elements in
A(P;M) by G. For8x;y 2A (P;M), dene x Yy if and only if there is an element
0;92 G such thatx9 = vy.

SincejGyj = 1, i.e., jx®j = jGj, we know that each orbit of G action on X .
has a same lengthGj. By the previous discussion, the action o6 on A(P; M) is
closed, therefore, the length of each orbit @ action onA(P; M) is alsojGj. Notice
that there are jAjjA (P; M)j quadricells inA(P; M). We get that

JGjJ JAJIA (P M)

This completes the proof. \
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Choose propertyP to be tours with each edge appearing at most 2 in the map
M. Then we get the following results by the Theorem:3:1.

Corollary 2:3:1 Let Tr, be the set of tours with each edge appearing 2 times. Then
for 8G AutM,

iGij (iTrais 1= iTj= B} 1 12T ),
Let Tr, be the set of tours without repeat edges. Then

iGij @it =iTi= 1) 1 T2t

Particularly, denote by (i;j ) the number of faces irM with facial lengthi and
singular edgeg, then

jGij (@ j) Gj)ij 1)
where(a; b; ) denotes the greatest common divisor ef b;
Corollary 2:3:2 Let T be the set of trees in the maM . Then for 8G  AutM,
iGjj @t 1)
wheret, denotes the number of trees withedges.

Corollary 2:3:3 Let v; be the number of vertices with valende Then for 8G
AutM,

iGjj (2ivisi 1)

Theorem 23:1 is a combinatorial re nement of the Hurwitz theorem. Applyng
it, we can get the automorphism group of a map as follows.

Theorem 2:3:2 Let M be an orientable map of genug(M) 2. Then for 8G

Aut™M,

jGj  84(gM) 1)

and for8G AutM,
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iG] 168g(M) 1):

Proof De ne the average vertex valence (M) and the average face valence

(M) of amapM by

1 X

(M - M)I 1' 1y
1 X
M=y, o

where, (M), (M), (M) and ; denote the number of vertices, faces, vertices of

valencei and faces of valencg, respectively.
Then we know that (M) (M) = (M) (M) = 2"(M). Whence, (M) =

—2—"((&")) and (M) = 2—"((““/"')). According to the Euler formula, we have that

M) "(M)+ (M)=2  29(M);

where;'(M); g(M) denote the number of edges and genus of the map. We get

that
" 2g(M) 1)
(M) = :
1 &= =)

Choose the integerk = d (M)eand!l = d (M)e. We have that

2gM) 1),
@D

Because 1 2 2 > 0, Sok 3;I > ;% . Calculation shows that the

ko]
2 2 and attains the minimum value if and only if

minimum value of 1 ¢ 7§ is %
(k;1) =(3;7) or (7;3). Therefore,

"(M)

"M 42QM) 1))

According to the Theorem 23:1 and its corollaries, we know thajGj 4"(M)

and if G is orientation-preserving, thenjGj 2"(M). Whence,
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iG] 168g(M) 1))

and if G is orientation-preserving, then

iG]  84@g(M) 1)),

with equality hold if and only if G = AutM ;(k;1) =(3;7) or (7;3) \
For the automorphism of a Riemann surface, we have

Corollary 2:3:4 For any Riemann surfaceS of genusg 2,
49(S)+2 j Aut™Sj 84@(S) 1)
and
89(S)+4 | AutSj 168@(S) 1):

Proof By the Theorem 12:6 and 23:2, we know the upper bound fojAutSj and
jAut™ Sj. Now we prove the lower bound. We construct a regular may = ( Xg; Px)
on a Riemann surface of genug 2 as follows, wher&k =2g+ 1.

Xe = fX1;X2; Xk X 15 X2 5 Xk X3 X230 5 Xk X 15 X 25 5 X kg

Pk =(X1;X2; Xk X 15 X 20 5 X (X 5 X2 X33 Xks 5 X2 X )

It can be shown thatMy is a regular map, and its orientation-preserving auto-
morphism group Aut" M, =< P, >. Direct calculation shows that ifk  0(mod2),
My has 2 faces, and ik 1, My is an one face map. Therefore, according to the
Theorem 12:6, we get that

JAUL™S]  2'(My)  4g+2;

and

jAUtSj  4"(My) 8g+4:  \
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For the non-orientable case, we can also get the bound for tla@tomorphism
group of a map.

Theorem 2:3:3 Let M be a non-orientable map of genug{M) 3. Then for
8G Aut*M,

iGj 42M)  2)
and for8G AutM,

iGj  84@giM) 2);

with the equality hold i M is a regular map with vertex valenc8 and face valence
7 or vice via.

Proof Similar to the proof of the Theorem 23:2, we can also get that

"M 21g(M)  2)

and with equality hold if and only if G = AutM and M is a regular map with vertex
valence 3, face valence 7 or vice via. According to the Coanly 2:3:3, we get that

iG] 4'(M)

and if G is orientation-preserving, then
G 2'(M):
Whence, for8G  Aut*M,

iGi 420Im) 2
and for8G AutM,

iGj  84@giM) 2);

with the equality holdi M is a regular map with vertex valence 3 and face valence
7 or vice via. \
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Similar to the Hurwtiz theorem for a Riemann surface, we caneg the upper
bound for a Klein surface underlying a non-orientable surta.

Corollary 2:3:5 For any Klein surface K underlying a non-orientable surface of
genusq 3,
jJAUtT K]  42( 2)

and

JAutKj 84 2):

According to the Theorem 12:8, similar to the proof of the Theorem 23:2 and
2:3:3, we get the following result for the automorphisms of ag-manifold as follows.

Theorem 2:3:4Let ((T;n) be a closed-manifold with negative Euler characteristic.
Then jAutC(T;n)j 6n and

JAUtC(T; n)j 21 (C(T;n));

with equality hold only ifC(T; n) is hyperbolic, where (C(T;n)) denotes the genus
of C(T; n).

Proof The inequality jAutC(T;n)j  6n is known by the Corollary 23:1. Similar
to the proof of the Theorem 23:2, we know that

T;n
mim = —
3k
wherek = =gy " i 7 and with the equality holds only ifk = 7, i.e., C(T;n)

aTin) ;4
is hyperbolic. \

x4. The order of an automorphism of a Klein surface

Harvey [26] in 1966, Singerman [60] in 1971 and Bujalanceif®]1983 considered
the order of an automorphism of a Riemann surface of genps 2 and a compact
non-orientable Klein surface without boundary of genug 3. Their approach is



Chapter 2 On the Automorphisms of a Klein Surface and a s-Manifold 51

by using the Fuchsian groups andNEC groups for Klein surfaces. The central idea
is by applying the Riemann-Hurwitz equation stated as follows:
Let G be anNEC graph andG° be a subgroup o6 with nite index. Then
(G9
—==[G:GY;

where, (G) denotes the non-Euclid area of the grou@, which is de ned as if

=(g [my i m (N neg ) Sk Nks)Q)

is the signature of the grougs, then

(G)=2 [g+Kk 2+_Xr 1 1:mi)+1:2>d( X @ 1=ny)l;

i=1 i=1j=1
where, =2 if sign( )=+ and =1 otherwise.

Notice that we have introduced the conception of non-Euclidrea for the voltage
maps and have gotten the Riemann-Hurwitz equation in the Trewem 22:6 for a
xed-free on V(M) group. Similarly, we can nd the minimum genus of a map,
xed-free on its vertex set by the voltage assignment on itsuptient map and the
maximum order of an automorphism of a map.

4:1 The minimum genus of a xed-free automorphism

Lemma 2:4:1 LetN = @
i=1

of the integerN and m; 1;m;jN fori =1;2; ;k. Then for any integers 1,

pi';p1<P2<  <pk be the arithmetic decomposition

x 1 1. s
1 — 2(1 —)b=c:
@ o2 g

Proof If s 0(mod2), it is obvious that

X 1 x 1 1
1 —) et =) @ )=
i=1 m i=1 P1 P1
Now assume thats  1(mod2) and there arem;; € p;;j = 1;2; ;l. If the

assertion is not true, we must have that
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1 X 1 1
1 ) 1 > 1 — 1 )k
( Iol)( ) ,-:1( m, ) ( pz)
Whence, we get that
1 1 1 1
1 I >1 IH+1 — >a )
( pl) ( pz) P1 ( pl)

A contradiction. Therefore, we have that

xS 1 1.s
1 —) 2(1 —)bzc \
@ )20 Dby

Lemma 2:4:2 ForamapM = (X. ;P) with (M) faces andN = _Q plpL <
p. < < pk, the arithmetic decomposition of the integeN, there exils:tls a voltage
assignment# : X. ! Zy such thatfor8F 2 F(M), o(F)= p,if (M) 0(mod2)
or there exists a facd, 2 F(M), o(F) = p, for 8F 2 F(M)nfFqg, buto(Fg) = 1.

Proof Assume thatf,;f,; ;f,; wheren = (M), are the n faces of the map
M. By the de nition of voltage assignment, ifx; x or X; x appear on one face
fi;1 i n altogether, then they contribute to#(f;) only with #(x)# (x) = 1z, .
Whence, not loss of generality, we only need to consider th@ltage x; on the
common boundary among the facé; and f; for 1  i;j n. Then the voltage
assignment on then faces are

#(f1) = X12X13  X1n;

#(f2) = X21X23  Xon;

#(fn) = Xn1Xn2 Xn(n 1)-

We wish to nd an assignment onM which can enables us to get as many
faces as possible with the voltage of ordgx. Not loss of generality, we can choose
#P1(f1) = 17, inthe rst. To make #1(f,) = 17, ChOOSEX23 = X135  ;Xon = Xy
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If we have gotten#P1(f;) = 1, andi < n if n O(mod2) ori < n 1if
n 1(mod2), we can choose that

— 1 . — 1 . . — 1.
X@i+1)(i+2) = Xjgis) 1 X(+0)(i+3) = Xj+z)ys 1 X(i+)n = Xjn's

which also make#”' (fi.1) = 1z, .

Now if n  O(mod2), this voltage assignment makes each faéggl i n
satisfying that #°1(f;) = 1,. Butif n  1(mod2), it only makes#(f;) = 1, for
1 i n 1, but#(f,)= 1z,. This completes the proof. \

Now we can prove a result for the minimum genus of a xed-freautomorphism
of a map.

Theorem 2:4:1Llet M = (X, ;P) be amap andN = pi* pkf;pp < p2 <
< pk, be the arithmetic decomposition of the integek. Then for any voltage
assignment# : X. | Zy,
(i) if M is orientable, the minimum genusy,, of the lifting map M# which
admits an automorphism of ordeiN, xed-free on V(M¥#), is

(M)

X 1
Onin =1+ Nfg(M) 1+(1 —)b 5

m20 (F(M)) M

cY.

(i) if M is non-orientable, the minimum genugy?,, of the lifting map M#
which admits an automorphism of ordeN, xed-free on V(M¥#), is

M

Q. =2+ NfgM) 2+21 —)b-Meg
p1 2

Proof (i) According to the Theorem 22:1, we know that

X
2 2gM")= Nf(2 2g(M))+ ( 1+ D)g
m20 (F (M) m

Whence,

X
29M#*)=2+ Nf2gM) 2+ (1 i)g:
m20 (F (M) m

Applying the Lemma 24:1 and 24:2, we get that
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(M)
2

Gnn =1+ NfgM) 1+(1 pi)b cg
1

(ii) Similarly, by the Theorem 22:1, we know that

2 gMH=NI@ gM)+  ( 1+ g

m20 (F (M))
Whence,
X 1
gM*) =2+ NfgM) 2+ 1 Do
m20 (F (M) m
Applying the Lemma 24:1 and 24:2, we get that
G =2+ NfgM) 2+2(1 pi)b Meg

1

4:2 The maximum order of an automorphism of a map

For the maximum order of an automorphism of a map, we have the@lfowing
result.

Theorem 2:4:2 The maximum orderN,x of an automorphismg of an orientable
map M of genus 2 is

Nmax  29(M)+1

and the maximum ordemN 2., of a non-orientable map of genus 3 is

Npax — 9(M)+1;
whereg(M) is the genus of the maM .
Proof According to the Theorem 22:3, denoteG =< g >, we get that

M)+ @i+ (@)= G (M=G);

92G;g6 1
where, ¢(g) = fFjJF 2 F(M);F9 = Fgand ,(g) = fviv2 V(M);v% = vg. If
g 6 1g, direct calculation shows that ((g)= (g?) and ,(g)= (g?). Whence,
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I v(@i=061 1) v(9)

92G;g6 1
and

J1@i=>6 )i (9

92G;g6 1
Therefore, we get that

M)+ (iG] 1) @i+ (iG] 1) 1(9i=]G (M=G)

Whence, we have that

M) (G v@i+] (@)= ]JGj( M=G) ( v(@j+] (9i):

If (M=G) (j v(9)i+]j (9)i)=0ie, (M=G)=j (9)j+] ¢(9)j O, then
we getthatg(M) 1if M is orientable org(M) 2 if M is non-orientable. Con-
tradicts to the assumption. Therefore, (M=G) (j v(9)j+ ] ¢(9)j) 6 0. Whence,
we get that

M) (G v@i+] (i)
M=G) ( v(9i+] (9)i)
Notice that jGj; (M) (j v(9)i+] (9)i)and (M=G) (j v(9)i+] (9)j)arein-
tegers. We know that the functionH (v; f ; g) takes its maximum value at (M=G)

(G v@j+]j t(@j)= 1since (M) 1. But in this case, we get that

jGj = = H(v;f;Q):

iIGi=j v@i+j (@ M)=1+ (M=G) (M):
We divide the discussion into to cases.
Case 1 M is orientable.

Since (M=G)+1=(j v(@j+] (@) 0, we know that (M=G) 1.
Whence, (M=G) =0 or 2. Therefore, we have that

jiGi=1+ (M=G) (M) 3 (M)=2g(M)+1:
That is, Nmax 2g(M) + 1.
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Case 2 M is non-orientable.

In this case, since (M=G) 1, we know that (M=G) = 1;0;1 or 2.
Whence, we have that

jGj=1+ (M=G) (M) 3 (M)=gM)+1:

This completes the proof. \

According to this theorem, we get the following result for tk order of an auto-
morphism of a Klein surface without boundary by the Theorem:2:7, which is even
more better than the results already known.

Corollary  2:4:1 The maximum order of an automorphism of a Riemann surface
of genus 2is 2g(M) + 1, and the maximum order of an automorphism of a non-
orientable Klein surface of genus 3 without boundary isg(M) + 1.

The maximum order of an automorphism of a map can be also deteined by
its underlying graph, which is stated as follows.

Theorem 2:4:3Let M be a map underlying the graps and omax (M; 9); Omax (G; Q)
be the maximum order of orientation-preserving automorpéin in AutM and in
Aut%G. Then

Omax (M; Q) Omax (G; 9);

and the equality hold for at least one map underlying the grapG.

The proof of the Theorem 24:3 will be delayed to the next chapter after we
prove the Theorem 31:1. By this theorem, we get the following interesting results

Corollary 2:4:2 The maximum order of an orientation-preserving automorpbkm of
a complete maK,;n 3, is at mostn.

Corollary 2:4:3 The maximum order of an orientation-preserving automorpbkm of
a plane treeT is at mostjTj 1 and attains the upper bound only if the underlying
tree is the star.
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faces

For determining the automorphisms of a map, an alternate appach is to con-
sider the action of the semi-arc automorphism group of its wkerlying graph on
the quadricells and to distinguish which is an automorphisnoef the map and which
is not. This approach is rst appeared in the reference [43]saan initial step for
the enumeration of the non-equivalent embeddings of a gramm surfaces, and also
important for enumeration unrooted maps underlying a grapton surfaces used in
Chapter 4.

x1. A necessary and su cient condition for a group of a graph be ing
that of a map

Let = ( V;E) be a connected graph. Its automorphism is denoted b&ut .
Choose the base s&X = E(). Then its quadricells X. is de ned to be:

X. = [ X, x X, x g
x2X

where,K = f1; ; ; g is the Klein 4- elements group.
For 8g 2 Aut, de ne an induced actiongj*: of gon X. as follows.

For 8x 2 X. ,if x9=y,thendene(x)?=vy,(x)¥= y and( x )9=

Let M = (X. ;P) be a map. According to the Theorem 2:5, for an auto-
morphism g 2 AutM and gjymy : u! v; u;v 2 V(M), if u? = v, then call g
an orientation-preserving automorphism if u? = v 1, then call g an orientation-
reversing automorphism For any g 2 AutM, it is obvious that gj is orientation-
preserving or orientation-reversing and the product of tworientation-preserving au-
tomorphisms or orientation-reversing automorphisms is @ntation-preserving, the
product of an orientation-preserving automorphism with arorientation-reversing
automorphism is orientation-reversing
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For a subgroupG AutM, de ne G* G being the orientation-preserving
subgroup of G. Then the index of G" in G is 2. Assume the vertexv to be
V = (X1;X2;  5X w)(X v, ;X2 X1). Denote by < v > the cyclic group
generated byv. Then we get the following property for the automorphisms o&
map.

Lemma 3:1:1 Let G AutM be an automorphism group of a mapM. Then
8v2V(M),
(i) if 8g2 G,g is orientation-preserving, thenG, <v >, is a cyclic group;

(i) G, <v> < >

Proof (i)Let M = (X. ;P). since for any8g 2 G, g is orientation-preserving,
we know for8v 2 V(M);h 2 G,, v" = v. Assume the vertex

V=(X;X2; X @)X v X v o1 s X 1)

Then

[(X1; X2; X )X s » X 2, X 1)]h = (X1; X2, X )X W ;X 2; X 1):

Therefore, ifh(xy) = Xk+1;1 K (v), then

h=[(x;X2 X)X @i X o 1 5 X)l*=ve

If h(Xx1) = X () ka3l K (v), then

h=[(x;X2 XWX o5 X v 15 Xl =ve:

But if h = vk | then we know thatv" = v = v 1, i.e., h is not orientation-
preserving. Whenceh = vk;1  k (v), i.e., each element inG, is the power of
v. Assume is the least power of elements i5,. Then G, =<v > <v> isa
cyclic group generated by .

(ii)For 8g2 Gy, V9=, ie.,

[(XeX2;  5x)(x 5 x 15 3 x)I¥=(XeXe, X)X ;X 155X )
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Similar to the proof of (i), we know there exists an integes;1 s , such
that g= v®org= v® . Whence,g2<v> org2<v> | ie,
G, <v> < > \

Lemma 3:1:2 Let be a connected graph. I Aut ,and8v 2 V() ,G, <
v> < > | then the action ofG on X. is xed-free.

Proof Choose a quadricelk 2 X. . We prove that Gy = fl1gg. In fact, if
g 2 Gy, then x8 = x. Particularly, the incident vertex u is stable under the action
of g, i.e., u? = u. assume

U=(X;yy, Y@ (XY @n Y,

then sinceG, <u> < > , we get that

X9 =Xy = yi; ;yg(u) 1= YW1

and

(x)0=x(yd)°=ys (Y =Y wuv

that is, for any quadricell g, incident with the vertex u, eJ = g,. According to the
de nition of the induced action Aut on X. , we know that

(x)=x(y?=ys (Y wd=Y w1

and

(x )= % (y'=yu (Y wd=Y @

Whence, for any quadricelly 2 X . , assume the incident vertex ofy is w,
then by the connectivity of the graph , we know that there is apath P(u;w) =
uviV,  VsW in  connecting the vertex u andw. Not loss of generality, we assume
that y  is incident with the vertex v;. Since (y«)?= yxandG,, <v;> <

> , we know that for any quadricelle,, incident with the vertex vy, €/, = e,,.
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Similarly, if a quadricell g, incident with the vertex v; is stable under the action
of g, i.e., (&,)? = &,, then we can prove that any quadricelk,,, incident with the
vertex vi4; IS stable under the action ofg. This process can be well done until we
arrive the vertex w. Therefore, we can get that any quadricelg, incident with the
vertex w is stable under the action ofg. Particularly, we have that y9 = vy.

Therefore, we get thatg = 1. WhenceG, = f1gQ. \

Now we prove a necessary and su cient condition for a subgrguof a graph
being an automorphism group of a map underlying this graph.

Theorem 3:1:1 Let be a connected graph. 16 Aut , then G is an auto-
morphism group of a map underlying the graph i for 8v 2 V() , the stabler
G, <v> < >

Proof According to the Lemma 31:1(ii ), the condition of the Theorem 31:1 is
necessary. Now we prove its su ciency.

By the Lemma 31:2, we know that the action ofG on X. is xed-free, i.e.,
for8x 2 X . , jG4j = 1. Whence, the length of orbit of x under the action G is
jx®j = jG4jix®j = jGj, i.e., for8x 2 X . , the length of x under the action ofG is
iGj.

Assume that there ares orbits O1; O,; ;Og of G action on  V (), where,
O = fuguy;  ;ukg, O = fvg;vo;  ;vig, ,0s = fwy;w,;  ;wyg. We construct
the conjugatcy permutation pair for every vertex in the grap such that they
product P is stable under the action ofG.

Notice that for 8u 2 V (), since jGj = jG,jju®j, we know that [k;I;  :t]j jG;j.

In the rst, we determine the conjugate permutation pairs fo each vertex

in the orbit O,. Choose any vertexu; 2 O;, assume that the stablerG,, is
1
flg; O1; Q01; nQ Om i0, where, m = jG,,j and the quadricells incident with

vertex u; is N{u,) in the graph . We arrange the elements inN{u,) as follows.
Choose a quadricelu? 2 N{u;). We useG,, action on u? and u 2, respec-
1
tively. Then we get the quadricell setA; = fuf; gu(u?); ;er Om i(U3)g and
i=1

|:
1
A =fuf;guud);, ; nQ Om i(uf)g. By the de nition of the action of an
. =1 : T
automorphism of a graph on its quadricells we know thaf; A ; = ;. Arrange
I 1
the elements inA; asA; = uf; gu(ul); ;rTQ Om i(uf).
i=1
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|
If Nu.) nAlS A | = ;, then the arrangement of elements iMNYu,) is’A;.
S . s -
If N{u;)) nA;~ A ; 6 ;, choose a quadricelu? 2 Nfu;) nA;~ A ;. Similarly,
1
using the groupG,, acts onu®, we get that A, = fu; g;(ud); ;rTQ On i(ud)gand
i=1

1 . S
A,=fub gud); ; nQ gn i(ud)g. Arrange the elements inA; = A, as

! [ a a Y ! a b b Y ! b
Ar Ax=ung(uy); 5 Omo(ui)iugiou(ul); 5 Gmoi(ug):
i=1 i=1

SIS S .
If Ng(l'Jl) n(Ay, A, A A = ;, then the arrangement of elements in

Als A,isA; A,. Otherwise, N{u,) n(AlS AZS A 15 A ;) 6 ;. We can choose

. S
another quadricellu$ 2 N{u;) n(A1~ A~ A ;= A ). Generally, If we have got-
ten the quadricelll setsAt;Az; AL r 2k, and the arrangement of ele-
. . . s, S S, S S S
ment in them is A; A, A, if N{uy) n(AL1™ A, AT AT A,

S A ) 6 ;, thenwe can choose an elemen{ 2 N{u;)n(A; S As S S A, S A4

S s S .
A A ) and de ne the quadricell set

ny 1
A = fufia(ud); 5 gm i(UDg
i=1
ny 1
A =fufiga(u); gn (U9
i=1
and the arrangement of elements i\ ., is

! d d v d
Arvy = Upiau(uy); 5 Gmoi(Uy):
i=1
8L
De ne the arrangement of elements in = A; to be
=1
! !

|
Aj = . A A
Whence,

K [ [x
Nu)=(" A) (A
=1 =1
and Ay is obtained by the action of the stablerG,, on ug. iAt the same time, the
. % T«
arrangement of elements in the subset A; of N{u;) to be = A;.
j=1

i=1
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De ne the conjugatcy permutation pair of the vertexu,; to be

% =(C)(C * )

where

C_ a. ,b. . €. ay . by. . ey. .Wla.wlb. .Wle.
=(ug;ug; sugou(u));u(uy); s au(ul); (u3); (u); (u1)):
i=1 i=1 i=1

For any vertexu; 2 O;;1 ik, assume thath(u;) = u;, whereh 2 G, then
we de ne the conjugatcy permutation pair%, of the vertex u; to be

% =%, =(Cc")(C

SinceO; is an orbit of the action G on V (), then we have that

¥k
( %) = %:

i=1 i=1
Similarly, we can de ne the conjugatcy permutation pair®s,; %,; ;% %,
%.; %, of vertices in the orbitsO,; ;Os. We also have that
% G N4
C %)° = %:
i=1 i=1
y G e
( %) = %
i=1 i=1

Now de ne the permutation

¥ v %
P=C %) ( %) ( %)

i=1 i=1 i=1
Then sinceO,; 0,; ;Os are the orbits of V() under the action of G, we get
that
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W Y Y
Pe = ( %)® ( %)° ( %)°
i=1 i=1 i=1
Y Y
= %) ( %) ( %)=P:
i=1 i=1 i=1

Whence, if we de ne the mapM = (X. ;P) then G is an automorphism of
the map M. \
For the orientation-preserving automorphism, we have theoflowing result.

Theorem 3:1:2Let be aconnected graph. Il Aut , thenG is an orientation-
preserving automorphism group of a map underlying the graphi for 8v2 V() ,
the stablerG, <v > is a cyclic group.

Proof According to the Lemma 31:1(i) we know the necessary. Notice the ap-
proach of construction the conjugatcy permutation pair in he proof of the Theorem
3:1:1. We know that G is also an orientation-preserving automorphism group of &
map M. \

According to the Theorem 31:2, we can prove the Theorem:2:3 now.

The Proof of the Theorem2:4:3

Since every subgroup of a cyclic group is also a cyclic groue know that any
cyclic orientation-preserving automorphism group of thergph is an orientation-
preserving automorphism group of a map underlying the graphby the Theorem
3:1:2. Whence, we get that

Omax (M; Q) Omax (G; 9): \

Corollary 3:1:1 For any positive integern, there exists a vertex transitive map
M underlying a circultant such thatZ, is an orientation-preserving automorphism
group of the mapM .

Remark 3:1:1 Gardiner et al proved in [20] that if add an additional condion ,
i.e, G is transitive on the vertices in , then there is a regular mapunderlying the
graph .
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x2. The automorphisms of a complete graph on surfaces

A map is called acomplete mapif its underlying graph is a complete graph.
For a connected graph , the notationsE®() ;EN() and E“() denote the embed-
dings of on the orientable surfaces, non-orientable surées and locally surfaces,
respectively. For8e = (u;v) 2 E(), its quadricell Ke = fe; e; e; e gcan be
represented byKe = fu'*;u’ ;v'* ;v g.

Let K,, be a complete graph of orden. Label its vertices by integers 12;:::; n.
Then its edge set ifijj1 i;j n;i6jij =jig, and

X. (Kp)=fil* 11 i n;iﬁjg[ fil 1 i) ni6jg

Y . .
= i),

10 ni6j
Y e
= @) i)
16 ni6j
We determine all the automorphisms of complete maps of orderand give they
concrete representation in this section.

First, we need some useful lemmas for an automorphism of a miapoluced by
an automorphism of its underlying graph.

Lemma 3:2:1 Let be a connected graph and 2 Aut . If there is a mapM 2
E-() such that the induced actiorg 2 AutM, then for 8(u;Vv); (x;y) 2 E() ,

[19(u); 19(V)] = [19(x); 19(y)] = constant;

where, 19(w) denotes the length of the cycle containing the vertexin the cycle
decomposition ofg.

Proof According to the Lemma 22:1, we know that the length of a quadricell
u'* oru¥ under the actiong is [19(u);I9(v)]. Sinceg is an automorphism of map,
therefore,g is semi-regular. Whence, we get that

[19(u); 19(v)] = [19(x);19(y)] = constant: \
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Now we consider conditions for an induced automorphism of aam by an
automorphism of graph to be an orientation-reversing autoorphism of a map.

Lemma 3:2:2 If is an automorphism of a map, then =

Proof Since  is an automorphism of a map, we know that

That is, = \

Lemma 3:23If is an automorphism of mapM = (X. ;P), then is semi-
regular on X. with ordero( ) if o( ) O(mod2) and2o( ) if o( ) 1(mod2).

Proof Since is an automorphism of map by the Lemma :2:2, we know that
the cycle decomposition of can be represented by

Y
= (X Xz2r X)(X 1 X 25 X k)
k

Where,Qk denotes the product of disjoint cycles with lengthk = of ).
Therefore, ifk  0(mod2), we get that
Y

= (X1 X 2:X3; 5 X k)
k

and if k  1(mod2), we get that

Y
= (X1 X 27X3; XKy X 13X2; X35 X k)
2k
Whence, is semi-regular acting onX. . \

Now we can prove the following result for orientation-reveing automorphisms
of a map.

Lemma 3:2:4 For a connected graph , let K be all automorphisms inAut whose
extending action onX. , X = E() , are automorphisms of maps underlying the
graph . Thenfor8 2K, ol ) 2 2K ifand only if o( ) 0O(mod?2):

Proof Notice that by the Lemma 32:3, if is an automorphism of map with
underlying graph , then is semi-regular acting onX .



Chapter 3 On the Automorphisms of a Graph on Surfaces 66

Assume is an automorphism of mapM = (X. ;P). Without loss of gener-
ality, we assume that

P = C1C2 Ck,

whereC; = (Xi1;Xi2; ;Xj,) Is a cycle in the decomposition of jy(y and x; =
f(et;d?;, di)e'; eli; ;e'?gand.

jeg = (emsen;  es)(enen  es) (G182 ;as):

and
=Cc(c 1)

where,C = (ei; €1 ;6)(€1:82  €s) (81,62, ;&) Now since is
an automorphism of map, we get thats; = s, = =s =0 )=s:
Ifo( ) O(mod2),deneamapM =(X. ;P ), where,

P =CC, GC;

where, C; = (Xi;;Xi20  X,), X = f(epe e )(ei ey :6p)9 and
8 = €q lake g = eyqif ¢ 1(mod2) andeg = epqif g O(mod2). Then
we getthatM = M.

Now if o( ) 1(mod2), by the Lemma 32:3,0( )=20( ): Therefore, any
chosen quadricells €*;€2; ;€'i) adjacent to the vertex xj; for i = 1;2; :n,
where,n = j |, the resultant map M is unstable under the action of . Whence,

is not an automorphism of one map with underlying graph . \

Now we determine all automorphisms of a complete map undeirtg a graph
K, by applying the previous results. Recall that the automorpism group of the
graph K, is just the symmetry group of degrea, that is, AutK ,, = S,.

Theorem 3:2:1 All orientation-preserving automorphisms of non-orientale com-
plete maps of order 4 are extended actions of elements in

E[5%]; E[l;snsl];
and all orientation-reversing automorphisms of non-origable complete maps of
order 4 are extended actions of elements in
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E[(Zs)zng]; E[(zs)z%]; 1100
where,E denotes the conjugatcy class containing elemenin the symmetry group
Sh

Proof First, we prove that the induced permutation on a complete map of
order n by an element 2 S, is an cyclic order-preserving automorphism of non-
orientable map, if, and only if,

[
2 ES% E[l;Snsl]

Assume the cycle index of is [1k;2%2;::;;nk]. If there exist two integers

ki;ki 6 0, and ;] 2;i 6 j, then in the cycle decomposition of , there are two
cycles

(U Ugs i) and (Vs va; it vp):

Since
[ (Ul (uz)] =1 and [ (vi);l (v2)] = |

andi 6 j, we know that is not an automorphism of embedding by the Lemma
2:5. Whence, the cycle index of must be the form of [£;s'].

Now if k 2, let (u); (v) be two cycles of length 1 in the cycle decomposition
of . By the Lemma 25, we know that

[ (u);l (v]=1:

If there is a cycle (v;:::) in the cycle decomposition of whose length greater
or equal to two, we get that

[ (Uit (W] =[1:1 (wW)]= 1T (w):

According to the Lemma 32:1, we get thatl (w) = 1, a contradiction. There-
fore, the cycle index of must be the forms of §'] or [1;s']. Whencesl = n or
sl +1 = n. Calculation shows thatl = % or | = ”Tl That is, the cycle index of
is one of the following three types [1], [1; s"s—l] and [s<] for some integers .
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there

s%] !

exists an non-orientable complete maM of order n with the induced permutation

Now we only need to prove that for each elementin E[l_snTl] and E[

being its cyclic order-preserving automorphism of surfaceThe discussion are
divided into two cases.

Case 1 2 E 1,

Assume the cycle decomposition ofbeing =(a;b; ;0 (Xy; :;2) (u;v;
W), where, the lengthof each cycleis,and1 a;b; ;c;x;y; ;z;u;v; ;w
n . In this case, we can construct a non-orientable complete ma, = (X;1 ' P1)
as follows.

X =fil* 1 i n;i(jg[ fil 11 &) niéjg

Y 1
Py = (COHN(C (x) =)
x2f ajb; ¢, xy, szuyv, wg
where,
C(X)=(x¥; ;X% X" xP Y™  xx® oxE X,
wherex* denotes an empty position and
C(x) 1 =(x®;x¥; ;x%; xExY; oxPaxt; oxYo )

It is clear that M; = M. Therefore, is an cyclic order-preserving automor-
phism of the mapM;.

Case 2 2E

[l:sns_ll

We assume the cycle decomposition ofbeing

=(a;b; 0 y; i z)(u; v w(t);
where, the length of each cycle ik beside the nal cycle, and 1 a;b::c;x;y::; z;

u;v;:;wit o n . In this case, we construct a non-orientable complete may, =
(X2 ;P,) as follows.
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X2 =fil* 11 i n;i6jg[fij 1B miéjg

\4
P,=(A)(A ) (CON(C () * )
x 2f a;b;:::;c;:::;x;y;:::z;u;v;:::;W g
where,
A = (T P Yt S R e )
and
A= (8t ot ot gty ooty G untP Y pintt)
and
C(X) = (X® ;o) o) X o xV  an xE s X  x )
and
C(x) 1 =(x® ;x" ;ux® ponxS onxY cunxY mnxPooxY o)

It is also clear thatM, = M,. Therefore, is an automorphism of a mapVi,

Now we consider the case of orientation-reversing automdiipm of a complete
map. According to the Lemma 2:4, we know that an element , where, 2 S,,
is an orientation-reversing automorphism of a complete mapnly if,

KE 3@k 7]
Our discussion is divided into two parts.

Case 3 ny=n

Without loss of generality, we can assume the cycle decompms of has the
following form in this case.

=(1;2, ;k)(k+1;k+2; ;2k) (n k+1;n k+2; ;n):
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Subcase 3:1 k 1(mod2) andk > 1

According to the Lemma 32:4, we know that is not an automorphism of
map sinceo( )= k 1(mod2).

Subcase 3:2 k  0(mod2)

Construct a non-orientable mapM3; = (X2 ;P3), where X ® = E(K,) and

Y . -
Ps = (cince @ *;

i2f 1;2; ;ng
where, ifi  1(mod2), then
C(i):(il+.ik+1+. - in k+1+.i2+. - in k+2+ . I| .ik+.i2k+ in+)
C (I) 1 :(il ;in : ;i2k ;ik : ;ik+1 )
and ifi  O(mod2), then
C(l):(ll .ik+1 . .in k+1 .i2 . .in k+2 . I| . .ik .i2k . .in )
C (l) 1 :(i1+;in+; ;i2k+;ik+; ;ik+1+):

Where,i' denotes the empty position, for example, (222 ; 23; 2% 25) = (2 1; 28; 2%, 25).
It is clear that P; = Pj3, that is, is an automorphism of mapM ;.

Case 4 ny 6 n

Without loss of generality, we can assume that

= (1;2 Sk(k+1;k+2; ;n)  (n k+1;ng k+2;  ;ng)
(ng+1;ny+2; ;ny+2k)(ny+2k+1; ;n;+4k) (n 2k+1; ;n)

Subcase 4:1 k O(mod2)
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Consider the orbits of #* and n; + 2k + 1* under the action of< > |, we
get that

jorb((1*7)=~ )i = k

and

jorb(((ny + 2k + 1) 1)< > )j=2k:
Contradicts to the Lemma 32:1.
Subcase 4.2 k 1(mod2)

In this case, ifk 6 1, then k 3. Similar to the discussion of the Subcasel3
we know that is not an automorphism of complete map. Whencé = 1 and

2 E[lnl;znz]:

Without loss of generality, assume that

=(1)(2) (n)(n+1;n;+2)(ny+3;n.+4)  (np+ny 1ng+ ny):

If n, 2, and there exists a magM = (X. ;P), assume the vertexv; in M
being

Vi = (1'12+ : 1|13+ : : 1|ln+)(1|12 : 1|ln : : 1|13 )
where,l;; 2f+2; 2,+3; 3; ;+n; ngandly 6 |y if i 6 ].
Then we get that

(vi) = (1'12 ;1|13 : : 110 )(1|12+ ; 1+ ; ;1I13+) 6 Vi

Whence, is not an automorphism of mapM . A contradiction.

Therefore, n, = 1. Similarly, we can also get thatn; = 2. Whence, =
(1)(2)(34) and n = 4. We construct a stable non-orientable mapM, under the
action of  as follows.

My =(X?* ;Py);
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where,

P4 = (12+;13+;14+)(21+;23+;24+)(31+;32+;34+)(41+;42+;43+)
(12 ;1% ;218 )2t ;2% ;22 )3 ;3 ;3 )4t 4 4 ):

Therefore, all orientation-preserving automorphisms ofan-orientable complete
maps are extended actions of elements in

E[Sgl; E[1;snsl]
and all orientation-reversing automorphisms of non-ori¢able complete maps are
extended actions of elements in

SPRES E[(zs)z%] B2
This completes the proof. \
According to the Rotation Embedding Scheme for orientablensbedding of
a graph, First presented by He ter in 1891 and formalized by &monds in [17],
each orientable complete map is just the case of eliminatinthe sign + and - in
our representation for complete map. Whence,we have the ltaling result for an
automorphism of orientable surfaces, which is similar to g1 Theorem 32:1.

Theorem 3:2:2 All orientation-preserving automorphisms of orientable amplete
maps of order 4 are extended actions of elements in

E[5%]; E[1;snTl]
and all orientation-reversing automorphisms of orientablcomplete maps of order
4 are extended actions of elements in

whereE denotes the conjugatcy class containingin S,.

Proof The proof is similar to that of the Theorem 32:1. For completion, we only
need to construct orientable mapsvi ;i = 1;2;3;4, to replace the non-orientable
mapsM;;i =1;2;3;4 in the proof of the Theorem 2:1.
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In fact, for orientation-preserving case, we only need to ka M2, M2 to be
the resultant maps eliminating the sign + and - inM 1, M, constructed in the proof
of the Theorem 32:1.

For the orientation-reversing case, we tak#9 = (E(K,). ;P$) with

Y
Ps = (C@));

i2f 1;2; :ng
where, ifi  1(mod2), then
C(i):(il.ik+1. SN k+1.i2. - jn k+2 . ii Ik |2k. In)
and ifi  O(mod2), then
C(i):(il.ik+1. -jn k+1.i2. SN k+2 . .ii . 'ik'i2k' 'in) 1.

wherei' denotes the empty position andM { = (E(K4). ;Pg4) with

P, = (1% 13 1% (2% 23, 2%)(3%; 3% 3%) (41, 4%, 4°):

It can be shown that M°) = MQ fori=1;2;3 and 4. \

x3. The automorphisms of a semi-regular graph on surfaces

A graph is called asemi-regular graphif it is simple and its automorphism
group action on its ordered pair of adjacent vertices is xediree, which is considered
in [43],[50] for enumeration its non-equivalent embeddings on sades. A map
underlying a semi-regular graph is called aemi-regular map We determine all
automorphisms of maps underlying a semi-regular graph inigsection.

Comparing with the Theorem 31:2, we get a necessary and su cient condition
for an automorphism of a graph being that of a map.

Theorem 3:3:1For a connected graph , an automorphism 2 Aut is an orientation-
preserving automorphism of a non-orientable map underlgnthe graph i is
semi-regular acting on its ordered pairs of adjacent vergs.
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Proof According to the Lemma 22:1, if 2 Aut is an orientation-preserving
automorphism of a mapM underlying graph , then is semi-regular acting on its
ordered pairs of adjacent vertices.

Now assume that 2 Aut is semi-regular acting on its ordered pairs of adja-
cent vertices. Denote by jy(y, je() the action of on V() and on its ordered
pairs of adjacent vertices,respectively. By the given coitobn, we can assume that

jvo =(a;b; ;0 (g:;h; k) (xy;  ;2)

and

jeg =Ci G Cp;

where, s,jC(a)j = = 54JC(9)j = = s,jC(x)j, and C(g) denotes the cycle
containing g in  jy(y and

C.=(ahb ;chag by ;3 ;aebe; o)

Ci=(ghht;  khohk% k%5 g hs; ko),

Cm=(xhyh  izh oxXBys o250 Xy 5 z):

Now for 8; 2 Aut. We construct a stable map M = (X. ;P) under the
action of as follows.

X =E()
and
Y Y 1
P = (C)(C )
g2TV x2C(g)

Assume thatu = (g), and

N (9)= fg*;0% ;9%0:
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Obviously, all degrees of vertices irC(g) are same. Notices that jy (g IS
circular acting on N (g) by the Theorem 31:2. Whence, it is semi-regular acting
on N (g). Without loss of generality, we can assume that

in @ = (97597 ge)Ng™t =Py g7) (g v gt ven gt

where,| = ks. Choose

—_ Z1+ . N2 + . -~ + . 22T . A2 + . e ~Zst - ~NZ2s - e ~Zks T -
Cg_(gl 'gS+1 X 'g(k 1)s+1 ’92 ’gs+2 ; 'gS ’925' 'gks )-

Then,

CX = (le+ : XZS+1 + : ) Xz(k s+t : X22+ : XZs+2 + , : XZS+ : XZZS; : szs+ )'

where,

X#* = (@),

fori=1:2; :ks:and

CX1:(X21+'XZS+1+' 'Xz(k 1)5+1+.Xzs+

P X T x BT,

Immediately, we get thatM = M 1= M by this construction. Whence,
is an orientation-preserving automorphism of the map . \

By the Rotation Embedding Scheme, eliminating on each quadricell in Tutte's
representation of an embedding induces an orientable emlggty with the same
underlying graph. Since an automorphism of an embedding isromutative with
and , we get the following result for the orientable-preservingutomorphisms of
the orientable maps underlying a semi-regular graph.

Theorem 3:3:21f is a connected semi-regular graph, then f@ 2 Aut , is an
orientation-preserving automorphism of orientable mapsnderlying the graph .

According to the Theorem 33:1 and 33:2, if is semi-regular, i.e., each au-
tomorphism acting on the ordered pairs of adjacent vertices is xed-free, then



Chapter 3 On the Automorphisms of a Graph on Surfaces 76

every automorphism of the graph is an orientation-presermg automorphism of
orientable maps and non-orientable maps underlying the goh . We restated this
result as the following.

Theorem 3:3:3 If is a connected semi-regular graph, then f8 2 Aut |,
IS an orientation-preserving automorphism of orientable aps and non-orientable
maps underlying the graph .

Notice that if & is an orientation-reversing automorphisms of a map, the&
is an orientation-preserving automorphism of the same maBy the Lemma 32:4,
if is an automorphism of maps underlying a graph , then is an automorphism
of maps underlying this graph if and only if O(mod2). Whence, we have the
following result for the automorphisms of maps underlying aemi-regular graph

Theorem 3:3:4 Let be a semi-regular graph. Then all the automorphisms of
orientable maps underlying the graph are

g*: and hj* :g;h2 Aut with h  0(mod2):

and all the automorphisms of non-orientable maps underlgrthe graph are also

g” and hj*: ;g;h2 Aut with h  O(mod2):

Theorem 33:4 will be used in the Chapter 4 for the enumeration of unrooted
maps on surfaces underlying a semi-regular graph.

x4. The automorphisms of one face maps

There is a well-know result for the automorphisms of a map anids dual in
topological graph theory, i.e., the automorphism group of enap is same as its dual.
Therefore, for determining the automorphisms of one face ps, we can determine
them by the automorphisms of a bouqueB,, on surfaces.

A map underlying a graphB,;n 1 has the formB, = (X. ;P,) with X =
E(B,) = fe;;&;, ;e.gand
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Pn=(X1;X2;  Xan)(X 15 X 2n; 3 X2)

where,x; 2 X; X or X and satisfying the condition Ci) and (Cii) in the Section
2:2 of Chapter 1. For a given bouqueB,, with n edges, its semi-arc automorphism
group is

Form group theory, we know that each element ir5,[S;] can be represented by
(g;hy;hy; shy)with g2 S, andh; 2 S, =11, gfori=1;2, ;n. The action
of (g;h1; hy;  ;hy) on a mapB, underlying a graphB, by the following rule:

if x2fe; e;; e;; e g, then(g;hy;hy;  ;hy)(x) = g(hi(x)).
For example, ifh, = ,then,(g;hy;hy;  shp)(e) = g (e), (g;hyhy; shy)(ey)
= g(e), (grhy;he; thy)(e) = g(e)and (g hihe;  Th)( e 1) = g(e).

The following result for automorphisms of a map underlying araph B, is
obvious.

Lemma 3:4:1 Let (g;hy;hy; 5 hy) be an automorphism of a majB,, underlying a
graphB,. Then

(g hg;ho; 5 hn) = (X4 X250 Xan )X

and if (g;hy;hy;  ;hy) is an automorphism of a maB,,, then

(g;hs;hy; shy) = (XX, Xan)X

for some integerk;1 k n. Where, x; 2 fe;;e; ;e,0i =1;2, ;2n and
Xi 6 X; if i 6 J:

Analyzing the structure of elements in the grous,[S;], we get the automor-
phisms of maps underlying a graplB, by the Theorem 33:1 and 33:2 as follows.

Theorem 3:4:1 Let B, be a bouquet witm edgesl;2; ;n. Then the automor-
phisms(g; hy; hy;  ;hy) of orientable maps underlying 8,,;n 1, are respective

(Ol) gZE[k%]; h|:1,|:1,2, ‘n;
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(02) g2 E[kF] and if g = er(Il,Ig, ix); wherei; 21,2, ;ng;n=k
O(mod2); then h;y, =(1; );i= 1 2 ;¢ and h; =1 for | 2;

03) g2E d if @ A

(03) ¢ [kZS;(zk)nzsz andir g = 1('1,|2, ik) i=1 (Ql’qy ’QZk)’
where i;;6, 2 1,2, ;ng; then h;, —( ;)i =12 ;s;h, =1 for |
2and h, =1fort =1;2, ;2k
and the automorphismgg; hy; hy; 5 h,) of non-orientable maps underlying 8,,; n

1, are respective

(N2) g2 E[kr] and if g = er(|1,|2, ix); wherei; 21,2, ;ng;n=k
O(mod2); thenh;, =(1; );(1; )W|th atleastone h;, (1, );i=1;2, ;pandh; =

1for|j 2;

. (n Z)=2k
(N3) g2E ks B and if g = (|1,|2, i) __1 (8.:8,; ;q2k);

where i;; g, 2 f 1,2 ,ng, then h;, = (1; );(1; ) Wlth_ at least one h;
(1; );i=1;2 ;s;h,=1forl 2andh,=1fort =1;2, ;2k;
where, E denotes the conjugacy class in the symmetry grody containing the

lor —

element .

Proof By the structure of the group S,[S;], it is clear that the elements in the
cases i); (ii) and (iii ) are its all semi-regular elements. We only need to constiuc
an orientable or non-orientable maB, = ( X. ;Py) underlying B, stable under the
action of an element in each case.

(i) g:er(il;iZ; ikyandh;=1;i=1;2 ;n,wherei; 2f1;2, ;ng.
i=1

Choose

B ST
X; = Kf|1,|2, k9,

i=1

whereK =f1; ; ; gand

Pr]f: Cl(Cl1 1)

with
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n n n
Ci=( 15 2 ;(E)l; ;25 (E)1;12;22; ;(E)zi
n n n
Li 25 (2 he2d (ks Lo Lo s (!
Then the map B} = (X! ;P}) is an orientable map underlying the graphB, and

stable under the action of §; hy; hy; 5 hy).
For the non-orientable case, we can chose

n n n
Ci=( 1 20 (v L 25 5 (PDulaZ ()
n n n
Li 2 5 (P2 ke Sk 3G g 5 ()
Then the map B} = (X! ;P.) is a non-orientable map underlying the graptB,

and stable under the action of §; hy; h,;  ;hy).

(i) 9= Cluiz W h=@ )or @ )i=12 m? Omod)
i=1
wherei; 2f1;2; ;ng.
If by, =(1; )fori=1;2, ;pandh,=1fort 2. Then
W—Lk
(@ hishay sha)= (i 1 25 0w 1ol Sk
i=1

Similar to the case (), we take X? = X! and

Pr?: CZ(Czl 1)

with

n n
Co=( 11 2; ;(E)l; L, 2 (E)z; L 2
n n n n
; (E)k; Li, 2, (E)l;lz;Zz; ;(E)z; » L 2; ;(E)k):
Then the map B2 = (X2 ;P2) is an orientable map underlying the graphB, and
stable under the action of §; hy;hy;  ; h,). For the non-orientable case, the con-

struction is similar. It only need to replace each elementi ; by i; in the con-
struction of the orientable case ih;, =(1; ).
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@ (n 2@):2k

(i) g= )

1(i1;i2; i) (8.;8,; 6,)and h, = (1; ) i =
1= =
1,2, ;s;hy=1forl 2andh, =1fort =1;2, ;2k
In this case, we know that
% (n %s)sz

(g:hyshgy she) = (i 0 2 P B PR ) (81,68, 16,):
=1

i= j=1

Denote by p the number (n  2ks)=2k. We construct an orientable mapB3
(X2 ;P2) underlying B, stable under the action of §;h;;hy;  ;hy) as follows.
Take X3 = X! and

Pr?: C3(C31 1)

with

Cs=( 11 ;2; ;si€,:€; €y 1 2 ;S 2
€L, €, &, 5 L 2 5 s ey
€0y ; Li; 2, S 1€, 180 1 €ur 12

2, €L, 1€, € LG 2AG Sk € i €oy):

Then the map B3 = (X2 ;PJ) is an orientable map underlying the graptB, and
stable under the action of §; hy; hy;  ;hy).

Similarly, replacing each elementi ; by i; in the construction of the ori-
entable case ih;, = (1; ), a non-orientable map underlying the graptB, and stable
under the action of @; hy;hy;  ;h,) can be also constructed. This completes the
proof. \

We use the Lemma 31 for the enumeration of unrooted one face maps on
surfaces in the next chapter.



Chapter 4 Application to the Enumeration of Unrooted
Maps and s-manifolds

All the results gotten in the Chapter 3 is more useful for the mumeration of
unrooted maps on surfaces underlying a graph. According tbe theory in Chapter
1, the enumeration of unrooted maps on surfaces underlyinggaaph can be carried
out by the following programming:

STEP 1. Determine all automorphisms of maps underlying a gpéh;
STEP 2. Calculate the the xing setFix (& for each automorphism&of a map;

STEP 3. Enumerate the unrooted maps on surfaces underlying gaaph by
Corollary 1:3:1.

The advantage of this approach is its independence of the entability, which enables
us to enumerate orientable or non-orientable maps on surake We present the
enumeration results by this programming in this chapter.

x1. The enumeration of unrooted complete maps on surfaces

We rst consider a permutation and its stabilizer . A permutaion with the
following form (Xq1;X2; 5 Xn)( X n; X 25535 X 1) IS called a permutation pair. The
following result is obvious.

Lemma 4:1:1 Let g be a permutation on the set = fXxy;X»;::;X,g such that
g =g9g.If

O(X1; X2; 15 Xn)( X ns X oo 13505 X 1)g 7= (X4 Xg; 5 Xn)( X ng X 1550 X )5
then

9= (Xq; X2; 15 Xn)K

and if
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g (X5 X2 25 Xn)( X ns X 1335 X (g ) 1= (XeiXas 5 Xn) (X ng Xon 155005 X 1);

then

g =(Xn; Xn 135 X)X

for some integerk;1  k n.

Lemma 4:1:2 For each permutationg;g 2 E[k%] satisfyingg = g on the set
= fX1;X2; 5 Xhg, the number of stable permutation pairs in under the action
ofgorg is

2 (k)(n 1)t
SN
where (k) denotes the Euler function.

Proof Denote the number of stable pair permutations under the aain of g or
g by n(g) and C the set of pair permutations. De ne the setA = f(g;C)jg 2
E[k%];C 2C and C9 = C or CY = Cg. Clearly, for 8g;;0 2 E[k%]’ we have
n(g:) = n(g). Whence, we get that

jAj = jE[k%]jn(g): (4:1:1)
On the other hand, by the Lemma 41:1, for any permutation pairC = ( X1; X2; :::; Xn)
(X n; X n 15555 X 1), since C is stable under the action ofg, there must beg =
(X1 X2 5 %) Org = ( X n; X 1505 X 1), wherel = s2;1 s kand (s;k) =
1. Therefore, there are 2(k) permutations in E[k%] acting on it stable. Whence, we
also have

jAj =2 (K)jCj: (4:1:2)
Combining (4:1:1) with (4:1:2), we get that
2 (KCj 2 (k)(n 1)
(g = 200G 2 (K01,
JE ) JE, )

Now we can enumerate the unrooted complete maps on surfaces.

\
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Theorem 4:1:1 The numbernt (K ,) of complete maps of orden 5 on surfaces
is

X X (nik) I X (nik) 15
nL(Kn): 2_L( + )2 ﬂ(nn I2).k N (k)2 (n 2)x ;
2 kjn kjn;k  0(mod2) kk(F)' ki(n 1);ké1 n 1
where,
8 n(n 3)
< 22 if ko 1(mod2);
(mk)y=. 2, | (moc2)
: s, itk 0(mod2);
and

8

< (0D 2. 4 g 1(mod2);
(n;k): : (n 1§|((n 3. ; :

- L= if k O(mod2):

and nt(K,) =11:

Proof According to (1:3:3) in the Corollary 1:3:1 and the Theorem 3:1 for
n 5, we know that

n“(K,) = ; ( X JCa)+ X i( o )j
AUt nj e L w2
X fick] (@s) 28]
* 1 Ch)j)
h2E o 1
[k "k ]
I . _ X L _
= on O Bl o+ i (% )]
X kjn [jn;l  0(mod2)
* JE ol Ch)i);
litn 1) [T T

where,g; 2 E[k%]; o 2 E[|T—] and h 2 E[l_knj<_1] are three chosen elements.
Without loss of generality, we assume that an elemerqg; g 2 E[k%] has the
following cycle decomposition.

g=(1;2:5k(k+1;k+2; :::;2k):::((E Dk+1; (E Dk+2;:::n)

and
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where,

Y l=(1‘21;1i31;:::;1‘”1)(2‘12;2‘32;:::;2i”2):::(n‘1”;n‘z”;:::;ni<n n);

and

being a complete map which is stable under the action gf wheres; 2 f k+;k j k =
1;2;:::ngQ.

Notice that the quadricells adjacent to the vertex "1" can m&e 2 2(n
2)!di erent pair permutations and for each chosen pair perntation, the pair permu-
tations adjacent to the vertices 23;::;; k are uniquely determined sincd® is stable
under the action ofg.

Similarly, for each given pair permutation adjacent to the ertex k + 1; 2k +
1 (g Dk +1, the pair permutations adjacent tok +2;k +3;:::;;2k and X +
2,2k+3; 53k and,...,and (. 1)k+2;(y 1)k+3;::nare also uniquely determined
becauseP is stable under the action ofg.

Now for an orientable embeddingV; of K, all the induced embeddings by
exchanging two sides of some edges and retaining the othershanged inM; are
the same advl; by the de nition of maps. Whence, the number of di erent stale
embeddings under the action ofj gotten by exchangingx and x in M, for x 2

S . W on .
U;U X , whereX = fx; x g, is 20) ©, where g(") is the number of
X2E(Kn)
orbits of E(K,) under the action ofg and we substracty because we can chosen
127 k+1M;2k+1%;  ;n  k+1 rstin our enumeration.

Notice that the length of each orbit under the action ofg is k for 8x 2 E(K)
if k is odd and is% forx = i*5:i=1:k+1; :n k+1,or k for all other edges
if k is even. Therefore, we get that

8
< "(Kn). H .
. , if k  1(mod2),
9= ka3,

if k O(mod2):

Whence, we have that
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8
n < M3 if Kk  1(mod2);

n; k) = g(" = &

(=900 3= "2 if ko O(mod2);
and

j(gj=2 ™(n 2, (4:1:3)

Similarly, if k  0(mod2), we get also that

i(g)lj=2 ™(n 2% (4:1:4)

for an chosen elemeng,g 2 E[k%]:

Now for8h 2 E[l;kn_k_l], without loss of generality, we assume that = (1; 2; :::; k)
(k+1;k+2;u52k)((M Dk+1;(5 2 1)k+2;::(n 1))(n). Then the above
statement is also true for the complete grapk, ; with the vertices 1,2; ;n 1.
Notice that the quadricellsn'*;n?"; ;n" '* can be chosen rst in our enumera-
tion and they are not belong to the graphK,, ;. According to the Lemma 41:2, we

get that

n 1 |
j(h)j=2 (n;k)(n 2)I'x 2(Ek)(—n12)' (4:1:5)
ety
Where
8
(k)= hey= L o= e itk d(mod2);
| p )l - Y09 ko O(mod2):

Combining (4:1:3) (4:1:5), we get that

. 1 X . X L .
n(Kn) = o O B (Q)+ B (0 )i
Q' kjn ljn;l  0(mod2)
+ JE 1 (h)j)
lj(n 1) [l
1 X pr0kmo 2k .\ X ni2 Mk (n - 2)Ik
2n! kjn k%(E)I kjn;k  0(mod2) k%(E)I
X n! 2 (K)(n 2)12 M 2
. Ko (1)) (0 1) )
ki(n 1);ké1 kK /) I

kT (2 )
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n

X 2 n onk X (k)2 ™0 2)!

ke (3)! ki(n 1)k61 n 1

X 1
= 1-( + ‘ :
2 kjn kjn;k 0(mod2)
For n = 4, similar calculation shows thatn‘(K,) = 11 by consider the xing
set of permutations in E[sé]’E[l;s%]’ E[(zs)z%]’ E[(Zs)z%] and Bai.1.2. \
For the orientable case, we get the number®(K ,) of orientable complete maps
of order n as follows.

Theorem 4:1:2 The numbern®((K ,) of complete maps of orden 5 on orientable

surfaces is
X X It X I
CCT R A . L R U e
2 kjn kjn;k  0(mod2) Kk (E) ki(n 1);ké1 n 1
and n(K,4) = 3:

Proof According to Tutte's algebraic representation of map, amapl = (X. ;P)
is orientable if and only if for8x 2 X . ,x and x are in a same orbit ofX. un-
der the action of the group | =< ; P >. Now applying (1:3:1) in the Corollary
1:3:1 and the Theorem 3:1, Similar to the proof of the Theorem 41:1, we get the
number n®(K,) for n 5 as follows

1 X X 2)1% X K )N
n°(Kn)= 5 + )La n)|k + toln 2t
2 kjin kjn;k  0(mod2) K (E) ki(n 1);ké1 n 1
and for the complete graphK 4, calculation shows thatn(K,4) = 3: \

Notice that n®(K )+ nN(K,) = n-(K,). Therefore, we can also get the number
nN (K,) of unrooted complete maps of orden on non-orientable surfaces by the
Theorem 41:1 and the Theorem 41:2 as follows.

Theorem 4:1:3 The numbern™ (K ) of unrooted complete maps of orden;n 5
on non-orientable surfaces is

1 X X 2 M 1)(n 2k
O e 2
kin  kjnk 0(mod2) <(%)!
. X MR 1N 2
n 1 ’

kj(n 1);ké1
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and nN(K,) =8. Where, (n;k) and (n;k) are same as in Theorem:4:1.

For n = 5, calculation shows thatn‘(Ks) = 1080 and n®(Ks) = 45 based on
the Theorem 41:1 and 41:2. For n = 4, there are 3 unrooted orientable maps and
8 non-orientable maps shown in the Fig:4. All the 11 maps ofK4 on surfaces are
non-isomorphic.

Fig.4:1
Now consider the action of orientation-preserving automphisms of complete
maps, determined in the Theorem 2:1 on all orientable embeddings of a complete
graph of ordern. Similar to the proof of the Theorem 41:2, we can get the number
of non-equivalent embeddings of a complete graph of ordey which has been done
in [43] and the result gotten is same as the result of Mull et ah [54].
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x2. The enumeration of a semi-regular graph on surfaces

The non-equivalent embeddings of a semi-regular graph onriaces are enu-
merated in the reference [50]. Here, we enumerate the unredtmaps underlying a
semi-regular graph on orientable or non-orientable surfes.

The following lemma is implied in the proof of the Theorem 4 in [50].

Lemma 4:2:1let =( V;E) be a semi-regular graph. Then for 2 Aut

i °()= ' (2

22y
X2TV O( JN (X))

and

jrOp=2mn T o 4

— 1)}
orv OCIN )

where, TV; TE are the representations of orbits of acting onv() andE() ,re-
spectively and y (x) the restriction of to N (x).

According to the Corollary 1:3:1, we get the following enumeration results.

Theorem 4:2:1 Let be a semi-regular graph. Then the numbers of unrooted maps
on orientable and non-orientable surfaces underlying theagh are

1, X Yo dx)

n°()= - : = 1)
and
X oy Y
MO e @I () (D

where ()=1if of ) 0O(mod2) and 3, otherwise.

Proof By the Corollary 1:3:1, we know that

_
2jAut 1

n°() = .
JgZAut%

j £(9)
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and

1

. T .
AU ] AUL: T gon j 1(9)]
2

nt() =

According to the Theorem 33:4, all the automorphisms of orientable maps
underlying the graph are

g and hj*: ;g;h2 Aut with h 0(mod2):

and all the automorphisms of non-orientable maps underlyinthe graph are also

g*: and hj* ;g;h2 Aut with h  O(mod2):
Whence, we get the number of unrooted orientable maps by theeinma 42:1
as follows.

1

() AAUE ] gy J 1(9)]
X Y
- L g _dx gy,
X Y
+ (909
&Aut ;0(8 0(mod2) x2TyY o(&in (X))
1 X Y d(x
= - -( () L )

Similarly, we enumerate the unrooted maps on locally orieable surface under-
lying the graph by (1 :3:3) in the Corollary 1:3:1 as follows.

1 X
n-() = - - i 1(9)i
2IAUL ] o L

) 1 (jTE% iy ( d(x) N
AUt |0 S arv OCIN ) '

+ X oTEI TY] Y ( d(x)

&Aut ;0(& 0(mod2) x2TY o(&n (X))
- L g T dX)

D)
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Notice that n°()+ nN() = n‘(), we get the number of unrooted maps on
non-orientable surfaces underlying the graph as follows.

() = n"() n°0)
= 1 X (2jTEjj TVj l) ( ) Y ( d(X)

This completes the proof. \
If is also a k-regular graph, we can get a simple result for the numbers of
unrooted maps on orientable or non-orientable surfaces.

Corollary 4:2:1 Let be ak-regular semi-regular graph. Then the numbers of
unrooted maps on orientable or non-orientable surfaces wtying the graph are

respective
e (@(k 1T
JAUt J g2 Aut
and
1 v v
nN()= . 2Tl Tel 1) (k- 1)Te);
0% At O )k 1)

where, ()=1if o( ) 0(mod2) and i, otherwise.

Proof In the proof of the Theorem 42 in [50], it has been proved that

8x2V(); o N (x))=1:

Whence, we gen®() and nN () by the Theorem 4:2:1. \
Similarly, if = Cay( Z,:S) for a prime p, we can also get closed formulas for
the number of unrooted maps underlying the graph .

Corollary 4:2:2 Let = Cay( Z, : S) be connected graph of prime ordep with
(p 1jSj)=2. Then

(Si_ DP+2p(Si DIF +(p 1)GS] 1)
4p

n°( ;M) =

and
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V|- (5 B i

L @% e o(si nP+2™H
nN( rM) - 2p
@7~ 1 1GSi D,

+
4p

Proof By the proof of the Corollary 41 in [50], we have known that

8 .
3 L if og=p

Tgi=, 7 i og=2
©opy if o(g)=1
and
8
3 55 if og)=p
J'T@,Ej=§ "‘TS’ if o(g) =2
P8 it o(g) =1

Notice that Aut = D, (see [3][12]) and there arp elements order 2, one order
1 andp 1 orderp. Whence, we have
no( my= USI DP+2p(s] 2)'— +(p_ 1S 1)

and

(% P (s Hr+2@T=T pis )%
2p

. @ ne 16s 1)
4p '

nN( ;M)

By the Corollary 4:2:1. \

x3. The enumeration of a bouquet on surfaces

For any integerk; kj2n, let J« be the conjugacy class i85, [S,] with each cycle in
the decomposition of a permutation inJ  beingk-cycle. According to the Corollary
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1:3:1, we need to determine the numbeis ©( )j andj -( )j for each automorphism
of a map underlying a graphB,,.

205k
Lemma 4:3.1Llet = 7 (CGA)N(C (i) Y 2Jy where,C(>i) = (X1 Xi2;  ;Xi)
-
is a k-cycle, be a cycleI decomposition. Then
(i) If k& 2n, then

. . 20, 2N
i CON=kE(
and if k=2n, thenj °()j= (2n).
(i) Ifk 3andk 62n, then

i tOi=@OT T

and

itO)y=2"2n 1)
it =(x)(x2)  (x)(x1)(x2)  (xn)(x)(x2) (xa)(x 2)(x2) (X n),

and

PtOi=1

if =(xy X )(X2; X 2)  (Xn; X n)(X 15 X2)(X 2, X2)  (Xn; Xp), and

LN n!

b)) (n 29s)ls!
if = ;"1"2 s"nand 2 Epn 2ss for someintegers, "y =(1; )forl i s
and"; =1 fors+1 | n,where, Ein 25, denotes the conjugate class with the

type [1" 25;25] in the symmetry groupS,, and

i "= (2n)
if = ;"1," "nand 2Epjyand"y=1forl i n 1,",=(@1; ),
where, (t) is the Euler function.

Proof (i) Notice that for a given representation ofC(i), i =1;2; 27” since
< P,; > is not transitive on X. , there is one and only one stable orientable

map B, = (X. ;P,)with X = E(B,)andP, = C(C ! ), where,
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C = (X1, X21; ;X27n1;X21;X22; ;XZTHZ;Xlk;XZK; ;XzTnk)i

Counting ways of each possible order fa(i);i = 1;2; 27” and di erent repre-
sentations forC(i), we know that

i 0= kECT )
for k 6 2n.
Now if k = 2n, then the permutation itself is a map with the underlying grgh

B,. Whence, it is also an automorphism of the map with the permation is its
power. Therefore, we get that

i °QOi= (2n)

(i) For k 3 andk 6 2n, since the group< P,; > s transitive on X.
or not, we can interchangeC(i) by C (i) * ! for each cycle not containing the
quadricell x;1;. Notice that we only get the same map if the two sides of somegb
are interchanged altogether or not. Whence, we get that

2n

i Oi=2% % =t

Nowif =(x1; X 1)(X2; X 2)  (Xn; X a)(X 15 X1)(X 25 X2) (X n; Xn),
there is one and only one stable mapX(. ;P}) under the action of , where

Pl=(Xy;X2; Xn; X 1, X 25 5 X o)(X1 Xn, X1 Xnro X )

Which is an orientable map. Whencej “( )j=j °()j=1.
If =(x)(X2) (X)X 2)(Xx2) (xa)(Xx2)(x2) (Xn)( X 1)( X 2)

( x ), we can interchange (x ;) with ( x ;) and obtain di erent embeddings
of B, on surfaces. Whence, we know that

i tOi=2"2n 1)

Now if =( ;"1;"2 ;"n)and 2 Epn 2.5 for some integers, "; = (1; )
forl i sand";=1fors+1 j n,we can notinterchangeX;; x ;) with
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(X i; x ) to get di erent embeddings of B, for it just interchanging the two sides
of one edge. Whence, we get that

LN n! s _ n! .
T s(n  2s)12ss! "~ (n 2s)lsl”

For =( ;"u;"2s "), 2Epyand”y=1forl i n 1,",=(1; ), we
can not get di erent embeddings ofB,, by interchanging the two conjugate cycles,

whence, we get that

i FQi=i°0i= (@n):
This completes the proof. \

Recall that the cycle index of a groupG, denoted by Z(G;s1;S2;  ;Sn), IS
de ned by ([30])

1 X
Z(Gisusy %)= = 508 5
JGJ gZG
where, (g) is the number of i-cycles in the cycle decomposition of. For the
symmetric group S, its cycle index is known as follows:

X $1'S* S K )
1: 4122 ,l k « k!-

Z(Sn;S1;S2;  iSn) =
1+2 2+ +k g=n
s2+ sy

For example, we have thatZ (S;) = =5>2. By a result of Polya ([56]), we know the

cycle index ofS,[S;] as follows:

1 X (55252) 1(55’;54) 2 (5§+252k) ’

Z(Sn[Salis1582; 1San) = nnl 11 4122 ,0 Kk« !

1+2 2+ +Kk g=n

Now we can count maps on surfaces with an underlying grajsy,.

Theorem 4:3:1 The numbern®(B,) of non-isomorphic maps on orientable surfaces
underlying a graphB,, is

X 2n 3 n .
@) = Kk 12 1y i)!@”z(sz_n IS,
kj2n;k62n k @§
@Z(Sh[S2)).

+ (2n) @ﬁ] JSZn =0
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Proof According to the formula (1.3.1) in the Corollary 13:1, we know that

1 X
2 2'nl ¢ s

Now since for8 1; , 2 S,[S;], if there exists an element 2 S,[S;], such that
»= 1 1 thenwe have thatj °( )j=j °(.)jandj °()j=j °( )j. Notice
that j ©( )j has been gotten by the Lemma:8:1. Using the Lemma 43:1(i) and
the cycle indexZ (S,[S;]), we get that

n°(Bn) = i TO:

1 X an 1,20 . o
n°(Bn) > Znn!(ijn;kezn k& l(? DI i+ (2n)jd 2nj)
- ERCIIE SR DI
kj2nk62n k (5! @8
+ (Zn)w \

@§1 JSZn =0

Now we consider maps on the non-orientable surfaces with anderlying graph
B,. Similar to the discussion of the Theorem:4, we get the following enumeration
result for the non-isomorphic maps on the non-orientable daces.

Theorem 4:3:2 The numbern™(B,) of non-isomorphic maps on the non-orientable
surfaces with an underlying grapiB,, is

ey = DL ggr @ ) FESISD,
n: kj2n;3 k< 2n k

1 X n! o @(Z(Sn[S2)) . no\.

a0 2 T DTy o B 5O

Proof Similar to the proof of the Theorem 43:1, applying the formula (13:3)
in the Corollary 1:3:1 and the Lemma 43:1(ii ), we get that

e = e @ @SS
1 X n! , @(Z(Su[S2))) . n
2””’(5 i 29s Y (N D(——gg  Jumo b 50)

sk=0 -

2n
kj2n;3 k<2n @§
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Notice that n°(B,,) + nN(B,) = n“(B,). Applying the result in the Theorem
4:3:1, we know that

2n  1)! a1, 2N C(Z(Sa[S0)) .

nN(Bn) — ( I )+ (2k)T 1(? l)I@( (i[ 2]))Jsk=0
n: kj2n;3 k< 2n @§
1 X n! . @(Z(Sn[S2))) . n
(=N A=) _ - .
This completes the proof. \
Calculation shows that
2+ s,
Z(S1[S2)) = 2

and

st +2s?s, +3s3+ 254
3 ;

For n = 2, calculation shows that there are 1 map on the plane, 2 mams the
projective plane, 1 map on the torus and 2 maps on the Klein bibe. All of those
maps are non-isomorphic and same as the results gotten by thieeorem 43:1 and
4:3:2, which are shown in the Fig. 2.

Z(S[S2)) =

Fig. 4.2
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x4: A classi cation of the closed s-manifolds

According to the Theorem 12:8, We can classify the closed-manifolds by
triangular maps with valency inf5; 6; 7g as follows:

Classical Type :

(1) 1= f5 regular triangular maps g (elliptic);
(2) .= f6 regular triangular maps g(euclid);
(3) 3= 17 regular triangular maps g(hyperbolig.

Smarandache Type :

(4) 4= ftriangular maps with vertex valency 5 and 6g (euclid-elliptic);

(5) 5= ftriangular maps with vertex valency 5 and 7g (elliptic-hyperbolig;
(6) = ftriangular maps with vertex valency 6 and 7g (euclid-hyperbolig;
(7) 7= ftriangular maps with vertex valency 5;6 and 7g (mixed).

We prove each type is not empty in this section.

Theorem 4:4:1 For classical types ; 3, we have that

(1) 1= fO2;P100;

(2) =fT;K;;1 i) +1g;

(3 s3=fH;;1 1 +1g;
where, Oy; P19 are shown in the Figé:3, Ts; K3 are shown in the Fig. 4:4 and H;
is the Hurwitz maps, i.e., triangular maps of valency.

Fig. 4:3
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Fig. 4:4
Proof If M is ak-regular triangulation, we getthat 22(M)=3 (M) =k (M).

Whence, we have

3 (M) 3'M).

"(M) = and (M) = K

By the Euler-Poincare formula, we know that

(M)= (M) “(M)+ (M)=(] 3) (M)

If M is elliptic, then k = 5. Whence, (M) = % > 0. Therefore, ifM
is orientable, then (M) = 2, Whence, (M) =20; (M) =12 and "(M) = 30,
which is the mapOy. If if M is non-orientable, then (M) =1, Whence, (M) =
16 (M) =6 and "(M) =15, which is the map Po.

If M is euclid, thenk = 6. Whence, (M) =0, i.e., M is a 6-regular tri-
angulation T; or K; for some integeri or j on the torus or Klein bottle, which is
in nite.

If M is hyperbolic, thenk = 7. Whence, (M) < 0. M is a 7-regular
triangulation, i.e., the Hurwitz map. According to the resuts in [65], there are
in nite Hurwitz maps on surfaces. This completes the proof. \

For the Smarandache Types, the situation is complex. But wean also obtain
the enumeration results for each of the types 4 7. First, we prove a condition

for the numbers of vertex valency 5 with 7.

Lemma 4:4:1 Let Let C(T; n) be ans-manifold. Then
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V7 V5+2

if (C(T;n)) 1 and

V7 Vs 2
if (C(T;n)) 1. wherev; denotes the number of vertices of valencyin C(T;n).

Proof Notice that we have know

(T = AT,
3 k

wherek is the average valency of vertices i@(T;n). Since

_ S5+ 6Vt TV
Vs + Vg + V7
and"(C(T;n)) 3. Therefore, we get that
() If (T;n)) 1, then

Kk

1 2V5+2V6+2V7 >0
3 5V5+6V6+7V7 ’

i.e.,v7 vs+1. Now if v; = vs + 1, then

5vs +6Vg+7Vv; =12vs +6Vs+7  1(mod2):

Contradicts to the fact that P vy (V) = 2"() 0O(mod2) for a graph
Whence we get that

V; Vst 2:

(i) If ((T;n)) 1, then

:_L 2Vs + 2V + 2V7 <

3 5vg + 6V + 7V
i.e.,v; vs 1. Nowifv;=vgs 1, then

5vs +6Vvg+ 7V, =12vs+6Vvg 7 1(mod2):
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. P
Also contradicts to the fact that  ,,(, (V) =2"() 0(mod2) for a graph .
Whence, we have that

V7 Vs 2 \
Corollary 4:4:1 There is no ans-manifold C(T; n) such that

jvo ovsj 1L

wherev; denotes the number of vertices of valendyin C(T; n).
De ne an operator : M ! M on a triangulation M of a surface as follows:
Choose each midpoint on each edge M and connect the midpoint in each
triangle as shown in the Figk5. Then the resultantM is a triangulation of the
same surface and the valency of each new verteX6is

Fig. 4.5
Then we get the following result.

Theorem 4:4:2 For the Smarandache Types 4 7, we have
i s 2
(i) Each ofj 4j;] 6 andj <j is innite.
Proof For M 2 4, let k be the average valency of vertices iM, since

_ 5vs + 6Vg
Vs + Vg

(M),

<6and"(M) = T

2
3k
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we have that (M) 1. Calculation shows thatvs =6 if (M)=1and vs =12 if
(M) = 2. We can construct a triangulation with vertex valency 56 on the plane
and the projective plane in the Fig. 46.

Fig. 4:6
Now let M be a map in the Fig. 46. Then M s also a triangulation of the
same surface with vertex valency; andM 6 M. Whence,] 4 is in nite.
For M 2 5, by the Lemma 44:1, we know thatv; vs 2if (M) 1 and
v, Vvs+2if (M) 1. We construct a triangulation on the plane and on the
projective plane in the Fig.46.

Fig. 4.7
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For M 2 &, we know thatk = 8s*V: > 6 Whence, (M) 1. Since

Vgt V7

3 (M)=6vsg+7v;=2"(M), we get that

6vg + 7V 6vg + 7V

Therefore, we havev; = (M). Since there are in nite Hurwitz maps M on

surfaces. Then the resultant triangular mapM is a triangulation with vertex
valency §7 andM 6 M. Whence,] gj is in nite.

ForM 2 ,, we construct a triangulation with vertex valency 56; 7 in the Fig.
4:8 as follows.

Fig. 4:8
Let M be one of the maps in the Fig.8. Then the action of on M results
in nite triangulations of valency 5;6 or 7. This completes the proof. \

Conjecture 4:4:1 The numberj sj is in nite.



Chapter 5 Open Problems for Combinatorial Maps

As a well kind of decomposition of a surface, maps are more cemed by math-
ematician in the last century, especially in the enumeratio of maps ([33] [35]) and
graphs embedding on a surface ([2235] [53][70]). This has its own right,also its
contribution to other branch of mathematics and sciences. rAong those map ap-
plication to other branch mathematics, one typical examplas its contribution to
the topology for the classi cation of compact surfaces by @nface, or its dual, one
vertex maps, i.e., a bouqueB, on surfaces. Another is its contribution to the group
theory for nding the Higman-Sims group (a sporadic simple up ([6])) and an
one sentence proof of the Nielsen-Schreier theorem, i.every subgroup of a free
group is also freg[63] [64]). All those applications are to the algebra, a branch of
mathematics without measures. From this view, the topics dcussed in the graph
theory can be seen just the algebraic questions. But our wdrls full of measures.
For applying combinatorics to other branch of mathematicsa good idea is pullback
measures on combinatorial objects again, ignored by the stcal combinatorics and
reconstructed or make combinatorial generalization for # classical mathematics,
such as, the algebra, dierential geometry, Riemann geonrgt Smarandache ge-
ometries, and the mechanics, theoretical physics, . For doing this, the most
possible way is, perhaps by the combinatorial maps. Here iscallection of open
problems concerned maps with the Riemann geometry and Smadache geometries.

5:1 The uniformization theorem for simple connected Riemann su r-
faces

The uniformization theorem for simple connected Riemann surfaces is one of
those beautiful results in the Riemann surface theory, whids stated as follows([18]).

If S is a simple connected Riemann surface, the® is conformally equivalent
to one and only one of the following three:

(a) CS 1;

(b G
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(o0 4 =1z2Cjjzj < 1g:

We have proved in the Chapter 2 that any automorphism of a mapsiconformal.
Therefore, we can also introduced the conformal mapping veten maps. Thenhow
can we de ne the conformal equivalence for maps enabling osget the uniformiza-
tion theorem of maps? What is the correspondence class mapthwhe three type
(a) (c) Riemann surfaces?

5:2 The Riemann-Roch theorem

Let S be a Riemann surface. Adivisor on S is a formal symbol

U= ¥ P, (Pi)

i=1
with P, 2 S, (P;) 2 Z. Denote by Div (S) the free commutative group on the
points in S and de ne

XK
degU = (Pi):

i=1
Denote byH (S) the eld of meromorphic function onS. Then for8f 2 H (S)n
fOg, f determines a divisor {) 2 Div (S) by

(f ) — Y Pordpf :
P2s

where, if we writef (z) = z"g(z) with g holomorphic and non-zero az = P, then

the ordef = n. ForUy = 2 P 1Py, = @ p 2P:2 Div(s), call Uy U , if
P2S P2S
1(P) 2(P). Now we de ne a vector space

L(U)= ff 2H(S)j(f) U :U 2Div(S)g

( U) = f!jlis an abelian differential with (!) Ug:

The Riemann-Roch theorem says that([71])

dim(L(U 1) = degJ g(S)+1+ dim ( S):
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Comparing with the divisors and their vector space, there ialso cycle space
and cocycle space in graphical space theory ([35\Vhat is their relation? Whether
can we rebuilt the Riemann-Roch theorem by map theory?

5:3 Combinatorial construction of an algebraic curve of genus

A complex plane algebraic curv§ is a homogeneous equatioh(x;y;z) = 0
in P,C = (C?n(0;0;0)= , wheref(x;y;z) is a polynomial in x;y and z with
coecients in C. The degree off (x;y;z) is said the degree of the curveG. For
a Riemann surfaceS, a well-known result is ([71])here is a holomorphic mapping
" :S! P,Csuch that' (S) is a complex plane algebraic curve and

o(S) = (dC (S)) 1)2(d(' () 2.

By map theory, we know a combinatorial map also is on a surfagdgth genus.

Then whether we can get an algebraic curve by all edges in a map orniake
operations on the vertices or edges of the map to get planeehlgic curve with
given k-multiple points? and how do we nd the equatiorf (x;y;z) =07

5:4 Classi cation of s-manifolds by maps

We have classi ed the closed-manifolds by maps in the Section 4 of Chapter 4.
For the generals-manifolds, their correspondence combinatorial model ifi¢ maps
on surfaces with boundary, founded by Bryant and Singermami1985 ([8]). The
later is also related to the modular groups of spaces and netdinvestigate further
itself. The questions are

(i) how can we combinatorially classify the generalmanifolds by maps with
boundary?

(i) how can we nd the automorphism group of as-manifold?

(iii ) how can we know the numbers of non-isomorphsemanifolds, with or
without root?

(iv) nd rulers for drawing an s-manifold on a surface, such as, the torus, the
projective plane or Klein bottle, not the plane.
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The Smarandache manifolds only using the triangulations slurfaces with ver-
tex valency inf 5; 6; 79. Then what are the geometrical mean of the other maps, such
as, the4-regular maps on surfaceslt is already known that the later is related to
the Gauss cross problem of curves([35]). May be we can get ametry even more
general than that of the Smarandache geometries.

5:5 Gauss mapping among surfaces

In the classical di erential geometry, aGauss mappingamong surfaces is de ned
as follows([42]):

Let S RS3 be a surface with an orientationN. The mappingN : S ! R3
takes its value in the unit sphere

S2=1(x;y;2) 2 R%x?+ y?+ z2 = 1g
along the orientationN. The mapN : S ! S?2, thus de ned, is called the Gauss
mapping.

we know that for a point P 2 S such that the Gaussian curvatureK (P) 6 0
and V a connected neighborhood d? with K does not change sign,
N(A).

K(P)=lim, A

where A is the area of a regiorB VvV and N (A) is the area of the image oB by
the Gauss mappingN : S! S2. The questions are

(i) what is its combinatorial meaning of the Gauss mapping? How tealizes
it by maps?

(ii) how we can de ne various curvatures for maps and rebuilt thesults in
the classical di erential geometry?

5:6 The Gauss-Bonnet theorem

Let S be a compact orientable surface. Then
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Kd =2 (S):

whereK is Gaussian curvature onS.

This is the famousGauss-Bonnet theorenfior compact surface ([14]71] [72]).
This theorem should has a combinatorial form. The questiorare

(i) how can we de ne the area of a map®Notice that we give a de nition of
non-Euclid area of maps in Chapter 2.)

(ii) can we rebuilt the Gauss-Bonnet theorem by maps?

5:7 Riemann manifolds

A Riemann surface is just a Riemann 2-manifold. Riemannn-manifold (M;g)
is a n-manifold M with a Riemann metric g. Many important results in Riemann
surfaces are generalized to Riemann manifolds with highemtension ([14][71]
[72]). For example, letM be a complete, simple-connected Riemarmmmanifold
with constant sectional curvaturec, then we know thatM is isometric to one of the
model spacefR"; Sgn or Hrn. There is also a combinatorial map theory for higher
dimension manifolds (see [67] [68]). Whether can we systematically rebuilt the
Riemann manifold theory by combinatorial maps? or can we mala combinatorial
generalization of results in the Riemann geometry, for exaie, the Chern-Gauss-
Bonnet theorem (14} [37] [71)? If we can, a new system for the Einstein's relative
theory will be found.
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Abstract

A combinatorial map is a connected topological graph cellatly embedded
in a surface. This monograph concentrates on the automorinn group
of a map, which is related to the automorphism groups of a Kleisurface
and a Smarandache manifold, also applied to the enumeratiarf unrooted
maps on orientable and non-orientable surfaces. A numberresults for the
automorphism groups of maps, Klein surfaces and Smarandacmanifolds
and the enumeration of unrooted maps underlying a graph on ientable
and non-orientable surfaces are discovered. An elementaigssi cation for
the closeds-manifolds is found. Open problems related the combinatati
maps with the di erential geometry, Riemann geometry and S@randache
geometries are also presented in this monograph for the fher applications
of the combinatorial maps to the classical mathematics.



